Chapter 10

Stabilization of Positive and Fractional Linear

Systems

10.1 Fractional Discrete-Time Linear Systems with Delays

Consider the fractional discrete-time linear system with & delays:

i+1 h
Xip1 = 2(1)]+1< .>xij+l + Y (Arxi—k +Biui—x) , i € Zy,
j=1 J k=0

vi =Cxi+Du;, 0<a<l,
and with the state-feedback

ui=Kx;, i€”Z,,

where K € R™*" is a gain matrix.
We are looking for a gain matrix K such that the closed-loop system

h it
Xie1 = Y (Ap+BiK + Iicgir) Xick + Y, CiXimji,
k=0 J=h+2

Cj(l)jﬂ((;) for j=1,...,i+1;

is positive and asymptotically stable.

(10.1a)

(10.1b)

(10.2)

(10.3)

Theorem 10.1. The fractional closed-loop system ([[0.3) is positive and asymptoti-

cally stable if and only if there exists a diagonal matrix

A:diag[kl 7L,,],

(10.4)

with positive diagonal entries A > 0, k =1,...,n and a matrix D € R™" such that

(Ak+Ian+1)A+BkD€RIj_X", k=0,1,...)h
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(10.5)
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and
h

Y (AyA +ByD) 1, <0, (10.6)
k=0

where 1, = [1,...,1]T € R™",

The matrix K is given by
K=DA". (10.7)

Proof. First we shall show that the closed-loop system (IQ.J)) is positive if and only
if the condition (I0.3) is satisfied. Using (I0.7) and (I0.3) we obtain

Ap+BiK + Iicii1 = Ax+BiDA ™ + Lici
= [(Ax + Iicr1) A + ByD] A~ € R (10.8)

since the condition (10.3)) is met.

Taking into account that

KAl,=DA 'Al,=D1, and Al,=A, (10.9)
and using (847) we obtain
h o h
> (Ak+BiK)+ Y i — L | A = Y (Ax+BiK) A,
k=0 j=1 k=0

= Y (AkA +BD)1, <0,  (10.10)

k=0

when the conditions (8.47) and (10.6) are satisfied.
By Theorem [8.12] the closed-loop system (I0.3) is asymptotically stable if and
only if the condition (I0.6) is met. O

If the conditions (I0.3) and (I0.6) are satisfied then the gain matrix K can be found
by the use of the following procedure:

Procedure 10.1

Step 1. Choose a diagonal matrix (I0.4) with A; > 0, k = 1,...,n and a matrix
D € R"™ " satisfying the conditions (I0.3) and (I0.6).
Step 2. Using (I0.7) find the gain matrix K.

Example 10.1. Consider the fractional system (IQ.I) witch o = 0.5, h =2 and

Ao = {0.4 0.4 ]7A1 _ [0.1 0.05]7142: [0.04 0.05

0.6 —0.3 0.1 —0.1 0.05 0,05]7 (10.11)

fo= “} = [gﬂ B2 = [(?.615]' (10.12)
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Find a gain matrix K € R'*? such that the closed-loop system is positive and asymp-
totically stable.

The fractional system is positive but unstable since the matrices

(0.4 0.4 107 [0.104

Aotali =106 —0.3] +05 {0 1} = {0.6 0.2}’
(0.1 0.05 107 [0.025 005

Artali=1 9, 0.1] 0125 [0 1] - [ 0.1 0.025]’ (10.13)
[-0.04 0.05 10700225 0.05

Aateshi =10 0 0.05} +0.0625 [0 1] - [ 0.05 0.0125]’

have positive entries and the characteristic polynomial of the matrix A = Ay +
Al +A;

_|z+054 —-05 |
det[lz—A] = { —075 Z+0.45] =2z"4+0.99z-0.132, (10.14)
has one (a9 = —0.132) negative entry. Using Procedure [I0.1] we obtain the
following:
Step 1. We choose:
10
A= {01}7 D:[—O.l —0.2], (10.15)
and we check the conditions (10.3) and (10.6)
[0 02
(A0+InC1)A +BOD = _05 0 :| s
[0.005 0.01
(Arthe2) A+BID = | g 0.005]’
[0.0125 0.03
(A2+lhes) A+ BaD =1 045 0.0025} ’
and )
—0.43 0
> (AkA+BD) 1, = {0 045} < [0]. (10.16)
k=0 ‘

Thus, the conditions (I0.3) and (I0.6) are satisfied.
Step 2. Using (I0.7), we obtain the desired gain matrix

K=DA"'=[-0.1-02]. (10.17)

The closed-loop system is positive and asymptotically stable since the matrices
(L0.13)) have positive entries and the condition (10.16) is satisfied.
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10.2 Fractional Continuous-Time Linear Systems with Delays

Consider the fractional continuous-time linear system with delays

doc q
dt“ 2 [Agx(t — dy) + Bu(t — di)], (10.18)
k=0
with the state-feedback
u(t) = Kx(t), (10.19)

where K € R™*" is a gain matrix.

Substituting (10.19) in (10.18)) we obtain the closed-loop system

doc q
dto‘ zAk+BkK (t—dp), 0<a<l. (10.20)

The positive system with delays (10.20) is asymptotically stable if and only if the
positive system without delays

d%x(r)

o =(A+BK)x(t), A= zAk, B= ZBk, (10.21)

is asymptotically stable.

We are looking for a gain matrix K such that the closed-loop system (I0.20) is
positive and the zeros of the characteristic polynomial

det [Ins* — (A+BK)] = (s*)" + a5 (s*)" '+ +ars+ao, (10.22)
are located in the sector ¢ = 2’;

Theorem 10.2. The closed-loop fractional system (10.20) is positive and the zeros
of the polynomial (I0.22) are located in the sector ¢ = [ if and only if there exist
a diagonal matrix

A =diag[Ay,..., A with 4 >0, k=1,...,n; (10.23)
and a real matrix D € R™" such that the following conditions are satisfied

AA +BD € M, (10.24)

(AA+BD)1, <0. (10.25)

The gain matrix K is given by the formula

K=DA"!. (10.26)
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Proof. First we shall show that the closed-loop system (I0.20) is positive if and only
if (I0.24) holds. Using (I0.20), (I0.21)) and (I0.26) we obtain

q
Y (Ax+BK) =A+BK = A+BDA~' = (AA+BD)A"' e M,,  (1027)
k=0

if and only if the condition (I0.24) is satisfied.

Taking into account that
KA1,=DA 'A1,=D1, and Al,=1=[Ay,..., 4,7, (10.28)
and using we obtain
(A+BK)A =(A+BK)A1l,=(AA+BD)1, <0. (10.29)

Therefore, by Theorem [8.4] the zeros of the characteristic polynomial (I0.22)) are
located in the sector ¢ = 7, if and only if the condition (10.23)) is met. O

If the conditions of Theorem[10.2]are satisfied then the problem of stabilization can
be solved by the use of the following procedure:

Procedure 10.2

Step 1. Choose a diagonal matrix (10.23) with 4, >0, k=1,...,n and a real matrix
D € R™*" gatisfying the conditions (I0.24) and (10.23).
Step 2. Using (10.26) find the gain matrix K.

Example 10.2. Given the fractional system (10.18) with o« = 0.8, ¢ = 2 and the
matrices

(0.5 0.3 —0.2] 0.3 04 —0.3
Ao=102 -1 0 |, A=|01-05 0 |,
0 02 1 | 0 —0.1 1
(0.2 0.3 —0.5]
Ay=107-15 0 |, (10.30)
| 0 0.7 0.5 |
[0 0.1 0 0.5 0 0.4
Bo=|0 0|, Bi=|0 0], Bo=|0 0
102 0 03 0 0.5 0

Find a gain matrix K € R>*3 such that the closed-loop system is positive and the

zeros of its characteristic polynomial are located in the sector ¢ = 7 .

Note that the fractional system with (10.30) is not positive since the matrices A,
A1 and A, have negative off-diagonal entries.
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In this case

2 11 —1 2 01
A=Y A=[1-30 |, B=YB=|00]. (10.31)
k=0 0-125 k=0 10

Using Procedure and (I0.31)) we obtain the following
Step 1. We choose

100 i
A=l020], D= 02(2)‘1345], (10.32)
001 - :

and we check the condition (T0.24)

(1 1 —17[100] 01
AA+BD = [1-3 0 | [020]+]00 [0'2(2)1345]
|10-125] (001 ] 10 ’
[—3 2 04
=1 -6 0 | € M5,
105 0 —1]
and the condition (10.23)
-3 2 04 1 —-0.6
(AA+BD)l,=| 1 =6 0 | |[1]| =] =5
05 0 —1 1 -0.5
Therefore, the conditions are satisfied.
Step 2. Using (10.26) we obtain the gain matrix
100]"
052 -35 051 -3.5
_ -1 _ _
k=DA {—40 1.4} 83? {—40 1.4}

The closed-loop system is positive since the matrix

31 04
Ac=A+BK=|1 -3 0 |,
050 —1

is a Metzler matrix.
The characteristic polynomial

A+3 —1 —04
det,A —AJ=| =1 A4+3 0 [=A3+7A*+13.84 474,
05 0 A+1
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has positive coefficients. Therefore, zeros of the characteristic polynomial of
the closed-loop system are located in the desired sector ¢ = gn.

10.3 Application of LMI to Stabilization of Fractional Linear
Systems

10.3.1 Fractional 1D Linear Systems
Definition 10.1. An inequality of the form
F(x)+.% >0 (10.33)

where x takes values in real vector space V, the mapping F : V — §" is linear, and
F € 8", is called the linear matrix inequality (LMI). The LMI is called feasible if
there exists an x € V such that the inequality (I0.33) is satisfied, otherwise the LMI
is called infeasible.

A matrix A = [a;;] € R™" is called the Metzler matrix if its off-diagonal entries are
nonnegative,i.e. a;; > 0fori# j,i,j=1,...,n. The matrix A = [a;;] € R"*" is called
Hurwitz matrix if it has all eigenvalues with negative real parts (the system x = Ax is
asymptotically stable). The matrix A = [a;;] € R"*" is called Schur matrix if it has
all eigenvalues with module less than one (the system x;| = Ax; is asymptotically
stable).

Lemma 10.1. A Metzler matrix A € R"™" is Hurwitz matrix if and only if the LMI
block diag [— (ATP+PA) , P] =0, (10.34)
is feasible with respect to the diagonal matrix P.

Remark 10.1. Tt is well-known that A € R’} is Schur matrix if and only if (A —1,) is
Hurwitz matrix.

Lemma 10.2. A nonnegative matrix A € R’} is Schur matrix if and only if the LMI
block diag[— ((A—In)TP+P(A—In)) ,P} -0, (10.35)
is feasible with respect to the diagonal matrix P.
Lemma 10.3. A nonnegative matrix A € R’} is Schur matrix if and only if the LMI
block diag[P—ATPA , P| -0 , (10.36)

is feasible with respect to the diagonal matrix P.
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Theorem 10.3. The positive fractional system (8.68) is practically stable if and only
if one of the following equivalent conditions holds:

a) The LMI
[P —ATPA, —clATP ... —c) 1 ALPy —c,ALP
7C1P]Aa Pg*C%Pl 7C]Ch_1P] 7C]ChP1
block diag : : : : ,
_ChflPIAa _Clchflpl Ph—C%71P1 —Ch,]ChPI
_ChPIAoc —CIChPI _Chflchpl Pthl —C%Pl
(PO ...0 O
0pR...0 O
SRR -0, (10.37)
00..P O
F)i:Pl_PH—h l_l7 7ha
is feasible with respect to the diagonal matrix Py, ..., Py11.
b) The LMI
_AZ);P] +P]Aa72P1 P2+C1P1 Ch—IPl ChP]
P, +c1 P, 2P, ... 0 0
block diag : : o : )
ch1Pi 0 coo 2Py Py
i cnPy 0 eee Pupp 2P
[PLO...0 O
0P,...0 0
SRR =0, (10.38)
00..P O
_O O e O P]’l+l

is feasible with respect to the diagonal matrix Py, ... Py|.
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c) The LMI
[ P 0 ... 0 -Alp-P... 0 ]
0 P2 0 —C1P1 0 ... 0
. 0 0 Pthl _ChPI 0 ---_Pthl
block dlag —PlAa —C1P1 _ChPI P1 0 ... 0 ’
—P, 0O ... O 0 P ... 0
PO . 0
OP...0 O
A Bl (10.39)
00...Pp O
_O O ce O Ph+]
is feasible with respect to the diagonal matrix Py, ... ,Py.1.
Proof. Proof is given in [121]]. ]

Example 10.3. Using the LMI approaches check the practical stability of the posi-
tive fractional system

A% =0.1x,, k€Zy, (10.40)
foroo=0.5and h = 2.
In this case we have:
1 1
= Ay =0.6
Cl 3 ) 2 16 ) o )
and
Ag C1 2 0.6 21; 116
A=|100|=|100
010 010

Applying Theorem [[0.3] and using MATLAB environment together with SE-
DUMI solver and YALMIP parser we obtain for the LMI (10.37)

P —P,—AlPAy  —ciAlP —cALP, P00
block dlag —c1PlAg P —P —C%Pl —ci1cPp R [ 0P 0 ] =0
76‘2P]Aa 7C]C2P[ P3 7C%P] 00 P3
where
block diag [Py P, P3| = diag [7.8921 3.5026 2.1132].
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For LMI (10.38])
AgP] +PlAq — 2P P+ 1P P P00
block diag P, +c 1P —2P &) , 1 0P 0 =0
C2P1 P3 —2P2 00 P3
where

block diag [Pl P Pg] = diag [6.9266 3.1156 2.6096] ,
and for LMI (10.39)

P 0 0 -—ALP -P, 0
0 P2 0 7C]P| 0 7P3 P 0 0
. 0 0 P —cP 0 0 !
block diag _PiAy —ciPy —c;PI 131 ! 0 o |- [8 1(’)2}())] =0
-, 0 0 0 P 0 3
0 —P; 0 0 0 P
(10.41)
where
block diag [Pl P, P3] = diag [7.7203 3.6738 2.2765] .

Therefore, the LMIs are feasible with respect to the matrices P, P>, P; and the
positive fractional system (10.40) is practically stable.

Example 10.4. Using the LMI approaches check the practical stability of the posi-
tive fractional system

A%y = [_()(.)izlly}xk’ keZ,, (10.42)

for oo = 0.8 and 4 = 2 and the following two values of the coefficient b:
a) b=-0.5, b) b=0.5.

In this case we have:
c1 =0.08, ¢,=0.032.

In Case a) we have:

[0.6 1

Ae =101 03]

0.6 1 008 0 0.032 0
0.103 0 0.08 0 0.032

-Aa 61[2 62[2 0 0 0

Al=|L 0 0 |=
0 L 0

0
0
1
0

S oo~
SO = O

0 0 0
0 0 0
1 0 0
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In Case b) we have:

0.6 1
Ay = 10.11.3]°
06 1 008 0 0032 0
- 0.113 0 008 0 0.032
_ |Aecih b 100 0 0 0
Aa=1hL 0 0 0=1,"9 69 0 0o o
[0 &2 0 00 1 0 0 0
00 0 1 0 0

In Case a) applying Theorem [10.3] and using MATLAB environment together with
SEDUMI solver and YALMIP parser we obtain for the LMI (I0.37)

block diag [P1 P, P3| =

block di 16.0915 0 42540 0 2.5726 0
ock diag 0 84368|°| 0 163556|'| 0 8.6007|("

for LMI (T0.33))

block diag [Py P, P3| =

block di 8.8848 0 25601 0 22771 0
ock diag 0 355971|'| 0 72962|'| 0 52364 ("

In Case b) for LMI (I0.39) we obtain

block diag [Pl P, P3] =

block diae d | 700834 0 0.4152 0 0.4417 0
¢ 0 —0.3933|'| 0 0316)'| 0 0.6885]|["

In Case a) the positive fractional system (10.42) is practically stable. In Case b) the
positive fractional system (10.42) is unstable for any / (not only for 4 = 2) since the
matrix Ag, has one diagonal entry grater then 1.

The characteristic polynomial of the matrix Ay, — I,

z—04 -1

p(z) =det[l,(z+1) _Aaz} | —o0a 7—0.3

‘ =722-0.7z-0.22,

has two negative coefficients. Therefore, the system (10.42) is also unstable
for any A.

10.3.2 Positive 2D Linear Systems

Theorem 10.4. The positive Roesser model (3.40) is asymptotically stable if and
only if one of the following equivalent conditions is satisfied:
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a) LMI
. 2P — AT P —PAy  —AL P —PAp
block dia, 1 21 ;
g { [ —ALP —PAy 2P, — AL P, — PoAy
PO
[0 PJ}%O , (10.43)
is feasible with respect to the diagonal matrices P, and P».
b) LMI

block diag P —A{\PIAL — A} PAy —A[ PiAL — A] PAy
_ATZPIAll _A32P2A21 P2 _A’]rzplA12 — A;2P2A22 ’

P 0
{o Pz] } -0, (10.44)

is feasible with respect to the diagonal matrices Py and P».

Proof. By Theorem|8.10the positive Roesser model (3.40) is asymptotically stable
if and only if the equivalent 1D system (8.42)) is asymptotically stable. Using Lemma
10.20to the system (8.42) we obtain LMI (10.43)) since

. L, — AT, —AL PO
block diag {{ 7A1T2 I, 71452 0P

n (PO [, —An —An
|0 P || —Ax In,—Ax
. 2P —AT P —PA, —ALP,—PAp,
= block dia 11 21
gH —AT P —PAy 2P, —ALP —PAy |
o
o } 0.

Similarly, using Lemma[I03lto the system (8.42) we obtain LMI ({0.44) since

) PO AT AT TP 0] [A A PO
block dia — |l ,
& {[0 PJ [AITZ AL1LO P [AnAn ]| |0 P
. P —AT PIA; — AL PAyy —AT PlA, — AL PAS
— block dia 11 21 11 21
& {[ —ALP A —ALPAY P—ALPAL—ALPAY |

PO
e} 0

Theorem 10.5. The positive (general model) system (8I0) is asymptotically stable
if and only if one of the following equivalent conditions is satisfied:
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a) LMI
2
block diag [2P Z (A,{PJrPAk) ,P| >0, (10.45)
k=0
is feasible with respect to the diagonal matrix P.
b) LMI
2 2
block diag | P— Y, Y (AfPA;) ,P| =0, (10.46)
k=01=0
is feasible with respect to the diagonal matrix P.
c) LMI
. 2P — (AT +AT) P — P (A1 +Ay) —P,— PiAg
block diag { { —p ngPl 2Py ,
PO
[0 PJ}>O , (10.47)
is feasible with respect to the diagonal matrices P, and Ps.
d) LMI
block diag { {Pl — (A1 +42)" P (A1 +42) — P, — (A +A2)TP1A0]
—AlP (A1 + A2) p—AlPAy |’
PO
{0 PJ}>O , (10.48)

is feasible with respect to the diagonal matrices P, and Ps.

Corollary 10.1. The positive 2D SF-MM is asymptotically stable if and only if one
of the following equivalent conditions is satisfied:

a) LMI
2
block diag [ 2P — Y (AfP+PAy) ,P| -0, (10.49)
k=1
is feasible with respect to the diagonal matrix P.
b) LMI
2 2
block diag [ P— Y > (A{PA)) ,P| -0, (10.50)
k=11=1
is feasible with respect to the diagonal matrix P.
10.3.3 Positive 2D Linear Systems with Delays
Consider the positive 2D Roesser model with g delays
P q PP
L’J”} =D A { ';’ﬂ , L€ Ly, (10.51)
ij+1 k=0 ij—k
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where xf’j eRY, xj; € R’? are the horizontal and vertical state vectors in the point
(i,7) and

Ak Ak
Ak|: H ,12], k=1,....q . (10.52)
A21 A22

Theorem 10.6. The positive Roesser model ([0.X]) is asymptotically stable if and
only if one of the following equivalent conditions is satisfied:

a) LMI
block dlag{ {le Pyl |0 P >0, (10.53)
where
-1
2P) — (A9))"P) — PPA), —P] —P)A}, ... —P)AY" —PPAY,
—(A})TP)—P| 2P} . 0 0
P = : : L © |, (10.54a)
—(ATHT PO 0 ..o2Pth _pt
—(ad) 7y 0  opl
-1
(43T P + PPAS, P)AY, ... PPAT) " PPAT,
ARy 0 ... 0 0
Po=Pl=— : Do : ; (10.54b)
(A9 HTRY 0 ... 0 0
AP 0 ... 0 0
2P — (AD,)T P~ PIAY, —P} —PPA, ... —PIAL, ' —PAg,
—(AL)TP)—P) 2P . 0 0
Py = : : : ; , (10.54¢)
—(A%, TP 0 )
~(A%,)7 B o .. A 2
P =block diag [P} P! ... P!], k=12, (10.54d)
is feasible with respect to the diagonal matrices P, and P;.
b) LMI
block dia, , =0, 10.55
g{ [le Py 0P ( )
where
” 7
Py T P 7
Pu=| . |, Po=Py=—| . |, Pn=| . |, (1056
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Bl = [P{ =Pl — (A} PPAY,, —(AT) PPALL,..., —(AY)T PPAT,,
—(A3)TPAS —(A)TPAY . —(AS)T AL,
Pt = [—(A1)"PPAYL, P — PP — (A1) PPAY,.. —(AL)T PPA]
—(A3)TPAY,  —(A) T PAS . —(Ay) T PAL T,
P = [ PAY —(Af)TPPAL L P - (AT PPAY
—(AI)TPAY —(AS) T PAS ., —(A)T PAL T,
By = [(A)) PPAY, , (AY)TPPAL, , ..., (AY)TPPAY,
(A9 )TPOAzza (AT PRAY, .., (AT PYAY,],
= [(A1)TPAY, , (A1) PPAL, ..., (A}) PPAY, |
(A3)TPRAY, , (Ay) T PAS, .., (Ag)) T PAL,],
PR = [(af)" PAY, . (A1) PPAL, . .. ()T PIAT,
(Agl)TPOA227 (A5 PAy, ., (A5 PAL,],
P = [P —(A%) POAY, , —(AD)T PRAY, . ..., —(AY,)" PAS
—(A7 )TPIOAIZa (A D) PAL .., —(Ah) T PPAL,],
Py = [—(A) PIAY, , Py — (A) PRAY, , ..., —(AY)TPPAY, |
—(AL) PPAY,  —(AL) PPAL , ... —(A) PAT,],
P = [—(A) PIAY, , —(AD) PIAY, .., P — (A%, PPAY,
—(AL)TPAY, , —(AL) PIAL , ... —(A]) PAT,],

is feasible with respect to the diagonal matrices P, and P».

235

Proof. The positive Roesser model (I0.3]) is asymptotically stable if and only if
the reduced model (3.69) is asymptotically stable. Applying to the reduced model
(3.69) Theorem [10.4] and using (3.70) and (I0.43) we obtain (10.34). Similarly,

using (3.70) and (I0.44) we obtain (10.36).

O

Example 10.5. Using LMI check the asymptotic stability of the positive Roesser

model (I0.51) for ¢ = 1 with the matrices:
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0102 | 0 0201 | 02
Ao = ,O, gi ,||7 Ei , A= 707 Si 717 22 (10.57)
0 0 | 02 0 0 | 02

In this case the matrix (3.70) of the reduced positive Roesser model has the form

0.102020.1 0 0.2

A9, Al AY AL 0 0.1 0 010302
L 0 0 0 1 00000

A= = (10.58)
A9, AL AS, AL, 010000
0 0 I 0 0 0 0 00202
000010

Using Theorem [10.6] and using MATLAB environment together with SEDUMI
solver and YALMIP parser we obtain LMI (I0.33)).

block diag [Pl Pz] = diag [0.7799 0.7883 0.5625 0.5615 0.9452 0.5931] ,
and for LMI (10.53)
block diag [Pl P2] = diag [ 1.5526 1.5897 0.8374 0.8074 1.8736 0.9290] .

Moreover, LMI is feasible with respect to the diagonal matrices P; and P> and the
positive Roesser model is asymptotically stable.

The above considerations can be easily extended for the positive Roesser model
with delays of the form

q1 492
|:xl+]]:| zzAkl|: v k]:|> iajEZ-‘ra
i,j+1 i,j—I

where x?j e R}, X € R’? are the horizontal and vertical state vectors in the point
(i./) and Ay € Ry Hm) i),

Theorem 10.7. The positive 2D (general model) system with q delays (3.22) is
asymptotically stable if and only if one of the following equivalent conditions is
satisfied:

a) LMI
block diag [2P — (Py+ P+ P,) , P] =0 , (10.59)
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where

P =block diag [Py P ... Py ],

[ (AT Py + PoAY P+ PoAY ... POAgfl PyAY
ANTP + Py 0 .. 0 0
Py = : Co | (10.60a)
(A)_)"R 0o ... 0 P
(ADT R 0 .. P 0
M (AK)T Py + PoAk PoAK ... POA’;_1 PAk
(AT Py 0 ... 0 0
P = : SRR (10.60b)
AL )P0 .0 0
(AT R, 0 ... 0 0
q
is feasible with respect to the diagonal matrix P.
b) LMI
block diag[P—P, P] =0 . (10.61)
where
P = block diag [P(] P ... Pq] ,
(A0)"RyAo+P1 (Ag)"RAL ... (A))"PAs 1 (A0)T PoA,
ANTRA)  (A)TRAI+P ... (A)TRA, (AT PA,
P = . : .. : :
(Ag-1)TPA)  (Ag—1)TRAL ... (Ag1)TPsAG—1 + Py (Ag—1)T PoA,
(Ag)T PoAo A)TRAT ... (Ag)TPRA4 (Ag)TPoA,
Ay =AY+ AL +AL, k=0,1,....q , (10.62)

is feasible with respect to the diagonal matrix P.

Proof. The positive 2D system (3.72) is asymptotically stable if and only if the re-
duced system (3.73)) is asymptotically stable. Applying to the reduced system (3.73))
LMI ([10.43), we obtain LMI (10.60). Similarly, applying to the reduced system
LMI ({I0.46), we obtain LMI (10.62). O

Remark 10.2. In a similar way using LMI (I0.47) and (I0.48) to the reduced system
(B73), we obtain LMI for the positive system (3.72)).

Remark 10.3. Substituting AY = 0, k = 0,1,...,q in Theorem[[0.7] we obtain the
corresponding LMI conditions for the positive 2D SF-MM.
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Example 10.6. Using LMI check the asymptotic stability of the positive 2D system
3.72) for g = 1 with the matrices:

o [06017 ., [0102] . [00
Aﬂ{oo.z » A0=10 021" %= |o0]

. [oo . [0201 , _[002
A‘_[oo A= 10 01] AT5 004)

The matrices (3.74) of the reduced system (3.73) have the form:

0.60.100 0.1 0.2 0.20.1 0000.2
0 0200 0 021 0 0.1 0000.4
A=117 900l" =0 0 0 o0l 4 ]000o0
0 100 0 0 0 0 000 0

Using Theorem [[0.7] and using MATLAB environment together with SEDUMI
solver and YALMIP parser we obtain LMI (10.59)

P = diag [0.1382 2.0346 0.0414 1.0731] ,

and for LMI (10.61)
P = diag [0.2681 3.5981 0.0647 1.8976] .

Moreover, LMl is feasible with respect to the diagonal matrix P and the positive 2D
system is asymptotically stable.

The consideration can be easily extended for the positive 2D system of the form

q1 492
0 | 2 .
Xit1,j+1 = 2 2 (AQXizk jmi + AgXis1—k j—1 + AfXiokjr1-1) s i,j € L,

k=01=0
(10.63)
where x;; € R" is the state vector in the point (i, j) and A}, € R"*", k=0,1,...,q1;
[=0,1,...,q0:1=0,1,2.

10.3.4 Fractional 2D Roesser Model

Consider the positive fractional Roesser model (3.49) with the state-feedback

Xl
uij = [Ki Kz ] [xﬂ )

(10.64)

where K = K, K] € R™*", K; € R™*", j = 1,2 is a gain matrix.
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We are looking for a gain matrix K such that the closed-loop system

i+1
Ca(k)thk 1.j
|:‘xfl+l,j:| _ |:A]l +BIK] A]2+BIK2:| |:xfl]:| _ 122 S (1065)
X i Ay +BoKy An+BoKs | | ) s ) ’
Z cp (D) 141
=2

is positive and asymptotically stable .

Theorem 10.8. The positive fractional closed-loop system (I0.63) is positive and
asymptotically stable if and only if there exist a block diagonal matrix

A = block diag [Al Az] . Ap =diag [),k],...,),knk] . A >0, (10.66)

k=1,2; j=1,...,n

and a real matrix
D=[D; D], Dy eR™", k=12 (10.67)

satisfying conditions

Ap1AL+B1Dy ApAy +B1Ds
A1 A1 +ByDy ApAy +BoDs

} € R (10.68)

and

{A11A1+B1D1 Anhy +BID2} {ﬂm] _ [0] (10.69)

A21A1+ BaDy AppAs +BaDs | | 1y, 0

where 1, = [1,...,1]T € R"¥, k = 1,2. The gain matrix is given by the formula
K=[K K| =[Di DJA " = [DiA" DA (10.70)
Proof. Proof of this Theorem is similar to the proof of Theorem[10.1] [166]. g
Itis well-known that the positive closed-loop system is asymptotically stable

if and only if the positive 1D system with the matrix

A1+ BiK; A12+31K2} B i |:In1COt(k) 0 10.71)

A+ Bk Ap+BKr | & 0 Inep(k) ]’

is asymptotically stable.
Taking into account that

ica(k):afl, icﬁ(z):ﬁfl, (10.72)
k=2 =2
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and Ay = Ay +1,, 0, Ayp = Ay +1,, B, we may write the matrix (I0.71) in the form

{An +B1Ky Az + B1K>

A =A+BK, 10.73
Azi + BoK| A22+32K2} ( )

where All =An +[n1,A22 :A22+In2 and

Ay A B
A = ~ B B == . 10.74
|:A21 Azz] [32] ( )

Theorem 10.9. The fractional closed-loop system (I0.63) is positive and asymptoti-
cally stable if and only if there exist a positive definite block diagonal matrix (10.66)
and a real matrix (I0.6)such that the condition (10.68) is satisfied and the LMI

[ —A AA+BD] <0, (10.75)

(AA+BD)"  —A
is feasible with respect to the positive definite diagonal matrix A.

Proof. The closed-loop system (10.6J) is positive if and only if the condition
(LO.68) is satisfied since the condition

Al +BiKi A+ BiKy | _ [Au+BIDIA] A+ BiDA; !
Azl + BaKy Ao+ BoKs |A21 +BaDiA; ! Ay + BoDr A
[A11A| +B1Dy AipAy + BiD

| A21A1 + BaDy AxxAg + BoDs
(A7 0

0 A7

is equivalent to (L0.68).
The closed-loop system (L0.63) is asymptotically stable if and only if the LMI

P—(A+BK)" P(A+BK) >0 , (10.76)

is feasible with respect to a positive definite diagonal matrix P.
Using the Schur complement we can write the condition (10.76) in the form

[ -F P(A+BK)] =<0 . (10.77)

(A+BK)'P  —P
Substituting of (I0.70) and P = A ! into (I0.77) yields
—A! A" (A+BDATY)] [-A"1 0
(A+BDA) A A [ o -

X[ —A AA+BDHA—1 0

(AA +BD)T  —A 0 —A‘]<O' (10.78)
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Applying the congruent transformation with the matrix block diag[A,A] we obtain
the condition (10.7). d

Example 10.7. Given the fractional 2D Roesser model with ¢ = 0.4 = 0.5 and

—0.5 0.1 —0.1 —0.1 —0.3 —0.1
A = [ 0.1 0.01 }’A‘z [ 0.2 0.1 }’AZ‘ B [ 0.2 0.1 } (10.79a)

~1-0.1 ~0.2 -0.3
Az = [0.4 0.1 }’Bl - [ 0.1 ]’Bz_ [ 0.2 } (10.79b)

Find a gain matrix K = [K],K>], K; € RIX2 j= 1,2 such that the closed-loop system
is positive and asymptotically stable.
The fractional 2D Roesser model with (10.794) is not positive since the matrices

~0.1 —0.1 —0.1 —0.1
A A 0.1 041 02 0.1
[AZ] AZJ =1 -03-0.1-05-0.1

02 0.1 04 06

have negative entries. The model is also unstable since the matrix

—0.5 -0.1 —0.1 0.1

AjpAp| | 0.1 0.01 02 0.1
{Azl Azz} -1 -03-0.1 -1 —-0.1 (10.80)
02 0.1 04 0.1
has positive diagonal entries.
We choose:
D= D1 D], Di=D,=[-04-02]. (10.81)

Applying Theorem [10.9/ and using MATLAB environment together with SEDUMI
solver and YALMIP parser for the LMI (10.73) we obtain:

(A O 04 0 (02258 0
A= [ 0 Az]’ Ar= [ 0 0.4}’ AZ{ 0 0.2413]' (10.82)

Therefore, the LMI is feasible with respect to the diagonal matrix A.
Using (10.70) we obtain the gain matrix

K=[K K| =[DiA' DAy ] =[—1-0.5-1.7712 —0.8289] . (10.83)
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The closed-loop system is positive since matrices:
0.1 0
0 0.36

00.05
0 0

0.0229 0.0171

0.0313 0.1487
0.0458 0.4342 |’

Ayl +BiK = {

0.2542 0.0658
}7 A12+31K2={ ]7

Ay +BKy = ] , Apn+BK, = [

have all nonnegative entries.

The closed-loop system is asymptotically stable since its characteristic polynomial

det |:In1Z(A]l+B]K]) —(A12+ B1K?) ]

—(A21 +B2Ky)  Inyz— (An+B2K>)
= 7*4+0.87442° +0.21662% + 0.0141z + 0.0003,

has positive coefficients.

Example 10.8. Given the positive fractional 2D Roesser model with o = 0.4,
B =0.9and

~0.4 0.01 0.01 0.01 0.01 0.2
An = [0.03 0.001]’A12_ [0.01 0.2 ]’A”_ [ 0 0.01]’ (10.842)

~0.9 0.01 0 0
An = [0.01 0.8}  Bi= [0.001} B2 = [0.002]' (10.840)

Find a gain matrix K = [K{,K>], K; € R"2, i = 1,2 such that the closed-loop system
is positive and asymptotically stable.

The fractional 2D Roesser model with (I0.84) is unstable since the matrix

—0.4 0.01 0.01 0.01

A1 Az | | 0.03 0.001 0.01 0.2
{AZI Azz] 0.01 0.2 —0.9 0.01 (10.85)

0 0.0 0.01 —-0.8

has positive diagonal entries.

We choose:
D=[D| Dy], D;=[013-037], D,=[-3.19-0.11].  (10.86)

Applying Theorem [10.9] and using MATLAB environment together with SEDUMI
solver and YALMIP parser for the LMI (10.73) we obtain:

A0 _[0.0554 0 _[0.8659 0
A[o Ag]’Al[ 0 0.0755}’/‘2[ 0 0.0032} (10.87)

Therefore, the LMI is feasible with respect to the diagonal matrix A.
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Using (10.70) we obtain the gain matrix

K=K K] =[DiA; ! DA
= [2.3460 —4.9035 —3.6840 —34.1058 ] . (10.88)

The closed-loop system is positive since matrices:

0 0.0l 0.01  0.01

Aj+BiKy = {0.0323 0.3961] At Bk = {0.0063 0.1659] ’
0.01 02 0 001

Az +B2Ky = {0.0047 0.0002] » An+ Bk = {0.0026 0.0318] ’

have all nonnegative entries.
The closed-loop system is asymptotically stable since its characteristic polynomial
Liyz— (A +B1K1)) —(Ann+BiK>)
—(A21+B2K1) Iz — (A + B2Ka)
= 24 4+2.17212° + 1.49532% +0.3159z + 0.0004,

det {

has positive coefficients.

These considerations can be extended to the closed-loop systems with poles lo-
cated in desired sectors of the left half complex plane .
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