Chapter 3
Fractional Positive 2D Linear Systems

3.1 Definition of (Backward) Fractional Difference of 2D
Function

Definition [[3] of (backward) fractional difference of o-order will be extended to
two-dimensional (shortly 2D) discrete function x;;.
Definition 3.1. The 2D discrete function

i j—k

A% =YY calk,Dxi—j1, 0<a<l, (3.1a)
k=01=0

is called the (backward) fractional difference of ¢t order of the 2D function x;; where

(k1) 1 for k=1=0 kleZ, (3.1b)
C ) = _ .ee —k— .
“ (—1)"*11}6(0c h k(!% ED S for k+1>0
3.2 State Equation of Fractional 2D Linear Systems
The model described by the state equation:
A%xip1 i1 = Aoxij +A1xip1 j+ A2 j1
+ Boujj+ Biujy1,j+ Bouj i1, (3.2a)
Yij = Cx,-jJrDuij, (3.2b)

is called the fractional general model of o order of 2D linear systems where x;; € R",
u;j € R™, y;; € RP are state, input and output vectors and Ay € R"*", By, € R,
k=0,1,2,C € RP*" D e RP¥™.

Using Definition[3.1l we may write the equations (3.2a)) in the form

i+1 j—k+1

Xl + 2, D, Calk,Dxi ki jr41 (3.3a)
k=0 (=0
k+1>0

= AoXij + A1 Xit1,j +A2Xi jr1 + Bouij + Biuiy1,j+ Boutj j 1.
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54 3 Fractional Positive 2D Linear Systems

From (3D it follows that the coefficients ¢ (k,1) in (31d) strongly decrease with
increasing k and /. In practice usually it is assumed that i and j are bounded by some
natural numbers L; and L. In this case the equation (3.3a) takes the form
Li+1Ly—k+1
Xl + 2 >, calk,D)Xiogit jois1 (3.3b)
k=0 =0
k+1>0
= Aoxij +Arxip1,j +Axx; jr1 + Bouij + Biuiv1,j + Baui ji1-

Remark 3.1. From (3.34) it follows that the fractional 2D linear system is a linear
system with increasing number of delays in state vector.

Boundary conditions for (3.3d) have the form:

Xi0, 1 € Zy, and Xoj, J € L. 3.4

3.3 Solution of the State Equation of the Fractional 2D Linear
System

Applying 2D z-transform we shall derive the solution of the state equation (3.34)
with boundary conditions (3.4).

Theorem 3.1. The solution of the state equation (3.3d) with the boundary condi-
tions (B.4) has the form

i J
Xij = Z Tip,j-1 (AlxpO +Blup0) + Z Ti 1, (Azxoq +Bzuoq)

p=1 q=1
i—1 Jj—1
+ Y Tiprj—1Aoxpo+ Y, Tim1,j—q—1A0%0q + Ti—1,j—1AoU00 (3.5)
p=1 qg=1
—1j—-1
+ 2 ZTZ*P 1,j—q—1Bottpg + 2 2 (T,,p 1j—gB1+Tipj—g- IBZ)"M
p=0g=0 p=0g=0

where the matrices Ty, are defined as

Iy for p=g=0
AoTp-19-1 T AT g1 +A2T, 14
P 4
Toy=1— 2 > calp—kig—1)Ty for p+q>0, (3.6)
k=01=0
and k+1<p+qg—2
0 (zero matrix) for p<0 andlor g<0

and Ay, = Ay — al, for k=10,1,2.
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Proof. Let X(z1,z2) be the 2D z-transform of the discrete function x;;, defined by
(A13). Applying the 2D z-transform to equation (3.3a) and using Appendix (A3),
we obtain

X(z1,22) = Gil(Z]aZZ){(BO +Biz1+B2z22)U(z1,22)
+ z122[X (21,0) + X (0,22) — x00]
j+1 i+1
+ Y ca(0,0)21, 71X (0,22) + Y, calk,0)z " 22X (21,0)
=1 k=1

X(0,22) X(z1,0)
— A1B — 20 |A2B .
21 [A1Bi] [U(O,m)} 22 [A2B)] [U(zl,O) ; (3.7a)
where
i+1 j—k+1 - 1
G(z1,22) = |z1z2ln + 2 2 calk,l)z )Z2_< B >In*AO*AlZ] —Ax20
k+l>1
(3.7b)
and U(Z],Zz) = ff[u,]]
Let
z1,22) 2 quZ] (p+1) % —(g+1). (3.8)
p=0¢=0

From the equality

G (z21,22)G(z1,22) = G(21,22)G (21, 22) = I,

we have

Iy = (Z quzl_<p+l>zz_<q+l)> G(z1,22)

p=0g=0
Glar,2 <2 2 Tzt vy ) qH))- (3.9)
p=04=0

Comparing of the coefficients at the same power of z; i z in the equation (3.9)), we
obtain (3.6). Substituting of (B.8) into (3 7d), yields
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1) ~(g+1
X(z1,22) (Z Y Tpezy Pz 0F )> {(Bo+Biz1 +Byz2)U (21,22)

p=0g=0
+ 2122[X(21,0) + X (0,22) — x00]
X(0,22) X(z1,0)
-2 [AIBI] [U(O,Zz)} —22 [Asz] {U(zl,O)} (3.10)
J+l i+1
+ Y ca(0,0)z12,"1X(0,20) + Y calk,0)z7 22X (4 ,0)} ,
=2 k=2

Applying the inverse 2D z-transform and the convolution theorem we obtain the
desired solution (3.3). O

3.4 Extension of the Cayley-Hamilton Theorem

From (3.7b) we have

G(z1,22) = 2122G(z1,22), (3.11)
where
i1 j—kt1
Glzi,22) =L+ Y, Y hcalk,Dz* ' —Aoz ' — Ay —Avzy!. (3.12)
k=0 =0
and
N1 N
det [G(z1,22)] = zzaNl N1z (3.13)

It is assumed that i and j are bounded by some natural numbers L; i L, which
determine the degrees N and N,.
From (311 and (3.8) it follows that

_ 1 11 dale - -
G '21,2)=2'5"'G (a,2)=2'5" D Y Trezi "2 7, (3.14)
p=0g=0
and R
Tan) =Y X T "5 (3.15)
p=0g=0
where T, is defined by (3.6).

Theorem 3.2. Let (313) be the characteristic polynomial of the system (3.2)). Then
the matrices Ty satisfy the equation

N1 N

Y zalekl = (3.16)

k=01=
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Proof. From definition of inverse matrix, (3.13)) and (3.13) we have

NN
Adj[G(z1,22)] = (2 D ANy kN7 ) <2 2 Toazy” _q>7 (3.17)
p=0¢=0

where Adj [G(z1,22)] is the adjoint matrix of G(z1,22).

Comparison of the coefficients at the same power of sz’ Z M in equation (317,
yields the equality (3.16), since the degrees of the polynomial matrix (3.17) with
respect to z; ' and z, ! are less than Nj and N;. O

Theorem[3.2is an extension of the classical Cayley-Hamilton theorem to fractional
2D linear system described by (3.2)).

3.5 Positivity of Fractional 2D Linear Systems

Lemma 3.1. If |o| < 1, then:

I
(k 1){<0 for O<a< kleZ. . (3.18)

>0 for —1<a<0

Proof. Using (3.1b) for 0 < a0 < 1, we obtain

(a+1—k—1)
k!

{a for k+1=1

calk,l) = (71)k+106(a 1)

I e A S S B

since
a(oe—1)---(o+1—k—1)= (=) " la(l—a)--- (k+1—1—c) for k+I>1.

The proof of the second part is similar. g

Lemma 3.2. If0 < o < | and

A ERM for k=0,1,2, (3.19)
then

Ty €R™ for pgel.. (3.20)
Proof. 1If the conditions (3.18), (3.19), are satisfied then from (3.G), we obtain
13.20). O

Theorem 3.3. The fractional 2D linear system(3.2) for 0 < « < 1 is positive if and
only if:

A €R™ B e R fork=0,1,2, C€ RP*" D e RP*™, (3.21)
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Proof. Sufficiency. If the conditions (3.21) are satisfied then by Lemma[3.2 7, €
R and from (.3) we have x;; € R”,. for i, j € Z since xj € R, xp; € R" and
u;j € R" for i, j € Z. From (32B) we have y;; € R” since C € RY™", D € R
and x;; € R, u;; € RY for i, j € Zy.

Necessity. It is assumed that the system is positive and xgp = epi, i = 1,...,n
(eni 1s i-th column od the identity matrix 1,), xo1 = x10 =0, u;; = 0,7, j € Z. From
equation (3.3a) fori = j =0and u;; =0, i, j € Z we obtain x|} = Agen; = Ag; € R'L
where Ag; is i-th column of Ag. This implies Ag € R since i = 1,...,n. If we
assume that xjo = eu;, X00 = xo1 = 0 and u;j = 0, i, j € Z then from (3.3ad) for
i =j =0 we obtain x;; = Aje, =Aj; € R’, what implies A; € R, In a similar
way we may show that Ay € R'Y". Assuming ugg = epj, tjj =0, i, j € Zy i+ j >0
and xp9 = x19 = xo1 = 0 from m, fori= j =0, we obtain x;; = Boe,, = Bo; € Rﬂ
fori=1,...,m what implies By € R"*". The proof of By € R'*" for k = 1,2 and
CeRE*™, D e RI™ is similar. O

3.6 Reachability and Controllability of Positive Fractional 2D
Linear Systems

Definition 3.2. The positive fractional 2D linear system (3.2)) is called reachable at
the point (h,k) € Z4 x Z. if for zero boundary conditions (3.4) and every vector
xr € R} there exists a sequence of inputs u;; € R for

(i,)) €D = {(i,)) €24 X T :0< i <h,0< j<kyi+j#h+k}, (322)

which steers the state of the system from zero boundary conditions to the state x,
ie. Xpk = Xf-

Theorem 3.4. The positive fractional 2D linear system (3.2) is reachable at the
point (h,k) if and only if the reachability matrix

Rue=[Mo M| ... M}, M} ... M} Myy ... My Moy ... Myy] (3.23)
contains n linearly independent monomial columns, where:
My = Tj—14-1Bo,
M} =Ty ik 1Bi+Tyio1x-1Bo, i=1,....k;
M7 =Ty ,1Ba+Thorp—jo1Bo, j=1,....k

Mij = Th i\ j—j—1Bo+ Th—ik—j1B1 +Th—i—1 x—1B2, (3.24)
i=1,....h j=1,...0k

Proof. Using (3.3) for i = h, j = k and zero boundary conditions we obtain

Xf :thu(h,k), (3.25)
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where
T T T T T T T T T 1T
u(h,k) = [”00 Ul oo Upg Ugp - Ugy Uq -o Upg Uy oo ”h,k] (3.26)

and T denotes the transpose.
For positive fractional system (3.2) from (3.23) and (3.24) we have M, € R"*",
M} e RV, sz. eERY™ My e RY™, i=1,...,h; j=1,...k; and matrix Ry €

ROAEDEED=1m o @23) it follows that there exists a sequence of inputs u;; €

+
R” for (i,j) € Dy for every x; € R”. if and only if the matrix (3.23) contains n
linearly independent monomial columns. O

The following theorem formulates only the sufficient conditions for reachability of
the positive fractional system (3.2).

Theorem 3.5. The positive fractional 2D linear system(3.2)) is reachable at the point
(h,k), if rank Ry, = n and the right inverse R}, of the matrix (3.23) has nonnegative
entries

re=RE [RRE] ™ e RV =t (3.27)

Proof. If rankRy;, = n, then there exists the right inverse of Ry, and (3.27) holds
then from equation (3.235)) we obtain

for every xy € RY} . O

Example 3.1. Consider the positive fractional 2D linear system (3.2) with the

matrices:
01 10 10
A“[lo}’ A’{Ol}’ Az{ll]’ (3.28a)

w50 w-]] s

To check the reachability at the point (4,k) = (1,1), of the system we use Theorem

B4 From (3.23) and (3.24) we obtain:
1 ] 0 s 1
Mo=Bo=|o|, Mi=Bi=| |, Mi=B=| |, (3.29)
and

101
Ry = [My M| M%]{Ol 1]. (3.30)
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The first two columns of the matrix (3.30) are linearly independent monomial
columns. By Theorem [3.4] the positive fractional system (3.2) with (Z.28) is reach-
able at the point (1, 1). The input sequence which steers the state of the system from
zero boundary conditions to any given state xy € Ri at the point (1,1) is given by

uoo
=x¢and up; =0.
|:u10:| f o1

Using (3.27) and (3.30), we obtain
2 —1

-1 Olra17t 1
Rjy =Ry [RuRiy] = {01 [12} =, -1 2 1. (3.31)
11 11

From (3.31) it follows that the condition (3.27)), is not satisfied although the system
is reachable at the point (1, 1). Note that the system is reachable at the paint (1,1)
for the arbitary order &, 0 < o < 1 and any matrices Ay, k =0,1,2.

Definition 3.3. The positive fractional 2D linear system (3.2) is called the system
with finite memory if its characteristic polynomial has the form

det[G(z1,22)] = cZ}' 27, (3.32)
where c is a constant coefficient.

Lemma 3.3. If the positive fractional 2D linear system(3.2) is a system with finite
memory then

i

Xpe(i, J) = 2 (Ti—p.j—1A1 + T p—1,j-1A0) Xpo

M- T

+ (Tifl J—gA2 + T -,j*qflAU) X0q

=

+ Ti—1,j—1A0x00 = 0, (3.33)
fori> ny, j > ny and any nonzero boundary conditions (3.4)).
Proof. Using (3.8) and (3:32), we obtain 7;; = 0 for i > ny, j > ny and the equality
(3:33) holds for any nonzero boundary conditions (3.4). O
Definition 3.4. The positive fractional 2D linear system (3.2) is controllable at the
point (h.k) € Z x Z for any nonzero boundary conditions:

x,'()G]R:l_, i€Z+ and )C()]'GRZ_, JELy, (3.34)

if for every vector x; € R"} there exists a sequence of inputs u;; € R} for (i, j) € Dk
such that xj, = xy.
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Theorem 3.6. The positive fractional 2D linear system (3.2) is controllable at the
point (h,k) (h > ny,k > ny) for any nonzero boundary conditions (3.4) if and only if
it is a system with finite memory and the matrix (3.23) contains n linearly indepen-
dent monomial columns.

Proof. Using (3.3) for i = h, j = k and taking into account that x;; = x, we obtain
xffxbc(hvk) :thu(hvk)a (3.35)
where Ry and x;.(h, k) are defined by (3.23) and (333), respectively.

If the positive fractional system (3.2) is a system with finite memory then
by Lemma there exists a point (h,k) (h > nj,k > np) such that the equal-
ity (3.33) is satisfied and xy = Ryzu(h,k). In this case by Theorem 3.4] there ex-
ists a sequence of inputs u;; € R for (i,j) € Dy, satisfied (3.23) if and only if
the matrix (3.23) contains 7 linearly independent monomial columns. Otherwise
xf — xpe(h,k) & Rpgu(h,k), since boundary conditions (3.34) are arbitrary and the
vector x; € R is also arbitrary. In this case does not exist a sequence of inputs
uij € R for (i, j) € Dy, satisfying the equality (3.33). ]

3.7 Controllability to Zero of Positive Fractional 2D Linear
System

Definition 3.5. The positive fractional 2D linear system (3.2) is called controllable
to zero at the point (h,k) (h > ny,k > ny) if for any nonzero boundary conditions
(334) there exists a sequence of inputs u;; € R for (i, j) € Dy, which steers the
state of the system from nonzero boundary conditions to the zero state xj; = O.

Theorem 3.7. The positive fractional 2D linear system (3.2)) is controllable to zero
at the point (h,k) (h > ny,k > ny) if and only if it is a system with finite memory.

Proof. By Lemma[3.3|for a system with finite memory the condition (3.33) is satis-
fied for i > ny, k > ny. For xy = 0 from (3.33) we have
xbc(h7k) —&—thu(l@k) =0. (3.36)

The equation (336) is satisfied for u(h, k) = 0. If the condition (3.33), is not satisfied
then does not exist u(h,k) € RE”“WC*‘)*”’" satisfying (3.36), since for positive
system Ry € Rix[(hﬂ)(kﬂ)*”m and xp.(h,k) € RL. ]
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3.8 Models of 2D Linear Systems
3.8.1 Positive 2D Linear Systems

The model described by the equations:

Xit1,j+1 = AoXij +A1Xit1,j +A2%i ji1
+ Bouij + Biuj+1,j+ Bauj j11, (3.37a)
vij = Cxij+Dujj, i,j € L, (3.37b)

is called the general model of 2D linear systems, where x;; € R", u;; € R™, y;; € R?
are state, input and output vectors and Ay € R"™", By € R k=0,1,2,C € RP*",
D ¢ RP*m,

Boundary conditions for (3.37) have the form:

xo€R", i€Zy, x;€eR", jeZ; . (3.38)

Definition 3.6. The model (system) (3.37) is called (internally) positive if x;; € R,
and y;; € RY, i € Z for all boundary conditions x;p € R", i € Z,x; ER", j € Z+
and all inputs u;; € R, i, j € Z.

Theorem 3.8. The model (system) (3.37) is positive if and only if
A RV B e RV fork=0,1,2, CERY™ D e RE™. (3.39)

Proof. The proof is given in [77].

Substituting (3.37a) B; = B = 0 and By = B, we obtain the first Fornasini-
Marchesini model (FF-MM) and substituting in (3.37d) A9 = 0 and By = 0, we
obtain the second Fornasini-Marchesini model (SF-MM).

The Roesser model of 2D linear system has the form:

h )Ch
xH_l‘j Al] A]2 ij B]]

I = g, | Ui 3.40a
|:x}},j+1:| |: 21 422 .X;/] 22 Y ( )

h

X
Yij = [Cl C2] |:xi;]:| Duij7 i,j € Z+7 (3.40b)

ij

where xflj € R" and xj; € R"™ are horizontal and vertical state vectors at the point
(i,7), uij € R™, y;; € R” are input and output vectors and Ay € R"™*™ k[ =1,2;
Bi € RMX™ By € R Cp € RPN, Gy € RP*™2, D € RPX™,

Boundary conditions for (3.40) have the form:

X, ERM, JjEZy, xpeR?, i€Zy . (3.41)

Definition 3.7. The Roesser model (3.40Q) is called (internally) positive if xf'] e R,
Xy € R'? and y;; € RY, i, j € Z for all xgj eRM, jeZi,xjy €eR™, i€ Zy and all
inputs u;; € R, i, j € Z.
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Theorem 3.9. The Roesser model is positive if and only if:

A A nxn | Bl nxm
€ R, € R 3.42a
{AZI Azz] * B * ( )
[Cl Cz] S Rg_xn, De Rﬁ_xm7 n=n;+ny. (3.42b)
The proof is given in [77].
Defining:
h
| K _ 10 0 _|AnAn
%= H A= an) 2= 0] eaw
_|0 _ | B
31{322],32[ 0 ], (3.43b)

we may write the Roesser model in the form of SF-MM

Xit1,j+1 = A1Xip1,j +A2Xi jr1 + Bittiv1,j + Bouti j11. (3.44)

3.8.2 Positive Fractional 2D Linear Systems

Definition 3.8. The fractional horizontal difference of of o-order of the discrete
function x;; is defined by the relation

i
Abxij = ca(k)xig (3.452)
k=0

wherea e R,n—1<a<neN=1,2,...and

1 for k=0
k)= 3.45b
cull {(1)"(2‘) (—1k @D emk D por k>0 (3.45b)

Definition 3.9. The fractional vertical difference of -order of the discrete function
x;j is defined by the relation

J
Apxij = 12 g (D)xi -1, (3.46a)
=0

where f e R,n—1<B<neN=1,2,...and

1 for [=0
= 3.46b
! {(1)’(6’)(1)"*(‘“);;(‘”*‘) for >0 (3.46b)

Lemma3.4. [f0< o <1(0<f < 1), then

ca(k) <0, (cg(l) <0) for k=1,2,... . (3.47)
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Proof. The proof will be accomplished by induction with respect to k. The hypothe-
sis is true for k = 1, since from (3.43B) for k = 1 we have ¢, (1) = —a < 0. Assuming
that the hypothesis is valid for k > 1 we shall show that it is also true for k+ 1. From
we have

e = () == () G e o

since cq (k) < 0. O

Consider the fractional 2D linear system:

Agcle‘lJrl j A A [ By
J| = ij .
lAEij+l |:A21 Ay x;}] + B, Uijj, (3.48a)
xh.
yij = [C1 G ] L’g} +Du;j, i,j€Zy, (3.48b)
ij

where xflj € R" and xj; € R" are horizontal and vertical state vectors at the point

(i,7), uij € R™, y;j € R? are input and output vectors at the point (i, j) and Ay €

RO [ = 1,2; By € RMX™M, B, € R C) € RP*M, Cy € RP*M™2, D € RPXM,
Using Definitions[3.8] and 3.9] we may write the equation (3.434) in the form

i+1

Ca(k)x}‘lfk 1,j
xﬁ_u _ A1 A xfl] _ 122 B + Bi| (3.49)
x}}j+1 A21 A22 x;/] j+1 ) 32 1] .
> ep(Dx7jr
=2

where Aj1 =A1 + OCInl and Ay =Ax» + ﬁ[nz.

From it follows that the fractional 2D linear system is a system with in-
creasing number of delays in state vectors. From and it follows that
the coefficients cq (k) and cg (/) in strongly decrease with increasing k and /.
In practice usually it is assumed that k and / are bounded by some natural numbers
L and L. In this case the equation takes the form

Li+1 N
Ca (k)X g1,
x?“’j _ [AnAn xt}‘lj _ IZ‘Z R + By, (3.50)
x:'}-,j-‘rl Az Az x}’] Ly+1 ) B, ij- .
z gD 141
=2

Boundary conditions for (3.48)), (3.49) and (3.30) have the form:

xp; for j€Z., and xj for i€Z, . (3.51)
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Theorem 3.10. The solution of state equation (3.49) for the boundary conditions

B3D) has the form
D)= gmnla ] Zm b

+ Z Z (Tip-1.-gB10+ Ti-p.j—g-1Bo1) pg,
p=0g=0

B 0
3102[0]]7 3012[32}7

and the transition matrix Tpg € R is defined as follows

where

I, for p=0,g=0
Tpg =1 Tolp-14+T01Tpy1+Y for p+q>0(p,qeZy)
0 (zero matrix) for p<0 andlor q<0

where
p q
o Co (k)li’ll 0 - O O
P8 [0 s By e

A A 10 0
T10—|:O 0]7 T01—[A21A22-

Proof. Let X(z1,z2) be the 2D z-transform of the discrete function x;;

X(z1,22) = Z [xij] = ZZXUZI Zz :

i=0j=0

Using (3.323), we obtain
z [X?H,j] =z [Xh(ZhZz) —Xh(0712)]7
where X"(0,2,) Zxojzz 5

Z %] = 2X(@,2) = X' (21,0)],

(3.52a)

(3.52b)

(3.52¢)

(3.52d)

(3.52e)

(3.53)

(3.54a)

(3.54b)
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—i
where X" (z1,0 leozl ,

i+1 i+1
Z calk z k)| = an(k)zl_kHXh(zl,m), (3.54¢)
k=2
since

{ Xi— k/} ZZX? kj%1 Zz 2 thﬂf’ ‘2 5’

i=0j=0 i=—k j=0
=% Y i | =0 X (2 n). (3.54d)
i=0j=0
Similarly
j+1 j+l
Y epDxl; 1y | = X cp(Dz XY (21,22), (3.54¢)
=2 =2
since

z [XZH] = Zxxjflzfizzij =2 xzvjzfizzijil

i=0j=0 i=0 j=—I
Z UZI Zz 1 :Zz_lXV(ZhZz)- (3.54f)
j=0

Using (3.54)), to (3.49) we obtain
[leh(ZhZz)Zth(O,Zz)] _ [Au A12:| [Xh(m,zz)]

22X"(z1,22) — 22X"(z1,0) Az A | [ XV(21,22)
it
Y calk)zy X" (z1,22) 3
= +[BﬂlMa¢g (3.55)

ZCg > XY(21,22)

where U (z1,22) = 2 (uij).

Premultiplying (3.33) by the matrix blockdiag[,;,z; ', 14,25 '], we obtain

X'(z1,22) | _ g 7 'By X"(0,2,)
|:XV(Z17ZZ):| =G (thz){ |:Z;1B2 U(Z17Z2)+ Xv(ZhO) (3.56)
where

Gn@um)ZHAu] (3.57)

G s = —
(z1,22) { —2,'Ay Gan(z1,22)
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i
G1(z1,22) = In, —ZflAn + 2 Ca(k)szln],

k=2

j
Ga(z1,22) = Iy — 25 'Axp + D Cﬁ(l)zz_llnz-
i—

and
Let
Z 1, ZZ
and
Tpy = {

Z Z Tpez, "2, (3.58)

T” T'2
T21 Tz%] (3.59)

where Tlfé have the same dimension as Ay; for k,/ = 1,2.

From the equality
Gi] (Z] 7Z2)G(Zl aZZ)
and (3.38) and (3.39) we have

|:I"1 — 7 A+ i ca (k)7 M,

-1
—2; Az

(2 > [ ] a7 ) [

p=0¢=0

From (3.60) it follows that

= q:O

= q:O

S5 (Tﬁ; nty St

p=0g=0

zz(T;;—Azz 5 B

p=04¢=0

w oo P
> (T;; AT S cal®
=0 k=2
o oo p
SS (TﬁfAnTﬁl,ﬁ S calt
p=0 k=2

=G(21,2)G (z1,22) = I

—zf]Alz }
-2 A22+Zz 2CB() I,
I, 0
0 IHJ (3.60)

T iy —AuT,?‘],q> 775" =1, (3.6la)

T A]zTﬁqu) 57751 =0  (3.61b)

Az]T g 1) 77,7 =0  (3.6lc)

—A21T - 1) Z]_pZz_q = [nz (361d)

Comparing the coefficients at the same powers of z i z; in the equation (3.61)), we

obtain (3.327).
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Using (3.38) and applying the inverse z-transform and the convolution theorem to

(3.36), we obtain (3.524). O

Consider the system (3.50) and

Gii(z1,22) —z; A

G(z1,220) = b 3.62
@1,22) 2,421 Gn(z1,2) (3.62)
where
L,
Gii(z1,22) = In, — 2, At + 2 ca(k)z; Iy,
k=2
Ly
Ga(21,22) = Iy — 35 ' A+ . cp(1)3y .
=2
Let
l 2
detGlz1,22) = 3, Zazvl —pM—a?1 T, (3.63)

p=04=0
where Ni,N, € Z are defined by the natural numbers L; i L, in (3.30).

Theorem 3.11. Let (3.63) be the characteristic polynomial of the system (3.30). The
matrices Ty satisfy the equation

N M

2, 3 apqThg =0 (3.64)

p=0¢=0

The proof is similar to the proof of Theorem 3.2 [166].
Theorem 3111 is an extension of the classical Cayley-Hamilton theorem to the
fractional 2D linear systems described by the Roesser model (3.49).

Definition 3.10. The system (3.49) is called (internally) positive fractional 2D
Roesser model if x; € RY!, x}; € R’? and y;; € RY, i,j € Zy for any boundary
conditions x(; € RY!, j € Z, xjy € R'?, i € Z, and all inputs u;j € RY, i, j € Zy.

Theorem 3.12. The fractional Roesser model 349 for o, € R, 0 < o0 < 1,
0 < B < 1is positive if and only if

A A nxn B, mxm D o
[A21A22]€R+ | g, | ERET [ G]ERYT, DERY™, (365)

The proof is similar to the proof of Theorem 33| [166].
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3.8.3 Positive 2D Linear Systems with Delays

Consider the autonomous 2D Roesser model with g delays in state vector

P q h
[ i}+]~,1:| = A {x;’w} , L jELy, (3.66)
Yij+1l o ij—k

where xflj eRY, xj; € IR"? are horizontal and vertical state vectors at the point (i, /)
and

A= [2% ﬁgj k=0,1,....q . (3.67)
Defining:
) Xij
v
= ’f]”' L= xi’f_l , (3.68)
x?f‘q,j Xijq

we may write the equation (3.66) in the form

X h
[zvm}:A[x;J}, ijez., (3.69)
i j+1 Xij
where
- _1 _1 -
A} ALy AT AT AN AL AT AT
Ly 0... 0 00 0..0 0
I B Il P
Ay Ay - Ay Ay AR Ay - Ay Ay
0 0.. 0 015 O.. 0 O
Lo 0 ... 0 0 0 O ... 1L, O]

N={(q+1)(n+n).

The Roesser model with g delays (3.66) has been reduced to Roesser model without
delays but with greater dimensions.

Theorem 3.13. The Roesser model with q delays (3.60) is positive if and only if
Ap € RUTFMXtm) g 0.1, .q  orequivalently AcRY*N. (3.71)

The proof follows immediately from Theorem[3.9] applied to the model (3.69).
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Consider the autonomous general model with ¢ delays
SN 1 2
Xiatjr1 = O, (Apxick jok + ArXis1—k j—k + AiXickjr1-k) , 6 j €Ly, (3.72)
k=0

where x;; € R’} is the state vector at the point (i, j) and A} € R™", k=0,1,...,q;
t=0,1,2.
Defining vector

x,‘j
Xi—1,j—1
Xij = ) , (3.73)
Xi—q,j—q
and the matrices
[AQAY ... AD | A]T AGAL . AL A
I, 0... 0 O 00.. 0 O
AU:OIn...OO’Al:OO...OO’
10 0 ... I, O] 00.. 0 O
[AGAT ... A | A7
00.. 0 O
A,=100... 0 0 ’ (3.74)
10 0... 0 O]
we may write (3.72)) in the form
Xipl,j+1 = AoXi j +A1Xip1,j A jr1, 1] € DLy, (3.75)

The general 2D model with g delays has been reduced to the equivalent general 2D
model without delays but with greater dimensions.

Theorem 3.14. The general 2D model with q delays (3.22) is positive if and only if
AL € RV for k=0,1,...,q; t = 0,1,2 or equivalently if and only if A, € RY*N,
t=0,1,2, N=(g+ )n.

The proof follows immediately from Theorem[3.§ applied to the model (3.73).
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3.9 Positive Fractional 2D Linear System of Different Orders

3.9.1 Definition of (Backward) Difference of (o, B) Order of 2D
Function

Definition 3.11. The function defined by
o.p LY k[ O ﬁ L
APxij= 3, 3(=1) ( k) ( l)xi_k,j_z = Y coplkDxipjis (3.76)
k=01=0 k=01=0
n—1<oa<ng, n271<ﬁ<n2, ni,ny €N, OC,ﬁER,

is called the (backward) difference of (¢, 8)-order of the function x;; where

Aa’ﬁx,’j = AiO‘A]ﬁxij,

and
1 for k=0 and [=0
1) (—1)kelom ) lemkD) for k>0 and [=0
c sb) = 1) (B—
op (71)113(5 1)1!(5 I+1) for k=0 and [>0
(= 1ykrt @D @kt DBE=D-(B=14D) for k>0 and >0
(3.76b)

3.9.2 State Equations of Fractional 2D Linear System

The state equations of the general fractional 2D model of linear systems have the
form:

AP iy j1 = Aoxij+ Avxier j+Aoxi jo
+ Bouij + Biuiy1,j+ Bauj j+1, (3.77a)
vij = Cxij+ Duyj, (3.77b)

where x;; € R", u;; € R™, y;; € RP are state, input and output vectors and A, € R"*",
B e R |k =0,1,2,C € RP*" D e RP*™,

From we have
i+1j+1
A%Priy i1 = 3 Y caplhDxiirt jo141
k=0=0
i+1 j+1
=i+ 2, 2 CaplhDXikit joig- (3.78)
k=0 =0

k+1>0
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Using (3.78) we may write the equation (3.774) in the form

i+1  j+1
Xit1,j+1 = Aoxij +Arxiy1,j + A2 jr1 — Z Z cap (K, D)Xipr1,j-111
k=0 [=0
kA1 k+1>0
+ Bou;j+ Biujy1,j+Bou; i1, (3.79a)
where:
Ao = Ag—cop(1,1) = Ag — aBly,
Aq :Al_caﬁ(071):Al+ﬁIn7 (3.79b)
Ar :Azfcaﬁ(l,()) =Ay+ ol
Let

Dijj={kjlcZ,, 0<k<i, 0<I<j}, D=Dijr1\Di1,
then the equation takes the form
Xit1,j+1 = AoXij +Arxip,j + A 1 — Z 'Zucaﬁ (ky D) Xi— g1, j—141
ije
+ Boujj+ Biujy1,j+ Bouj ji 1. (3.79¢)
From it follows that the coefficients ¢, (k,) strongly decrease when k and

[ increase. In practice usually it is assumed that i and j are bounded by some natural
numbers L; and L. In this case the equation (3.79al) takes the form

L+l Lyl
Xip1 41 = Aoxij +Aip j+Axijr1 — D, D, Cap(kiD)Xigir j—i41
KA K20
+ Bou;j+ Biujy1,j+ Bouj ji1. (3.79d)

Remark 3.2. From (3.79) if follows that the fractional 2D linear system is a system
with increasing numbers of delays in state vector.

Boundary conditions for have the form:

Xj0,1 € Zy, and xoj,j € Zy. (3.80)

3.9.3 Solution of the State Equations of the Fractional 2D Linear
Systems

Applying the 2D z-transform (2°) we shall derive the solution of the state equation
(3.79a)) of the fractional 2D linear system.
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Theorem 3.15. The solution of the state equation (3.29d) with boundary conditions
(380) has the form

i—1j—1 i j—1

xij = 2, 2 Tiop-1,j—q-1Boltpg+ 2, X Tivp j—q—1B1tpg

p=0g=0 p=0g=0
i1 i J

+ 2 Y Tipotj-gBapg+ Y, Tipjxpo+ X, T j—g¥0g — Tijxoo
p=04=0 p=0 q=0
o X0 = Xp0

— 2 Tijq-1[A1 B1] [u q} = 2 Tip1j[A2 B2 [up }
q=0 0g p=0 PO
i+l i—k J+lj=!

+ 2, Y cap(k0)Tipi jxpo+ X, D, cap (00T j—g-130g (3.81)
k=2 p=0 1=2g=0

where the matrices Tyy are defined as follows

I, for p=q=0
qu = A()Tpfl"q,] +A1Tp_’q,] +A2Tp,1_’q -T for p+g>0
0 (zero matrix) for p<0 andlor q<0

(3.82)
and

P 4
Y’:zzcaﬁ(p—k,q—l)Tkl for kJil#p—1,g—1 and k+Il<p+q-—1.
k=01=0

Proof. Let X (z1,22) be the 2D z-transform of the discrete function x;;, defined by
(A13). Taking in to account
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i+l j+l i+1 j+1
Z1Y Y caplkDxigitjor | =2 Z anﬁ (kyD)Xi—xy1,j-141
=0 i=
FA K20 A
i+l o
+ Y cop(k,0)xii1 41+ X, op(0.D)Xis jit1
=2 =2
i+1 j+1
= Z anﬁ (k, Dz "2 "X (21, 22)
A

i+1
+ Y cap(k, 0027 22 [X (21,22) — X (21,0)]
=2

j+l
+ Y cap(0.Dz12, " X (21,22) — X (0,22)]
=2

i+l j+1
=2 X caplhla X (21,22)
kl;él K
i+1 el Jj+1 .
- zcaﬁ(k,O)Zf " Z2X(Z17O) - zctxﬁ(OJ)ZlZE * X(O7Z2)7
k=2 =2

and applying the 2D z-transform to (3.794) and using Appendix[A.3] we obtain

X(z1,22) = G~ (z1,22) {(Bo + Biz1 + B222)U (21,22)
+ 2122[X (21,0) + X (0, 22) — x00]

Jj+1 i+1
+ 2 Cop (O7Z)Z1ZEZ+]X(07Z2) + 2 CoaB (k7O)Z;k+lZ2X(Z17O)
=2 k=2
_ X(07Z2) X(Z],O)
a1 [A1B1] { U(O,ZQ)] — 22 [A2B)] [ U0 | [ (3.83)
where
G a0 (k.1)z —(=1)_—(—1) . -
(z1,22) = |n1z2ln + Z Z capl ) Ap—A1z1 —Arxn
G T
(3383b)
and U(Z],Zz) = ff[u,]]
Let
'(z1,22) 2 Zqu] (ph) ~(at1), (3.84)

p=0g=0
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From the equality
G Nz1,22)G(z1,22) = G(21,22)G (21, 22) = I,

we have

= <Z D Trazy (P qH)) G(z1,22)
G(z1,22) (Z Y Tz, 7z, "*”). (3.85)

p=0g=0

Substituting of (3.83B) into (3.83) yields

o o oo+l j+l
k i
L= Y Thz z2‘1+22 2 2 Cap(k, 1)z, P05 0t
p=0g=0 p=0g=0 k=
kl;él k+l>]
- 2 ZAOTMZ] (P 2 L@t 2 2A1quzl 2 (g+1)
p=0g=0 p=0g=0
= 3 3 AaTpz "5
p=0g=0
and
o oo il j+l
Iy = Z Z qu—I— Z Z caﬁ(kvl)Tpfk,qfl_AOTp—l,q—l
p=0g=0 k=0 [=0
kJ#1 k+1>1

— AT g1 *AZTP*Lq] Z;pZ;q'

Comparing the coefficients at the same powers of z; and z, in equation (3.83) we

obtain (3.82). Substituting (3.84)) into (3:834d) we obtain

Z17Z2 (2 2 quZl P+l 2 q+l)> {(BO +BIZ1+B2Z2)U(Z17Z2)

p=04=0
+ 2122[X (21,0) + X (0,22) — x00]
— 21 [A1By] [528123] —22[A2B] [zgzgﬂ (3.86)

J+1 i+1
+ Y cap(0,0)212," 71X (0,22) + Y, cap (k70)21k+]zzx(2170)} ;
=2 k=2
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Applying the inverse 2D z-transform to the equation (3.86)) and taking into account
Tpy = 0 for p < 0 and g < 0, we obtain the desired solution (Z.81). O

Using (3.82) it can be easily shown that for i, j € Z, we have

i i J
Xij= 2, > Tip1j-q-1Bottpg+ 2] 21 (Tipj—q-1B1+Tip1j—gB2) tpg
p=1q=

p=0g=0
i J i i—k
+ Tip.j1Brupo+ 2 Ti1,j—gBattog + 2 2 Cap (k;0)Tip. jXp0
p=1 q=1 k=2 p=0
i i—p J
+ Timp—1j-1A0+Tiepjo1A1 — 3, X, copli—p—k,j— DTy | xp0
=1 k=0 /=0
Dy D,
J i Jj—4q
+ 3 | Tictjmg1A0+Tm1j—gho— D, Y, capli—k, j—q—1)Tu | xoq
g=1 k=0 =0
Dy Dy
j il
+ 2 cap(0,1)T; j—g—1%0q
1=24=0

i

+ | Ticrjo1Ao— Y, Y capli—k, j— DT | Xo0,
k=0 1=0
Ds  Dg

where:
Dy =k+Il<i+j—p—1, Dy=kl#i—p—1,j—1,
Dy=k+Il<i+j—q—1, Dy=kl#i—1,j—q—1, (3.87)
Ds=k+I<i+j—1, Dg=kil#i—1,j—1.
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After some manipulations the solution can be rewritten in the form

i J
21 2] (Tipjg-1B1+Tipo1,j-gB2) tpg
P

i
xij =2, 2 Ti-p-1.j-g-1Bottpg +
p:(]q:(]

i J
+ 2 Ti_p.j—1B1upo + 2 Tio1,j—qBatog
q=1

i—

Z Z Cap (kD) Timp—i,j—1 | Xpo

i
+ Y | Topotjo1Ao+ Tiep j1A1 —
-1
b s klyf]
J
+ 2| Tt jmg-1A0+ Tim1,jgAo — 2 2 cap (kD) Tiokj—q-1 | ¥oq
=1
1 Pl kl;él
i
+ | Toij—140— Y, Y cap(k )Tk j—i | Xo0,
k=1 i=1
ki#1
or
i i
Xij = Z Z Tip—1,j—q-1Bottpg + Z Z (Ti*p-,j*qlel +Ti*pfl«,f'*q]-%) Upq
p=0g=0 =1g=1
i J
+ 2 Tipj-1Biupo+ X T j—qBattog
q=1

p=1

i i—p j—1

+ Y | Tt 1A+ T pjm1AL = Y, Y capli—p—k,j—DTiy | xp0
k=0 /=0

- D, D,
J i—1 j—q
+ 2 | Tietjmg1A0+ T - qAZ*Z N capli—k,j—q—1Ti; | xoq
—0 =0
N

<
I

i—1j—1

+ | Toj1Ao— Y, X capli—k,j—D)Ti | Xo0.

k=0 [=0
Dy

where D;, i = 1,2,3,4; are given by G.87) and D7 = k+1 < i+ j—2.

3.9.4 Extension of the Cayley-Hamilton Theorem

From (3.83bH) we have
G(z1,22) = 2122G(21,22),

(3.88)
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where
Li+1Ly+1
G(zi,22) =hi+ Y, Y, hicop(k D)z 2y — Aoz 25! —Agzy ' —Aszy . (3.89)
k=0 [=0
and
N N
det[G(z1,22)] = 2. Y any—kms—i21°25 - (3.90)
k=01=0

It is assumed that i and j are bounded by some natural numbers L; i Lp, which
determine the degrees N; and N,.
From (3.88) and (3.84) it follows that

_ 11 e e p
G (z1,2)=72'5"'G (z1.2)=21"'5" X, D Tpgz; 2,7, (3.91)
p=0g=0
and .
Z]7Z2 Z ZquZI Zz 5 (3.92)
p=0g=0
where T, are defined by (3.82).

Theorem 3.16. Let(3.90) be the characteristic polynomial of (3.Z2). The matrices

Ty satisfy the equation
M N

> auTy =0. (3.93)

k=0i=0
Proof. From definition of the inverse matrix and (3.90), (3.92) we have

N1 N
Adj [G(z1,22)] = (Z S an,—imy-12 2 ) (Z Zquzlpzzq>, (3.94)
0/=0 p=0g=0

where Adj [G(z1,22)] is adjoint matrix of G(z1,22).

Comparing the coefficients at the same power of zl_Nl 2_ N2 in equation (3:94),
we obtain (3.93)), since the degree of the polynomial matrix is less than NV i
N;. O

Theorem[3.16is an extension of the classical Cayley-Hamilton theorem to the frac-
tional 2D linear systems described by (3.77).
3.9.5 Positivity of the Fractional 2D Linear Systems

Lemma 3.5. If
a) 0<a<landl < <2then

cap(k,]) <O for k=1,2,..; [=23,..; (3.952)
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b) 1<a<2and0< B <1 then
Ccap(kl) <O for k=273,..; [=12,..; (3.95b)

¢) 0<a<landl < <2then
cap(k,1) >0 for k=2,3,...; (3.95¢)

and

cap(0,0) >0 for 1=2,3,...; (3.95d)

Proof. The proof will be accomplished by induction. The hypothesis (3.954) is true
fork=1and [/ =2 since

saf(B—1)

0.
) <

C(xﬁ(172) = (_1)

Assuming that the hypothesis is true for the pair (k,[), k+{ > 3, we shall show that
it is also valid for the pairs (k+1,1), (k,/+1) and (k+ 1,14 1).

From (3./6b) we have

o
copk+1,1) :caﬁ(k,l)k+1 <0,
since cp(k,l) <Ofork=1,2,..;1=2,3,....
Similarly
I-p
caﬁ(k,l+l):caﬁ(k,l)l+1 <0,
since cqpg(k,1) <Ofork=1,2,...;1=2,3,...; and
(k—o)(l=B)
Caﬁ(k+1,l+1):caﬁ(k,l) (k—i—l)(l—‘rl) <0,
since caﬁ(k,l) <0 for k=1,2,...; 1 =2,3,.... Proofs for (3.95b), (3.93¢) and
(3.95d) are similar. O

Remark 3.3. Taking in to account (3.95¢) and (3.95d) we shall assume that for 0 <
a<landl <f <2

i+1 j+1
Y capk, Dxig1,;=0, Y cap(0,0)xi11,j—s1 =0. (3.96)
k=2 =2

Lemma 3.6. If the conditions (3.93) are satisfied and

A €R™ for k=0,1,2, (3.97)
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then
Ty, € R for p,qeZs. (3.98)

Proof. 1If the conditions (3.93), (3.96), (3.97) are satisfied then from (3.82) we
obtain (3.98)). a

Definition 3.12. The system (3.77) is called (internally) positive fractional 2D linear
system if x;; € R’} and y;; € Rﬁ, i,j € Z, for any boundary conditions x;p € R’}
i€Zy,x0; ERY,i€Zy and all inputs u;; €RY i, j € Zy.

Theorem 3.17. Let the assumptions (3.96) be satisfied. The fractional 2D linear
system 372 for0 < a <land1 < <2(or1 <o <2and0< B < 1) is positive
if and only if:

A €R™ B e R fork=0,1,2, C€ RP*" D e R, (3.99)

Proof. Sufficiency. If the conditions are satisfied then by Lemma 3.6 7),, €
R’ and from (3.81) we have x;; € R”} for i, j € Z., since xjp € R}, xo; € R", and
ujj € R? fori, j € Z,. From we have y;; € RY since C € R7™", D € RE™™
and x;; € R, u;; € RY fori,j € Zy.

Necessity. Let the system be positive and xog = e,i, i = 1,...,n (ey; is i-th column
of the identity matrix 1,), xo1 = x10 =0, u;; =0, i,j € Z. From fori =
j=0and u;; =0, i,j € Z+ we obtain x1; = Age,; = Ag; € R’}, where A; is i-th
column of Ay. This implies Ag € R, since i = 1,...,n. If we assume that x;o =
eni» X00 = Xo1 = 0 and u;; =0, i,j € Z, then from for i = j = 0 we have
x11 =Ajep =Ay; € R, whatimplies A1 € ]RT". In a similar way we may show that
As € Rﬁ_xn. Assuming ugo = ep;, ujj =0,1,j € Zy i+ j > 0and xoo = x10 = Xo1 =0
from (3.794d), for i = j =0, we obtain x1; = Boe,,j = Bo; € R fori=1,...,m, what
implies By € R"*™. In a similar way we may show that B; € R’*" for k = 1,2 and
CeRI*", DeRI™, O

Remark 3.4. From (3.76b) and (3.794) it follows that if @ = f3, 0 < o < 1, then
cap(k,l) >0 for k,l = 1,2,... and the fractional 2D linear system (3.77) is not
positive.

The considerations presented for Roesser model can be easily extended to the

model (3.77) [103].
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