
Chapter 2
Fractional Continuous-Time Linear Systems

2.1 Definition of Euler Gamma Function and Its Properties

There exist the following two definitions of the Euler gamma function.

Definition 2.1. A function given by the integral

Γ (x) =
∫ ∞

0
tx−1e−t dt, Re(x) > 0, (2.1)

is called the Euler gamma function.
The Euler gamma function can be also defined by

Γ (x) = lim
n→∞

n!nx

x(x + 1) · · ·(x + n)
, x ∈ C\{0,−1,−2, . . .} (2.2)

where C is the field of complex numbers.

We shall show that Γ (x) satisfies the equality

Γ (x + 1) = xΓ (x). (2.3)

Proof. Using (2.1), we obtain

Γ (x + 1) =
∫ ∞

0
txe−tdt =

∫ ∞

0
txde−t = txe−t

∣∣∣∣
∞

0
= x

∫ ∞

0
tx−1e−t dt = xΓ (x).

��
Example 2.1. From (2.3) we have for:

x = 1 : Γ (2) = 1 ·Γ (1) = 1, since Γ (1) =
∫ ∞

0
e−t dt = 1,

x = 2 : Γ (3) = 2 ·Γ (2) = 1 ·2 = 2!,

x = 3 : Γ (4) = 3 ·Γ (3) = 3 ·2 ·Γ (2) = 3!.
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In general case for x ∈ N we have

Γ (n + 1) = nΓ (n) = n(n−1)Γ (n−1) = n(n−1)(n−2) · · ·(1) = n!

The gamma function is also well-define for x being any real (complex) numbers. For
example we have for

x = 1.5 : Γ (2.5) = 1.5 ·Γ (1.5) = 1.5 ·0.5Γ (0.5),
x = −0.5 : Γ (0.5) = −0.5 ·Γ (−0.5) = −0.5 · (−1.5)Γ (−1.5).

2.2 Mittag-Leffler Function

The Mittag-Leffler function is a generalization of the exponential function esit and
it plays important role in solution of the fractional differential equations.

Definition 2.2. A function of the complex variable z defined by

Eα(z) =
∞

∑
k=0

zk

Γ (αk + 1)
, (2.4)

is called the one parameter Mittag-Leffler function.

Example 2.2. For α = 1 we obtain

E1(z) =
∞

∑
k=0

zk

Γ (k + 1)
=

∞

∑
k=0

zk

k!
= ez,

i.e. the classical exponential function.

An extension of the one parameter Mittag-Leffler function is the following two
parameters function.

Definition 2.3. A function of the complex variable z defined by

Eα ,β (z) =
∞

∑
k=0

zk

Γ (αk + β )
, (2.5)

is called two parameters Mittag-Leffler function.

For β = 1 from (2.5) we obtain (2.4).

2.3 Definitions of Fractional Derivative-Integral

2.3.1 Riemann-Liouville Definition

It is well known that to reduce n-multiple integral to 1-tiple integral the following
formula
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0In
x =

∫ x

0

∫ u1

0
· · ·

∫ un−1

0
f (un)dun · · ·du2du1 =

1
(n−1)!

∫ x

0
(x−u)n−1 f (u)du, (2.6)

can be used, where f (u) is a given function. Using the equality (n− 1)! = Γ (n),
the formula (2.6) can be extended for any n ∈ R and we obtain Riemann-Liouville
fractional integral

0Iα
t =

1
Γ (α)

∫ t

0
(t − τ)α−1 f (τ)dτ, (2.7)

where α ∈ R+ is the order of integral.

Definition 2.4. The function defined by

RL
0Dα

t f (t) =
dα

dtα f (t) =
dn

dtn

[
0I(n−α)

t f (t)
]

=
1

Γ (n−α)
dn

dtn

∫ t

0
(t − τ)n−α−1 f (τ)dτ, (2.8)

is called Riemann-Liouville fractional derivative-integral, where n− 1 ≤ α ≤ n,
n ∈ N.

Example 2.3. Consider the unit-step function

f (t) = �(t) =

{
1 for t ≥ 0

0 for t < 0 .

Using (2.8), we obtain

dα

dtα �(t) =
1

Γ (n−α)
dn

dtn

∫ t

0
(t − τ)n−α−1dτ

=
1

Γ (n−α)
dn

dtn

[ −1
n−α

(t − τ)n−α
]t

0
=

1
Γ (n−α)

1
n−α

dn

dtn tn−α

=
1

Γ (n−α)
1

n−α
(n−α)(n−α −1) · · ·(1−α)t−α =

t−α

Γ (1−α)
.

Therefore, the α order Riemann-Liouville derivative of unit-step function is a de-
creasing in time function.

Theorem 2.1. The Riemann-Liouville derivative-integral operator is linear satisfy-
ing the relation

RL
0Dα

t [λ f (t)+ μg(t)] = λ RL
0 Dα

t f (t)+ μRL
0 Dα

t g(t), λ ,μ ∈ R. (2.9)
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Proof.

RL
0Dα

t (λ f (t)+ μg(t)) =
1

Γ (n−α)
dn

dtn

∫ t

0
(t − τ)n−α−1[λ f (τ)+ μg(τ)]dτ

=
λ

Γ (n−α)
dn

dtn

∫ t

0
(t − τ)n−α−1 f (τ)dτ

+
μ

Γ (n−α)
dn

dtn

∫ t

0
(t − τ)n−α−1g(τ)dτ

= λ RL
0 Dα

t f (t)+ μRL
0 Dα

t g(t).

��
Theorem 2.2. The Laplace transform of the derivative-integral (2.8) has the form

L
[RL

0Dα
t f (t)

]
= sα F(s)−

n

∑
k=1

sk−1 f (α−k)(0+). (2.10)

Proof. Using the definition given in Appendix A.2 we obtain

L
[RL

0Dα
t f (t)

]
= L

[
dn

dtn

(
1

Γ (n−α)

∫ t

0
(t − τ)n−α−1 f (τ)dτ

)]

= L

[
dn

dtn

(
0In−α

t f (t)
)]

=
snF(s)
sn−α −

n

∑
k=1

sn−k dk−1

dtk−1

[
0In−α

t f (t)
]
.

��

2.3.2 Caputo Definition

Definition 2.5. The function defined by

C
0 Dα

t f (t) =
1

Γ (n−α)

∫ t

0

f (n)(τ)
(t − τ)α+1−n dτ, (2.11)

is called the Caputo fractional derivative-integral, where n−1 < α < n, n ∈ N.

Remark 2.1. From definition 2.5 it follows that the Caputo derivative of constant is
equal to zero.

Theorem 2.3. The Caputo derivative-integral operator is linear satisfying the
relation

C
0 Dα

t [λ f (t)+ μg(t)] = λC
0 Dα

t f (t)+ μC
0 Dα

t g(t). (2.12)

Proof. The proof is similar to the proof of Theorem 2.1. ��
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Theorem 2.4. The Laplace transform of the derivative-integral (2.11) has the form

L
[C

0 Dα
t f (t)

]
= sα F(s)−

n

∑
k=1

sα−k f (k−1)(0+). (2.13)

Proof. Using the definition given in Appendix A.2, we obtain

L
[C

0 Dα
t f (t)

]
= L

[
1

Γ (n−α)

∫ t

0
(t − τ)n−α−1 f (n)(τ)dτ

]

=
1

Γ (n−α)
L

[
tn−α−1]L [

f (n)(t)
]

=
1

Γ (n−α)
Γ (n−α)

sn−α

[
snF(s)−

n

∑
k=1

sn−k f (k−1)(0+)

]

= sα F(s)−
n

∑
k=1

sα−k f (k−1)(0+)

��

2.4 Solution of the Fractional State Equation of
Continuous-Time Linear System

Consider the continuous-time linear system described by the equation [100]:

0Dα
t x(t) =

dα x(t)
dtα = Ax(t)+ Bu(t), 0 < α ≤ 1, (2.14a)

y(t) = Cx(t)+ Du(t), (2.14b)

where x(t) ∈ Rn, u(t) ∈ Rm, y(t) ∈ Rp are state, input and output vectors and A ∈
Rn×n, B ∈ Rn×m, C ∈ Rp×n, D ∈ Rp×m.

Theorem 2.5. The solution of the equation (2.14a) has the form

x(t) = Φ0(t)x0 +
∫ t

0
Φ(t − τ)Bu(τ)dτ, x(0) = x0, (2.15)

where

Φ0(t) = Eα(Atα) =
∞

∑
k=0

Aktkα

Γ (kα + 1)
, (2.16)

Φ(t) =
∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
. (2.17)

Eα(Atα) is the Mittag-Leffler function and Γ (x) is the Euler gamma function.
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Proof. Applying the Laplace transform to (2.14a) and taking in to account

X(s) = L [x(t)] =
∫ ∞

0
x(t)e−stdt, (2.18a)

L [Dα x(t)] = sα X(s)− sα−1x0, (2.18b)

we obtain

X(s) = [Insα −A]−1 [sα−1x0 + BU(s)
]
, U(s) = L [u(t)]. (2.19)

It is easy to show that

[Insα −A]−1 =
∞

∑
k=0

Aks−(k+1)α , (2.20)

since

[Insα −A]

(
∞

∑
k=0

Aks−(k+1)α

)
= In. (2.21)

Substituting of (2.20) to (2.19), yields

X(s) =
∞

∑
k=0

Aks−(kα+1)x0 +
∞

∑
k=0

Aks−(k+1)α BU(s). (2.22)

Using the inverse Laplace transform and the convolution theorem (Appendix A.1)
to (2.22) we obtain

x(t) = L −1[X(s)] =
∞

∑
k=0

AkL −1
[
s−(kα+1)

]
x0 +

∞

∑
k=0

AkL −1
[
s−(k+1)αBU(s)

]

= Φ0(t)x0 +
∫ t

0
Φ(t − τ)Bu(τ)dτ, (2.23)

where

Φ0(t) =
∞

∑
k=0

AkL −1
[
s−(kα+1)

]
=

∞

∑
k=0

Aktkα

Γ (kα + 1)
,

Φ(t) = L −1{[Insα −A]−1}=
∞

∑
k=0

AkL −1
[
s−(k+1)α

]
=

∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
.

��
Remark 2.2. From (2.16) and (2.17) for α = 1 mamy

Φ0(t) = Φ(t) =
∞

∑
k=0

Atk

Γ (k + 1)
= eAt .
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Remark 2.3. From classical Cayley-Hamilton theorem it follows that if

det [Insα −A] = (sα )n + an−1(sα )n−1 + · · ·+ a1sα + a0, (2.24)

then

An + an−1(A)n−1 + · · ·+ a1Aα + a0In = 0. (2.25)

Example 2.4. Find the solution of the equation (2.14a) for 0 < α ≤ 1 and:

A =
[

0 1
0 0

]
, B =

[
0
1

]
, x0 =

[
1
1

]
, u(t) = �(t) (2.26)

Using (2.16) and (2.17), we obtain:

Φ0(t) =
∞

∑
k=0

Aktkα

Γ (kα + 1)
= I2 +

Atα

Γ (α + 1)
, (2.27a)

Φ(t) =
∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
= I2

tα−1

Γ (α)
+ A

t2α−1

Γ (2α)
, (2.27b)

Substituting (2.27) and u(t) = 1 into (2.15), we obtain

x(t) = x0 +
Ax0tα

Γ (α + 1)
+
∫ ∞

0

(
B

Γ (α)
(t − τ)α−1 +

AB
Γ (2α)

(t − τ)2α−1
)

dτ

= x0 +
Ax0tα

Γ (α + 1)
+

Btα

Γ (α + 1)
+

ABt2α

Γ (2α + 1)
=

[
1 + tα

Γ (α+1) + t2α

Γ (2α+1)

1 + tα

Γ (α+1)

]
,

where Γ (α + 1) = αΓ (α).

Theorem 2.6. The solution of the equation (2.14a) for n− 1 ≤ α ≤ n and Caputo
definition has the form

x(t) =
n

∑
l=1

Φl(t)x(l−1)(0+)+
∫ t

0
Φ(t − τ)Bu(τ)dτ, (2.28)

where

Φl(t) =
∞

∑
k=0

Akt(kα+l)−1

Γ (kα + l)
, Φ(t) =

∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
.

Proof. Taking into account (A.1), (2.13) from (2.14a) we obtain:

X(s) = [Insα −A]−1

[
n

∑
l=1

sα−lx(l−1)(0+)+ BU(s)

]
, U(s) = L [u(t)]. (2.29)
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Substituting of (2.20) into (2.29), yields

X(s) =
∞

∑
k=0

Aks−(k+1)α

[
n

∑
l=1

sα−lx(l−1)(0+)+ BU(s)

]

=
∞

∑
k=0

n

∑
l=1

Aks−(kα+l)x(l−1)(0+)+
∞

∑
k=0

Aks−(k+1)α BU(s). (2.30)

Applying the inverse Laplace transform and the convolution theorem (Appendix
A.1) to (2.30), we obtain

x(t) =
∞

∑
k=0

n

∑
l=1

AkL −1
[
s−(kα+l)

]
x(l−1)(0+)+

∞

∑
k=0

AkL −1
[
s−(k+1)αBU(s)

]

=
n

∑
l=1

Φl(t)x(l−1)(0+)+
∫ t

0
Φ(t − τ)Bu(τ)dτ, (2.31)

where

Φl(t) =
∞

∑
k=0

AkL −1
[
s−(kα+l)

]
=

∞

∑
k=0

Akt(kα+l)−1

Γ (kα + l)
,

Φ(t) =
∞

∑
k=0

AkL −1
[
s−(k+1)α

]
=

∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
.

��
Theorem 2.7. The solution of the equation (2.14a) for n − 1 ≤ α ≤ n and the
Riemann-Liouville definition has form

x(t) =
n

∑
l=1

Φl(t)x(α−l)(0+)+
∫ t

0
Φ(t − τ)Bu(τ)dτ, (2.32)

where

Φl(t) =
∞

∑
k=0

Akt(k+1)α−l

Γ [(k + l)α − l + 1]
, Φ(t) =

∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
.

Proof. Taking into account (A.1) and (2.10), from (2.14a) we obtain:

X(s) = [Insα −A]−1

[
n

∑
l=1

sl−1x(α−l)(0+)+ BU(s)

]
, U(s) = L [u(t)]. (2.33)

Substituting of (2.20) to (2.33), yields

X(s) =
∞

∑
k=0

Aks−(k+1)α

[
n

∑
l=1

sl−1x(α−l)(0+)+ BU(s)

]

=
∞

∑
k=0

n

∑
l=1

Aks−(k+1)α+l−1x(α−l)(0+)+
∞

∑
k=0

Aks−(k+1)α BU(s). (2.34)
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Applying the inverse Laplace transform and the convolution theorem (Appendix
A.1) to (2.34), we obtain

x(t) =
∞

∑
k=0

n

∑
l=1

AkL −1
[
s−(k+1)α+l−1

]
x(α−l)(0+)

+
∞

∑
k=0

AkL −1
[
s−(k+1)αBU(s)

]

=
n

∑
l=1

Φl(t)x(α−l)(0+)+
∫ t

0
Φ(t − τ)Bu(τ)dτ, (2.35)

where

Φl(t) =
∞

∑
k=0

AkL −1
[
s−(k+1)α+l−1

]
=

∞

∑
k=0

Akt(k+1)α−l

Γ [(k + l)α − l + 1]
,

Φ(t) =
∞

∑
k=0

AkL −1
[
s−(k+1)α

]
=

∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
.

��
Remark 2.4. From comparison of (2.28) and (2.32) it follows that the component of
the solution corresponding to u(t) is the same.

2.5 Positivity of the Fractional Systems

Definition 2.6. The fractional system (2.14) is called (internally) positive if the state
vector x(t) ∈ Rn

+ and the output vector y(t) ∈ R
p
+ for t ≥ 0 for all initial conditions

x0 ∈ Rn
+ and all inputs u(t) ∈ Rm

+, t ≥ 0.

Definition 2.7. A real square matrix A = [ai j] is called Metzler matrix if its off di-
agonal entries are nonnegative, i.e. ai j ≥ 0 for i �= j.

Lemma 2.1. Let A ∈ R
n×n and 0 < α ≤ 1. Then

Φ0(t) =
∞

∑
k=0

Aktkα

Γ (kα + 1)
∈ R

n×n
+ for t ≥ 0, (2.36)

Φ(t) =
∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
∈ R

n×n
+ for t ≥ 0. (2.37)

if and only if A is a Metzler matrix.

Proof. Necessity. From:

Φ0(t) = In +
Atα

Γ (α + 1)
+ · · · ,

Φ(t) = In
tα−1

Γ (α)
+ A

t2α−1

Γ (2α)
+ · · ·
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it follows that Φ0(t) ∈ R
n×n
+ i Φ(t) ∈ R

n×n
+ for small value t > 0 only if A is a

Metzler matrix.
Sufficiency. It is well-known [77] that

eAt ∈ R
n×n
+ for t ≥ 0 (2.38)

if and only if A is a Metzler matrix.
Using (2.36), we can write

Φ0(t)− eAtα
=

∞

∑
k=0

(
(Atα)k

Γ (kα + 1)
− (Atα)k

k!

)
=

∞

∑
k=0

k!−Γ (kα + 1)
Γ (kα + 1)

· (Atα)k

k!

for t ≥ 0, since k! ≥ Γ (kα + 1) for 0 < α ≤ 1. From (2.38) and (2.5) we have
Φ0(t) ≥ eAtα ≥ 0 for t ≥ 0. The proof for (2.37) is similar. ��
Theorem 2.8. The fractional continuous-time system(2.14) is (internally) positive if
and only if:

A ∈ Mn, B ∈ R
n×m
+ , C ∈ R

p×n
+ , D ∈ R

p×m
+ . (2.39)

Proof. Sufficiency. By Theorem 2.5 the solution (2.14a) has the form (2.15) and
x(t) ∈ R

n
+, t ≥ 0, if the condition (2.39) is satisfied since Φ0 ∈ R

n×n
+ , x0 ∈ R

n
+ and

u(t) ∈ Rm
+ for t ≥ 0.

Necessity. Let u(t) = 0, t ≥ 0 and x0 = ei (i-th column of the identity matrix
In). The trajectory does not leave the orthant R

n
+ only if the derivative of order

α , xα(0) = Aei ≥ 0, what implies ai j ≥ 0 for i �= j. The matrix A is a Metzler
matrix. From the same reason for x0 = 0 we have xα(0) = Bu(0) ≥ 0, what implies
B ∈ R

n×m
+ , since u(0) ∈ Rm

+ can be arbitrary. From (2.14b) for u(t) = 0, t ≥ 0 we
have y(0) = Cx0 ≥ 0 and C ∈ R

p×n
+ , since x0 ∈ Rn

+ can be arbitrary. In a similar way
assuming x0 = 0, we obtain y(0) = Du(0) ≥ 0 and D ∈ R

p×m
+ , since u(0) ∈ Rm

+ is
arbitrary. ��

2.6 External Positivity of the Fractional Systems

Definition 2.8. The fractional system (2.14) is called externally positive if for all
u(t) ∈ Rm

+, t ≥ 0 and zero initial conditions x0 = 0 the output vector y(t) ∈ R
p
+,

t ≥ 0.

Definition 2.9. Output of the fractional SISO system with zero initial conditions for
Dirac impulse u(t) = δ (t) is called the impulse response of the system. In a similar
way we define the matrix of impulse response of the MIMO fractional system (2.14).

Lemma 2.2. Matrix of the impulse responses g(t) of the fractional system (2.14)is
given by

g(t) = CΦ(t)B + Dδ (t), t ≥ 0. (2.40)

Proof. Substituting (2.15) into (2.14b) and taking into account x0 = 0, u(t) = δ (t),
y(t) = g(t) we obtain
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g(t) =
∫ t

0
CΦ(t − τ)Bδ (τ)dτ + Dδ (t) = CΦ(t)B + Dδ (t). (2.41)

��
Theorem 2.9. The fractional system (2.14) is externally positive if and only if

g(t) ∈ R
p×m
+ for t ≥ 0. (2.42)

Proof. Sufficiency. The output y(t) of the system (2.14) with zero initial conditions
for the input u(t) is given by

y(t) =
∫ t

0
g(t − τ)u(τ)dτ. (2.43)

If the condition (2.42) is satisfied then from (2.43) we have y(t) ∈ R
p
+, t ≥ 0.

Necessity. The necessity follows immediately from the fact that the matrix of
impulse responses in a particular case of the output of the system for u(t) = δ (t)
and δ (t) is nonnegative for t ≥ 0. ��
Corollary 2.1. The matrix of impulse responses (2.40) of internally positive system
(2.14)is nonnegative for t ≥ 0.

Between the internal and external positivity we have the following relationship.

Corollary 2.2. Every fractional continuous-time (internally) positive system (2.14)
is always externally positive.

2.7 Reachability of Fractional Positive Continuous-Time
Linear System

Definition 2.10. A state x f ∈ Rn
+ of the fractional system (2.14) is called reachable

in time t f if there exists an input u(t) ∈ Rm
+ for t ∈ [0, t f ] which steers the state of

system from zero initial condition x0 = 0 to the finial state x f = x(t f ). If every state
x f ∈ R

n
+ is reachable in time t f , then the system is called reachable in time t f . The

system (2.14) is called reachable if for every x f ∈ Rn
+ there exist t f and an input

u(t) ∈ Rm
+ for t ∈ [0,t f ], which steers the state of system from x0 = 0 to x f .

Theorem 2.10. The fractional system(2.14) is reachable in time t f , if the matrix

R(t f ) =
∫ t f

0
Φ(t)BBT ΦT (t)dt, (2.44)

is monomial. Moreover the input which steers the state from x0 = 0 to x f is given by

u(t) = BT ΦT (t f − t)R−1(t f )x f , t ∈ [0, t f ], (2.45)

where T denotes transpose.
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Proof. We shall show that the input (2.45) steers the state of the system (2.14) from
x0 = 0 to x f .

Substituting of (2.45) into (2.15) we obtain

x(t f ) =
∫ t f

0
Φ(t f − τ)BBT ΦT (t f − τ)R−1(t f )x f dτ

=
∫ t f

0
Φ(t f − τ)BBT ΦT (t f − τ)dτR−1(t f )x f (2.46)

= R(t f )R−1(t f )x f = x f .

��
Theorem 2.11. If the matrix A = diag

[
a1 a2 . . . an

]∈R
n×n
+ and B ∈R

n×m
+ for m =

n are monomial matrices then the system (2.14) is reachable.

Proof. From (2.17) it follows that if A is diagonal then the matrix Φ(t) and Φ(t)B
are also monomial for monomial matrix B From (2.44)written in the form

R(t f ) =
∫ t f

0
Φ(τ)B[Φ(τ)B]T dτ, (2.47)

it follows that the matrix (2.47) is monomial. By Theorem 2.10 the fractional system
is reachable. ��
Example 2.5. We shall show that the fractional system (2.14) with the matrices:

A =
[

1 0
0 0

]
, B =

[
0 1
1 0

]
, (2.48)

is reachable. Taking into account that

Ak =
[

1 0
0 0

]k

=
[

1 0
0 0

]
, for k = 1,2, . . . ,

and using (2.17) we obtain

Φ(t) =
∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
=
[

Φ1(t) 0
0 Φ2(t)

]
, (2.49)

where

Φ1(t) =
∞

∑
k=0

t(k+1)α−1

Γ [(k + 1)α]
, Φ2(t) =

tα−1

Γ (α)
,

and

Φ(t)B =
[

0 Φ1(t)
Φ2(t) 0

]
.
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In this case from (2.47) we have

R(t f ) =
∫ t f

0
Φ(τ)B[Φ(τ)B]T dτ =

∫ t f

0

[
Φ2

1 (τ) 0
0 Φ2

2 (τ)

]
dt. (2.50)

The matrix (2.50) is monomial and by Theorem 2.9 the fractional system is
reachable.

Remark 2.5. It is well-knew that the standard system

ẋ = Ax + Bu (2.51)

with the matrices:

A =

⎡
⎢⎢⎢⎢⎢⎣

0 0 . . . 0 a0

1 0 . . . 0 a1

0 1 . . . 0 a2
...

...
. . .

...
...

0 0 . . . 1 an−1

⎤
⎥⎥⎥⎥⎥⎦

, B =

⎡
⎢⎢⎢⎣

1
0
...
0

⎤
⎥⎥⎥⎦ , (2.52)

is reachable for all values of the coefficients ai, i = 0,1, . . . ,n−1, since the reacha-
bility matrix [

B AB . . . An−1B
]
= In. (2.53)

The system (2.51) is also reachable as a positive system if ai ≥ 0, i = 0,1, . . . ,n−2.
The fractional system (2.14) with (2.52) is reachable even for ai = 0, i = 1, . . . ,n−1
if there exist u(t) ≥ 0, t ∈ [0,t f ] which satisfied condition

x f =
∫ t f

0

⎡
⎢⎢⎢⎢⎢⎢⎣

(t f −τ)α−1

Γ (α)
(t f −τ)2α−1

Γ (2α)
...

(t f −τ)nα−1

Γ (nα)

⎤
⎥⎥⎥⎥⎥⎥⎦

u(τ)dτ. (2.54)

This condition (2.54) follows from (2.15) for x0 = 0, (2.53) and the fact that for
ai = 0, i = 0,1, . . . ,n−1, we have Ak = 0 for k = n,n + 1, . . . and

Φ(t)B =
∞

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
B =

n−1

∑
k=0

Akt(k+1)α−1

Γ [(k + 1)α]
B =

⎡
⎢⎢⎢⎢⎢⎣

tα−1

Γ (α)
t2α−1

Γ (2α)
...

tnα−1

Γ (nα)

⎤
⎥⎥⎥⎥⎥⎦

.

This example shows that the reachability conditions for the fractional system (2.14)
are much stronger than for positive system (2.51) [100].
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2.8 Positive Continuous-Time Linear Systems with Delays

Consider the continuous-time linear system with q delays described by the state
equations

ẋ(t) = A0x(t)+
q

∑
k=1

Akx(t −dk)+ Bu(t), (2.55a)

y(t) = Cx(t)+ Du(t), (2.55b)

where x(t) ∈ Rn, u(t) ∈ Rm, y(t) ∈ Rp are the state, input and output vectors and
Ak ∈ R

n×n
+ , k = 0,1, . . . ,q; B ∈ R

n×m
+ , C ∈ R

p×n
+ , D ∈ R

p×m
+ , and dk (dk ≥ 0), k =

1,2, . . . ,q are delays.
Initial conditions for (2.55a) have the form

x(t) = x0(t) for t ∈ [−d,0], d = max(dk), (2.56)

where x0(t) ∈ Rn is given.

Definition 2.11. The system (2.55) is called (internally) positive if x(t)∈Rn
+, y(t)∈

R
p
+ for any x0(t) ∈ Rn

+ and all inputs u(t) ∈ Rm
+, t ≥ 0.

Theorem 2.12. The system (2.55) is (internally) positive if and only if

A0 ∈ Mn, Ak ∈ R
n×n
+ , k = 1, . . . ,q; (2.57a)

B ∈ R
n×m
+ , C ∈ R

p×n
+ , D ∈ R

p×m
+ . (2.57b)

Proof. Necessity. The equation (2.55a) for x(t − dk) = 0, t ∈ [d,0] and u(t) = 0,
t ≥ 0 takes the form

ẋ(t) = A0x(t), t ∈ [0,d]. (2.58)

It is well-known [52, 77] that x(t) ∈ R
n
+ of (2.58) only if A0 ∈ Mn. Assuming in

(2.55a) u(t) = 0, t ≥ 0, x0(−dk) = ei, i = 1, . . . ,n (i-th column of the identity matrix
In), x(−d j) = 0, j = 0,1, . . . ,k − 1,k + 1, . . . ,n for t = 0 we obtain ẋ(0) = Akei =
Aki ∈Rn

+, where Aki is i-th column of Ak ∈R
n×n
+ , k = 1, . . . ,q. From (2.55a) for t = 0

and x0(t) = 0, t ∈ [−d,0] we have ẋ(0) = Bu(t) and B ∈ R
n×m
+ , since by definition

u(0) ∈ Rm
+ is arbitrary. The necessity of C ∈ R

p×n
+ , D ∈ R

p×m
+ can be shown in a

similar way as for positive systems without delays [52, 77].
Sufficiency. The solution of the equation (2.55a) for t ∈ [0,d] has the form

x(t) = eA0t +
∫ t

0
eA0(t−τ)

(
q

∑
k=1

Akx0(τ −dk)+ Bu(τ)

)
dτ . (2.59)
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Taking in to account that eA0t ∈ R
n×n
+ , t ≥ 0, for A0 ∈ Mn, and the condition (2.57),

from (2.59) we obtain x(t) ∈ Rn
+, t ∈ [0,d], since x0(t) ∈ Rn

+, t ∈ [−d,0] and u(t) ∈
Rm

+, t ≥ 0. From (2.55b) we have y(t)∈R
p
+, t ∈ [0,d], since x(t)∈Rn

+ and u(t)∈Rm
+.

Using the step method we can extend the considerations for the intervals [d,2d],
[2d,3d], . . . . ��

Definition 2.12. Let to the asymptotically stable positive system (2.55) a constant
input u(t) = u ∈ Rm

+ be applied. The vector xe satisfying the equation

0 =
q

∑
k=0

Akxe + Bu (2.60)

is called the equilibrium point (state) of the system (2.55) for constant input u.

If the positive system (2.55) is asymptotically stable then the matrix

A =
q

∑
k=0

Ak ∈ Mn (2.61)

is nonsingular and from (2.60) we have

xe = −A−1Bu. (2.62)

Remark 2.6. For positive asymptotically stable system (2.55)

−A−1 ∈ R
n×n
+ . (2.63)

This follows immediately from (2.62), since x0 ∈ R
n
+ and Bu ∈ R

m
+ is arbitrary

[52, 77].

Theorem 2.13. The equilibrium point xe for positive asymptotically stable system
(2.55) is strictly positive, i.e. xe > 0, if Bu > 0.

Proof. If A∈ Mn and Bu > 0 then from (2.60) we have xe ∈Rn
+. The hypothesis will

be proved by contradiction. Assume that xe = 0 then from (2.60) we have Bu = 0.
This contradicts that Bu > 0. This completes the proof. ��

These considerations can be extended for positive fractional continuous-time linear
systems with delays.



42 2 Fractional Continuous-Time Linear Systems

2.9 Positive Linear Systems Consisting of n Subsystems with
Different Fractional Orders

2.9.1 Linear Differential Equations with Different Fractional
Orders

Consider a fractional linear system described by the equation

⎡
⎢⎣

dα1 x1
dtα1

...
dαn xn
dtαn

⎤
⎥⎦=

⎡
⎢⎣

A11 . . . A1n
...

. . .
...

An1 . . . Ann

⎤
⎥⎦
⎡
⎢⎣

x1
...

xn

⎤
⎥⎦+

⎡
⎢⎣

B1
...

Bn

⎤
⎥⎦u,

pk −1 < αk < pk

pk ∈ N = {1,2, . . .},
k = 1, . . . ,n,

(2.64)

where xk ∈ Rnk , k = 1, . . . ,n are the state vectors, Ak j ∈ Rnk×nj , Bk ∈ Rnk×m, k, j =
1, . . . ,n and u ∈ Rm is the input vector.

Initial conditions for (2.64) have the form

x( j)
k (0) = x( j)

k0 ∈ R
nk , k = 1, . . . ,n; j = 0,1, . . . , pk −1. (2.65)

Theorem 2.14. The solution of the equation (2.64) for pk−1 < αk < pk, k = 1, . . . ,n
with initial conditions (2.65) has the form

x(t) =
∫ t

0
[Φ1(t − τ)B10 + · · ·+ Φn(t − τ)Bn0]u(τ)dτ

+
∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

⎡
⎢⎢⎣

∑p1
j1=1

tk1α1+···+knαn+ j1−1

Γ (k1α1+···+knαn+ j1)x( j1−1)
10

...

∑pn
jn=1

tk1α1+···+knαn+ jn−1

Γ (k1α1+···+knαn+ jn)x( jn−1)
n0

⎤
⎥⎥⎦ , (2.66)

where

x(t) =

⎡
⎢⎣

x1(t)
...

xn(t)

⎤
⎥⎦ ∈ R

N , N = n1 + · · ·+ nn, x0 =

⎡
⎢⎣

x10
...

xn0

⎤
⎥⎦ , (2.67a)

B10 =

⎡
⎢⎢⎢⎣

B1

0
...
0

⎤
⎥⎥⎥⎦ , Bn0 =

⎡
⎢⎢⎢⎣

0
...
0

Bn

⎤
⎥⎥⎥⎦ , (2.67b)
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Φ1(t) =
∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

t(k1+1)α1+k2α2+···+knαn−1

Γ [(k1 + 1)α1 + k2α2 + · · ·+ knαn]
,

... (2.67c)

Φn(t) =
∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

tk1α1+···+kn−1αn−1+(kn+1)αn−1

Γ [k1α1 + · · ·+ kn−1αn−1 +(kn + 1)αn]
,

and

Tk1...kn =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

IN for k1 = · · · = kn = 0⎡
⎢⎢⎢⎢⎣

A11 · · · A1n

0 · · · 0
...

. . .
...

0 · · · 0

⎤
⎥⎥⎥⎥⎦ for

k1 = 1,

k2 = · · · = kn = 0

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 · · · 0
...

. . .
...

0 · · · 0

Ai1 · · · Ain

0 · · · 0
...

. . .
...

0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

for

k1 = · · · = ki−1 = 0,

k1 = 1,

ki+1 = · · · = kn = 0,

⎡
⎢⎢⎢⎢⎣

0 · · · 0
...

. . .
...

0 · · · 0

An1 · · · Ann

⎤
⎥⎥⎥⎥⎦ for

k1 = · · · = kn−1 = 0,

ki = 1

T10...0T01...1 + · · ·+ T0...01T1...10 for k1 = · · · = kn = 1
...

T10...0Tk1−1,k2,...,kn

+ · · ·+ T0...01Tk1,kn−1,kn−1
for k1 + · · ·+ kn > 0

0 for at last one ki < 0, i = 1, . . . ,n

(2.67d)

Proof. Using the Laplace transforms

Xk(s) = L [xk(t)], k = 1, . . . ,n; U(s) = L [u(t)], (2.68)
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and (A.10) we may write the equations (2.64) for pk − 1 < α < pk; pk ∈ N,
k = 1 . . . ,n in the form

⎡
⎢⎣

In1sα1 −A11 −A12 · · · −A1n−1 A1n
...

...
. . .

...
...

−An1 −An2 · · · −Ann−1 Innsαn −Ann

⎤
⎥⎦
⎡
⎢⎣

X1(s)
...

Xn(s)

⎤
⎥⎦

=

⎡
⎢⎣

B1
...

Bn

⎤
⎥⎦U(s)+

⎡
⎢⎢⎣

∑p1
j1=1 sα1− j1x( j1−1)

10
...

∑pn
jn=1 sαn− jnx( jn−1)

n0

⎤
⎥⎥⎦ . (2.69)

From (2.69) we have

⎡
⎢⎣

X1(s)
...

Xn(s)

⎤
⎥⎦ =

⎡
⎢⎣

In1sα1 −A11 −A12 · · · −A1n−1 A1n
...

...
. . .

...
...

−An1 −An2 · · · −Ann−1 Innsαn −Ann

⎤
⎥⎦
−1

×

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎣

B1
...

Bn

⎤
⎥⎦U(s)+

⎡
⎢⎢⎣

∑p1
j1=1 sα1− j1 x( j1−1)

10
...

∑pn
jn=1 sαn− jn x( jn−1)

n0

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭

. (2.70)

Comparing the coefficients at the same powers of s−αk it is easy to verify that

⎡
⎢⎣

In1 −A11s−α1 · · · −A1ns−α1

...
. . .

...
−An1s−αn · · · Inn −Anns−αn

⎤
⎥⎦
[

∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn s−(k1α1+···+knαn)

]
= IN ,

(2.71)

where matrices Tk1...kn are defined by (2.67d).
Using (2.71) we obtain

⎡
⎢⎣

In1 sα1 −A11 −A12 · · · −A1n−1 A1n
...

...
. . .

...
...

−An1 −An2 · · · −Ann−1 Innsαn −Ann

⎤
⎥⎦
−1

=

⎧⎪⎨
⎪⎩

⎡
⎢⎣

In1sα1 · · · 0
...

. . .
...

0 · · · Innsαn

⎤
⎥⎦
⎡
⎢⎣

In1 −A11s−α1 · · · −A1ns−α1

...
. . .

...
−An1s−αn · · · Inn −Anns−αn

⎤
⎥⎦
⎫⎪⎬
⎪⎭

−1

=
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⎡
⎢⎣

In1 −A11s−α1 · · · −A1ns−α1

...
. . .

...
−An1s−αn · · · Inn −Anns−αn

⎤
⎥⎦
−1⎧⎪⎨
⎪⎩

⎡
⎢⎣

In1s−α1 · · · 0
...

. . .
...

0 · · · Inns−αn

⎤
⎥⎦
⎫⎪⎬
⎪⎭=

∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kns−(k1α1+···+knαn)

⎧⎪⎨
⎪⎩

⎡
⎢⎣

In1s−α1 · · · 0
...

. . .
...

0 · · · Inns−αn

⎤
⎥⎦
⎫⎪⎬
⎪⎭ . (2.72)

substituting of (2.72) into (2.70) yields

⎡
⎢⎣

X1(s)
...

Xn(s)

⎤
⎥⎦ =

∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn s−(k1α1+···+knαn)

⎡
⎢⎣

In1s−α1 · · · 0
...

. . .
...

0 · · · Inns−αn

⎤
⎥⎦

×

⎧⎪⎪⎨
⎪⎪⎩

⎡
⎢⎣

B1
...

Bn

⎤
⎥⎦U(s)+

⎡
⎢⎢⎣

∑p1
j1=1 sα1− j1x( j1−1)

10
...

∑pn
jn=1 sαn− jnx( jn−1)

n0

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭

=
∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

{[
B10s−[(k1+1)α1+k2α2+···+knαn]

+ · · ·+ Bn0s−[k1α1+···+kn−1αn−1+(kn+1)αn]
]

U(s)

+ s−(k1α1+···+knαn)

⎡
⎢⎢⎣

∑p1
j1=1 s− j1x( j1−1)

10
...

∑pn
jn=1 s− jnx( jn−1)

n0

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭

. (2.73)

Applying the inverse Laplace transform and the convolution theorem to (2.73) we
obtain

L −1

⎡
⎢⎣

X1(s)
...

Xn(s)

⎤
⎥⎦ = L −1

∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

{[
B10s−[(k1+1)α1+k2α2+···+knαn]

+ · · ·+ Bn0s−[k1α1+···+kn−1αn−1+(kn+1)αn]
]

U(s)

+ s−(k1α1+···+knαn)

⎡
⎢⎢⎣

∑p1
j1=1 s− j1 x( j1−1)

10
...

∑pn
jn=1 s− jn x( jn−1)

n0

⎤
⎥⎥⎦

⎫⎪⎪⎬
⎪⎪⎭

,
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⎡
⎢⎣

x1(t)
...

xn(t)

⎤
⎥⎦ =

∫ t

0
[Φ1(t − τ)B10 + · · ·+ Φn(t − τ)Bn0]u(τ)dτ

+
∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

⎡
⎢⎢⎣

∑p1
j1=1

tk1α1+···+knαn+ j1−1

Γ (k1α1+···+knαn+ j1)x( j1−1)
10

...

∑pn
jn=1

tk1α1+···+knαn+ jn−1

Γ (k1α1+···+knαn+ jn)x( jn−1)
n0

⎤
⎥⎥⎦ , (2.74)

since L −1
[

1
sα+1

]
= tα

Γ (α+1) . ��

In a particular case if 0 < αk < 1, k = 1, . . . ,n; (p1 = · · · = pn = 1), then

∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

⎡
⎢⎢⎣

∑p1
j1=1

tk1α1+···+knαn+ j1−1

Γ (k1α1+···+knαn+ j1)x( j1−1)
10

...

∑pn
jn=1

tk1α1+···+knαn+ jn−1

Γ (k1α1+···+knαn+ jn)x( jn−1)
n0

⎤
⎥⎥⎦= Φ0(t)x0, (2.75)

where

Φ0(t) =
∞

∑
k1=0

· · ·
∞

∑
kn=0

Tk1...kn

tk1α1+···+knαn

Γ (k1α1 + · · ·+ knαn + 1)
. (2.76)

2.9.2 Positive Fractional Systems

Definition 2.13. The fractional system (2.64) is called positive if xk(t) ∈ R
nk
+ ,

k = 1, . . . ,n, t ≥ 0 for any initial conditions xk0 ∈ R
nk
+ , k = 1, . . . ,n, and all input

vectors u ∈ Rm
+, t ≥ 0.

Let Mn be the set of n× n Metzler matrices, i.e. real matrices with nonnegative
off-diagonal entries.

Theorem 2.15. The fractional system (2.64) for pk − 1 < α < pk, pk ∈ N, k =
1, . . . ,n is positive if and only if

A =

⎡
⎢⎣

A11 . . . A1n
...

. . .
...

An1 . . . Ann

⎤
⎥⎦ ∈ MN , (2.77a)

⎡
⎢⎣

B1
...

Bn

⎤
⎥⎦ ∈ R

N×m
+ . (2.77b)
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Proof. To simplify the notation the proof will be given for n = 2. First we shall
show that

Φk(t) ∈ R
n×n
+ , (n = n1 + n2) for k = 0,1,2 and t ≥ 0, (2.78)

only if (2.77a) holds. From the expansion (2.67c) we have

Φ0(t) =
[

In1 0
0 In2

]
+
[

A11 A12

0 0

]
tα1

Γ (α1 + 1)

+
[

0 0
A21 A22

]
tα2

Γ (α2 + 1)
+ · · · , (2.79a)

Φ1(t) =
[

In1 0
0 In2

]
tα1−1

Γ (α1)
+
[

A11 A12

0 0

]
t2α1−1

Γ (2α1)

+
[

0 0
A21 A22

]
tα1+α2−1

Γ (α1 + α2)
+ · · · , (2.79b)

Φ2(t) =
[

In1 0
0 In2

]
tα2−1

Γ (α2)
+
[

A11 A12

0 0

]
tα1+α2−1

Γ (α1 + α2)

+
[

0 0
A21 A22

]
t2α2−1

Γ (2α2)
+ · · · . (2.79c)

(2.79d)

From (2.79) it follows that Φk(t) ∈ R
n×n
+ , k = 0,1,2 for small value of t > 0 only if

the condition (2.77a) is satisfied.
In a similar way as in [100, 135] it can be shown that if (2.77) holds then

Φ0(t) ∈ R
n×n
+ , t ≥ 0, (2.80)

and
Φ1(t)B10 + Φ2(t)B01 ∈ R

n×n
+ , t ≥ 0. (2.81)

In this case from (2.66) we have x(t) ∈ R
n
+, t ≥ 0 since by definition x0 ∈ R

n
+ and

u(t) ∈ Rm
+, t ≥ 0. The remaining part of the proof is similar as in [100, 135]. ��

2.9.3 Fractional Linear Electrical Circuits

Consider linear electrical circuits composed of resistors, supercondensators (ultra-
capacitors), coils and voltage (current) sources. As the state variables (the compo-
nents of the state vector x) the voltage across the supercondensators and the currents
in the coils are usually chosen. It is well-known [51, 196] that the current i(t) in
supercondensator with its voltage uC(t) is related by formula

iC(t) = C
dα uC(t)

dtα for 0 < α < 1, (2.82)

where C is the capacity of the supercondensator.
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Similarly, the voltage uL(t) on the coil with its current iL(t) is related by the
formula

uL(t) = L
dβ iL(t)

dtβ for 0 < β < 1, (2.83)

where L is the inductance of the coil.
Using the relations (2.82), (2.83) and Kirchhoff’s laws we may write for the

fractional linear circuits the following state equation
[

dα xC
dtα

dβ xL
dtβ

]
=
[

A11 A12

A21 A22

][
xC

xL

]
+
[

B1

B2

]
e, (2.84)

where the components of xC ∈ Rn1 are voltages across the supercondensators, the
components of xL ∈ Rn2 are currents in coils and the components of e ∈ Rm are the
voltages of the circuit.

Example 2.6. Consider the linear electrical circuit shown on Fig. 2.1 with known
resistances R1, R2, R3, capacitances C1, C2, inductances L1, L2 and sources voltages
e1, e2.

Fig. 2.1 Electrical circuit.
Illustration to Example 2.6.

R1 R2R3

L1 L2
C1 C2

i1

u1 u2

i2

i1 − i2

e1 e2

Using relations (2.82), (2.83) and Kirchhoff’s laws we may write for the circuit
the following equations:

i1 = C1
dα1u1

dtα1
, i2 = C2

dα2u2

dtα2
, (2.85a)

e1 = (R1 + R2)i1 + L1
dβ1 i1
dtβ1

+ u1 −R3i2, (2.85b)

e2 = (R2 + R3)i2 + L2
dβ2 i2
dtβ2

+ u2 −R3i1. (2.85c)
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The equations (2.85) can be written in the form

⎡
⎢⎢⎢⎢⎣

dα1 u1
dtα1

dα2 u2
dtα2
dβ1 i1
dtβ1
dβ2 i2
dtβ2

⎤
⎥⎥⎥⎥⎦= A

⎡
⎢⎢⎣

u1

u2

i1
i2

⎤
⎥⎥⎦+ B

[
e1

e2

]
, (2.86)

where

A =
[

A11 A12

A21 A22

]
=

⎡
⎢⎢⎢⎣

0 0 1
C1

0
0 0 0 1

C2

− 1
L1

0 −R1+R3
L1

R3
L1

0 − 1
L2

R3
L2

−R2+R3
L2

⎤
⎥⎥⎥⎦ , (2.87a)

B =
[

B1

B2

]
=

⎡
⎢⎢⎣

0 0
0 0
1

L1
0

0 1
L2

⎤
⎥⎥⎦ . (2.87b)

From (2.87) it follows that the fractional electrical circuit is not positive since the
matrix A has some negative off-diagonal entries.

If the fractional linear circuit is not positive but the matrix B has nonnegative
entries (see for example the circuit on Fig. 2.1) then using the state-feedback

e = K

[
xC

xL

]
. (2.88)

we may usually choose the gain matrix K ∈ Rm×n, (n = n1 +n2) so that the closed-
loop system matrix (obtained by substituting of (2.88) into (2.84))

Ac = A + BK, (2.89)

is a Metzler matrix.

Theorem 2.16. Let A be not a Metzler matrix but B ∈ R
n×m
+ . Then there exists a

gain matrix K such that the closed-loop system matrix Ac ∈ Mn if and only if

rank [B,Ac −A] = rankB. (2.90)

Proof. By Kronecker-Cappely theorem the equation

BK = Ac −A, (2.91)

have a solution K for any given B and Ac −A if and only if the condition (2.90) is
satisfied. ��
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Example 2.7. (Continuation of Example 2.6). Let

Ac =

⎡
⎢⎢⎢⎣

0 0 1
C1

0
0 0 0 1

C2
a1
L1

0 −R1+R3
L1

a3
L1

0 a2
L2

a4
L2

−R2+R3
L2

⎤
⎥⎥⎥⎦ for ak ≥ 0, k = 1,2,3,4. (2.92)

In this case the condition (2.90) is satisfied since

rank [B,Ac −A] =

⎡
⎢⎢⎣

0 0 0 0 0 0
0 0 0 0 0 0
1

L1
0 a1+1

L1
0 0 a3−R3

L1

0 1
L2

0 a2+1
L2

a4−R3
L2

0

⎤
⎥⎥⎦= rank

⎡
⎢⎢⎣

0 0
0 0
1

L1
0

0 1
L2

⎤
⎥⎥⎦= 2. (2.93)

The equation (2.91) has the form

⎡
⎢⎢⎣

0 0
0 0
1

L1
0

0 1
L2

⎤
⎥⎥⎦
[

k11 k12 k13 k14

k21 k22 k23 k24

]
=

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0

a1+1
L1

0 0 a3−R3
L1

0 a2+1
L2

a4−R3
L2

0

⎤
⎥⎥⎦ , (2.94)

and its solution is

K =
[

k11 k12 k13 k14

k21 k22 k23 k24

]
=
[

a1 + 1 0 0 a3 −R3

0 a2 + 1 a4 −R3 0

]
. (2.95)

The matrix (2.95) has nonnegative entries if ak ≥ 0 for k = 1,2,3,4.

On the following two examples of fractional linear circuits we shall shown that it
is not always possible to choose the gain matrix K so that the two conditions are
satisfied:

a) the closed-loop system matrix Ac ∈ Mn,
b) the closed-loop system is asymptotically stable.

Example 2.8. Consider the fractional linear circuit shown on Fig. 2.2 with given
resistances R, capacitance C, inductance L and source of voltage e.

Using (2.82), (2.83) and the second Kirchhoff’s law we obtain for the circuit the
state equation

[
dα uC
dtα
dβ i
dtβ

]
= A

[
uC

i

]
+ Be, 0 < α < 1; 0 < β < 1; (2.96)

where

A =
[

0 1
C

− 1
L −R

L

]
, B =

[
0
1
L

]
. (2.97)
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Fig. 2.2 Electrical circuit.
Illustration to Example 2.8.

R

LC

i

uc

e

From (2.97) it follows that A is not a Metzler matrix but B ∈ R2
+. It is easy to see

that the condition (2.90) is satisfied for

Ac =
[

0 1
C

a
L

b−R
L

]
, (2.98)

and
K =

[
k1 k2

]
=
[

a + 1 b
]
. (2.99)

Note that the characteristic polynomial of the matrix (2.98)

det

[
In1sα −A11 −A12

−A21 In2sβ −A22

]
=
∣∣∣∣ sα − 1

C
− a

L sβ + R−b
L

∣∣∣∣= sα+β +
R−b

L
sα − a

LC
,

(2.100)

has one nonnegative coefficient and closed-loop circuit is unstable for a ≥ 0 and
any b.

Example 2.9. Consider the fractional linear system shown on Fig. 2.3 with given
resistances R1, R2, capacitance C, inductance L and source of voltage e. Using the
relations (2.82), (2.83) and the second Kirchhoff’s law we obtain for the circuit the
state equation [

dα uC
dtα
dβ i
dtβ

]
= A

[
uC

i

]
+ Be, (2.101)

Fig. 2.3 Electrical circuit.
Illustration to Example 2.9.

R1 R2

L

C

i

uc

e
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where

A =

[
− 1

R2C
1
C

− 1
L −R1

L

]
, B =

[
0
1
L

]
. (2.102)

The matrix A is not a Metzler matrix but B∈R2
+. It is easy to check that the condition

(2.90) is satisfied for

A =

[
− 1

R2C
1
C

a
L

b−R1
L

]
, a,b ≥ 0, (2.103)

and from (2.91) we obtain
[

0
1
L

][
k1 k2

]
=
[

0 0
a+1

L
b
L

]
, (2.104)

and
K =

[
k1 k2

]
=
[

a + 1 b
]
. (2.105)

In this case the characteristic polynomial of the matrix (2.90) has the form

p(s) =

∣∣∣∣∣
sα + 1

R2C − 1
C

− a
L sβ + R1−b

L

∣∣∣∣∣= sα+β +
R1 −b

L
sα +

1
R2C

sβ +
R1 −aR2 −b

R2CL
,

(2.106)
and it is possible to choose the values of parameters a, b so that the closed-loop
system is asymptotically stable [266].


	Fractional Continuous-Time Linear Systems
	Definition of Euler Gamma Function and Its Properties
	Mittag-Leffler Function
	Definitions of Fractional Derivative-Integral
	Riemann-Liouville Definition
	Caputo Definition

	Solution of the Fractional State Equation of Continuous-Time Linear System
	Positivity of the Fractional Systems
	External Positivity of the Fractional Systems
	Reachability of Fractional Positive Continuous-Time Linear System
	Positive Continuous-Time Linear Systems with Delays
	Positive Linear Systems Consisting of n Subsystems
	Linear Differential Equations with Different Fractional Orders
	Positive Fractional Systems
	Fractional Linear Electrical Circuits




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




