Chapter 1
Fractional Discrete-Time Linear Systems

1.1 Definition of n-Order Difference

Definition 1.1. A discrete-time function defined by

n
A'xp= A" — A g = Y (-1 (")xi_k, (1.1)
k=0 k
i=1,23,..., neZ, xieR,
where \ . ol
ny_ n :n(n— )--(n—k+1) 7 (12)
k)~ Kl(n—k)! k!

is called the n-order (backward) difference of the function x;.

Definition 1.2. The fractional n-order (backward) difference on the interval [0, k] of
the function x; is defined as follows

k /n
0ALX; = 2(1)1( ,)xi_j. (1.3)

j=0 J

From (1)) it follows that the n-order difference can be written as a linear combina-
tion of the values of discrete-time function in n + 1 points.

The definitions are valid for n being natural numbers and integers.

Note that is also well defined for fractional and real numbers. In general
case n can be also a complex number.

Example 1.1. From (I.I) we have for:

n=1: Axi:xifxi,],
n=2: A%C,’ZA)C,’*A)C[,] =X —2x;_1+ X2,
n=3: A3x,~:A2xi—A2x,-_1 =x;—3x_1+3xi_2 — Xi_3.
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2 1 Fractional Discrete-Time Linear Systems
From (3)) we obtain for:

n=—1:

| k /—1 k
04 Xk = 2(—1)’( . >xkj =X+ X1t Xo= Y N,
j=0 J j=0
n=-2:
k ) k
UAk_zka(l)](])xk ]—Xk+ +k+l Z]+1xk]

Jj=0 Jj=0

Definition 1.3. The discrete-time function

k

2 ( )xk i (1.4)
where 0 < oo < 1, @ € R and

o 1 for k=0
k)T He ek D e =123, (15

is called the fractional o-order difference of the function xy.

Example 1.2. Using (L.3)) for 0 < ¢ < 1 we obtain for:

k=1: (1)1<?>a<0,

k=2 (1)2@) - “(0‘2?1) <0,
k=3: (—1)3<§‘> :—“(“_13)!(“_2) <0.

1.2 State Equations of the Fractional Linear Systems

1.2.1 Fractional Systems without Delays

The state equations of the fractional discrete-time linear system have the form:

Aaxk_H =Axt+Bu, 0<a<l, (1.6a)
v = Cxy+Duy, keZy, (1.6b)

where x; € R", u, € R™, y, € R? are the state, input and output vectors and A € R™*",
Be Rnxm’ Ce Rpxn’ D € RPxm,
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Substituting the definition of fractional difference (T.4) into (I.6a), we obtain

k1 a
X1+ 2, (= 1) (j>xk—j+1 = Axy + Buy, (L.7a)
j=1
or
k+1 (o
Xiep1 = Axg+ y (—1)7F (].>Xk—j+1 + Buy,
=1
k1 a
= Agxi+ 2(_1)/+1(j>xkj+]+Buk7 (1.7b)
=2
where
Ay =A+od,. (1.8)

Remark 1.1. From (L7b)) it follows that the fractional system is equivalent to the
system with increasing number of delays.

In practice it is assumed that j is bounded by natural number 4. In this case the

equations (I.6) take the form:

h
oo
Xkt Aaxk+2(l)/<j+1>xk_j+3uk, keZy, (1.9a)
j=1
Vi = Cxi + Duy. (1.9b)
Remark 1.2. The equations (I.9) describe a discrete-time linear system with &
delays.
1.2.2  Fractional Systems with Delays

Consider the fractional discrete-time linear system with & delays:

h

A% = Y, (Axik+ Bt i), i€ Zy, (1.10a)
k=0

vi = Cx; + Du;, (1.10b)

where x; € R", u; € R™, y; € R? are the state, input and output vectors and A, € R™*",
By e R k=0,...,h; CERP*" D € R\*™,
Substituting the definition of fractional difference (I.4) into (I.10a) we obtain:

i+1 h
(o
Xipr = 3 (=17 (j)xij+1 + Y (Akxig+ Bruix) (1.11a)

j=1 k=0
y; = Cx;+Du;, i€Zy, (1.11b)
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If i is bounded by the natural number L then from (I.11)) we obtain:

Lt1 (o h
xip1 = Y, (—1)7F < .>xij+1+Z(Akxi—k+Bkui—k), (1.12a)
j=1 J k=0
yi = Cxi +Dui, i€Z . (1.12b)

1.3 Solution of the State Equations of the Fractional
Discrete-Time Linear System with Delays

1.3.1 Fractional Systems with Delays

The state equations of the fractional discrete-time linear system with g delays has
the form:

ket 1 q
X1+ Z < )xk =2 (Axr+Bag_,), k€Zy,  (1.13)
r=0

=Cxy+Duy, 0<a<l, (1.13b)

where x; € R”, u; € R™, y, € R? are the state, input and output vectors and A, €
R™" B, e R™"™ r=0,1,...,q; C € RP*" D e RP*™_ 4 is the number of delays.

Applying the z-transform (Z') method we shall derive the solution of the state
equation (I.134) of the fractional system [[79].

Theorem 1.1. The solution of the equation (LI3d) has the form

q k—r—1 kt1—j+1 o
= Do+ Y, Z D 1—iBrui+ Y, Y, (— ]+1(].)(Dk—l—jxl

r=0 i= j=1ll=-1
+ 2 2 d)kfrflflArxl‘i'z 2 Dy y—1-1Bruy, (1.14)
r=01=—1 r=0l=—1
where
x#0, w#0, k=0,—1,...,—q , (1.15)

are initial conditions and the matrices @y are determined by the equation

k+1 k
: o
D1 = D (Ao +ody) + 3 (=1)"! (l.)cbkm + 2, Deidi, - (116a)
i=2 i=1
D) =1, (1.16b)

fork=0,1,... .

Proof. Let X(z) be the z-transform () of the discrete-time function x; defined by
(A13). Applying the z-transform (Appendix[AJ) to the equation (I.13a) we obtain
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k+1 o q q
P o]+ X (—1)) (]> Pl ] = S AL ]+ B Pl ).

j=1 r=0 r=0
Using (A.14) to (LI7) we get
K+l —j+1
X() - 2ot 3 (~ 1) () @+ S xz!
=1 J =1
9q _r q —r
= YA (X@Q+ Y x|+ X B U@+ Y wz
r=0 I=—1 r=0 I=—1

where U (z) = 2 [uy].
Multiplying (LI8) by z~! and solving with respect to X (z) we obtain

k=+1 la , q !
X(z) = 2(1)’( .>z’ln ZA,[’*‘
=0 J r=0
k+1 . —j+l
X xg—s—Z(—l)f“( >z DY —I—zArz -l Zx;z
=1 =1 =1
q —r
+ ZBrz_’_l )+ wz Y.
r=0 I=—

Substituting of the expansion
k+1 -1 oo
(@ fae] - Fac
Jj=0 k=0

into (L.19) yields

Z(sz xU+ZZ(I)kZ_k 1B U (2)

= k=0r=0

k1 —j+1
5 Sl (e

j=1ll=-1

q —r q —r
+ 2 2 Arxlzfrflfl+2 2 Brulzfrflfl

r=0[=-1 r=0/=-1

+ Z N

I],

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)

Applying the inverse z-transform and the convolution theorem (Appendix [A) to

(21} we obtain the desired solution (L.14).
From definition of the inverse matrix we have

ket 1 , , q
[2 (=1)/ <(j> 2L, - ;{,}Arzr']

j=0

ne

2 (szik
k=0

(1.22)
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Comparison of the coefficients at the same powers of z %, k = 0,1,...; from (.22)
yields:

Zo: Dy -1, =1,
7 —Ag+ P —al, =0 = @, = Ay + al,
72 @y~ Dy (Ag+ady) = 0= Dy = Dy (Ag+ o) — Do (1, (%) —Ar)

and in general case the equation (L.16). O

1.3.2 Fractional Systems without Delays

In this section we shall consider the fractional discrete-time linear system without
delays. Substituting in (I.I4) ¢ = 0 we obtain the following theorem.

Theorem 1.2. The solution of the equation (L7) has the form
k—1
X = Dpxo+ Y, Dy—i—1Bui, (1.23)
i=0
where the matrices @y are determined by the equation
k+1 (o
Dy =Dy (A+O(In)+2(*l)l+ <i>q)k_i+1, Dy = 1. (1.24)
i=2
Theorem 1.3. Let

det lkil(— 1)/ (?) Lzl —A7!

J=0

M .
= ay-iz ', (1.25)
i=0

be the characteristic polynomial of the fractional system ((LZ) for k = L. The matri-
ces Dy, ..., Dy satisfy the equation

M
Y aid; =0. (1.26)
i=0

Proof. From definition of the adjoint matrix and (L.23) we have

L+1 la ) oo ) M .
> (—1)/ ( .>InZ] —Ar N = Yo ( Yaw—i'), (127
j=0 J i=0 i=0

where AdjF denotes the adjoint matrix of F.

Adj
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Comparing the coefficients of the same powers of z~! in (L27), we obtain (L.26),
since the degree of the matrix

L+1 ) )
(—1)/ ("‘) hei — A
0 J

Jj=

Adj

)

is less than M. O

Theorem[I.3]is an extension of the well-known Cayley-Hamilton theorem for frac-
tional discrete-time linear systems.

Remark 1.3. The degree M of the characteristic polynomial (I.23) depends on k and
it increases to infinity for k — co. Usually it is assumed that & is bounded by natural
number L. If k = Lthen M = N(L+1).

1.4 Positive Fractional Linear Systems

In this section the necessary and sufficient conditions for the positivity of the frac-
tional discrete-time linear system:

k+1

O
ka—&—Z(—l)](j)xij = Axy+Buy, keZ., (1.28a)
=1

Yk = Cxi + Duy, (1.28b)

will be established, where x; € R", u; € R™, y, € RP are state, input and output
vectorsand A € R Bc R"™ C € RP*" D c RP*™M,

Let R be the set of real nx m matrices with the nonnegative entries and
R" — Rnxl

+ = Dy

Definition 1.4. The system (.28) is called (internally) positive fractional system
if xp e R, yr € Rﬂ’r for every initial conditions xo € R’ and all inputs u; €
RY, keZy.

Lemma 1.1. If 0 < a < 1, then

(1)"*‘(0,‘) >0, i=1,2,... . (1.29)

1

Proof. The proof will be accomplished by induction. The hypothesis is true fori = 1

since
(—1)1! (?) — >0

Assuming that (—1)*™1 (%) > 0 for k > 1 we shall show that the hypothesis is valid
for k+ 1. From (I.3) we have
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(_1)k+2< o ) — (_1)k+20€(06—1)~~~(O€—k—|—1)(0€—k)

k+1 kl(k+1)
k—o
= (1)t (@ > 0.
(=1 k) k+1
Therefore, the hypothesis is true for k + 1. This completes the proof. O

Remark 1.4. In a similar way it can be shown that for 1 < o0 < 2

(—1)+! (“) <0, i=23,... .

1

Lemma 1.2. Let 0 < o < 1 and

A+ al,] € R™™, (1.30)

then
G ERN k=12,... . (1.31)
Proof. The proof follows immediately from (L.24). ]

Theorem 1.4. The fractional system ([28) is (internally) positive if and only if:
Ao =[A+al,) eRY" and BeRY™, CeRI™, DeRY™.  (1.32)

Proof. Sufficiency follows from Lemma[[.2] and the equation (T.23). From (L.23) it
follows that if @ € R, B R, xo € R’} then x; € R}, k € Z.. Similarly from
we have y; € R” if the conditions are satisfied.

Necessity. Let u; = 0 for k € Z.. For positive system from (L.28) for k = 0 we
have x; = [A + aly|xo = Agxo = A1 € R, and yo = Cx € R Therefore Ay €
R"" and C € R, since xo € R”. and by Definition [[4it is arbitrary. Assuming
xo = 0 from (L.28) for k = 0 we obtain x; = Bug € R, and yo = Dug € R”., and this
implies B € R and D € R, since up € R and it is arbitrary. O

Definition 1.5. The fractional discrete-time linear system (LII)) with & delays is
called (internally) positive if x; € R”. and y; € R” for any initial conditions x; € R,
k=0,-1,...,—hand all inputs u; € RY, i € Z.

Theorem 1.5. The fractional discrete-time linear system (L) with h delays is (in-
ternally) positive for 0 < o < 1 if and only if

o
Ag+ cpyrly € RT, ck(l)k“(k), B e RV™  k=1,... .k
CcR*" DeRE™. (1.33)

Proof. The proof is similar to the proof of Theorem[L.4l ]
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1.5 Externally Positive Fractional Systems

Definition 1.6. The fractional discrete-time linear system (L.28) is called externally
positive if for any inputs u; € R, k € Z and xo = 0 we have y; € Rﬁ, keZ..

Definition 1.7. The output of the single-input single-output (SISO) linear system

for the unit impulse
1 for i=0
up = )
0 for i>0

and zero initial conditions is called the impulse response of the system.

In a similar way we define the matrix of impulse responses g; of the multi-input
multi-output (MIMO) linear systems.

Theorem 1.6. The fractional discrete-time linear system (L.28) is externally positive
if and only if
g ERV™ keZy, (1.34)

and the matrix of impulse responses is given by

D or k=0
8k = f (1.35)
Co, B for k=1,2,... .

Proof. Sufficiency. The output of the system (I.28) with zero initial conditions and

any input ; € R is given by

r_iti, k€Z,. (1.36)

k
Yk =

i=0

If (L34 holds and u; € R, then from (L36) we have y, € RY, k € Z,.
Necessity follows immediately from Definition[T.7] ]

Remark 1.5. Every (internally) positive linear system is always externally positive.
This follows from Definitions [[.4] and [[.6l

Example 1.3. Consider the fractional system (L.64) for 0 < o < 1 with the matrices:

10 0
A[O—a]’ B[l], (n=2). (1.37)
The system is positive since
1
A+ al,] = {( ;“) 8} e R,
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Using (I.24) for k = 0,1,... we obtain:

@ = (A+ al,) P — {(”0“) 8}7 (1.38a)
o o2 +50+2 0
b, = (A—i—OCIn)(Dl— (2>(D0: (2) all—a) | (1.38b)
2
o o
@3 = (A+OCIn)(D2 - (2>‘I)] + <3>(I)0
3(02+5042) (o+1)—a(o—1) (2045) 0
= (6) o(l-a)2-a) | (1.38¢)
6
From (T.23) and (I.24) we have
k-1 0
X =Duxo+ Y, D L} ui, (1.39)
i=0

where @, is defined by (I.38).

1.6 Reachability of Fractional Discrete-Time Linear Systems

Definition 1.8. A state x; € R" is called reachable in (given) g steps if there exists
an input sequence uo, uy, . .., uq—1, which steers the state of the system (L.28) from
X0 = 0 to the state xy, i.e. x, = xy. If every given state x; € R" is reachable in ¢
steps then the system is called reachable in ¢ steps. If for every state xy € R"
there exists a number g of steps such that the system is reachable in g steps then the
system is called reachable.

Theorem 1.7. The fractional system (L.28) is reachable in q steps if and only if
rank [B @B ... &, |B] =n. (1.40)
Proof. From (I.23) for k = g and xo = 0 we have

uq,]
g—1 Ug—2
xp=®@uxo+ >, Pyi1Bui=[BPB ... Py B]| : |. (1.41)
i=0

i=
uj

0]

From Kronecker-Capelly theorem it follows that the equation (LZI) has a solution
for every x if and only if the condition (1.40Q) is satisfied. O
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Theorem 1.8. In the condition (L40) the matrices @y,..., P, can be substituted
by the matrices A, ..., AL ie.

rank [B @B ... ®, 1B] = rank [B ALB ... Ag;lB] —n (142

Proof. To simplify the notation the proof will be accomplished for n = 4. From
(24 for ¢; = (—1)""1 (%), we have
[B @B ©,B O3B
[B AuB (A% +c2l,)B (A}, +2c2Aq + c31,)B |
In 0 C2[n C3In

01, 0 2l
— 2 3 2
= [BAGBAZBALB] | M 2l

00 0 I

Hence rank [B &B OB (153B] = rank [B AoB A%CB AfxB] , since postmultiplica-
tion of the matrix [B AqB A%B A} B| by the nonsingular matrix does not change
the rank of the matrix. 0

Theorem 1.9. The fractional system ([.28) is reachable if and only if one of the
equivalent conditions is satisfied:

a) The matrix I,z — Aq, B] has full rank, i.e.
rank [I,z —Aq,B] =n, VzeC. (1.43)

b) The matrices [I,z—Aq|, B are relatively left prime or equivalently it is possible
using elementary column operations (R) to reduce the matrix [I,z— A, B] to the

Sform [I,,0], i.e.
Uz —Ag, B 25 [1,,0]. (1.44)

Proof. First we shall show that the condition (1.43)) is equivalent to the condition
(LZ2). Let v € C" be a vector such that v/ B = 0 and v A, = 2v7 for z € C. In this
case VVAgB=2"B=0,TA2B=2"A,B=0,... VAL 'B=0and

W [B AB ... A?;]B] —0. (1.45)

From (L43) it follows that the condition implies v = 0 and v [I,z — Ay, B] = 0, and
this is equivalent to a (I.43). If the condition (.42) is not satisfied then there exists
a vector v satisfying (L43) or rank[l,z — A¢, B] < n for z € C. The reduction holds
if and only if the condition is satisfied. O

Example 1.4. Using ([L42)), (43D and (.44) check the reachability of the system

with the matrices:
01 0

0
Ag=10 0 1|, B=10
—1-2-3 1
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a) From (T.42)) for n = 3 we have

0 1
rank[BAaBAéB]:rank 01 -3|=3
1-37

By Theorem[L8l the pair (A4, B) is reachable.
b) From (T43) we have

z—1 0 |0
rank[l,z—Aq,B]=rank [0 z —1 |0| =3 for VzeC.
12 z+43]1

Using the elementary column operations we shall show that the matrices [I,z —
A and B are relatively left prime:

z—1 0 |0 R[3[+4><(?z7)3])] z-10 |0
R244x (-2
0z —110 R[4 (1) 0z —1]0
12 z+3]1] ——— |00 0 |1
: ) z—1 010 R[[1+z(x(z))]]
R[2+3x RI2x(—1
- 0.0 -10 RBx(~1)] [043]
00 01| —%

Therefore, by Theorem[[9]the pair (A, B) is reachable.

Remark 1.6. The fractional system is reachable only if the matrix (Ay,B) has n
linearly independent columns. If the matrix (A, B) has no n linearly independent
columns then the matrix [B,AyB, ... 7AZ(_IB] does not have n linearly independent
columns. This follows from the condition (I.43) for z = 0.

1.7 Reachability of Positive Fractional Discrete-Time Linear
Systems

Definition 1.9. A state xy € R’ of the positive fractional system is called
reachable in (given) g steps if there exists an input sequence u; € R, for k =
0,1...,g— 1, which steers the state of the system from xo = 0 to the state x, i.e.
x4 = xy. If every (given) state xy € R’} is reachable in g steps then the positive sys-
tem is called reachable in g steps. If for every state x; € R, there exists a number ¢
of steps such that the positive system is reachable in g steps then the system
is called reachable.

Definition 1.10. A square real matrix is called monomial if its every column and its
every row has only one positive entry and the remaining entries are zero.

The inverse matrix of a real matrix with nonnegative entries has nonnegative entries
if and only if it is a monomial matrix. The inverse matrix of monomial matrix can
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be found by its transposition and replacing each element of the transpose matrix by
its inverse. For example the inverse matrix of the matrix

0b0 0lo
A=|a00]|, hastheform A™'=|l00],
00c 00}

where a,b,c > 0.

Theorem 1.10. The positive fractional system (L.28) is reachable in q steps if and
only if the matrix
R,=|[B®B ... 9, B, (1.46)

contains n linearly independent monomial columns.

Proof. In asimilar way as in the proof of Theorem[I.Zlwe obtain the equation (ZT).
For given xy € R, we can find the input sequence uy € R, k=0,1,...,g— 1 if and
only if the matrix (I.46) contains 7 linearly independent monomial columns. O

Remark 1.7. The matrix (I.46) can not be substitute by the matrix
R, = [BAaB...A?;‘B], (1.47)

since for positive fractional systems the matrices in general case have different num-
ber of linearly independent monomial columns.

Example 1.5. Consider the fractional positive system (I.28) with the matrices:

1 0 0
A=|1—-a 1 |, B=|0]. (1.48)
1 0 —o 1
In this case
al0
A+oal)=]101| R, (1.49)
100

and the matrix (L47) for g = 3 has the form
001
Ry=[BA4BALB| =010,
100

and it contains three linearly independent monomial columns but the matrix

00 1
Ry=[B®B®,B|=|01 0 ,
10«

contains only two linearly independent monomial columns.
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Theorem 1.11. The positive fractional system ((L28) is reachable only if the matrix
[A+ al,,B] (1.50)
contains n linearly independent monomial columns.

Proof. From (.24) for k =0, 1,... it can be easily shown that
D = AK + a1 AN Ay + agol, (1.51)

where q;; € R,i=0,1,...,k—1.
From matrix ([Z8)) and the equation (I.31) it follows that the number of linearly
independent monomial columns of the matrix (I.46) can not be greater than of the

matrix ([-30). O

Example 1.6. Consider the fractional system (L.28) with matrices (I.37). Using
(46 we obtain matrix

R,=[B®B]|= [?8},

which has only one monomial column. By Theorem [[.10 the system with (I.37) is
unreachable. However using (I.30), we obtain matrix

[A+ocln,B}{l+aoo},

0 0|1

which has two linearly independent monomial columns.

Theorem 1.12. The positive fractional system (L28) is reachable only if the matrix
[B,(A+ oly) B, (1.52)

contains n linearly independent monomial columns.

Proof. From (L.31)) for the positive system we have

k
DB =Y auAyB, (1.53)
i=0

where Ay =A+al,, a,; >0, k=0,1,...,q—1,i=0,1,... k.

Note that besides the matrix B, only the matrix @;B may have additional lin-
early independent monomial columns. The matrix (L33) for k = 2,3,...,q— 1 does
not introduce additional linearly independent monomial columns to the matrix

(L46). O

Remark 1.8. If all m columns of the matrix B are linearly independent and monomial
then the matrix (I.32) has 7 linearly independent monomial columns only if the
matrix A has at least n — m linearly independent monomial columns.
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Example 1.7. Consider the positive fractional system (I.28) with the matrices:

ajl—o ap 1 0

any ayy — o 0 1 . .
= > = : =
A a3 ax —o 0 bl al]_07 l 1727374’ .] 1727
as app 0 —o
00 0
00 0
a)B:017b)B:0
10 1
Taking into account that
ayg a1 1 0
| az21 ax 01
Aai a31a3200 ’
as azp 00
in the case a) we obtain the matrix
0001
0010
[B@B]=10100]"
1000

which has n = 4 linearly independent monomial columns. Therefore, in this case the
system is reachable in ¢ = 2 steps. In the case b) we obtain the matrix

00 ain
01 ann
[B®B DB ...| = 00 s E

10 ap+*% .

which contains only two linearly independent monomial columns. By Theorem|[]. 10
the positive fractional system is unreachable.

It is well-knew that the observability is a dual notion. The presented considerations
for the reachability of the positive fractional linear systems can be extended to the
observability of this class of systems.

1.8 Controllability to Zero of the Fractional Discrete-Time
Linear Systems

Definition 1.11. The fractional system (I.28)) is called controllable to zero in (given)
number of g steps if there exists an input sequence ug, u1,...,uq—1, which steers the
state of the system from xp 7 O to the final state x; = 0.
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The fractional system (I.28) is called controllable to zero if there exists a natural
number ¢ such that the system is controllable to zero in ¢ steps.

Theorem 1.13. The fractional system (L.28) is controllable to zero in q steps if
rank[B DB... (Dq_lB] =n. (1.54)

Proof. From (I.23) for k = g and x, = 0 we have

Ug—1
q-1 Ug—2
~®yxg= Y Dy |Buj=[BDB...D,_B]| |. (1.55)
i=0 .
up

The equation (I33) has a solution uy, k =0,1,...,q — 1 for arbitrary vector @,xy
if the condition is satisfied. This is a sufficient but not necessary condi-
tion for the controllability to zero since even if the condition (34) is not satis-
fied the equation (L33) can be satisfied for arbitrary xo, when @, = 0 and u; = 0,
k=0,1,...,q—1. O

Theorem 1.14. For the controllability to zero of the fractional system ([.28) the
following equality holds
rank {B AoB ... AZC_IB] = rank [B DB ... (Dq_lB] ) (1.56)

Proof. To simplify the notation we shall accomplished the proof for n = 4. From
([24), we have
[B @B ®,B @3B
= [BAuB (AL +c2ly)B (A} 4 2c2A0 + c31,)B |
10 C2[n C3In

01 0 20
— 2 3 2
= [BAGBAZBALB] |00 1 "o

00 0 I
where ¢; = (—1)"1(%).

The equality (1.33)) holds since postmultiplication of the matrix
[BAuB ALB A}B ]|
by nonsingular matrix does not change its rank. O

Theorem 1.15. The fractional system (L.28) is controllable to zero if and only if

rank [B AgB ... AT'B qu] — rank [B AB ... A?;IB] .57
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Proof. From (I.23) for k = g and x, = 0 we have

q—1
0 =X4 = q)qu+ Z CDq,,;]Bu,-
i=0
Ug—1
Ug—2
= Dyxp + [B DB ... (Pq,]B] . s (1.58)
up
or
Ug—1
Ug—2
—WgXxo = [B (PlB (Pq,]B] . ; (159)
uo

The equation (1.39) has a solution u;, ... ,u, 1 for arbitrary xo if and only if

rank[B ?B... 0, B (Dq] :rank[B DB... (Dq_lB] =n. (1.60)
By Theorem[I. 14l the conditions (I.37) and (L.60Q) are equivalent. O

Remark 1.9. The condition (I.34) is only sufficient condition but not necessary for
the controllability to zero of the system (I.28) since condition (.34) implies only
the condition (I37).

Theorem 1.16. The fractional system (L. 28)) is controllable to zero if and only if one
of the following equivalent conditions is satisfied:

a) The matrix [I, — Aqd, B) has full row rank, i.e.
rank[l, —Agd,B]=n, VdeC. (L.61)

b) The matrices [I, — Aqd], B are relatively left prime or equivalent it is possible
using elementary column operations (R) to reduce the matrix [I, — Ayd,B] to
the form [I,,0], i.e.

I, — Agd,B] % [1,,0]. (1.62)

Proof. The equivalence of the conditions (IL37) and (L&I) follows from Kudera
theorem. The controllability to zero means that if there exists an unreachable mod
then it is finite. Assume that [I,z — Ag] = [I, — Agd], where d = z~!. Substituting
[I, — Aqd] instead of [I,z — Aq] to the reachability condition we neglect the finite
mods. Therefore, the condition (L&) is necessary and sufficient for the controlla-
bility to zero. The reduction can be performed if and only if the condition
(&T) is satisfied. O

Example 1.8. Check the controllability to zero of the fractional system (L.28) with
the matrices:
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001 1
Ag=|100|, B=]0]. (1.63)
Oal 0
a) Using (L&I), we obtain
1 0 —d |1
rank[l, —Agd,B]=rank | —d 1 0 |0| =3, VdeC
0 —ad1—d|0

By Theorem[I. 16l the pair (A, B) is controllable to zero if and only if a # 0.
b) Performing the following elementary column operations we can check whether
the matrices [I, — Ayd] and B are relatively left prime:

1 0 —d |1 RLaC1) 0o 0 0 |1

od —Ld 1 8d } 8 Ri+2x(@) fc(z)dz flld 1 9a' } 8
R[1-3x (ad+a)] 00 O |L1| RB+Ix(-1)]
R[Ix(—1/a)] 01 0 |0 ﬁgﬂ [13 | 0] )

R[241x (ad)]
—— |101-d|0| ———

By Theorem[L.I6 the pair (A, B) is controllable to zero in g = 3 steps.

1.9 Controllability to Zero of Positive Fractional Discrete-Time
Linear Systems

Definition 1.12. The positive fractional system is called controllable to zero
in g steps if there exists an input sequence u; € R%,i=0,1,...,q — 1, which steers
the nonzero arbitrary initial state xo € R”, to the final state x; = 0. The positive
fractional system (I.28)) is called controllable to zero if there exists a natural number
g > 0 such that the system is controllable to zero in g steps.

Theorem 1.17. The positive fractional system (L28) with B # 0 is called control-
lable to zero in q steps if and only if

D, =0. (1.64)
Moreover, ui =0 fori=0,1,...,q— 1.

Proof. From (I.23) for k = g and x, = 0 we obtain the equality (I33). This equality
for positive system can be satisfied for every x if and only if the condition (L.64) is
satisfied and u; =0 fori =0,1,...,q— 1. a

Lemma 1.3. For positive fractional system (L.28) the condition (L.64) is satisfied if
and only if g =1 and
@ =A+al, = 0. (1.65)
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Proof. From (I.31) with ay; > 0 and Lemma [ ]it follows that the condition (T.64)
is satisfied if and only if ¢ = 1 and (L.63). O

Corollary 1.1. The positive fractional system (L28) with B # 0 is controllable to
zero if and only if ¢ = 1 and the condition (L63) is satisfied.

1.10 Minimum Energy Control of Positive Fractional Systems

Consider the positive fractional discrete-time linear system (L.28). If the system
is reachable in ¢ steps then exist many input sequences which steer the state of
the system from xo = 0O to the final state xy € R’} . Among these sequences we are
looking for a sequence u; € R, i =0,1,...,g—1, i € Z,, which minimizes the
performance index

g—1
I(u) = uj Quj, (1.66)
=0

where Q € R™*™ is a symmetric positive definite matrix and ¢ is the number of steps
needed to steer the system from xo = O to the final state x; € R’} .

The minimum energy control problem for the positive fractional system (L.28)
can be stated as follows [102]]: Given the matrices A, B, degree a of the system
(L28), number of steps g, the finite state x; € R’} and the matrix Q of (L.66). Find
an input sequence u; € R}, i=0,1,...,¢g — 1, which steers the state of the system
from xp = 0 to x; € R’ and minimizes the performance index (L.66).

To solve the problem we define the matrix

W =W(q,0) =R,OR] € R™", (1.67)
where R, is given by (I46) and
Q =block diag[Q~! ... 0~ !] e RI"™*™, (1.68)

From (L.67) it follows that the matrix W is nonsingular if and only if rank R, = n. If
this condition is satisfied then the system is reachable in ¢ steps. In this case we can
define for given xy € R’} the following input sequence

O I e R
Upg = . —QRqW Xf. (1.69)
uo
From (L.69) it follows that ; € R% fori =0,1,...,g—1if

ORIW' e R, (1.70)
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and this implies
o lermm Wl g R (1.71)

Theorem 1.18. Let the fractional system (L28) be reachable in q steps and the con-
dition (LZI) be satisfied. Moreover let u; € R, i =0,1,...,q — 1 be an input se-
quence which steers the state of the system from xo = 0 to the final state xy € R,
The input sequence f; € R", i = 0,1,...,q — 1 also steers the state of the system
from xo =0 to x; € R and minimizes the performance index (L.6G), i.e.

1(a) < I(u). (1.72)
The minimal value of the performance index (L.68)) for (L69) is
1(@) = xp W~ xy. (1.73)

Proof. If the fractional system is positive, reachable in ¢ steps and the as-
sumption (L7]) are satisfied then for x; € R”. we have &; € R fori=0,1,...,g—1.
We shall show that the input sequence steers the state of the system from
xo =0toxy € R’ Using (L23) for k = ¢, xo = 0 and (LE7), (LE&I), we obtain

Xg = Ryfiog = RyORIW ~xp = xy,
since R;QRIW ! = 1,.
Both input sequences ug, and g, steer the state of the system from xp = 0 to
xy € R and we have xy = Ryilo; = Ryuoy, i.e.
Ry [flog — 1oq| = 0. (1.74)
Using (I.74) and (L.69), we shall show
~ T A A
[diog — uog]” Qg =0, (1.75)

where O = block diag[Q,...,0].
Transposing (L74) and postmultiplying it by W~!x; we obtain

[0g — uog)" RTW™~'x; = 0. (1.76)
Using (1.69) and (L.76), we obtain (I.73), since
N T AL . T A _ . T _
[0 — ttog]~ Qiiog = [thog — o] QQRZW le = [diog — uog] ng le =0,

where QQ = Iym.
Using (L73) it is easy to show that

AT An ~ 1T A ~
gy Quog = g, Qliog + [1og — fiog] " O [tog — flog) - (1.77)
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From(L.77) it follows that the inequality (I.72)), is satisfied since

[”051 - ﬁOq] ! 0 [”(Jq - ﬁﬂq] > 0.

To find the minimal value of the performance index we substitute (1.69) into (L.66)
and using (L&7), we obtain

A A A . _ T ~ _
1) = 5,Qf0g = [QRFW ~'x¢]" Q [ORIW ™ 'x/]
= xtW 'R, ORI W iy = xf Wy,

since W_quQRg =1, a

If the assumption of Theorem [1.18] are satisfied then the minimal energy control
problem can be solved by the use of the following procedure.

Procedure 1.1

Step 1. Knowing the matrices A, B, Q and ¢, ¢ find the matrices R, and Q, using
(L4€) and (L.68).

Step 2. Knowing R, and Q, and using (L.67) find the matrix W.

Step 3. Using (L.69), find the input sequence fo, iy, ... ,lg—1.

Step 4. Using (L73), find the value of I(i).

Example 1.9. Consider the fractional system (I.28) for 0 < o < 1 with the matrices:

—o0 1
A{l 2}, B[O], n=2. (1.78)

Find the optimal input sequence which steers the state of the system from xyp = 0 to
the final state xy = [1 1]7 in g = 2 steps and minimizes the performance index (I.66)
for 0 = [2].

The fractional system (I.28) with (IZ8) is reachable in ¢ = 2 steps. It is easy to
check that the assumption of Theorem are satisfied. Using Procedure [Tl we
obtain the following:

Step 1. In this case

R,=[B®B|= {(1)?]

and |
0=diag[0 Q'] = [(1) ﬂ .

Step 2. Using (L.&7), we obtain

110
WRzQRgQZ[OI].
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Step 3. Using (L.69), we obtain
s | a1, | ]
iy = {ﬁo] =O0RW xp= [1] (1.79)

It is easy to check that the input sequence (1.79) steers the state of system in
g =2 steps from xg = 0 to xy = [1 1]7.
Step 4. In this case the minimal value of the performance index is

w0 om

Corollary 1.2. Note that in the case of positive fractional system by suitable choice
of state-feedback we may modify the reachability matrix Ry, and the minimal value
of the performance index.

1.11 Fractional Different Orders Discrete-Time Linear Systems

Consider the fractional different orders discrete-time linear system
Aaxl(k+l) :A”xl(k)+A]2x2(k)+Blu(k), keZ., (1.81a)
AﬁXQ(k+ 1) :Az]xl(k)+A22)C2(k)+32u(k), (1.81b)

where x| (k) € R", x5 (k) € R"2, u(k) € R™ are state and input vectors, respectively
and A;; € R™>"j B; € R%>™ f j=1,2.
The fractional derivative of o order is defined by

k k

= Ez)(l)’(?)x(kj) = ;)Ca(j)x(k—j), (1.822)
Jj=

calj) = (1)1'(") e las ) o

J!
ce(0) =1, j=1,2,....
Using (I.82) can write the equation (L8]] in the form

k+1
x1(k+1) = Aygx (k) +Apxa (k an x1(k—j+ 1)+ Bu(k), (1.83a)

k+1
xa(k+1) = Agxi (k) + Aypxa (k) — Y, cp(j)xa(k— j+ 1) + Bou(k). (1.83b)

Jj=2

where Ajo, = A1 + al’ll’A2[3 :A22+B[n2-
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Applying to (L83) the z-transform we obtain

[n1Z A1a+2] ZCOC( )[ < it _A12
—Azi Inyz— A2B+21 S Imep ()t
Xi(z) | _ [zxi0 B
% [MZ)} = {Zm] + {BJ U(z), (1.84)
where X;(z) = Z[xi(k)] = Ip_oxi(k)z %, i =1,2; U(z) = Z[u(k)] and x19 = x1(0),
x20 = x2(0).
From(]ﬂ)we have
' ~1
Iz — Allx+2] S cal Pz It —An
—As; nzz Azﬁ JFZ] ZI”ZCﬁ( )Z a
X10
X Hm] ]} -
. k+1 ; —j+1 — -
In]Z A1a+2j=2cl%(])[’llz A12
—Az Inyz— A2ﬁ+21 S Imep ()t
=S U, (1.86)

0

J

where the matrices @ are defined by

I, (n=n+m) for i=0
d)i: A(P,',]fqu)i,27~~~*Di,](P0 for i:1,2,...,k . (187)
A®; | —D\D; »—---—D D,y for i=k+1,k+2,...

From definition of inverse matrix we have

[liz—A—Diz' =Dz ? = =Dy ¥ | [@ozr ' + D1z 2+ Doz 3+ | =1,
(1.88)
where ( )
Ag A2 colk+ 1)1, 0
A= D= ! . 1.89
|:A2] Azﬁ] ¢ [ 0 cp(k+ 1)1y, (159

Comparison of the coefficient at the same power of z~! we obtain

Dy =1,, DP=AD), DP=AD;—D Dy,
@y = ADy — DD, — Dy, ... . (1.90)

which can be written in the form (T.87).
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Substitution of (I.86) into (L.83)) yields
[28 ] = j;)@jz*j [23} —&-Zz)@j{(i“) {g;] U(z). (1.91)
Applying the inverse z-transform and the convolution theorem to (I.91) we obtain
{xl(k)] _ {xm] Jrki D {31} " (1.92)
x2(k) x| AT [B
Therefore, the following theorem has been proved.

Theorem 1.19. The solution to the fractional equation (L&) with initial conditions
x1(0) = x10, x2(0) = xa9 is given by (L.92), where @y is defined by (L.87).

1.12 Positive Fractional Different Orders Discrete-Time Linear
Systems

Consider the fractional different orders discrete-time linear systems described by
the equation (L&) and

y(k)=C [283] + Du(k), (1.93)

where xj (k) € R™, x5 (k) € R"2, u(k) € R™, y(k) € R? are the state, input and output
vectors and C € RP*" D ¢ RP*™,

Definition 1.13. The fractional system (L81), (L93) is called positive if x;(k) €
R’ x (k) € R'2, y(k) € RY. for any initial conditions x19 € R}, x9 € R"? and all
inputs u(k) € R fork € Z.

Theorem 1.20. The fractional discrete-time linear system (L81), (L93) with 0 <
a < 1,0 < B < 1is positive if and only if

_ Ao A2 nxn B nxm pxn pxm
A[AzlAzﬁ]€R+’ B, e R, CeRPYY DeRPF™. (1.94)

Proof. Necessity. Let e?’ be i-th column of the n; x n; identity matrix, j = 1,2. From
(CR3) for k =0, u(0) = 0, x0 = 0 and x19 = ;' we have x(1) = Ajqe;’ € RY and
x2(1) = Aziel’ € R'}!. This implies the nonnegativity of i-th (i = 1,...,n) columns
of the matrices A and Ay;. Similarly for k =0, u(0) = 0, x;9 = 0 and xp9 = e?z we
have x; (1) =Aj2¢? € R’? and x,(1) :Azﬁe?Z € R'2. To show that By € R’} " and
B, € R?2™™ we assume in (L83) for k = 0, x;(0) = 0, x2(0) = 0 and u(0) = € and
we obtain x; (0) = Bie € R and x,(0) = Bye € R'?. In a similar way we prove
CeRY " and D e R
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Sufficiency. In Lemma [[1] was shown that if 0 < & < 1 and 0 < 8 < 1 then
ca(j) <0and cg(j) <O for j=2,....k+ 1. From (L89) if follows that D; € R
fori=1,...,n and from(L.87) we have @; € R*" for i =0,1... since A € R'*".
From (L92) we have x; (k) € R}, x,(k) € R?, k € Z since [gl ] € R and

2
u(i) €R™, i € Z . Finaly from (L.93) we have y(k) € R, k € Z since C € RP*",
D e RP*™ xy(k) € R, xy(k) € R? and u(k) € R, k € Z,. O

These considerations can be easy extended to fractional system consisting of n sub-
systems of different fractional order [161]].
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