Chapter 2

Fractional Continuous-Time Linear Systems

2.1 Definition of Euler Gamma Function and Its Properties

There exist the following two definitions of the Euler gamma function.

Definition 2.1. A function given by the integral
I'(x)= / rle7'dr, Re(x)>0,
0

is called the Euler gamma function.
The Euler gamma function can be also defined by

I'(x) = lim xe C\{0,-1,-2,..

where C is the field of complex numbers.
We shall show that I"(x) satisfies the equality
Fx+1)=xI(x).

Proof. Using 2.1, we obtain

oo

'x+1)= / txe_tdt:/ t'de" =t'e!
0 0

Example 2.1. From (23) we have for:

x=1: TI(@2)=1T
x=2: TI(3)=2T@2)=1-2=21,
x=3: TI'(4)=3-T'(3)=3.2.T'(2)=3!.

:x/ -
0 0

2.1

3 (2.2)

(2.3)

Leldt = xI"(x).

(1)=1, since F(l):/ e'dt =1,
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In general case for x € N we have
'n+1)=nl'(n)=n(n—)I'n—1)=nn—-1)(n—2)---(1) =n!

The gamma function is also well-define for x being any real (complex) numbers. For
example we have for

x=15: TI(25=15-TI'(15)=15-0.5I(0.5),
x=-05:  TI(0.5)=-05-T'(-0.5)=—05-(—1.5)(-1.5).

2.2 Mittag-Leffler Function

The Mittag-Leffler function is a generalization of the exponential function e*' and
it plays important role in solution of the fractional differential equations.

Definition 2.2. A function of the complex variable z defined by
k

- Z
Eq(2) 7];)1—‘(05](-1-1)’ (2.4)

is called the one parameter Mittag-Leffler function.
Example 2.2. For oo = 1 we obtain
oo k ok
be be
El (Z) = 2 = 2 = eZ7
S Ck+1) S k!
i.e. the classical exponential function.

An extension of the one parameter Mittag-Leffler function is the following two
parameters function.

Definition 2.3. A function of the complex variable z defined by

Zk

E(x,ﬁ(z) - Z F(OC](—FB)’

k=0

2.5)

is called two parameters Mittag-Leffler function.

For B = 1 from (Z.3) we obtain (2.4).

2.3 Definitions of Fractional Derivative-Integral

2.3.1 Riemann-Liouville Definition

It is well known that to reduce n-multiple integral to 1-tiple integral the following
formula
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n_ ) ul... ! “ e = ! ! — n—1
ol —/0 /0 /0 Flup)duy, - - dupduy = (n—l)!/o (x—u)""" f(u)du, (2.6)

can be used, where f(u) is a given function. Using the equality (n — 1)! = I'(n),
the formula (2.6) can be extended for any n € R and we obtain Riemann-Liouville
fractional integral

o_ 1 ! a1
V= ) | =0 @, @.7)

where o € R is the order of integral.

Definition 2.4. The function defined by

UDE0) = 0= G 0]
= 1 d" ! _ n—o—1
"mewdﬂéﬁ 7) f(r)dr, (2.8)

is called Riemann-Liouville fractional derivative-integral, where n — 1 < a < n,
neN.

Example 2.3. Consider the unit-step function

1 for t>0
t)=1(t) = -
) ®) {0 for r<0 .
Using (2.8), we obtain
d% 1 dr [t
1(r) = r—1)" %l

dre 1) rm—mde( 2 !

1 d [ -1 ! 1 1 da

= n|: (f—f)"_a] = A
I'h—a)d" |[n—o o I'n—o)n—odt
1 1 ¢

= n—a)n—a—1)---(1—o) %=

I'h—o)n—o rl—a)

Therefore, the & order Riemann-Liouville derivative of unit-step function is a de-
creasing in time function.

Theorem 2.1. The Riemann-Liouville derivative-integral operator is linear satisfy-
ing the relation

KEDEIAL(t) + ug(t)] = ARDF £ (1) + u"DPg(r), A,ueR. (2.9
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Proof.
RL na 1 d" ! n—o—1
B0 +ag0) = o [ 60 T A + gl
= ml— o) o e

u da /I _ \n—a—1
+ F(n—a) din 0(t T) g(r)dr

= 2507 £ (1) + WEDF g 1),
O

Theorem 2.2. The Laplace transform of the derivative-integral (2.8) has the form

sk ple=hot). (2.10)

M=

Z[*6Dff(1)] = sF (s) —

k=1

Proof. Using the definition given in Appendix[A.2] we obtain

2 [*prf)] = .« [5; (F( ! o) /Ot(tr)””‘]f(r)drﬂ

-z (01,"-&;(:))}

ng n dk—l
_ k) (S) _ 2 sn—kd[k_1 [Olzn_af(t)] )

Sl’l—OC

k=1
O
2.3.2 Caputo Definition
Definition 2.5. The function defined by
cpapy— | /t @ 2.11)
ot CT'(n—a)lo (t—1)ett-n"" '

is called the Caputo fractional derivative-integral, where n — 1 < o < n,n € N.

Remark 2.1. From definition 2.3 it follows that the Caputo derivative of constant is
equal to zero.

Theorem 2.3. The Caputo derivative-integral operator is linear satisfying the
relation

0D [Af (1) +ug(r)] = A5 D f(£) + uG Dy g(1). (2.12)

Proof. The proof is similar to the proof of Theorem 2.1l ]
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Theorem 2.4. The Laplace transform of the derivative-integral (2.11) has the form
n
LD f(1)] =s"F(s)— 3 s*F = (0h). (2.13)
k=1

Proof. Using the definition given in Appendix[A2] we obtain

f[thaf(t)] =9 |:F(n1a) /Ot(t—r)"—a—lf(n)(f)df]
= Fae 2 [0)
1 TI'h—o)
I'h—a) ¢

— saF(s) _ i safkf(kfl)(0+)
k=1

SnF(S) o i Sn_kf<k_l>(0+)]

k=1

O
2.4 Solution of the Fractional State Equation of
Continuous-Time Linear System
Consider the continuous-time linear system described by the equation :
d%x(t
oDZx(t) = df‘g ) = Ax(t)+Bu(t), 0<oa<l, (2.14a)
y(r) = Cx(t) + Du(t), (2.14b)

where x(f) € R”, u(t) € R™, y(r) € R” are state, input and output vectors and A €
Rnxn’ Be Rnxm’ Ce Rpxn’ D € RP*m,

Theorem 2.5. The solution of the equation (2.14d) has the form

X(t) = Bo(t)xo + / "ot — Bu(t)dT, x(0) = xo, 2.15)
0
where
o oo Aklka

@(t) = Eq(At ):%F(kw " (2.16)

oo Ak[(k+l)a7]
D(t) = . 2.17
O =2 et 1o @17

Eo(At%) is the Mittag-Leffler function and I' (x) is the Euler gamma function.
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Proof. Applying the Laplace transform to (2.144) and taking in to account

X(s) = Zx(1)] = /0 " x()e S, (2.18a)
2L [D%(1)] = s%X(s) — s* 'x0, (2.18b)
we obtain
X(s) = [Lis® — Al [s* o +BU(s)], U(s) = ZLu(r)]. (2.19)
It is easy to show that
[Ls*—A] ' = kiA"s—(k“)“, (2.20)
=0

since
[I,s* — (ZA" ~(ktDa ) =1, (2.21)
Substituting of 2.20) to (2.19), yields

zAk (ka+1) .X + zAk k+])OCBU( ) (2.22)
k=0 k=0

Using the inverse Laplace transform and the convolution theorem (Appendix [A.T))

to (2.22)) we obtain

x(t) = 27 X(s)] = 3 ALz s~k )] xg + 3 Ak [~ DBy )]
k=0 k=0
1
= cDo(t)x0+/ @(t — 1)Bu(r)dt, (2.23)
0
where
© ko1 [ —(kat1) o Akt
Qy(t) = Y AL |s™ = ,
0 (1) k;) [ } Z(‘)F(ka—%l)
oo Akt(kwL])afl

D(1) = 2 [l — A1} = Igof‘ki”] |57 0e] = 2 Pl Do

Remark 2.2. From (2.16) and 2.17) for o« = 1 mamy

= Atk
= = = eAt_
Dy (t) = D(1) kghr(“ D
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Remark 2.3. From classical Cayley-Hamilton theorem it follows that if
det[l,s* —A] = (s*)" +ap_1(s*)" '+ -+ a1s* + ap,
then

A"+ a, (A" @AY+ apl, = 0.

Example 2.4. Find the solution of the equation (Z.144d) for 0 < o < 1 and:

a=[oo] #=]0]. w=1]. w0-10

Using (2.16) and (2.17), we obtain:

oo Ak[ka Ar®
Dy(t) = =]
o(t) Fka+1) 2 ra+1)
oo Akt(k+])ocfl ol 201
q)(l) = =D +A R
Z(‘)F[(k+l)a] I'lee) TQ2a)

Substituting (Z.27) and u(r) = 1 into (Z13), we obtain

Axor% AB

x(t) = xo+

Axot® Bt AB*®

0 rer) Trer) T reasn)

1+ r(a+1)

where I'(a+ 1) = ol ().

33

(2.24)

(2.25)

(2.26)

(2.27a)

(2.27b)

~ B a— a—
F(Oc+1)+/() (r(a)“_” l*r(zoc)(t_f)2 l>df

t2a

1+ r(a+1) + " ra+) ]

Theorem 2.6. The solution of the equation (2.14d) for n —1 < o. < n and Caputo

definition has the form
n
m=2 ’10++/(Dt— D) Bu(t)dr,

where
> Akp(ka+1)—1 > Akplkt1)o—1

(Dl(t) = 26 F(koc+l) R d)(l) :kZOF[(kJrl)(x}.

Proof. Taking into account (A1), @.13) from (Z.14a) we obtain:

X(s) = [Is* — A]" isa71x<17])(0+)+BU(s) . U(s) = ZLu@)].
=1

(2.28)

(2.29)



34 2 Fractional Continuous-Time Linear Systems

Substituting of (2.20) into (Z.29), yields

X(s) = ZAk —(kt+1)a lz o—l (- 1)(0+)+BU()

k=0 =1

_ 2 zAk — kOCJrl (I-1) OJr zAk k+l)0¢BU( ) (2.30)
k=0

Applying the inverse Laplace transform and the convolution theorem (Appendix

[AT) to @30), we obtain
x(t iiAkf 1{ koc+l)] (1-1) 0+ +2Ak$ [ k+1)ocBU( )]
k=01=1

= 2 @ (1)x'=1(0%) + / @(r — 7)Bu(t)dr, (2.31)
I=1 0

where
oo pkp(kotl)—1

N Ak oo [—(katD)] _
=2 4% [s ]_ ¢ T(ko+1)

k=0
o Aky(k+1)a—1

_ N kgt [~ na] _
—Z;)Ak'f H[stene] ,Zar[(k+l)a]'

ad

Theorem 2.7. The solution of the equation 214d) for n —1 < oo < n and the
Riemann-Liouville definition has form

n T
() =3 & ()07 + /0 @(t — t)Bu(1)dr, (2.32)
=1
where o Akt 1o—1 o pkp(k+1)o—1
@i(t) = I[(k+o—1+1] o) = ZF[(kJrl)Od'
k k=0

Proof. Taking into account (A.J)) and Z.10), from (2.14d) we obtain:

2 slilx(afl)(0+) +BU(s)|,
=1

Substituting of (Z.20) to (Z.33)), yields

X(s) = [Ls* — A" U(s)=ZLu(r)]. (233)

iAkf (k1o [zsl Iylo= Z)(O+)+BU()

=1

_ i iAkS_<k+l>a+l_l.X(a_l)(0+)+ iAkS_<k+l>aBU(S). (234)
k=01=1 k=0
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Applying the inverse Laplace transform and the convolution theorem (Appendix

[A.T) to (2.34), we obtain

A
2
N~—
I
N
1=

Ak o1 [s7<k+1)a+171} =D (0)

~
Il
=}
=
Il

1

Ak -1 [s_<k+l>aBU(s)]

+
M s

k=0
n t
= 3 @ (0)x @D (0F) + / ®(1 — 7)Bu(7)dx, (2.35)
I=1 0
where
- o pkpkrl)o
d) t) = Akﬁ%ﬂ*l s*(k+])(x+lfl — ,
10) kgo [ ] ]Z;)F[(kJrl)aflJrl]

oo

_ k gp=1 | (—(ktDor| _ S .
o) = 1AL [ ] 2 T{(k+ 1o

O

Remark 2.4. From comparison of (2.28) and (2.32) it follows that the component of
the solution corresponding to u(t) is the same.

2.5 Positivity of the Fractional Systems

Definition 2.6. The fractional system (2.14) is called (internally) positive if the state
vector x(r) € R” and the output vector y(¢) € RY for ¢ > 0 for all initial conditions
xo € R and all inputs u(r) € R, t > 0.

Definition 2.7. A real square matrix A = [a;;] is called Metzler matrix if its off di-
agonal entries are nonnegative, i.e. a;; > 0 for i # j.

Lemma 2.1. Let A € R"" and 0 < o < 1. Then

oo Aklka

Dy(t) = eR”" for t>0, (2.36)
]Z;J I'ka+1) ~F
o pky(kt1)o—1

D(t) = eRY" for t>0. 2.37
()= 2 Fgs1)og EFF" for 12 (237
if and only if A is a Metzler matrix.
Proof. Necessity. From:
Ar®
Dy(t) =1,
0( ) n+ F(OC + 1) + s
[a—l t2a—1
D(r) =1, +A +
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it follows that @y(r) € R i &(r) € R for small value > 0 only if A is a
Metzler matrix.
Sufficiency. It is well-known [[77]] that

AMERYM for t>0 (2.38)

if and only if A is a Metzler matrix.
Using (2.36), we can write

oo AME WO & K- Tka 1) (A
(Do([)*eA ;)(F(ka_,'_l) k! )I;z) I'(koe+1) C k!

for t > 0, since k! > I'(kat+ 1) for 0 < oo < 1. From 238) and @3) we have
@y(1) > eM” > 0 for 1 > 0. The proof for (Z37) is similar. ]

Theorem 2.8. The fractional continuous-time system(2.14) is (internally) positive if
and only if:
AEM,, BeRY"™ CeRY", DeRY™. (2.39)

Proof. Sufficiency. By Theorem 2.3 the solution (Z.14a) has the form and
x(r) € R, t > 0, if the condition is satisfied since @y € R'*", xo € R’ and
u(t) € R fort > 0.

Necessity. Let u(¢) =0, > 0 and xo = ¢; (i-th column of the identity matrix
I,). The trajectory does not leave the orthant R, only if the derivative of order
o, x*(0) = Ae; > 0, what implies a;; > 0 for i # j. The matrix A is a Metzler
matrix. From the same reason for xo = 0 we have x*(0) = Bu(0) > 0, what implies
B € R, since u(0) € R” can be arbitrary. From for u(t) =0,¢ >0 we
have y(0) = Cxo > 0 and C € RY™", since xo € R". can be arbitrary. In a similar way
assuming xo = 0, we obtain y(0) = Du(0) > 0 and D € RZ™", since u(0) € R is
arbitrary. ]

2.6 External Positivity of the Fractional Systems

Definition 2.8. The fractional system (2Z.I4) is called externally positive if for all
u(t) € R, t >0 and zero initial conditions xo = 0 the output vector y(r) € RY,
t>0.

Definition 2.9. Output of the fractional SISO system with zero initial conditions for
Dirac impulse u(t) = §(r) is called the impulse response of the system. In a similar
way we define the matrix of impulse response of the MIMO fractional system (Z.14).

Lemma 2.2. Matrix of the impulse responses g(t) of the fractional system (21d)is
given by
g(t) =CO(1)B+DS(1), >0, (2.40)

Proof. Substituting (Z13) into (Z14B) and taking into account xo = 0, u(r) = (1),
¥(r) = g(r) we obtain
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g(t) = /0 "Co(t— 1)BS(2)dT+ DS(t) = COMB+DS(1). (241

ad

Theorem 2.9. The fractional system (2.14) is externally positive if and only if
g(t) e RY™ for t>0. (2.42)

Proof. Sufficiency. The output y(¢) of the system (2.14) with zero initial conditions
for the input u(r) is given by

) = /0 "ot — Du(t)dr. (2.43)

If the condition is satisfied then from (Z.43) we have y(t) € R7, 1 > 0.
Necessity. The necessity follows immediately from the fact that the matrix of

impulse responses in a particular case of the output of the system for u(z) = 8(¢)

and 6(¢) is nonnegative for r > 0. O

Corollary 2.1. The matrix of impulse responses (2.40) of internally positive system
(214)is nonnegative for t > 0.

Between the internal and external positivity we have the following relationship.

Corollary 2.2. Every fractional continuous-time (internally) positive system (2.14)
is always externally positive.

2.7 Reachability of Fractional Positive Continuous-Time
Linear System

Definition 2.10. A state xy € R} of the fractional system (2.14) is called reachable
in time 4 if there exists an input u(r) € R’} for r € [0,77] which steers the state of
system from zero initial condition xo = O to the finial state x; = x(¢/). If every state
xy € R} is reachable in time 7/, then the system is called reachable in time #;. The
system (2.14) is called reachable if for every x; € R’ there exist 7¢ and an input
u(t) € R fort € [0,t], which steers the state of system from xy = 0 to xy.

Theorem 2.10. The fractional system(Z14) is reachable in time tg, if the matrix
R(ty) = /0 v & (t)BBT &7 (1)dt, (2.44)
is monomial. Moreover the input which steers the state from xo = 0 to xy is given by
u(t) =BT @ (t; — )R (tr)xs, t€[0,/], (2.45)

where T denotes transpose.
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Proof. We shall show that the input (2.43) steers the state of the system (2.14) from
xo=0tox f-
Substituting of (2.43)) into (2.13) we obtain

x(ty) = /0 " @ty — 1)BBT O (1 — )R (17)xsd
_ / " @ty — 1)BBT O (1 — 1)d TR (1)) (2.46)
0
= R(tp)R™ (t7)x = xy.
O

Theorem 2.11. If the matrix A = diag [ay a3 ... a, | € R"" and B € R for m =
n are monomial matrices then the system (2_14) is reachable.

Proof. From @.17) it follows that if A is diagonal then the matrix @(¢) and ®(¢)B
are also monomial for monomial matrix B From (2.44)written in the form

R(ty) = Otf ®(t)B[@(1)B]" d. (2.47)

it follows that the matrix (Z.47) is monomial. By Theorem[Z.IQlthe fractional system
is reachable. o

Example 2.5. We shall show that the fractional system (2.14) with the matrices:

10 01
a0 a0 .

is reachable. Taking into account that

k
r_ 107 |10 -
A {OO =lool" for k=1,2,...,

and using (2.17) we obtain

- o pAky(k+1)o—1 B ®i(1) 0
(1) *]Zbr[(ﬂ De] { 0 @2(,)] ; (2.49)
where o (k+l)o-1 ja-
@ (1) :,Z;)r[(u Dl 0= pgy
and
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In this case from (2.47) we have

t 1 2
R(ty) = Ofd)(T)B[(P(T)B]Tdr:/Of {(D]O(T) q)%o(r)]dt. (2.50)

The matrix (230) is monomial and by Theorem the fractional system is
reachable.

Remark 2.5. 1t is well-knew that the standard system

X=Ax+Bu (2.51)
with the matrices:
00...0 qag |
10...0 ay
0
A= 01...0 ay , B = ) , (252)
00...1a, 0
is reachable for all values of the coefficients a;, i =0, 1,...,n — 1, since the reacha-
bility matrix
[BAB ... A" 'B] =1,. (2.53)

The system (2.31)) is also reachable as a positive system if a; > 0,i=0,1,...,n—2.
The fractional system (2.14) with (2.32) is reachable even fora; =0,i=1,...,n—1
if there exist u(t) > 0, t € [0,#] which satisfied condition

(tf_.[)a—l

I'(a)
[f (tf—f 200—1
Xfr =
=)
(tf_.[)no:—l

)
reetu(rydr. (2.54)
I'(na)

This condition 2.34) follows from @.13) for xy = 0, (Z.33) and the fact that for
a;i=0,i=0,1,....n—1,we have A =0 fork=n,n+1,... and

o1
I'lo
I(«)

o Ak(k+1)a—1 7n7] Akg(k+1)o—1 Faa)

cp(t)B:k%F[(Hl)a]B—kzor[(kH)a]B: :
Flna)

This example shows that the reachability conditions for the fractional system 2.14)
are much stronger than for positive system (2.31)) [100].
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2.8 Positive Continuous-Time Linear Systems with Delays

Consider the continuous-time linear system with g delays described by the state
equations

x(t) = Aox(t) + i Apx(t —dy) + Bu(t), (2.55a)
k=1
y(t) = Cx(t) + Du(r), (2.55b)

where x(z) € R", u(t) € R™, y(¢t) € R” are the state, input and output vectors and
A ER™M k=0,1,...,q: BER™™ C R D eR™, and dy (dy > 0), k =
1,2,...,q are delays.

Initial conditions for (2.554) have the form

x(t) =xo(t) for te€[—-d,0], d=max(dy), (2.56)

where xo(7) € R” is given.

Definition 2.11. The system (Z.33) is called (internally) positive if x(r) € R”, y(¢) €
R” for any xo(z) € R". and all inputs u(z) € R, 1 > 0.

Theorem 2.12. The system (2.33) is (internally) positive if and only if

AgEM,, ALeR™ . k=1,...,¢q (2.57a)

BeRY™, CeR, DeRU™. (2.57b)

Proof. Necessity. The equation (2.33d) for x(t —dy) = 0, t € [d,0] and u(t) = 0,
t > 0 takes the form

£(1) =Aox(t), 1€10,d]. (2.58)

It is well-known [77] that x(r) € R’ of only if Ay € M,,. Assuming in
@33d) u(t) =0,1>0,x0(—dy) =e;, i=1,...,n (i-th column of the identity matrix
L), x(—=d;) =0, j=0,1,....k—1,k+1,...,n for t = 0 we obtain %(0) = Aze; =
A € R, where Ay, is i-th column of Ay € R*", k=1,...,q. From (Z33a) for =0
and xo(t) = 0, 1 € [—d,0] we have %(0) = Bu(t) and B € R"*", since by definition
u(0) € R™ is arbitrary. The necessity of C € RY™", D € R can be shown in a
similar way as for positive systems without delays [52, [77].
Sufficiency. The solution of the equation (Z33d) for 7 € [0,d] has the form

q
x(t) = eA0’+/0t Aol <2Akx0(rdk)+3u(r)> dt . (2.59)

k=1
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Taking in to account that A" € R"", t > 0, for Ay € M,, and the condition (Z.37),
from we obtain x(r) € R, ¢ € [0,d], since xo(t) € R",, € [—d,0] and u(t) €
R”,t>0.From we have y(1) € RY |1 €[0,d], since x(t) € R and u(r) € R™.
Using the step method we can extend the considerations for the intervals [d,2d],
2d,3d], ... . 0

Definition 2.12. Let to the asymptotically stable positive system (2.33) a constant
input u(r) = u € R/ be applied. The vector x, satisfying the equation

0= )» Awx.+Bu (2.60)

q
k=0

is called the equilibrium point (state) of the system (2.33) for constant input u.

If the positive system (2.33) is asymptotically stable then the matrix

A= zq:Ak eM, (2.61)
k=0
is nonsingular and from (2.60) we have
xe = —A"'Bu. (2.62)
Remark 2.6. For positive asymptotically stable system
—A"l e R, (2.63)

This follows immediately from @2.62), since xo € R”. and Bu € R”} is arbitrary

152.[77).

Theorem 2.13. The equilibrium point x, for positive asymptotically stable system
(223 is strictly positive, i.e. x, > 0, if Bu > 0.

Proof. 1f A € My, and Bu > 0 then from (Z.60) we have x, € R”.. The hypothesis will
be proved by contradiction. Assume that x, = 0 then from (2.60) we have Bu = 0.
This contradicts that Bu > 0. This completes the proof. ad

These considerations can be extended for positive fractional continuous-time linear
systems with delays.



42 2 Fractional Continuous-Time Linear Systems

2.9 Positive Linear Systems Consisting of n Subsystems with
Different Fractional Orders

2.9.1 Linear Differential Equations with Different Fractional
Orders

Consider a fractional linear system described by the equation

d%l
a,’t”‘)lc1 Al - Al X1 B pr—1 <oy < pi

: =] . Sl Ju peN={1,2,...}, (2.64)
ddir;fzn Api .. App Xn By k=1,...,n,

where x; € R™, k= 1,...,n are the state vectors, Ay; € R"™*", B € R"*™ k, j =
I,...,nand u € R™ is the input vector.
Initial conditions for (2.64) have the form

A0y =2 erR™, k=1,...m j=01,....p—1. (2.65)

Theorem 2.14. The solution of the equation (2.64) for py —1 < o < pr, k=1,...,n
with initial conditions (2.63)) has the form

x(r) = /Ot [@1(t = T)B1o+ -+ @u(t — T)Byolu(t)dt

zpl tkrog+Fknom+j =1 (ji—1)
oo oo J1=1 I (kyoq+4-+knoty+j1) 710
+ 2 X T, : ., (2.66)
k=0 kn=0 Pn e tetnontin=1 (j,—1)
Jn=1 T (ky 0+ O j) 10
where
x1 (1) X10
x(r) = eRY, N=n+-+n, xp= S (2.67a)
)Cn([) X0
B 0
0 :
Bio=1| .|, Bwop= 0 , (2.67b)



2.9 Positive Linear Systems Consisting of n Subsystems

=3

¢1(t) = 2 2 Tk]mknr
k=0  k,=0

Du(t) = 2, - 2, Ty ;
(1) klz:U an:U U ko 4 A k10— 1+ (kn+ 1) 0]

and
Iy
[Ar1 -+ Ay
0 -~ 0
L0 - 0
o0 .-~ 0]
0 --- 0
Al] N Ain
0 .- 0
Tk = -
0 - 0
0 -~ 0
0 -~ 0
_An] o A
Tio..oTor.a++To. o1Th..
110..0Tk ~1 kg, .. e
+ o+ 10,01 Tk k1 Jon—1
0 for at last one

Proof. Using the Laplace transforms

Xi(s) = L)), k=

it anthoon++knon—1

[(ki + 1) +kpon + -+ knoy]’

tkla1+~-~+kn,1an,1+(k,1+1)a,,—1

L...

for ky=-=ky=0
ki=1

for ! ’
kh=--=k,=0
ki =-=ki_1 =0,

for k=1,
ki1 = =y =0,
ky = =ky_1 =0,

0

for o

for ky=--—=ky=1

for ki+---+k,>0

ki<0,i=1,...,n

43

(2.67¢)

(2.67d)

(2.68)
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and (A I0) we may write the equations (2.64) for py — 1 < & < pi; pr € N,
k=1...,nin the form

Ly s —Ap —Ap - —A Ay Xi(s)

—An A=A Innsan —Ann X, (S)

B 2511:1 salfjlx(lf)lil)
= |U@s)+ : : (2.69)
Bn Z;):=1 San_]'nxﬁl{)"_l)
From (2.69) we have
_ -1
Xi(s) Ly s™ —Ap —Ap - A1 A
()] | Am A —Aut L5 —Au,
B, Zil:lsal_jlx%l_w
X S U@s)+ : : (2.70)
B sy

Comparing the coefficients at the same powers of s~ % it is easy to verify that

Ly —Aps™® 0 —Aps™ - -

. —(kyoy+--+kpoy _

: Z Z Tkl...kns (ko 0 7IN,
_Anls—(xn . In _ Anns_an k1=0 kn=0

n

(2.71)

where matrices Ty, i, are defined by (Z.67d).
Using (2.71) we obtain

“1
Ly s —Ap —Ap - —A Ay

—Au A o —Au—i Innsan — A

In Sal 0 In *AI]S_OCI 7A] S_al
1 1 n

0 o Iy s™ —Aps % L — ApsT O

n



2.9 Positive Linear Systems Consisting of n Subsystems 45

— — -1 _
In] *AI]S oL, 7A]ns o In1S oL 0
—Aps % Ly — Apps™ M 0 - Iys ™
. . [n1 s L. 0
Z Ce Z Tk] ..Akns_<kl o+ +knOp) . . (272)
k1 =0 kn=0 0 [nn 5~

substituting of 2.72) into 2.70) yields

Xi(s) N . Lys™® -0
= Z Z ]'}quns_(klal"""""knan)
Xu() k=0 k=0 0 I, s~ %
i (i1
Bl z?}]:] S(Z] ]]x%l )
X Sl U(s)+ :
n —J jn—1
B, zfn:] §0n ]nxiﬁ )
=S S T { [Bios™ e izt
k=0  k,=0

+ e +Bnos_[kl O‘l+"'+kn—1an—l""(kn""l)an]] U(S)
i (-t
25’11:1 s jlx(l{; )
+ g konttknon) . ) (2.73)
n —Jn (Jn—1)
2?n=1s I X0
Applying the inverse Laplace transform and the convolution theorem to (2.73) we
obtain

72 = ! 2 2 Tklmkn{[Blos*[(kl+])a1+k20¢2+-~-+knan]
K=0 k=0

+ ... +Bnos_[kl al+"'+kn—1an—1+<kn+l>a)1]] U(S)
P1 —J1 (jl_1>
=15
+ S_<klal+"'+knan)

Pn —J (Jn—1)
XS
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X1 (l‘)

t
:/ [@(t —T)Byg+ -+ Dyt — T)Buo] u(t)dt
0
xn(t)
Z ko ttknontj =1 (j—1)
. B j1=1 T(kj oy +-+kn 0+ j1 ) 10
+ 2 2 T,k : , (2.74)
k=0  k,=0 Pn kg o+ +knlln+/nl (ju—1)
Z]n—lrk1061+ +kn05n+]n>x"0

: -1 1 _ *
since .Z [S‘”l] = ot O
In a particularcase if 0 < o < 1, k=1,...,n; (py =+ = pp, = 1), then
1 ko +otknomtji =1 (j1—1)
J1=1T'(k 0¢1+"'+kn0¢n+j1)x]0
Z Z Tk ..k : = @y (1)xo, (2.75)
k= k= Pn kgt tknon+jn—1 (jnfl)
Jn=1 T (ky 0ty ++++kn Ctp+ i) X110
where
tkla1+"'+knan
(2.76)

IqZ:‘O knzz‘o R P (R oty - kO 1)

2.9.2 Positive Fractional Systems

Definition 2.13. The fractional system (Z.64) is called positive if x(r) € R,
k=1,...,n,t >0 for any initial conditions x;p € R, k = 1,...,n, and all input
vectorsu € R}, 1 > 0.

Let M, be the set of n x n Metzler matrices, i.e. real matrices with nonnegative
off-diagonal entries.

Theorem 2.15. The fractional system [2.64) for py —1 < a < py, pr €N, k =
1,...,nis positive if and only if

A11 A]n
A=| : . | EMy, (2.77a)
At - A
B,
e R, (2.77b)
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Proof. To simplify the notation the proof will be given for n = 2. First we shall
show that

D(t) ER", (n=nj+ny) for k=0,1,2 and t>0, (2.78)

only if (2.774) holds. From the expansion (2.67¢) we have

[y 0] [An A2 ™
Do) =10 4, *[ 0 0 ]F(al—l—l)
[0 0 1%
| A21 A | T'(ap+ 1)
_Inl 0 h tal_l A]l 14]2 [20(1—1
LO Dy [ T(r) [ O O JTQ20y)
+ [ O O +...

| A21 A2a | T'(0 + o) ’
-In1 0 o2l Al A poaton—l
L 0 I, F(Otz) 0 o0 F(OC] JrOCz)
[0 0] r?%!

_|_

| A21 Aa | T'(201)

o (2.79a)

toc1+oc2—1

(2.79b)

(2.79¢)

(2.79d)

From 2.79) it follows that @ (r) € R'*", k = 0, 1,2 for small value of # > 0 only if
the condition (2.774) is satisfied.
In a similar way as in [100, it can be shown that if (2.77) holds then

@y(1) ER™" >0, (2.80)

and
D, (t)B1o+ D:2(t)Bo; € ]R’f”, t>0. (2.81)

In this case from (Z.66) we have x(r) € R, t > 0 since by definition xo € R” and
u(t) € R, t > 0. The remaining part of the proof is similar as in [100, [133]. m]

2.9.3 Fractional Linear Electrical Circuits

Consider linear electrical circuits composed of resistors, supercondensators (ultra-
capacitors), coils and voltage (current) sources. As the state variables (the compo-
nents of the state vector x) the voltage across the supercondensators and the currents
in the coils are usually chosen. It is well-known [31}, [196] that the current i(¢) in
supercondensator with its voltage uc(z) is related by formula

dauc(t)

ic(t) =C dro

for O0<a<1, (2.82)

where C is the capacity of the supercondensator.



48 2 Fractional Continuous-Time Linear Systems

Similarly, the voltage u;(¢) on the coil with its current i (¢) is related by the
formula
B .
_Ld lL(I) .

ur(t) = 4B or 0<fB<I, (2.83)

where L is the inductance of the coil.
Using the relations (2.82), 2.83) and Kirchhoff’s laws we may write for the
fractional linear circuits the following state equation

d“xC
Al A X B
de | [ A1 A c 1
ldéxL] - |:A21 A22] [XL]+[B2:|6’ (2.84)
drP

where the components of xo € R are voltages across the supercondensators, the

components of x;, € R"2 are currents in coils and the components of e € R are the
voltages of the circuit.

Example 2.6. Consider the linear electrical circuit shown on Fig. 2Z.1] with known
resistances R1, R», R3, capacitances Cy, Cy, inductances L, L, and sources voltages
e, e.

Cy I Ly Cy

f ~ ~ f

I 1. . il

Uq 11 — 12 U2

] ] |
i1 ‘1 €2 i2

Fig. 2.1 Electrical circuit. O O
Ilustration to Example N _/

Using relations (Z.82)), (Z.83) and Kirchhoff’s laws we may write for the circuit
the following equations:

. do‘lu] . dazuz

1] :C] dro ; 1% :Cz dr% ; (2853)
. dPriy .

e1=(R1+Ry)i1+L; Jh +u; — Rsiz, (2.85b)
. dPi .

ey =(Ry+R3)ir+ Ly dih> + upy — R3i;. (2.85¢)
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The equations (2.83)) can be written in the form

d* uy
dd&%ltz u
i u e
i | =A l.f +B Lj (2.86)
diP1 .
dP2iy 13
a2
where |
0o 0 0
Ay A12:| 0 0 0 C
A= [ = 1 RI+R R , (2.87a)
Ay Ap -, O =T
0 1 R3 _ RotRj3
L L Ly
00
B, 00
B= =11 . 2.87b
{BJ Ly (1) ( )
0 Ly

From (2.87) it follows that the fractional electrical circuit is not positive since the
matrix A has some negative off-diagonal entries.

If the fractional linear circuit is not positive but the matrix B has nonnegative
entries (see for example the circuit on Fig. 2.T)) then using the state-feedback

e=K [’CC] . (2.88)

we may usually choose the gain matrix K € R"™*", (n = n| +ny) so that the closed-
loop system matrix (obtained by substituting of (Z.88) into (Z.84))

A.=A+BK, (2.89)
is a Metzler matrix.

Theorem 2.16. Let A be not a Metzler matrix but B € R'™. Then there exists a
gain matrix K such that the closed-loop system matrix A. € M,, if and only if

rank [B,A. — A] = rank B. (2.90)
Proof. By Kronecker-Cappely theorem the equation
BK=A.—A, (2.91)

have a solution K for any given B and A, — A if and only if the condition (2.90) is
satisfied. a
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Example 2.7. (Continuation of Example 2.6)). Let

1
00 C 0
00 0 g
Ac=| 4 0 _Ri+Rs a§ for a,>0, k=1,2,3,4. (2.92)
L L Ly
0 ap ay _ Ryt+R3
Ly Ly Ly

In this case the condition (2.90) is satisfied since

00 O 0 0 0 00
00 O 0 0 0 00
rank [B,A, —A] = L11 (1) alLT] Ol OR a31j1R3 =rank Lll (]) =2. (2.93)
ar+1 ag—
0 Ly 0 2Lz 4Lz 0 0 Ly
The equation (2.91)) has the form
00 0 0 0 0
0 0| kit ki2 ki3 kia 0 0 0 0
) = 1 -R3 |, 2.94
Lll (]) |:k21 ko k23 sz alLT O] OR a3L1 ’ (2.94)
0 Ly 0 aquzL a4L2 3 0
and its solution is
_ |k ko ki kg | _jar+1 0 0 a3—R3 (2.95)
ko1 koo ko3 ko4 0 ax+las—R3 O '

The matrix (2.93) has nonnegative entries if a; > 0 fork = 1,2,3,4.

On the following two examples of fractional linear circuits we shall shown that it
is not always possible to choose the gain matrix K so that the two conditions are
satisfied:

a) the closed-loop system matrix A, € M,
b) the closed-loop system is asymptotically stable.

Example 2.8. Consider the fractional linear circuit shown on Fig. with given
resistances R, capacitance C, inductance L and source of voltage e.
Using (2.82), (Z.83) and the second Kirchhoff’s law we obtain for the circuit the
state equation
d“uc
d%
dPi

A{"‘f]+3e, O<a<l, 0<B<I; (2.96)
dtB

where

1
A{Ol _CR], B{?] (2.97)
L
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¢ L
f ~A
I
Ue
R
) e
)
Fig. 2.2 Electrical circuit. C_\
Illustration to Example —/

From (2.97) it follows that A is not a Metzler matrix but B € R2. It is easy to see
that the condition (2.90) is satisfied for

1
Ac= [8 bgR:|7 (2.98)
L L
and
K:[kl kz]:[a+lb]. (2.99)

Note that the characteristic polynomial of the matrix (2.98)

@ 1

L, s% —A11 —A12 R—b a
det | ™M — _ Oo+B o _
e Ay Inzsﬁ — Ay —a B+ sz s + L s LC’
(2.100)

has one nonnegative coefficient and closed-loop circuit is unstable for ¢ > 0 and
any b.

Example 2.9. Consider the fractional linear system shown on Fig. with given
resistances R, Ry, capacitance C, inductance L and source of voltage e. Using the
relations (2.82), (2.83) and the second Kirchhoff’s law we obtain for the circuit the
state equation

d“uc
o u
[ ' ] A{ f} + Be, (2.101)
diB

o] n]] v

Yy

e
Fig. 2.3 Electrical circuit. O
Ilustration to Example 2.9 —/
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where
o 1 0
A= RZIC _CR1 , B= [ 1 } . (2.102)
L

The matrix A is not a Metzler matrix but B € Ri. Itis easy to check that the condition
(2-90) is satisfied for

11
Al kyc b_CRI], a,b>0, (2.103)
L L
and from (2.91)) we obtain
0 00
{1 } (ki k| = |:a+1 b:| ) (2.104)
L L L
and
K=[kik]=[a+1b]. (2.105)

In this case the characteristic polynomial of the matrix (2.90) has the form

a 1 1
7+ poc c

R, —b 1 Ri—aR,—b
a B Ri— :Sa+ﬁ+ ! B+ ! 2
- St

o
L 5 TR’ R,CL
(2.1006)
and it is possible to choose the values of parameters a, b so that the closed-loop

system is asymptotically stable [266].

p(s) = b
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