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1 Introduction

An irreducible holomorphic symplectic manifold is a simply connected compact

Kihler manifold such that H(X,Q3) is one-dimensional, spanned by an ev-

erywhere non-degenerate holomorphic 2-form [Bel]. There exists a unique non-

degenerate symmetric integral and primitive bilinear pairing (e,e) on H>(X,Z) of

signature (3,5, (X) — 3), with the following property. There exists a positive rational

number Ay, such that the equality
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(a,0)" = Ax/az”
X

holds for all o € H*(X,7Z), where 2n = dim¢(X) [Bel]. If by(X) = 6, then we
require! further that (o, ) > 0, for every Kihler class a. The pairing is called the
Beauville-Bogomolov pairing and (o, @) is called the Beauville-Bogomolov degree
of the class .

Let S be a K3 surface. Then the Hilbert scheme (or Douady space, in the Kihler
case) S[”], of length n zero-dimensional subschemes of S, is an irreducible holomor-
phic symplectic manifold. If n > 2, then bg(S["]) = 23 [Bel]. If X is deformation
equivalent to S, we will say that X is of K3"-rype.

Let T be a complex torus with an origin 0 € 7. Denote by T'") the n-th symmetric
product. Let 7 — T be the addition morphism. The composite morphism

rh+ll )

is an isotrivial fibration. Each fiber is a 2n-dimensional irreducible holomorphic
symplectic manifold, called a generalized Kummer variety, and denoted by K ] (T)
[Bell. If n > 2, then b» (K["J (T)) =17

O’Grady constructed two additional irreducible holomorphic symplectic mani-
folds, a 10-dimensional example X with b,(X) = 24, and a 6-dimensional example
Y with b,(Y) =8 [0’G2, O’G3, R].

We recommend Huybrechts’ excellent survey of the subject of irreducible holo-
morphic symplectic manifolds [Hu3]. The aim of this note is to survey developments
related to the Torelli problem, obtained by various authors since Huybrechts’ survey
was written. The most important, undoubtedly, is Verbitsky’s proof of his version of
the Global Torelli Theorem [Ver2, Hu6].

1.1 Torelli Theorems

We hope to convince the reader that the concepts of monodromy and parallel-
transport operators are essential for any discussion of the Torelli problem.

Definition 1.1 Let X, X;, and X, be irreducible holomorphic symplectic manifolds.

! The condition is satisfied automatically by the assumption that the signature is (3,55(X) —3), if
by #6.
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(1) An isomorphism f : H*(X,Z) — H*(X»,Z) is said to be a parallel-transport
operator, if there exist a smooth and proper family> 7 : 2~ — B of irreducible
holomorphic symplectic manifolds, over an analytic base B, points b; € B, iso-
morphisms y; : X; — %2, i=1,2, and a continuous path y: [0, 1] — B, satisfying
¥(0) = by, y(1) = by, such that the parallel transport in the local system R7,.Z
along y induces the homomorphism y», o foy; : H*(2},,2) — H* (2}, 7).
An isomorphism g : H*(X1,7Z) — H*(X>,7) is said to be a parallel-transport
operator, if it is the k-th graded summand of a parallel-transport operator f as
above.

(2) An automorphism f : H*(X,Z) — H*(X,7Z) is said to be a monodromy operator,
if it is a parallel transport operator.

(3) The monodromy group Mon(X) is the subgroup® of GL[H*(X,Z)] consisting
of all monodromy operators. We denote by Mon?(X) the image of Mon(X) in
O[H*(X,Z)].

(4) Let H; be an ample line bundle on X;, i = 1,2. An isomorphism
f 1 H*(X,,Z) — H*(X,,7Z) is said to be a polarized parallel-transport opera-
tor from (X1,Hy) to (Xp,H>), if there exists a family 7 : 2" — B, satisfying
all the properties of part (1), as well as a flat section & of R%m.7, such that
h(b;) = Wi, (c1(H;)), i = 1,2, and h(b) is an ample class in H''! (2}, Z), for all
beB.

(5) Given an ample line bundle H on X, we denote by Mon(X,H) the subgroup
of Mon(X), consisting of polarized parallel transport operators from (X,H) to
itself. Elements of Mon(X,H) will be called polarized monodromy operators of
(X,H).

Following is a necessary condition for an isometry g : H*(X,Z) — H*(Y,Z) to
be a parallel transport operator. Denote by ¢y C H*(X,R) the cone

{a € H*(X,R) : (a,a) > 0}.

Then H 2(‘@”}, 7) = 7 and it comes with a canonical generator, which we call the
orientation class of ‘ﬁx (section 4). Any isometry g : H 2(X,Z) — H*(Y,Z) induces
an isomorphism g : %X — %y The isometry g is said to be orientation preserving if

2 Note that the family may depend on the isomorphism f.
3 If f € Mon(X) is associated to a family 7’ : 2”7 — B’ via an isomorphism X = 2, and
g € Mon(X) is associated to a family 7" : 2™ — B" via an isomorphism X = 2/, then fg is

"and 27" via

easily seen to be associated to the family 7 : 2~ — B, obtained by “gluing” 4
the isomorphism .2}, = X = 2 and connecting B' and B” at the points b’ and b” to form the

(reducible) base B.
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g is. A parallel transport operator g : H>(X,7Z) — H?(Y,7Z) is orientation preserving.
When X and Y are K3 surfaces, every orientation preserving isometry is a parallel
transport operator. This is no longer the case for higher dimensional irreducible
holomorphic symplectic varieties [Ma5, Nam?2]. A necessary and sufficient criterion
for an isometry to be a parallel transport operator is provided in the K3 ["]-type case,
for all n > 1 (Theorem 9.8).

A marked pair (X,mn) consists of an irreducible holomorphic symplectic man-
ifold X and an isometry 1 : H*(X,Z) — A onto a fixed lattice A. Let 9 be
a connected component of the moduli space of isomorphism classes of marked
pairs (see section 2). There exists a surjective period map Py : fmg — Q4 onto a
period domain ([Hul], Theorem 8.1). Each point p € 4 determines a weight 2
Hodge structure on A ®7 C, such that the marking 7 is an isomorphism of Hodge
structures. The positive cone @x of X is the connected component of the cone
{o € H''(X,R) : (@,@) > 0}, containing the Kihler cone #x. Following is a
concise version of the Global Torelli Theorem ([Ver2], or Theorem 2.2 below).

Theorem 1.2 If Py(X,n) = Po(X,7), then X and X are bimeromorphic. A pair
(X,m) is the unique point in a fiber of Py, if and only if #x = €x. This is the
case, for example, if the sublattice H"' (X ,7) is trivial, or of rank 1, generated by
an element A, with (A,A) > 0.

The following theorem combines the Global Torelli Theorem with results on the
Kahler cone of irreducible holomorphic symplectic manifolds [Hu2, Boul].

Theorem 1.3 (A Hodge theoretic Torelli theorem) Let X and Y be irreducible holo-
morphic symplectic manifolds, which are deformation equivalent.

(1) X and Y are bimeromorphic, if and only if there exists a parallel transport
operator f : H*(X,7) — H*(Y,Z), which is an isomorphism of integral Hodge

Structures.

(2) Let f: H*(X,Z) — H*(Y,7Z) be a parallel transport operator, which is an iso-
morphism of integral Hodge structures. There exists an isomorphism f:X — Y,
such that f = f., ifand only if f maps some Kéihler class on X to a Kihler class
onY.

The theorem is proven in section 3.2. It generalizes the Strong Torelli Theorem
of Burns and Rapoport [BR] or ([LP], Theorem 9.1).

Given a bimeromorphic map f : X — Y, of irreducible holomorphic symplectic
manifolds, denote by f, : H>(X,Z) — H?(Y,7Z) the homomorphism induced by the



262 Eyal Markman

closure in X x Y of the graph of f. The homomorphism f; is known to be an isometry
([0’G1], Proposition 1.6.2). Set f* := (f~1),.

The birational Kiihler cone A%y of X is the union of the cones f*.#y, as f
ranges through all bimeromorphic maps from X to irreducible holomorphic sym-
plectic manifolds Y. Let Mon?, 4¢(X) be the subgroup of Mon?(X) preserving the
Hodge structure. Results of Boucksom and Huybrechts, on the Kéhler and bira-
tional Kéhler cones, are surveyed in section 5. We use them to define a chamber
decomposition of the positive cone €y, via Mon%_l dg (X)-translates of cones of the
form f*.#y (Lemma 5.11). These chambers are said to be of Kdhler type.

Let 9)?9\ be a connected component of the moduli space of marked pairs. A
detailed form of the Torelli theorem provides a description of 9)?% as a moduli space
of Hodge theoretic data as follows. A point p € £24 determines a Hodge structure
on A, and so a real subspace A'"!(p,R) in A ®7 R, such that a marking 1 restricts
to an isometry H'!(X,R) — A1 (p,R), for every pair (X, n) in the fiber P, ' (p).

Theorem 1.4 (Theorem 5.16) The map (X,n) — n(H#x) establishes a one-to-one
correspondence between points (X,n) in the fiber Py Y(p) and chambers in the
Kiihler type chamber decomposition of the positive cone in AV (p,R).

1.2 The fundamental exceptional chamber

The next few results are easier to understand when compared to the following basic
fact about K3 surfaces. Let S be a K3 surface and x; a Kihler class on S. The
effective cone in H'"!(S,7Z) is spanned by classes «, such that (o, ) > —2, and
(o, %) > 0 ([BHPV], Ch. VIII Proposition 3.6). Set*

Spe :={ec H"(S,Z) : (x0,e) >0, and (e,e) = —2},
Pex := {[C] € H"(S,Z) : C C Sis a smooth connected rational curve}.

Clearly, Pex is contained in Spe. Then the Kéhler cone admits the following two
characterizations ([BHPV], Ch. VIII Proposition 3.7 and Corollary 3.8).

Hs ={k€Cs : (kK,e) >0, forall e € Spe}. (1.1)
Hs={k€Cs : (k,e) >0, forall e € Pex}. (1.2)

4 Pex stands for prime exceptional classes, and Spe stands for stably prime exceptional classes, as
will be explained below.
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Equality (1.1) is the simpler one, depending only on the Hodge structure and the
intersection pairing. Equality (1.2) expresses the fact that a class e € Spe represents
a smooth rational curve, if and only if J gNet is a co-dimension one face of the
closure of s in E.

Let X be a projective irreducible holomorphic symplectic manifold. A prime
exceptional divisor on X is a reduced and irreducible effective divisor E of negative
Beauville-Bogomolov degree. The fundamental exceptional chamber of the positive
cone is the set

Féx = {aebx : (a,[E]) >0, for every prime exceptional divisor E}. (1.3)

When X is a K3 surface, a prime exceptional divisor is simply a smooth rational
curve. Furthermore, the cones 7y, B.%#x, and % &x are equal. If dim(X) > 2, the
cone A.%x need not be convex. The following is thus a generalization of equality
(1.2) in the K3 surface case.

Theorem 1.5 (Theorem 6.17 and Proposition 5.6) .F & is an open cone, which is
the interior of a closed generalized convex polyhedron in €x (Definition 6.13). The
birational Kciihler cone B.Xx is a dense open subset of F &.

Let E be a prime exceptional divisor on a projective irreducible holomorphic
symplectic manifold X. In section 6 we recall that the reflection

Rg : H¥(X,Z) — H?*(X,Z),

% [E], is an element of Mon?, 4¢(X) ([Ma7], Corollary

3.6, or Proposition 6.2 below). Let Weye(X) C Mon3,, (X) be the subgroup gener-
ated® by the reflections Rg, of all prime exceptional divisors in X. In section 6.4 we

given by Rp(at) := ot —

prove the following analogue of a well known result for K3 surfaces ((BHPV], Ch.
VIII, Proposition 3.9).

Theorem 1.6 Wg(X) is a normal subgroup of Mon,z_ldg (X). Let X
and X, be projective irreducible holomorphic symplectic manifolds and
f: H*(X\,Z) — H?*(X2,7) a parallel-transport operator, which preserves the
weight 2 Hodge structure. Then there exists a unique element w € Wey.(X2) and a
birational map g : X1 — Xo, such that f =wog,. The map g is determined uniquely,
up to composition with an automorphism of X, which acts trivially on H*(Xy, 7).

5 Definition 6.8 of W, is different. The two definitions will be shown to be equivalent in Theorem
6.18.
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Let us emphasis the special case X| = X, = X of the theorem. Denote by
Mon3,.(X) C O[H?*(X,Z)] the subgroup of isometries induced by birational maps
from X to itself. Then Mon%ldg(X ) is the semi-direct product of Wgy.(X) and
M on%ir (X), by Theorem 6.18 part 5. Theorem 1.6 is proven in section 6.4. The proof
relies on a second M on%i dg (X)-equivariant chamber decomposition of the positive
cone x. We call these the exceptional chambers (Definition 5.10). Wg,(X) acts
simply-transitively on the set of exceptional chambers, one of which is the funda-
mental exceptional chamber. The walls of a general exceptional chamber are hyper-
planes orthogonal to classes of stably prime-exceptional line bundles. The latter are
higher-dimensional analogues of effective line bundles of degree —2 on a K3 sur-
face. Roughly, a line bundle L on X is stably prime-exceptional, if a generic small
deformation (X', L") of (X, L) satisfies L' = Oy, (E'), for a prime exceptional divisor
E’ on X’ (Definition 6.4).

Let X be a projective irreducible holomorphic symplectic manifold. Denote by
Bir(X) the group of birational self-maps of X. The intersection of .# & with the sub-
space H"!(X,7Z) ®7 R is equal to the interior of the movable cone of X (Definition
6.21 and Lemma 6.22). We prove a weak version of Morrison’s movable cone con-
jecture, about the existence of a rational convex polyhedron, which is a fundamental
domain for the action of Bir(X) on the movable cone (Theorem 6.25). We use it to
prove the following result. When X is a K3 surface, Bir(X) = Aut(X). Hence the
following is an analogue of a result of Looijenga and Sterk ([St], Proposition 2.6).

Theorem 1.7 For every integer d # 0, the number of Bir(X )-orbits of complete lin-
ear systems, which contain an irreducible divisor of Beauville-Bogomolov degree
d, is finite. For every positive integer k there is only a finite number of Bir(X)-
orbits of complete linear systems, which contain some irreducible divisor D of
Beauville-Bogomolov degree zero, such that the class [D] is k times a primitive class
in H*(X, 7).

Theorem 1.7 is proven in section 6.5. The proof follows an argument of Looi-
jenga and Sterk, adapted via an analogy between results on the ample cone of a
projective K3 surface and results on the movable cone of a projective irreducible
holomorphic symplectic manifold.

The following is an analogue of the characterization of the Kéhler cone of a K3

surface given in equation (1.1).

Proposition 1.8 (Proposition 6.10) The fundamental exceptional chamber F &,
defined in equation (1.3), is equal to the set
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{a €€ : (a,l) >0, for every stably prime exceptional class (}.

The significance of Proposition 1.8 stems from the fact that one has an explicit
characterization of the set of stably prime-exceptional classes, in terms of the weight
2 Hodge structure and a certain discrete monodromy invariant, at least in the K3[")-
type case (Theorem 9.17). Theorem 1.5 and Proposition 1.8 thus yield an explicit
description of the closure of the birational Kéhler cone and of the movable cone.

1.3 Torelli and monodromy in the polarized case

In sections 7 and 8 we consider Torelli-type results for polarized irreducible holo-
morphic symplectic manifolds. Another corollary of the Global Torelli Theorem is
the following.

Proposition 1.9 Mon?(X,H) is equal to the stabilizer of ¢\ (H) in Mon*(X).

The above proposition is proven in section 7 (see Corollary 7.4).

Coarse moduli spaces of polarized projective irreducible holomorphic symplec-
tic manifolds were constructed by Viehweg as quasi-projective varieties [Vieh].
Given a polarized pair (X,H) representing a point in such a coarse moduli space
7, the monodromy group I" := Mon?(X,H) is an arithmetic group, which acts on
a period domain & associated to . The quotient Z/I is a quasi-projective variety
[BB]. The following Theorem is a slight sharpening of Corollary 1.24 in [Ver2].

Theorem 1.10 (Theorem 8.4) The period map V' — 2 /T" embeds each irreducible
component ¥V, of the coarse moduli space of polarized irreducible holomorphic
symplectic manifolds, as a Zariski open subset of the quasi-projective monodromy-
quotient of the corresponding period domain.

The above theorem provides a bridge between the powerful theory of modular
forms, used to study the quotient spaces &/I, and the theory of projective holomor-
phic symplectic varieties. The interested reader is referred to the excellent recent
survey [GHS2] for further reading on this topic.
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1.4 The KB[”]-type

In section 9 we specialize to the case of varieties X of K3/ -type and review the re-
sults of [Ma2, Ma5, Ma7]. We introduce a Hodge theoretic Torelli data, consisting
of the weight 2 Hodge structure of X and a certain discrete monodromy invariant
(Corollary 9.5). We provide explicit computations, for many of the concepts intro-
duced above, in terms of this Torelli data. We enumerate the connected components
of the moduli space of marked pairs of K. 3l"_deformation type (Corollary 9.10).
We determine the monodromy group Mon?(X), as well as a necessary and sufficient
condition for an isometry g : H*(X,Z) — H?*(Y,Z) to be a parallel transport operator
(Theorems 9.1 and 9.8). We provide a numerical characterization of the set of stably
prime-exceptional line bundles on X (Theorem 9.17). The latter, combined with the
general Theorem 1.5 and Proposition 1.8, determines the closure of the birational
Kihler cone of X in terms of its Torelli data.

In section 10 we list a few open problems.

Acknowledgements: I would like thank Klaus Hulek for encouraging me to
write this survey, and for many insightful discussions and suggestions. This note
was greatly influenced by numerous conversations with Daniel Huybrechts and by
his foundational written work. Significant improvements to an earlier version of this
survey are due to Daniel’s detailed comments and suggestions, for which I am most
grateful. The note is the outcome of an extensive correspondence with Misha Ver-
bitsky regarding his fundamental paper [Ver2]. I am most grateful for his patience
and for his numerous detailed answers. Artie Prendergast-Smith kindly sent helpful
comments to an earlier version of section 6.5, for which I am grateful. I would like
to thank the two referees for their careful reading and their insightful comments.

2 The Global Torelli Theorem

Fix a positive integer b, > 3 and an even lattice A of signature (3,5, — 3). Let X be
an irreducible holomorphic symplectic manifold, such that H?(X,Z), endowed with
its Beauville-Bogomolov pairing, is isometric to A. A marking for X is a choice of
an isometry 1 : H>(X,Z) — A. Two marked pairs (X1, 7)), (X2, 1) are isomorphic,
if there exists an isomorphism f : X| — X», such that nj o f* = 1n,. There exists a
coarse moduli space 974 parametrizing isomorphism classes of marked pairs [Hul].
M4 is a smooth complex manifold of dimension b, — 2, but it is non-Hausdorff.
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The period, of the marked pair (X,n), is the line n[H>°(X)] considered as a
point in the projective space P[A ®y C]. The period lies in the period domain

Qp = {p: (p,p)=0 and (p,p)>0}. 2.D

0, is an open subset, in the classical topology, of the quadric in P[A ® C] of
isotropic lines [Bel]. The period map

P : m/\ g .QA, (22)
(X.n) — nH**(X)]

is a local isomorphism, by the Local Torelli Theorem [Bel].

Given a point p € Q4, set AU (p):={A € A : (A,p) = 0}. Note that A" (p)
is a sublattice of A and A"!(p) = (0), if p does not belong to the countable union
of hyperplane sections Uy cx\ (0} [A+NQ,]. Given a marked pair (X, 7), we get the
isomorphism H'!(X,Z) =2 ALY(P(X, 1)), via the restriction of 1.

Definition 2.1 Let X be an irreducible holomorphic symplectic manifold. The cone
{o € H"'(X,R) : (o, 0t) > 0} has two connected components. The positive cone
@Y is the connected component containing the Kéhler cone .#y.

Two points x and y of a topological space M are inseparable, if every pair of
open subsets U, V, with x € U and y € V, have a non-empty intersection U NV. A
pointx € M is a Hausdorff point, if there does not exist any point y € [M \ {x}], such
that x and y are inseparable.

Theorem 2.2 (The Global Torelli Theorem) Fix a connected component Em% of
Ma.

(1) ([Hul], Theorem 8.1) The period map P restricts to a surjective holomorphic
map By : 93?9\ — Q4.

(2) ([Ver2], Theorem 1.16) The fiber P(;l (p) consists of pairwise inseparable
points, forall p € Q4.

(3) ([Hul], Theorem 4.3) Let (X1,n1) and (X2,12) be two inseparable points of
IMA. Then X1 and X, are bimeromorphic.

(4) The marked pair (X,n) is a Hausdor{f point of M, if and only if €x = Jx.

(5) The fiber P(;l (p), p € Qq, consists of a single Hausdorff point, if A(p) is
trivial, or if AV (p) is of rank 1, generated by a class o satisfying (o, ) > 0.



268 Eyal Markman

Proof Part (4) of the theorem is due to Huybrechts and Verbitsky. See Proposition
5.14 for a more general description of the fiber £~ '[Py(X,m)] in terms of the Kihler-
type chamber decomposition of the positive cone @Y, and for further details about
part (4).

Part (5): 6x = Jx, if H"!(X,7Z) is trivial, or if H'"! (X,7Z) is of rank 1, generated
by a class a of non-negative Beauville-Bogomolov degree, by ([Hul], Corollaries
5.7 and 7.2). The statement of part (5) now follows from part (4). O

Remark 2.3 Verbitsky states part (2) of Theorem 2.2 for a connected component
of the Teichmiiller space, but Theorem 1.16 in [Ver2] is a consequence of the two
more general Theorems 4.22 and 6.14 in [Ver2], and both the Teichmiiller space
and the moduli space of marked pairs 914 satisfy the hypothesis of these theorems.
A complete proof of part (2) of Theorem 2.2 can be found in Huybrechts excellent
Bourbaki seminar paper [Hu6].

3 The Hodge theoretic Torelli Theorem

In section 3.1 we review two theorems of Huybrechts, which relate bimeromorphic
maps and parallel-transport operators. The Hodge theoretic Torelli Theorem 1.3 is
proven in section 3.2.

3.1 Parallel transport operators between inseparable marked pairs

Let X; and X, be two irreducible holomorphic symplectic manifolds of dimension
2n. Denote by 7; the projection from X; x X, onto X;, i = 1,2. Given a correspon-
dence Z in X; x X,, of pure complex co-dimension 2n + d, denote by [Z] the coho-
mology class Poincaré dual to Z and by [Z]. : H*(X;) — H*+?¢(X,) the homomor-
phism defined by [Z].a := m, (7 (o) U[Z]). The following are two fundamental
results of Huybrechts.

Assume that X; and X, are bimeromorphic. Denote the graph of a bimeromor-

phic map by Z C X; x X».

Theorem 3.1 ([Hu2], Corollary 2.7) There exists an effective cycle I’ :=Z+ Y Y;
in X1 X Xo, of pure dimension 2n, with the following properties.
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(1) The correspondence [I']. : H*(X1,Z) — H*(Xa,Z) is a parallel-transport oper-

ator.

(2) The image m;(Y;) has codimension > 2 in X;, for all j. In particular, the corre-
spondences [, and [Z],. coincide on H* (X, 7).

Let (X1,11), (X2,12) be two marked pairs corresponding to inseparable points
of M A-

Theorem 3.2 ([Hul], Theorem 4.3 and its proof) There exists an effective cycle
I':=Z+Y.;Y;in X1 X Xy, of pure dimension 2n, satisfying the following conditions.

(1) Z is the graph of a bimeromorphic map from X; to X,.

(2) The correspondence [I']. : H*(X1,Z) — H*(X2,7Z) is a parallel-transport oper-
ator. Furthermore, the composition

Ny lom : H*(X,,Z) — H*(Xa,7)

is equal to the restriction of [I']..

(3) ([Hu2], Theorem 2.5 and its proof) The codimensions of 7 (Y;) in X\ and of
m(Y;) in X5 are equal and positive.

(4) If mi(Y;) has codimension 1, then it is supported by a uniruled divisor.

The statement that the isomorphisms [I'], in Theorems 3.1 and 3.2 are parallel
transport operators is implicit in Huybrechts proofs, so we clarify that point next. In
each of the proofs Huybrechts shows that there exist two smooth and proper families
2" — Band 2" — B, over the same one-dimensional disk B, a point by in B, iso-
morphisms X 2 2}, and X, = 2} , and an isomorphism f: «%B\{bo} - ‘%Izls\{bo}’
compatible with projections to B. The cycle I' C X x X5 is the fiber over by of
the closure in 2" xp 2 of the graph of f. Choose a point b; in B\ {bo} and let
y be a continuous path in B from b to by. Let gy : H*(Zy,,Z) — H*(Z},,Z) and
g H *(%”b’o ,Z)— H* (3&”,7’1 ,7Z) be the two parallel transport operators along y. Then
the isomorphism g5 ' 0 gy : H*( 2}, Z) — H*(%fb’(ﬂZ) is induced by the correspon-
dence [I'],.. Furthermore, g, o g1 is a parallel transport operator, being a composi-
tion of such operators (parallet transport operators form a groupoid, by an argument
similar to that used in footnote ).

The reader may wonder why the image in X; of a component Y; of I" has codi-
mension > 2 in Theorem 3.1, while the codimension is only > 1 in Theorem 3.2. The
reason is that in the proof of Theorem 3.2 one does not have control on the choice of
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the above mentioned families 2" and 2"/, beyond the condition that 1, o [["], = 1.
In the proof of Theorem 3.1, given a bimeromorphic map f : X; — X», Huybrechts
constructs the above two families 2" and 2" in such a way that the following
two properties hold. (1) The bimeromorphic map f from 2 to 2" restricts to the
bimeromorphic map f between the fibers X; and X, over by. (2) [I']. restricts to the
isometry f, : H*(X1,Z) — H?(X»,7) (see Theorem 2.5 in [Hu2] and its proof).

3.2 Proof of the Hodge theoretic Torelli Theorem 1.3

Proof of part 1: If X and Y are bimeromorphic, then there exists a parallel-
transport operator f : H>(X,Z) — H?(Y,7), which is an isomorphism of Hodge
structures, by Theorem 3.1. Conversely, assume that such f is given. Let
Ny : H*(Y,Z) — A be a marking. Set 1y := ny o f. The assumption that f is a
parallel transport operator implies that (X, 7x) and (Y, ny) belong to the same con-
nected component S)JT% of 91, . Both have the same period

P(X,nx) = nx(H**(X)) =y (f(H**(X))) = ny (H**(Y)) = P(Y,my),

where the third equality follows from the assumption that f is an isomorphism of
Hodge structures. Hence, (X,1yx) and (Y,7y) are inseparable points of 9, by
Theorem 2.2 part 2. X and Y are thus bimeromorphic, by Theorem 2.2 part 3.

Proof of part 2: Let 1y and 1y be the markings constructed in the proof of part
1. Note that f =1, o ny. There exists an effective correspondence I" = Z + Zf-V: Wi
of pure dimension 2n in X x Y, such that Z is the graph of a bimeromorphic map,
W; is irreducible, but not necessarily reduced, the images of the projections W; — X,
W; — Y have positive co-dimensions, and [I']. : H*(X,Z) — H*(Y,Z) is a parallel
transport operator, which is equal to f in degree 2, by Theorem 3.2 and the assump-
tion that the two points (X, 7)) and (¥, 7y ) are inseparable.

Assume that o € #y is a Kihler class, such that f(a) is a Kéhler class. The
relationship between f and I yields:
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Each class [W;].(a) is either zero or a multiple ¢;[D;] of the class of a prime divisor
D;, where ¢; is a positive® real number.

We prove next that [W].(a) = 0, for 1 < i < N. Write
fla) = [Z)«(a) + XY, ci[Di], where c¢; are all positive real numbers, and D;
is either a prime divisor, or zero. Set D := ):f/:] ¢;D;. We need to show that all D;
are equal to zero. The Beauville-Bogomolov degree of o satisfies

The homomorphism [Z],, induced by the graph of the bimeromorphic map, is an
isometry, by [O’G1], Proposition 1.6.2 (also by the stronger Theorem 3.1). Further-
more, if D; is non-zero, then D; is the strict transform of a prime divisor D; on X,
such that [Z]..([D]) = [Di]. Set D' := YN, ¢;D/. We get the equalities

(ID],[D]) = —2(a, [D']), 3.1)
[D] = [z].[D], (3.2)

(3.2) (3.1)
(ID], f(@)) = ([D], [Z].c) +-([D], (D)) =" ([D'], ) +([D},[D]) =" —(ex,[D']).
Now (e, [D}]) is zero, if D; = 0, and positive, if D; # 0, since o is a Kihler class.
Hence, the right hand side above is < 0. The left hand side is > 0, due to the as-
sumption that the class f(c) is a Kéhler class. Hence, D; =0, for all i. We conclude

that [Wi].(a) =0, for 1 <i <N, as claimed.

The equality [Z].(a) = f(or) was proven above. Consequently, Z is the graph of
a bimeromorphic map, which maps a Kéhler class to a Kéhler class. Hence, Z is the
graph of an isomorphism, by a theorem of Fujiki [F]. O

4 Orientation

Let Q4 be the period domain (2.1). Following are two examples, in which spaces
arise with two connected components.

(1) Fix a primitive class h € A, with (h,h) > 0. The hyperplane section

6 The coefficient ¢; is positive since I' is effective and ¢ is a Kihler class.
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Q1 = Qanht

has two connected components.

(2) Let pe Q4. Set Ag :=A®@zRand A (p,R) := {1 € Ag : (A, p) = 0}. Then
the cone ¢, := {1 € A LI(p,R) : (A,4) >0} has two connected components.

We recall in this section that a connected component 90t} , of the moduli space of
marked pairs, determines a choice of a component of €2, and of &', forallh € A,
with (h,h) > 0, and for all p € Q4. Let us first relate the choice of one of the two
components in the two examples above. The relation can be explained in terms of
the following larger cone. Set

Gp={L€Ar : (A,A)>0}.

A subspace W C Ag is said to be positive, if the pairing of Ag restricts to W as a
positive definite pairing.

Lemma 4.1

(1) HZ(‘gA,Z) is a free abelian group of rank 1.

(2) Let e € A be an element with (e,e) # 0 and R, : Agr — A the reflection given

by R.(L) = A — (( ))e Then R, acts on H2(6,Z) by —1, if (e,e) > 0, and

trivially if (e,e) < 0.

(3) Let W be a positive three dimensional subspace of Ag. Then W\ {0} is a defor-
mation retract of G.

Proof (3) Set I := [0, 1]. We need to construct a continuous map F : ‘gA X I — <€~A

satisfying
F(1,0) = A, forall A € 6,
F(A,1) € W\ {0}, forall A € G,
F(w,t) = forallw € W\ {0}.

Choose a basis {e,e2,e3,...,ep,} of Ag, so that {e17e27e3} is a basis of W, and
for A = Zf’zlx,e,, we have (A,1) = x3 +x3 +x3 — sz x7. Then %, consists of A
satisfying xl +x2 +x3 > ):b24x Set F (): _lx,e,,t> = ):?:1 xiei+(1—1) Z 2, Xie;.
Then F has the above properties of a deformation retract of %4 onto W \ {0}.

Part (1) follows immediately from part (3).
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(2) If (e,e) > 0, we can choose a positive 3 dimensional subspace W containing
e, and if (e,e) < 0 we can choose W to be orthogonal to e. Then W \ {0} is R,
invariant and R, acts as stated on H*(W \ {0},7Z), hence also on H?(%,,Z), by part
3). O

The character H 2(%} ,Z) of O(A) is known as the spinor norm.

A point p € ;1 determines the three dimensional positive definite subspace
W, :=Re(p) ®Im(p) & spang{h}, which comes with an orientation associated to
the basis {Re(o),Im(o),h}, for some choice of a non-zero element ¢ € p C Ac.
The orientation of the basis is independent of the choice of o. Consequently, an
element p € €, determines a generator of H2(% , 7). The two components of £, .
are distinguished by the two generators of the rank 1 free abelian group H? (ch 7).

We refer to each of the two generators as an orientation class of the cone 6.

A point A € %1; determines an orientation of ‘Jz\ as follows. Choose a
class 0 € p. Again we get the three dimensional positive definite subspace
W), :=Re(p) @ Im(p) @ spang {2}, which comes with an orientation associated to
the basis {Re(c),Im(c), A }. Consequently, A determines an orientation of % . The
orientation remains the same as A varies in a connected component of ‘@”[;. Hence, a
connected component of %,g determines an orientation of <g~A

Let X be an irreducible holomorphic symplectic manifold. Recall that the pos-
itive cone ¢y C H"!(X,R) is the distinguished connected component of the cone
6y :={A € H"'(X,R) : (A,1) > 0}, which contains the Kéhler cone (Definition

2.1). Denote by €Y the positive cone in H> (X,R). We conclude that <5~X comes with
a distinguished orientation.

Let Em% be a connected component of the moduli space of marked pairs and
Py ?Jﬁ?\ — Q4 the period map. A marked pair (X,n) in EIROA determines an orien-
tation of <5~A, via the isomorphism C~’X =~ ‘gA induced by the marking 7. This orien-
tation of %NA is constant throughout the connected component Sm%. In particular, for
each class i € A, with (h,h) > 0, we get a choice of a connected component

Q) A.1)

of 1, compatible with the orientation of ‘KNA induced by 93?9\.

Let Orient(A) be the set of two orientations of the positive cone %h. Let
orient : M, — Orient(A) (4.2)

be the natural map constructed above.
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5 A modular description of each fiber of the period map

We provide a modular description of the fiber of the period map Em% — Qp
from a connected component 93?9\ of the moduli space of marked pairs (Theorem
5.16). Throughout this section X is an irreducible holomorphic symplectic mani-
fold, which need not be projective.

5.1 Exceptional divisors

A reduced and irreducible effective divisor D C X will be called a prime divisor.

Definition 5.1
(1) Aset{Ej,...,E,} of prime divisors is exceptional, if and only if its Gram matrix
(([Eil, [E}])),;; is negative definite.

(2) An effective divisor E is exceptional, if the support of E is an exceptional set of
prime divisors.

Definition 5.2 The fundamental exceptional chamber 7 & is the cone of classes
o, such that o € ¥y, and (a, [E]) > 0, for every prime exceptional divisor E.

5.1.1 The fundamental exceptional chamber versus the birational Kéhler cone

Huybrechts and Boucksom stated an important result (Theorem 5.4 below) in terms
of another chamber, which we introduce next.

Definition 5.3 ([Bou2], Section 4.2.2)
(1) A rational effective 1-cycle C is a linear combination, with positive integral co-
efficients, of irreducible rational curves on X.

(2) A uniruled divisor D is an effective divisor each of which irreducible compo-
nents D; is covered by rational curves.

(3) The fundamental uniruled chamber F Uy is the subset of @y consisting of
classes a € 6, such that (o, D) > 0, for every non-zero uniruled divisor D.
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(4) The birational Kihler cone . %#x of X is the union of f*.#y, as f ranges over
all bimeromorphic maps f : X — Y to an irreducible holomorphic symplectic
manifold Y.

Note that the birational Kéhler cone is not convex in general.
Theorem 5.4 ([Hu2] and [Bou2], Theorem 4.3)

(1) The Kdhler cone Ky is equal to the subset of €x consisting of classes o € 6,
such that [ o > 0, for every non-zero rational effective 1-cycle C.

(2) Let o0 € 6x be a class, such that [, o # O, for every rational 1-cycle. Then o
belongs to F Ux, if and only if @ belongs to the birational Kdihler cone 5. %#x.

(3) ([Bou2], Theorem 4.3 part ii, and [Hul |, Corollary 5.2) Let o € €x be a class,
which does not belong to FUx. Assume that [.o # 0, for every rational 1-
cycle. Then there exists an irreducible holomorphic symplectic manifold Y, and
a bimeromorphic map f: X —Y, such that f.(ot) = B+ D', where B is a Kiihler
class on 'Y and D' is a non-zero linear combination of finitely many uniruled
reduced and irreducible divisors with positive real coefficients.

Remark 5.5 Let X be an irreducible holomorphic symplectic manifold. Part (2) of
the theorem asserts that if a class « satisfies the assumptions stated, then « is con-
tained in .# %y, if and only if it is contained in 2%y . The ‘only if” direction of part
(2) is stated in ([Bou2], Theorem 4.3). The ‘if” part is the obvious direction. Indeed,
let f: X — Y be a birational map, such that f, (@) is a Kéhler class on Y. Let D be
an effective uniruled reduced and irreducible divisor in X, and D’ its strict transform
inY. We have ([D], o) = ([D'], f+(e)) > 0. Hence, « is in the fundamental uniruled
chamber.

Let 2% x be the closure of the birational Kdhler cone &% in €.

Proposition 5.6 The following inclusions and equality hold:

%%CQ%X:Q&C%%/X.

Proof An exceptional divisor is uniruled, by ([Bou2], Proposition 4.7). The inclu-
sion F Uy C F & follows. We prove next the inclusion .% & C .F %x. Let o be a
class in . & and D a prime uniruled divisor. If [D] belongs to the closure €’x of the
positive cone, then (o, [D]) > 0, since ¢ belongs to €%. Otherwise, [D] is a prime
exceptional divisor, and so (o, [D]) > 0. The inclusion .7 & C .7 %x follows.
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The inclusion By C F Uy follows from the ‘if” direction of Theorem 5.4 part
2, and the inclusion .7 & C A% x follows from the ‘only if” direction. O

The notation .# & will replace .% %x from now on, in view of Proposition 5.6.
A class a € Y is said to be very general, if a- NH"!(X,Z) = 0.

Corollary 5.7 Let X| and X, be irreducible holomorphic symplectic manifolds,
g H*(X1,Z) — H*(X»,7) a parallel transport operator, which is an isomorphism
of Hodge structures, and oy € F &x, a very general class. Then g(a) belongs to
F &x,, if and only if there exists a bimeromorphic map f : X1 — Xo, such that g = f.

Proof The ‘if” part is clear, since f,. induces a bijection between the sets of ex-
ceptional divisors on X;, i = 1,2. Set o := g(o). There exist irreducible holo-
morphic symplectic manifolds ¥; and bimeromorphic maps f; : X; — Y;, such that
fi. (o) is a Kihler class on Y;, by part (2) of Theorem 5.4. The homomorphisms
fi, : H*(X;,7Z) — H?(Y;,7) are parallel transport operators, by Theorem 3.1. Thus
(f; ¥ ogo fy : HX(Y1,Z) — H*(Y»,7Z) is a parallel transport operator and a Hodge-
isometry, mapping the Kihler class f1, (o) to the the Kihler class f>, (o). Hence,
there exists an isomorphism % : ¥; — Y2, such that i, = ( f 1 )¥ogo fi, by Theorem
1.3. Thus, g = [(5) "' hfi].. o

5.1.2 The divisorial Zariski decomposition

The following fundamental result of Bouksom will be needed in section 6.2. The ef-
fective cone of X is the cone in H'"!(X,7) @7 R generated by the classes of effective
divisors. The algebraic pseudo-effective cone Peffy is the closure of the effective
cone. Boucksom defines a larger transcendental analogue, a cone in H l’l(X ,R),
which he calls the pseudo-effective cone ([Bou2], section 2.3). We will not need
the precise definition, but only the fact that the pseudo-effective cone contains ¥
([Bou2], Theorem 4.3 part (i)). The sum €x + Peffy is thus a sub-cone of Bouck-
som’s pseudo-effective cone in H'»! (X, R). Denote by . & the closure of the fun-
damental exceptional chamber in H!! (X, R).

Theorem 5.8

(1) ([Bou2], Theorem 4.3 part (i), Proposition 4.4, and Theorem 4.8). Let X be
an irreducible holomorphic symplectic manifold and o a class in €x + Peffy.
Then there exists a unique decomposition
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o = Pla)+N(a),

where (P(a),N(a)) =0, P(a) belongs to . &x, and N() is an exceptional
R-divisor.

(2) ([Bou2], Corollary 4.11). Let L be a line bundle with ¢, (L) € €x + Peffy. Set
o :=ci(L). Then the classes P(at) and N(at) correspond to Q-divisors classes,
which we denote by P(at) and N(¢) as well. Furthermore, the homomorphism

H® (X, 0x(kP(a))) — H°(X,L¥)

is surjective, for every non-negative integer k, such that kP(a) is an integral
class.

Remark 5.9 The class P() is stated as a class in the modified nef cone in ([Bou2],
Theorem 4.8), but the modified nef cone is equal to the closure of the birational
Kihler cone, by ([Bou2], Proposition 4.4), and hence also to .% &y

Part (2) of the above Theorem implies that the exceptional divisor N(kc; (L))
is the fixed part of the linear system |L*|. In particular, if ¢ (L) = N(c{(L)), then
the linear system |L¥| is either empty, or consists of a single exceptional divisor.
Exceptional divisors are thus rigid.

5.2 A Kdihler-type chamber decomposition of the positive cone

Let X be an irreducible holomorphic symplectic manifold. Denote the subgroup of
Mon?(X) preserving the weight 2 Hodge structure by Mon?, 4¢(X). Note that the
positive cone € is invariant under Mon?, dg (X), since the orientation class of % is
invariant under the whole monodromy group Mon?(X) (see section 4).

Definition 5.10

(1) An exceptional chamber of the positive cone @ is a subset of the form g[.7 &x],
g€ Monlzng(X).

(2) A Kiihler-type chamber of the positive cone %y is a subset of the form
glf* ()], where g € Monlz_ldg(X), and f: X — Y is a bimeromorphic map to
an irreducible holomorphic symplectic manifold Y.
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Let Mon3,.(X) C Mon3,, . (X) be the subgroup of monodromy operators induced
by bimeromorphic maps from X to itself (see Theorem 3.1).

Lemma 5.11

(1) Every very general class o € €x belongs to some Kdihler-type chamber.
(2) Every Kdhler-type chamber is contained in some exceptional chamber.
(3) If two Kdhler-type chambers intersect, then they are equal.

(4) If two exceptional chambers g1[.F 8| and g,[F &) contain a common very
general class a, then they are equal.

(5) M 0n121 dg (X) acts transitively on the set of exceptional chambers.

(6) The subgroup ofMonédg (X) stabilizing F & is equal to Mon, (X).

Proof Part (1): There exists an irreducible holomorphic symplectic manifold X and
a correspondence I :=Z+Y,Y;in X X X, such that Z is the graph of a bimeromor-
phic map f : X — X, the restriction g : H2(X,Z) — H?(X,Z) of [I'], is a parallel
transport operator, and g(a) is a Kéhler class of X , by ([Hul], Corollary 5.2). Set
h:= f*og. Then h belongs to Mon%,dg(X), by Theorem 3.1, h(a) = (f* o g)(at)
belongs to f* 5%, and f*.#5 is a Kihler-type chamber, by Definition 5.3. Conse-
quently, i~ (f * %) is a Kihler-type chamber containing a.

Part (2): Let Ch be the Kihler-type chamber g[f*(J#y)], where f, g, and Y are as
in Definition 5.10. Then f* (% &y) = % &x, by Corollary 5.7, and so Ch is contained
in the exceptional chamber g[.7 &x].

Part (3): Let Y; be irreducible holomorphic symplectic mani-
folds, f; : X — Y; bimeromorphic maps, g; € Mon%ldg(X), i = 1,2,
and o a class in g [fi ()] N g[fs(Ay,)]. The  composition
¢ = fr,08, ogioff: H*(Y1,Z) — H*(Y»,Z) is a parallel-transport operator,
which maps the Kihler class fi,(g;'(a)) to the Kahler class f»,(g;'()).
Hence, ¢ is induced by an isomorphism @ : Y; — Y,, by Theorem 1.3.
We get the equality g, 'g2fs () = ;@ (Hr,) = fi(#,). Consequently,
g1[f1*(<)i/y])] :gZ[fZ*(f)ng)]'

Part (4): Set g := g5 'g1 and B := g, ' (). Then f belongs to the intersection
g[.F &N .FEx. So g7 (B) and B both belong to .# & and g maps the former to

the latter. Hence, g is induced by a birational map from X to itself, by Corollary 5.7.
Thus, g[.% éx| = F &x and so g1 [F x| = g2[.F &x].

Part (5): The action is transitive, by definition.
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Part (6) is an immediate consequence of Corollary 5.7. O

Lemma 5.12 Let X| and X3 be irreducible holomorphic symplectic manifolds and
g H*(X ,Z)—H 2 (X2,7) a parallel transport operator, which is an isomorphism
of Hodge structures.

(1) g maps each exceptional chamber in €, onto an exceptional chamber in CY,.

(2) g maps each Kihler-type chamber in €, onto a Kdhler-type chamber in 6, .

Proof There exists a bimeromorphic map 4 : X; — X», by Theorem 1.3. The ho-
momorphism A, : H>(X1,7Z) — H*(X»,7) is a parallel transport operator, and an
isomorphism of Hodge structures, by Theorem 3.1.

Part (1): Let f be an element of Mon3, 4¢(X1). We need to show that g(f[.F &x,])

is an exceptional chamber in %Y, . Indeed, we have the equalities

8(f1FEx ) = (8f 1) {h[F &x [} = (&) [F &, ],
and gfh* belongs to Mon%_ldg (X7).

Part (2): Any Kihler-type chamber of %Y, is of the form f [71*(%?1)], where
I : X, — Y is a bimeromorphic map to an irreducible holomorphic symplectic man-
ifold Y1, and £ is an element of Mon?,, (X1). We have the equality

gf[il*(‘%/Yl)] = (gfh*){(hilil)*(l/)’l)}v

(hh= "), (Ay,) isa Kihler-type chamber of X and g fh" belongs to Mong,,(X2), by
Theorem 3.1. Thus gf[h*(#y,)] is a Kihler-type chamber of X>. O

Corollary 5.13 Ler (X1,m1), (X2,M2) be two inseparable points in 93?9\

(1) The composition n{l oM maps each Kihler-type chamber in €x, onto a
Kdhler-type chamber in €x,. Similarly, 1, Yony maps each exceptional cham-
ber in €, onto an exceptional chamber in Gy, .

(2) (ny'om)(F&,) = F b, if and only if there exists a bimeromorphic map f
from Xj to X5, such that nz’l on = f

Proof The composition 1, "oy is a parallel-transport operator, and a Hodge-
isometry, by Theorem 3.2 part 2. Part (1) follows from Lemma 5.12. Part (2) follows
from Corollary 5.7. O
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5.3 M4 as the moduli space of Kiihler-type chambers

Consider the period map P : 9)?% — Q4 from the connected component 9329‘ con-
taining the isomorphism class of the marked pair (X, ). Denote by #".7 (X) the
set of Kdhler-type chambers in . Let

p: R RX.N] — HTX) (5.1)

be the map given by p (X, 1) = (n~'7)(#5). The map p is well defined, by Corol-
lary 5.13. Monlz_ldg(X) acts on % .7 (X), by Lemma 5.12.

Note that each period P(X,n) € £, is invariant under the subgroup
Mongygo(X)" = {ngn~" : g € Moni,,(X)} (5:2)

of O(A). Consequently, Mon%,dg (X) acts on the fiber Py '[Py(X,n)] of the period
map by

g(X.7) = (X.ngn™'7).
Proposition 5.14

(1) The map p is a Mon%,dg (X)-equivariant bijection.
(2) The marked pair (X,n) is a Hausdorff point of M, if and only if €x = Hx.

(3) ([Hul], Corollaries 5.7 and 7.2) €x = Ky, if H"\(X,Z) is trivial, or if
HYY(X,Z) is of rank 1, generated by a class o of non-negative Beauville-

Bogomolov degree.

Proof Part (1): Assume that p(X;,m1) = p(X2,m2). Then n, 'ni(Ay,) = Hx,.
Hence, nz_lnl = f., for an isomorphism f : X; — X, by Theorem 1.3. Thus,
(X1,m1) and (X3, m7) are isomorphic, and p is injective.

Given a Kihler-type chamber Ch in 6% and a very general class o in Ch, there
exists an element g € Monlzng(X ), such that g(a) belongs to .7 &, by Lemma
5.11 part 5. There exists an irreducible holomorphic symplectic manifold ¥ and
a bimeromorphic map & : X — Y, such that h.(g()) belongs to %y, by The-
orem 5.4 part 2. Thus, (h.og)(Ch) = J#y, by Lemma 5.12. We conclude that
p(Y,nog 'oh*) =g 'h*(y) = Chand p is surjective.

Part (2) follows from part (1). O

Fix a connected component 9)?9\ of the moduli space of marked pairs. We get
the following modular description of the fiber Fy I p) in terms of the period p. Set
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AM(p,R):={2 € A®zR : (1,p) =0}. Let 6, be the connected component, of
the cone %; in A (p,R), which is compatible with the orientation of the positive
cone ‘gA determined by 93?9\ (see section 4).

Definition 5.15 A Kdhler-type chamber of 6, is a subset of the form 1(Ch) C €,
where (X,7) is a marked pair 9)?% and Ch C 6% is a Kihler-type chamber of X.

Denote by .#".7 (p) the set of Kihler-type chambers in %},. The map
n: X7X) — HT(p),

sending a Kéhler-type chamber Ch € % .7 (X) to n(Ch), is a bijection, for ev-
ery marked pair (X,n) in the fiber P (p), by Corollary 5.13 and Proposition
5.14. Mon%mg (X)M, given in equation (5.2), is the same subgroup of O(A), for all
(X,n) € P,'(p), and we denote it by Mon%idg(p). The following statement is an
immediate corollary of Proposition 5.14.

Theorem 5.16 The map
p:Rp) — HIT(p),

given by p(X,n) :==n(H#x), isa Mon%,dg(p)-equivariant bijection.

Remark 5.17 Compare Theorem 5.16 with the more detailed analogue for K3 sur-
faces, which is provided in ([LP], Theorem 10.5). Ideally, one would like to have
a description of the set #.7 (p), depending only on the period p, the deformation
type of X, and possibly some additional discrete monodromy invariant of X (see the
invariant ty introduced in Corollary 9.5). Such a description would depend on the
determination of the Kéhler-type chambers in @y. In particular, it requires a deter-
mination of the Kihler cone of an irreducible holomorphic symplectic variety, in
terms of the Hodge structure of H?(X,Z), the Beauville-Bogomolov pairing, and
the discrete monodromy invariants of X. The determination of the Kéhler cone %y
in terms of such data is a very difficult problem addressed in a sequence of papers of
Hassett and Tschinkel [HT1, HT2, HT3, HT4]. Precise conjectures for the determi-
nation of the Kihler cones in the K30 -type, for all n, and for generalized Kummer
fourfolds, are provided in [HT4], Conjectures 1.2 and 1.4. The determination of the
birational Kéhler cone, in terms of such data, is the subject of section 6.
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6 Mon3,, o(X) is generated by reflections and M on. (X)

Throughout this section X denotes a projective irreducible holomorphic symplectic
manifold. Under the projectivity assumption, we can define a subgroup Wgy. of
the Hodge-monodromy group Mon?, 4g(X), which is generated by reflections with
respect to classes of prime exceptional divisors (Definition 6.8 and Theorem 6.18
part 3). The fundemental exceptional chamber .# &y, introduced in Definition 5.2, is
the interior of a fundamental domain for the action of the reflection group Wg,. on
the positive cone ¥ . Significant regularity properties follow from this description of
F & (Theorem 6.17). We prove also that W, is a normal subgroup of M on%_l dg (X)
and the latter is a semi-direct-product of Wg,. and Mon3,.(X) (Theorem 6.18). A
weak version of Morrison’s movable cone conjecture follows from the above results
in the special case of irreducible holomorphic symplectic manifolds (Theorems 1.7
and 6.25).

6.1 Reflections

Let X be a projective irreducible holomorphic symplectic manifold of dimension 2n
and E C X a prime exceptional divisor (Definition 5.1).

Proposition 6.1 (/Dr], Proposition 1.4) There exists a sequence of flops of X, re-
sulting in a smooth birational model X' of X, such that the strict transform E' of E
in X' is contractible via a projective birational morphism 7t : X' — Y onto a normal

projective variety Y. The exceptional locus of T is equal to the support of E'.

Identify H?(X,Q)* with H>(X,Q). Set

L 2Ee)
= mm © PR

Proposition 6.2 ([Ma7], Corollary 3.6 part 1).

(1) There exists a Zariski dense open subset E° C E and a proper holomorphic fi-
bration 7 : E° — B, onto a smooth holomorphic symplectic variety of dimension
2n — 2, with the following property. The class [E]" is the class of a generic fiber
of . The generic fiber is either a smooth rational curve, or the union of two ho-
mologous smooth rational curves meeting at one point non-tangentially. In par-
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ticular, the class [E]" is integral, as is the reflection Rg : H*(X,7) — H*(X,7),
given by Rg(x) =x+ (x,[E]V)[E].

(2) The reflection Rg belongs to Mon%{dg (X).

Remark 6.3

(1) The proof of Proposition 6.2 relies heavily on Druel’s result stated above in
Proposition 6.1. The fact that Rz belongs to Mon%i dg (X'") was proven earlier
in ([Ma6], Theorem 1.4), using fundamental work of Namikawa [Naml] (see
[Nam3] for an alternative proof). The author does not know if the analogue of
Proposition 6.1 holds for a non-projective irreducible holomorphic symplectic
manifold X as well. This is the reason for the projectivity assumption throughout
section 6.

(2) The variety B in part (1) of the proposition is an étale cover of a Zariski open
subset of the image of E’ in Y ([Nam1], section 1.8).

6.2 Stably prime-exceptional line bundles

Let X be an irreducible holomorphic symplectic manifold. Denote by Def(X) the
local Kuranishi deformation space of X and let 0 € Def(X) be the special point cor-
responding to X. Let L be a line bundle on X. Set A := H?(X,Z). The period map
P:Def(X)— Q, embeds Def(X) as an open analytic subset of the period domain
Q, and the intersection Def(X,L) := Def(X)Ncy(L)* is the Kuranishi deforma-
tion space of the pair (X, L), i.e., it consists of deformations of the complex structure
of X along which ¢ (L) remains of type (1,1). We assume that both De f(X) and the
intersection Def(X,L) are simply connected, possibly after replacing Def(X) by
a smaller open neighborhood of 0 in the Kuranishi deformation space, which we
denote again by Def(X).

Let m: 2" — Def(X) be the universal family and denote by X; the fiber of &
over ¢t € Def(X). Denote by ¢ the flat section of the local system R, 7Z through
c1(L) and let ¢, € H"1(X;,Z) be its value at t € Def(X,L). Let L, be the line bundle
on X; with ¢1(L;) = ¢;.

Definition 6.4 A line bundle L € Pic(X) is called stably prime-exceptional, if
there exists a closed analytic subset Z C Def(X,L), of positive codimension,
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such that the linear system |L;| consists of a prime exceptional divisor E;, for all
t € [Def(X,L)\ Z].

Note that a stably prime-exceptional line bundle L is effective, by the semi-
continuity theorem. Furthermore, if we set £ := ¢;(L) and define the reflection

Ry(a) := o — 2%6, then Ry belongs to Mong;,, (X).

Remark 6.5 Note that the linear system |L|, of a stably prime-exceptional line bun-
dle L, may have positive dimension, if the Zariski decomposition of Theorem 5.8 is
non-trivial. Even if |L| consists of a single exceptional divisor, it may be reducible
or non-reduced, i.e., the special point 0 may belong to the closed analytic subset Z
in Definition 6.4.

Proposition 6.6 Let E be a prime exceptional divisor on a projective irreducible
holomorphic symplectic manifold X.
(1) ([Ma7], Proposition 5.2) The line bundle Ox (E) is stably prime-exceptional.

(2) ([Ma7], Proposition 5.14) Let Y be an irreducible holomorphic symplectic man-
ifold and g : H*(X,7) — H?(Y,Z) a parallel-transport operator; which is an
isomorphism of Hodge structures. Set o := g([E]) € H""\(Y,Z). Then either o
or —o is the class of a stably prime-exceptional line bundle.

Example 6.7 Let X be a K3 surface. A line bundle L is stably prime-exceptional, if
and only if deg(L) = —2, and (¢ (L), k) > 0, for some Kihler class k on X.

Denote by Spe C H''(X,Z) the subset of classes of stably prime-exceptional
divisors.

Definition 6.8 Let Wg,. C Mon?, 4¢(X) be the reflection subgroup generated by
{R; : € 8pe}.

Note that Ry = R_y.

Corollary 6.9 The union Spe U —S8pe is a Mon, d4gX)-invariant subset of
HYY(X,Z). In particular, W, is a normal subgroup ofMon%,dg (X)

Proposition 6.10 The fundamental exceptional chamber F &, introduced in Defi-
nition 5.2, is equal to the subset

{a€x : (a,l) >0, forevery { € Spe}. (6.1)
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Proof Denote the exceptional chamber (6.1) by Chy. Then Chy C .% &, since a
prime exceptional divisor is stably prime-exceptional, by Proposition 6.6. Let o
be a class in F &, £ € Spe, and ¢ = P({) + N({) its Zariski decomposition of
Theorem 5.8. Then N(¢) is a non-zero exceptional divisor, since (¢,¢) < 0 and
(P(£),P(¢)) > 0. Furthermore, (o, P(¢)) > 0, since & and P(¢) belong to the closure
of the positive cone. Thus, (¢t,£) > (o,N(¢)) > 0. We conclude that o belongs to
Chg and so .Z & C Chy. O

In section 9.2 we will provide a numerical determination of the set Spe, and
hence of .% &, for X of K3 ["]—type.

6.3 Hyperbolic reflection groups

Consider the vector space R endowed with the quadratic form
q(x0,-..,Xn) = x5 — X", x7. We will denote the inner product space (R"*! g)
by V and denote by (v,w), v,w € V, the inner product, such that g(v) = (v,v).
Let v := (vg,...,vs) be the coordinates of a vector v in V. The hyperbolic (or
Lobachevsky) space is

H" := {veV :q(v)=1andv > 0}.

H" has two additional descriptions. It is the set of R~ orbits (half lines) in one of
the two connected component of the cone 6}, :={v €V : ¢(v) > 0}. We will denote
by %y the chosen connected component of 47, and refer to 6y as the positive cone.
H" also naturally embeds in P"(R) as the image of €. A hyperplane in H" is a
non-empty intersection of H" with a hyperplane in P"(R).

The first description of H" above depended on the diagonal form of the quadratic
form g. The last two descriptions of H" produce a copy of H" associated more
generally to any quadratic form g(xo,...,x,) = Z?’J»:O a;jjxixj, a;; € Q, of signature
(1,n). We will consider from now on this more general set-up.

H" admits a metric of constant curvature [VS]. Let O (V) be the subgroup of
the isometry group of V mapping %y to itself. Then O" (V) acts transitively on H"
via isometries. The stabilizer Stabo+ (v, (t), of every point ¢ € H", is compact, since
the hyperplane 1 C V is negative definite.

A subgroup I' C 01 (V) is said to be a discrete group of motions of H", if for
each point ¢ € H", the stabilizer Stabr(t) is finite and the orbit I" - is a discrete
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subset of H". The arithmetic group O"(V,Z) is a discrete group of motions ([VS],
Ch. 1, section 2.2). Furthermore, if a subgroup I' C O™ (V) is commensurable to a
discrete group of motions, then I is a discrete group of motions as well ([VS], Ch.
1, Proposition 1.13). Given a group homomorphism r—ot (V), we say that I acts
on H" via a discrete group of motions, if its image I’ C O" (V) is a discrete group
of motions.

Lemma 6.11 Let X be a projective irreducible holomorphic symplectic manifold.
Then Mon%,dg (X) acts via a discrete group of motions on the hyperbolic space Hy

associated to V := H" (X,7) @7 R as well as on the hyperbolic space ﬁx associ-
ated to H"' (X, R).

Proof Let p be the rank of Pic(X). The Beauville-Bogomolov pairing restricts
to H""!(X,7Z) as a non-degenerate pairing of signature (1,p — 1). The action of
Mon3,, o(X) on Hy factors through the action of OT[H"!(X,Z)]. The latter acts as
a discrete group of motions on Hy (see [VS], Ch. 1, section 2.2). The statement of
the lemma follows for Hy.

Let G be the kernel of the restriction homomorphism
Mon%_ldg(X) — OY[H"(X,Z)]. We prove next that G is a finite group.
Let T(X) be the subspace of H?(X,R) orthogonal to H'“'(X,Z). Set
T'(X) := T(X)n H"'(X,R). The Beauville-Bogomolov pairing restricts to
T11(X) as a negative definite pairing. Let 7 (X) C T(X) be the orthogonal com-
plement of 71!(X) in T(X). Then 77 (X) is the two-dimensional positive definite
subspace of T(X), spanned by the real and imaginary parts of a holomorphic
2-form on X. G acts faithfully on 7'(X) and it embeds as a discrete subgroup of the
compact group O (T (X)) x O (T"(X)). We conclude that G is finite.

The linear subspace P (T"!(X)) of P (H"!'(X,R)) is disjoint from Hy and
s0 the orthogonal projection H "1(X,R) — V induces a well defined Mong,;, (X)-
equivariant map 7 : Hy — H. Explicitly, a point ¥ in the positive cone of H'"! (X, R)
can be uniquely decomposed as a sum ¥ = v+¢, withv € V and t € T"(X), and 7
takes the image of ¥ in Hly to the image of v in Hy.

We show next that Mon%, dg (X) acts on ]ﬁlx via a discrete group of motions. Set
I := Monlzng(X)/G. Let £ be a point of Hy and set x := 7(%). The stabilizing
subgroup Stabr(x) is finite, since I" acts on Hy as a discrete group of motions.
The preimage of Stabr(x) in Mon%,dg (X) is finite and contains the stabilizer of ¥
in Mon%_l dg (X). Hence, the latter stabilizer is finite. Let y be a point in the orbit
I' -xin Hy. Then 7~ !(y) intersects the orbit Mon?, 4¢(X) - X in an orbit of a finite
subgroup, namely, an orbit of the preimage of Stabr(y) in Mon%, dg (X). The orbit
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Mon%_l dg (X) - % is a discrete subset of Hy, since 7 restricts to it as a finite map onto
the discrete orbit of x in Hy. O

Given an element e € V, with g(e) < 0, we get the reflection R, € O™ (V), given

by R,(w) =w— Z(fev:)) e.

Definition 6.12 A hyperbolic reflection group is a discrete group of motions of H"
generated by reflections.

Given a vector e € V, with g(e) < 0, set
HS = {vesy : (ve) >0}/Ruy.

Define H, similarly using the inequality (v,e) < 0. Set H, := e NH", where e is
the hyperplane of P(V') orthogonal to e. Then H" \ H, is the disjoint union of its two
connected components H," and H, . The closures Hei are called half-spaces.

Definition 6.13

(1) A set {X; :i€ I}, of subsets of a topological space X, is locally finite, if each
point x € X has an open neighborhood Uy, such that the intersection X; N U, is
empty, for all but finitely many indices i € 1.

(2) A decomposition of H" is a locally finite covering of H" by closures of open
connected subsets, no two of which have common interior points.

(3) A closure D of an open subset of H" is said to be a fundamental domain of a
discrete group of motions I', if {y(D) : y €I} is a decomposition of H".

(4) ([AVS], Ch. 1, Definition 3.9) A convex polyhedron is an intersection of finitely
many half-spaces, having a non-empty interior.

(5) ([VS], Ch 1, Definition 1.9) A closed subset P C H" is a generalized convex poly-
hedron, if P is the closure of an open subset, and the intersection of P with every
bounded convex polyhedron, containing at least one common interior point, is a
convex polyhedron.

(6) A closed cone in 6y is a generalized convex polyhedron, if its image in H”" is a
generalized convex polyhedron.

(7) A closed cone IT in 6y is a rational convex polyhedron, if its image in H" is
a convex polyhedron, which is the intersection of finitely many half spaces H,"
with e € Q"1
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Theorem 6.14

(1) ([VS], Ch. 1 Theorem 1.11) Any discrete group of motions of H" has a funda-
mental domain, which is a generalized convex polyhedron.

(2) ([VS], Ch. 2 Theorem 2.5) The action on H" of any arithmetic subgroup of
0% (V) has a fundamental domain, which is a convex polyhedron.

The decomposition of H", induced by translates of the fundamental domain in
Theorem 6.14, is not canonical in general. A canonical decomposition exists, if the
discrete group of motions is a reflection group. The hyperplanes of n — 1 dimen-
sional faces of a generalized convex polyhedron are called its walls.

Let I" be a hyperbolic reflection group and Zr C I the subset of reflections.
Given a reflection p € Zr, let H, C H" be the hyperplane fixed by p. Connected
components of H" \ Uycz,. Hp are called chambers.

Theorem 6.15 ([VS], Ch. 5 Theorem 1.2 and Proposition 1.4)

(1) The closure of each chamber of I' in H" is a generalized convex polyhedron,”
which is a fundamental domain for I".

(2) T is generated by reflections in the walls of any of its chambers in H".
Let I' be any discrete group of motions of H". Denote by I the subgroup of I"

generated by all reflections in I". We call I the reflection subgroup of I'. Choose a
chamber D of I;.. Let I, C I” be the subgroup {y € I" : y(D) = D}.

Theorem 6.16 (/VS], Ch. 5 Proposition 1.5) I, is a normal subgroup of I', and I
is the semi-direct product of I, and Ip.

We refer the reader to the book [VS] and the interesting recent survey [Do] for
detailed expositions of the subject of hyperbolic reflection groups.

Let X be a projective irreducible holomorphic symplectic manifold.

Theorem 6.17 The fundamental exceptional chamber 7 8, introduced in Defini-

tion 5.2, is equal to the connected component of

%x \ | J{¢" : € 8pe} (6.2)

7 This polyhedron is moreover a generalized Coxeter polyhedron ([VS], Ch. 5 Definition 1.1), but
we will not use this fact.
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containing the Kdhler cone. In particular, F 8 is the interior of a generalized con-
vex polyhedron (Definition 6.13).

Proof The group Wk, is a hyperbolic reflection group and the set U in equation
(6.2) is an open subset of @, which is the union of the interiors of the fundamental
chambers of the Wgy -action on %, by Theorem 6.15. The intersection of .% &
and U is the union of connected components of U, by the definitions of .7 &x and
Wexe. -F & is contained in U, by Proposition 6.10. .# &y is convex cone, hence a
connected component of U. .% &x contains %y, by the definition of .7 &y. O

6.4 Mon?,, (X) is a semi-direct product of We.c and M on%. (X)

Denote by Pex the set of prime exceptional divisors in X. Given E € Pex, denote by
RE the corresponding reflection (Proposition 6.2).

Theorem 6.18

(1) The group M0n12_1 dg (X) acts transitively on the set of exceptional chambers, in-
troduced in Definition 5.10, and the subgroup Wgy. acts simply-transitively on
this set.

(2) The exceptional chambers are precisely the connected component of the open
set in equation (6.2), i.e., each exceptional chamber is the interior of a funda-
mental domain of the W, action on 6.

(3) The group Wgy, is generated by {R, : e € Pex}.

(4) The subgroup of Monlzq dg (X) stabilizing the fundamental exceptional chamber
F & is equal to Mon,, (X).

(5) Mon,zidg (X) is the semi-direct product of its subgroups We,. and Mon%, (X).

When X is a K3 surface M 0n12_1 dg (X) is equal to the group of Hodge isometries
of H?(X,Z) preserving the spinor norm and Mon%, (X) is equal to the group of
biregular automorphisms of X. Furthermore, the fundamental exceptional chamber
is equal to the Kihler cone of the K3 surface. Theorem 6.18 is well known in the
case of K3 surfaces [BR, PS], or ([LP], Proposition 1.9).

Proof Parts (1) and (2): M. 0n121 dg (X) acts transitively on the set of exceptional cham-
bers, by their definition. The subgroup Wy, acts simply-transitively on the set of
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connected components of the set U in equation (6.2), by Theorem 6.15. One of
these is .# &, by Theorem 6.17. Hence, every connected component of U is an ex-
ceptional chamber. Mon%,dg (X) acts on the set of connected component of U, by
Corollary 6.9. Hence, every exceptional chamber is a connected component of U.

Part (3): The walls in the boundary of the fundamental exceptional chamber are
all of the form [E]* N%, for some prime exceptional divisor E, by definition. . &
is the interior of a chamber of Wg,., by Theorem 6.17. We conclude that W, is
generated by {R, : e € Pex}, by Theorem 6.15.

Part (4): Mon3,.(X) is the subgroup of Mon?, 4¢(X) leaving .7 & invariant, by
Lemma 5.11 part 6.

Part (5): Mon,%,dg (X) is generated by Wg,. and Mon3,,(X), by parts (1) and (4).
The intersection Wgy. N M. on%ir (X) is trivial, since the action of Wg,. on the set of
exceptional chambers is free. Wg,, is a normal subgroup of Mon%i dg (X), by Corol-
lary 6.9. O

Caution 6.19 When X is a K3 surface, then Wg,, is the reflection subgroup of
Monj,,(X), i.e., every reflection g € Monj,,(X) is of the form Ry, for a class ¢
satisfying (¢, ¢) = —2. This follows easily from the fact that H2(X,Z) is a unimodu-
lar lattice. Wg,. may be strictly smaller than the reflection subgroup of Mon%, dg (X),
for a higher dimensional irreducible holomorphic symplectic manifold X. In other
words, there are examples of elements € H'"!(X,Z), with (o, @) < 0, such that
Ry, belongs to Mon%,dg(X ), but neither o, nor —o, belongs to Spe. Instead, Ry is
induced by a bimeromorphic map from X to itself (see Example 9.20 below, and
section 11 of [Ma7] for additional examples).

Let L be a stably prime-exceptional line bundle and set ¢ := ¢ (L). The hyper-
plane ¢+ intersects . &y in a top dimensional cone in ¢+, only if L = O (E) for
some prime exceptional divisor E, by Proposition 6.10. We show next that the con-
dition is also sufficient.

Lemma 6.20 Let E be a prime exceptional divisor on X. Then EXN.Z &y is a top
dimensional cone in the hyperplane E*. Consequently, W can not be generated

by any proper subset of {R, : e € Pex}.

Proof Let e be an element of Pex. It suffices to show that et N.Z Ex N%x contains
elements, which are not orthogonal to any other ¢’ € Pex. Choose x € .F &x and set
yi=x— 223 e. Then (y,e) = 0. Given ¢’ € Pex, ¢’ # e, then (e,€’) > 0 and (x,e") > 0.
Now (e,e) < 0. We get the following inequalities.
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(e,y) = (e/7x)—z’—:)(e/,e) > 0.
oy ep
(1Y) = (x,x) o 0.

We conclude that y belongs to et N.ZEx NGy, and y does not belong to (e’ )L, for
any ¢’ € Pex\ {e}. O

Proof of Theorem 1.6: Wg,. is a normal subgroup of Mon%, dg(X ), by Corollary
6.9. There exists a bimeromorphic map % : X; — X, by Theorem 1.3, and i* is
a parallel transport operator, by Theorem 3.1. The composition f o 4* belongs to
M on%, dg (X2). There exists an element w of Wg,.(X2), such that w™! f o h* belongs to
Mon%,,(X), by Theorem 6.18. Let ¢ : X, — X, be a bimeromorphic map, such that
@©. =w ! foh*. Then f = w(@h).. Set g := @h to obtain the desired decomposition
f=wog..

Assume that g : X; — X, is a birational map and w is an element of Wg,(X2),
such that f = wg,. Then w~'Ww = (§~'g). belongs to the intersection of Wg,.(X>)
and Mon%ir(Xz), which is trivial, by Theorem 6.18. Thus, w = w and g, = g.. Now,
¢ =g(g7'g), and g~ 'g is a birational map inducing the identity on H*(X;,Z). In
particular, g~'g maps J, to itself, and hence is a biregular automorphism. O

6.5 Morrison’s movable cone conjecture

Let X be a projective irreducible holomorphic symplectic manifold. We describe
first an analogy between results on the ample cone of a projective K3 surface and
results on the movable cone of X. Set NS := Hlvl(X,Z), NSk := NS ®7 R, and
NSg := NS ®z Q. Let éxs be the intersection €x NNSg.

Definition 6.21

(1) A line bundle L on X is movable, if the base locus of the linear system |L| has
codimension > 2.

(2) The movable cone .# Vx is the convex hull in NSy of all classes of movable line
bundles.

Let A ”//)? be the interior of .#Z ¥x and .# ¥ x the closure of .Z ¥x in NSg.
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Lemma 6.22 The equality 4 V) = F & NNSg holds. Wi acts faithfully on Gns
and the map Ch — ChN NS induces a one-to-one correspondence between the set
of exceptional chambers and the chambers in 6ns of the Wgy. action. In particular,
the closure of M Vx in Gns is a fundamental domain for the action of Wgy. on 6xs.

Proof The equality .#¥;) = % & NNSg follows immediately from the Zariski
decomposition (Theorem 5.8). The set Spe is contained in NS, hence the Wg,, action
on éns is faithful and the map Ch — Ch N NSg induces a bijection. O

Let p : Mon?, 4¢(X) — O(NS) be the restriction homomorphism. We denote
P (Wexe) by Wey, as well.

Lemma 6.23

(1) The image I" of p is a finite index subgroup of O (NS).
(2) The kernel of p is a subgroup of Mon%, (X).

(3) I is a semi-direct product of its normal subgroup Wgy. and the quotient group
1731'" = Monlziir(x)/ ker(p).

Proof (1) The positive cone 6y is M. onlzi dg (X)-invariant and éns = €x NNS is thus
[-invariant. Hence, I" is a subgroup of O™ (NS). Let Oy, (H*(X,Z)) be the sub-
group of O (H*(X,Z)) preserving the Hodge structure. Then Oy, (H*(X,Z))
maps onto a finite index subgroup of O(NS). The index of Mon*(X) in
OtH? (X,Z) is finite, by a result of Sullivan [Su] (see also [Ver2], Theorem 3.4).
Hence, Mon,, (X) is a finite index subgroup of O}, (H*(X,Z)). Part (1) follows.

(2) Let g be an element of ker(p). Then g acts trivially on Spe. Hence, g maps
F & to itself. Tt follows that g belongs to Mon2,.(X), by Theorem 6.18 part 4.

Part (3) is an immediate consequence of part (2) and Theorem 6.18 part 5. O

Let &ffx C NSk be the convex cone generated by classes of effective divisors on
X. Set AV = MV x NELy. Following is Morrison’s movable cone conjecture.

Conjecture 6.24 [Morl, Mor2, Ka] There exists a rational convex polyhedral cone
(Definition 6.13 part 7) I1, which is a fundamental domain for the action of Bir(X)
on MV.

Morrison formulated a version of the conjecture for the ample cone as well. The
two versions coincide in dimension 2 and for abelian varieties. The K3 surface case
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of the conjecture is proven by Looijenga and Sterk ([St], Lemma 2.4), the Enriques
surfaces case by Namikawa ([Nam], Theorem 1.4), the case of abelian and hyper-
elliptic surfaces by Kawamata ([Ka], Theorem 2.1), the case of two-dimensional
Calabi-Yau pairs by Totaro [Tot], and the case of abelian varieties by Prendergast-
Smith [Pre]. A version of the conjectures for fiber spaces was formulated by Kawa-
mata and proven in dimension 3 in [Ka].

The following theorem is a weaker version of Morrison’s movable cone conjec-
ture, in the special case of projective irreducible holomorphic symplectic manifolds.
Let ./ 75" be the convex hull of .47 x N\NSq. Clearly, .2 7y is equal to the inte-
rior of both .2 ¥4 and .4 ¥;¢. When X is a K3 surface the equality ./ #y" = 4 V5
holds. In the K3 case the inclusion .# ”,’/);r C A V¥ follows from ([BHPV], Propo-
sition 3.6 part i) and the inclusion . ¥y~ D .# ¥y is proven in ([Ka], Proposition
2.4).

Theorem 6.25 There exists a rational convex polyhedral cone I1 in A 7/X+, such
that I1 is a fundamental domain for the action of Iy on M V5.

Proof The proof is identical to that of Lemma 2.4 in [St], which proves the K3-
surface case of the Theorem. When X is a K3 surface, .2 74 is the ample cone and
Pex is the set of nodal —2 classes. The proof is lattice theoretic. Following is the
dictionary translating our notation to that of Sterk.

Our notation |.# ¥ |6xs| .4 ¥y |Pex|Spe| T | Iiir |Wexe
Sterk’s notation| K | € |KNE.| B |AT || Iz | W

One slight inaccuracy in the above dictionary is that Sterk chose I" to be the sub-
group of O (H?(X,Z)) acting trivially on the transcendental lattice NS, while we
consider (in case X is a K3 surface) the image of Ong (H*(X,Z)) in O™ (NS). So
Sterk’s I' is the finite index subgroup of our I" acting trivially on the finite discrim-
inant group NS*/NS. Both choices satisfy the following complete list of assertions
needed for the Looijenga-Sterk argument (in Sterk’s notation).

(1) NS is a lattice of signature (1,*) and I is an arithmetic subgroup of O*(NS).

(2) W C OT(NS) is the reflection group generated by reflections in elements of
B CNS.

(3) Ipisequal to the subgroup {g € I' : g(B) = B}.

(4) W is anormal subgroup of I and I" = Iz - W is a semi-direct product decompo-
sition.
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(5) KN % is a fundamental domain for the action of W on %, cut-out by closed
half-spaces associated to elements of B.

Assertion (1) is verified in our case in Lemma 6.23 part 1. Assertion (2) is ver-
ified in Theorem 6.18 part 3. Mong;, (X) = {g € Monj;,(X) : g(Pex) = Pex}, by
Theorem 6.18 part 4 and Lemma 6.20. Assertion (3) follows from the latter equality
by Lemma 6.23 part 2. Assertion (4) is verified in Lemma 6.23 part 3. Assertion (5)
is verified in Lemma 6.22.

The argument proceeds roughly as follows. Choose a rational element
Xo € .# Vx which is not fixed by any element of I". Let ¥ be the convex hull
of ?NS n NSQ in NSg. Set

II:={xe€ : (x,x) < (x0,7(x)), forall yeI'}.

Then IT is a fundamental domain for the I" action on %, known as the Dirichlet
domain with center xg (compare8 with [VS], Ch. 1 Proposition 1.10). IT is shown to
be a rational convex polyhedron ([St], Lemma 2.3, see also Theorem 6.14 part (2)
above). The above depends only on Assertion (1). The interior of any fundamental
domain for I" can not intersect any hyperplane e, e € Pex. Hence, IT is contained
in .Z 7y, by Assertions (2) and (5). .# 74" is a fundamental domain for the Wy,
action on %y, by Assertion (5). Hence, any fundamental domain for the I"-action
on %, which is contained in .# ”I/X+, is a fundamental domain for the I'; action on
MY, by Assertions (3) and (4). O

Proof (Of Theorem 1.7) Assume that D is an irreducible divisor on X. Then D is
either prime exceptional, or the class [D] belongs to .# ¥ x, by Theorem 5.8. If D
is prime exceptional, the statement follows by the same argument used in the K3
surface case ([St], Proposition 2.5). Otherwise, [D] belongs to .# ¥, . and there
exists g € Ip;r, such that g([D]) belongs to the rational convex polyhedron IT in
Theorem 6.25. The intersection IT NNS is a finitely generated semi-group. Choose
generators {xi,...,x,}. Then (x;,x;) > 0, and (x;,x;) > 0, if x; and x; are linearly
independent. It follows that IT N"NS contains at most finitely many elements of any
given positive Beauville-Bogomolov degree, and at most finitely many primitive
isotropic classes. O

8 The bilinear pairing (xo,x) in the above definition of the Dirichlet domain is replaced with the
hyperbolic distance p(xg,x) in Definition 1.8 in Ch. 1 of [VS]. However, the two definitions are
equivalent, by the relation cosh(p (xo,x)) = (xo,x) (see Ch. I section 4.2 in [AVS]).
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7 The monodromy and polarized monodromy groups

In section 7.1 we prove Proposition 1.9, stating that the polarized monodromy group
Mon?(X,H) is the stabilizer of ¢; (H) in Mon?(X). In section 7.2 we fix a lattice A
and define the coarse moduli space of polarized A-marked pairs of a given defor-
mation type.

7.1 Polarized parallel transport operators

Let Q4 be a period domain as in equation (2.1). Choose a connected component
im?\ of the moduli space of marked pairs, a class 4 € A with (h,h) > 0, and let .Q;l
be the period domain given in equation (4.1). Let Py : 93?9\ — Q4 be the period map.
Denote the inverse image £, ! (.th) by sm;. The discussion in section 4 provides
the following modular description of 901, . A marked pair (X,n) belongs to 2, ,
if and only if (X, n) belongs to MY, the class 7! (k) is of Hodge type (1,1), and
n~'(h) belongs to the positive cone €.

Proposition 7.1 931}1 is path-connected.

Proof The proof is similar to that of Proposition 5.11 in [Ma7]. The proof relies on
the Global Torelli Theorem 2.2 and the connectedness of th. O

Definition 7.2 Let Mon? (M9 ) be the subgroup 1 o Mon*(X)on~! C O(A), for
some marked pair (X,1) € MY . Let Mon® (M) , be the subgroup of Mon? (MY)
stabilizing h.

The subgroup Mon? (93”(9\) is independent of the choice of (X,n), since smg is
connected, by definition. Mon? (9)?9\) , aturally acts on sm,;.

Let
S);)TZL (7.1)

be the subset of zm,;, consisting of isomorphism classes of pairs (X, 1), such that
n~'(h) is an ample class of X. The stability of Kihler manifolds implies that EIRZ f
is an open subset of S)ﬁ;ll ([Voi], Theorem 9.3.3). We refer to sm; | as a connected

component of the moduli space of polarized marked pairs.
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Corollary 7.3 DJTZ | is a Mon® (Dﬁ%) y-invariant path-connected open Hausdorff
subset of sm,ji. The period map restricts as an injective open Mon? (2m0A) b
equivariant morphism from img | onto an open dense subset of Q2 ;1

Proof Let us check first that 0}, is Mon® (93 ) ,-invariant. Indeed, let (X,7) be-
long to 97, and let g be an element of Mon? (9)19\) ,- Denote by H the line bundle
with ¢ (H) =n~'(h). Then g = nfn ', for some f € Mon®(X) stabilizing ¢ (H),
by definition of Mon* (93, ),. The pair (X,gn) = (X, 1) belongs to MY, since f
is a monodromy-operator. We have

(em) (W) ="' (W) = (er(H)) = c1(H).
Hence, (gn)~!(h) is an ample class in H' (X, Z).

Let (X,n) and (Y,y) be two inseparable points of M1 . Then v inisa
parallel-transport operator, preserving the Hodge structure, by Theorem 3.2. Fur-
thermore, y~'7n maps the ample class ! (%) to the ample class y~!(k), by def-
inition. Hence, there exists an isomorphism f : X — Y, such that f, = y~'n, by
Theorem 1.3 part 2. The two pairs (X,n) and (Y, y) are thus isomorphic. Hence,
90y, is a Hausdorff subset of 931;.

DJTZ | is the complement of a countable union of closed complex analytic subsets
of im;r Hence, ‘)ﬁz | is path-connected (see, for example, [Ver2], Lemma 4.10).

The period map restricts to an injective map on any Hausdorff subset of a

connected component of the moduli space of marked pairs, by Theorem 2.2.

+
nt’

AV1(p) = spany{h}, by Huybrechts’ projectivity criterion [Hu1], and Theorem 2.2.

The image of M), contains the subset of Q7 , consisting of points p, such that
Hence, the image of M7, is dense in £2 ;1 The image is open, since 9017, is an open
subset and the period map is open, being a local homeomorphism. O

Let (X;,H;), i = 1,2, be two pairs, each consisting of a projective irreducible
holomorphic symplectic manifold X;, and an ample line bundle H;. Set h; := ¢| (H;).

Corollary 7.4 A parallel transport operator f : H*(X1,7) — H*(X»,7) is a polar-
ized parallel transport operator from (Xi,H)) to (X2,Hz) (Definition 1.1), if and

only if f(h) = ha.

Proof The ‘only if” part is clear. We prove the ‘if” part. Assume that f(h;) = hy.
Choose a marking 1, : H>(X»,7) — A, and set 17y := My 0 f. Then 1y (k) = M2 (hy).
Denote both n;(h;) by h. Let M be the connected component of (Xi,1;). Then
(X2,Mm2) belongs to 9)?9\, by the assumption that f is a parallel transport operator.
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Consequently, Py(X;,1;), i = 1,2, both belong to the same connected component of
£, 1. We may choose 1), so that this connected component is th. Then (X;,11)
and (X2,1>) both belong to M, .

Choose a path y: [0,1] — 9y, with ¥(0) = (X1,1m1) and ¥(1) = (X2,m2). This
is possible, by Corollary 7.3. For each ¢ € [0, 1], there exists a simply-connected
open neighborhood U; of ¥(z) in sz . and a semi-universal family =, : 2; — U,.

The covering {U, },¢[0,1) of ¥([0,1]) has a finite sub-covering {Vj}’]‘.zl, for some
integer’ k > 1, with the property that y([%, %D is contained in V;. Consider

the analytic space B, obtained from the disjoint union of V;, 1 < j <k, by glu-
ing V; to V1 at the single point y (%) with transversal Zariski tangent spaces. Let
7;: Z; — V; be the universal family and denote its fiber over v € V; by 27 ,. Endow
each fiber 27, of 7; over v € V;, with the marking H*( %2 ,,,Z) — A corresponding
() ™" P rean(h
compatible with the marking chosen, and use it to glue the family 7; to the fam-

to the point v. For 1 < j <k, choose an isomorphism of 1%”] .

ily 7jy 1. We get a family 7 : 2" — B. The paths y: [%,ﬂ — V; can now be
reglued to a path 7: [0, 1] — B. Parallel transport along ¥ induces the isomorphism

ni’_(i) °My) = ny_(}) O My(0) = N, ' omi = f. Hence, f is a polarized parallel transport
operator from (X1, H,) to (X2, Hz). O

7.2 Deformation types of polarized marked pairs

Fix an irreducible holomorphic symplectic manifold Xy and let A be the lattice
H?(Xy,7), endowed with the Beauville-Bogomolov pairing. Let 7 be the set of con-
nected components of 91,, consisting of pairs (X,n), such that X is deformation
equivalent to Xp.

Lemma 7.5 The set T is finite. The group O(A) acts transitively on T and the sta-
bilizer of a connected component im% € T is the subgroup Monz(img ), introduced
in Definition 7.2.

Proof The set O[H*(X,7Z)]/Mon*(X) is finite, by a result of Sullivan [Su] (see also
[Ver2], Theorem 3.4). The rest of the statement is clear. O

Denote by 9} the disjoint union of connected components parametrized by the
set T. We refer to 97, as the moduli space of marked pairs of deformation type 7.

° We could take k = 1, if there exists a universal family over 9N, , but such a family need not exist.
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An example would be the moduli space of marked pairs of K3 ["]-type. Given a point
t € 7, denote by MV, the corresponding connected component of 907 .

Remark 7.6 If Mon?(X) is a normal subgroup of O[H?(X,Z)], then the subgroup
Mon? (M) of O(A) is equal to a fixed subgroup Mon?(t,A) C O(A), for all
t € 7. This is the case when X is of K3[”]—type (Theorem 9.1). The set 7 is an
O(A)/Mon*(t,A)-torsor, by Lemma 7.5. We will identify the torsor T with an ex-
plicit lattice theoretic O(A)/Mon?(t,A)-torsor in Corollary 9.10.

We get the refined period map
P:a, — Quxr, (7.2)

sending a marked pair (X, n) to the pair (P(X,n),r), where 9, is the connected
component containing (X,1). Then P is O(A )-equivariant with respect to the diag-
onal action of O(A) on Q4 X 7.

Given h € A, with (h,h) > 0, denote by Q;j the period domain associated to
9, in equation (4.1). Set m;f =p! (Q;lj) Let sm;lj C DJT;: be the open subset
of polarized pairs introduced in equation (7.1).

We construct next a polarized analogue of the refined period map. Given an
O(A)-orbit h C A x 7, of pairs (h,t) with (h,h) > 0, consider the disjoint unions

+ . ,+
mE=J o,
(hyt)eh
+ . t,+
o= U e
(ht)eh
and let
Pt — aof (7.3)

be the map induced by the refined period map on each connected component. Then
P is O(A)-equivariant and surjective. The disjoint union

mi= | J ot (7.4)
(ht)Eh

is an O(A)-invariant open subset of im; This open subset will be called the mod-
uli space of polarized marked pairs of deformation type h. Indeed, sm; coarsely
represents a functor from the category of analytic spaces to sets, associating to a
complex analytic space T the set of all equivalence classes of families of marked
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polarized triples (X,L,n), where X is of deformation type 7, L is an ample line bun-
dle, and 1 : H*>(X,Z) — A is an isometry, such that the pair [n(c1(L)),] belongs
to the O(A)-orbit i, where 9, is the connected component of (X,1). A family
(m: 2 —T,Z,7) consists of a family 7, an element . of Pic(.2"/T) and a triv-
ialization fj : R*7,Z — (A)r, via isometries. Two families (2~ — T,.Z,7}) and
(2" —T,%' @) are equivalent, if there exists a T-isomorphism f: 2" — 27,
such that f*.¢' = % and 1)/ = fj o f*. We omit the detailed definition of this func-
tor, as well as the proof that Dﬁz coarsely represents it, as we will not use the latter
fact below.

8 Monodromy quotients of type IV period domains

Fix a connected component M}, of the moduli space 901} of polarized marked pairs

of polarized deformation type %. In the notation of section 7.2, my, = fmﬁ, for

some (h,t) € h. Let Dﬁg be the connected component of 94 containing M}, . Set
I := Mon? (DT(?\) , (Definition 7.2). The period domain th is a homogeneous do-
main of type IV ([Sa], Appendix, section 6). I" is an arithmetic group, by ([Ver2],
Theorem 3.5). The quotient 2 ;1 /T is thus a normal quasi-projective variety [BB].

Lemma 8.1 There exist natural isomorphisms of complex analytic spaces

MF/O(A) — M| /T,
M/ 0(A) — My, /T,
QF/0(A) — QT

Furthermore, the period map descends to an open embedding

P ME/O(A) — _th/l". 8.1)
Proof We have the following commutative equivariant diagram

a P + +
‘)ﬁﬁ — [21-1 — QE /O(A)

T T i
me, of . Qf T,

with respect to the O(A) action on the top row, the I"-action on the bottom, and the
inclusion homomorphism I" < O(A). O(A) acts transitively on its orbit 4, and the
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stabilizer of the pair (A, 93?,1) € his precisely I', by Lemma 7.5 and Proposition
1.9.

The morphism (8.1) is an open embedding, since the I -equivariant open mor-
phism M}, — .Q;l is injective, by Corollary 7.3. O

A polarized irreducible holomorphic symplectic manifold is a pair (X, L), con-
sisting of a smooth projective irreducible holomorphic symplectic variety X and
an ample line bundle L. Consider the contravariant functor F’ from the category of
schemes over C to the category of sets, which associates to a scheme T the set of iso-
morphism classes of flat families of polarized irreducible holomorphic symplectic
manifolds (X, L) over T, with a fixed Hilbert polynomial p(n) := x(L"). The coarse
moduli space representing the functor F’ was constructed by Viehweg as a quasi-
projective scheme with quotient singularities [Vieh]. Fix a connected component #
of this moduli space. Then 7 is a quasi-projective variety. Denote by F the func-
tor represented by the connected component #". The universal property of a coarse
moduli space asserts that there is a natural transformation 6 : F' — Hom(e, ?), sat-
isfying the following properties.

(1) 6(Spec(C)) : F(Spec(C)) — ¥ is bijective.

(2) Given a scheme B and a natural transformation y : F — Hom(e,B),
there is a unique morphism Y : ¥ — B, hence a natural transformation
v, : Hom(e,¥") — Hom(e,B), with y = (y;)0 6.

Remark 8.2 Property (2) replaces the data of a universal family over ¥, which may
not exist when ¥ fails to be a fine moduli space. When a universal family % € F(¥)
exists, then the morphism v is the image of % via x : F(?") — Hom(?,B).

Denote by & the deformation type of a polarized pair (X,L) in #". We regard h
both as a point in [A x 7]/O(A) and as a subset of A x 7. Choose a point (h,t) € h
and set .th = .Q;j

Lemma 8.3 There exists a natural injective and surjective morphism
@7 — M3/ O(A) in the category of analytic spaces.

Proof The morphism @ : 7" — Q. /O(A) = Q" /T", sending an isomorphism class
of a polarized pair (X, L) to its period, is constructed in the proof of ((GHS1], The-
orem 1.5). The morphism @ is set-theoretically injective, by the Hodge theoretic
Torelli Theorem 1.3. The image @ (') is the same subset as the image P (sm@),
by definition of the two moduli spaces. The latter is the image also of the open
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immersion P : 9 /O(A) — .Qi-l+ /O(A), by Lemma 8.1. Hence, the composition
Yoty — M /O(A) is well defined and we denote it by ¢. O

Theorem 8.4 The composition ® of

v 2omijoa) = e r 5 ofr

is an open immersion in the category of algebraic varieties.

Proof The proof is similar to that of Theorem 1.5 in [GHS1] and Claim 5.4 in
[O’GS]. If I" happens to be torsion free, then any complex analytic morphism, from a
complex algebraic variety to .Q /T, is an algebraic morphism, as a consequence of
Borel’s extension theorem [Bo] I' need not be torsion free, but for sufficiently large
positive integer N, the subgroup I'(N) C I', acting trivially on A/NA, is torsion
free, as a consequence of ([Sa], IV, Lemma 7.2). In our situation, where the domain
¥ of @ is a moduli space, one can apply Borel’s extension theorem after passage
to a finite cover ¥ — ¥, where ¥ is a connected component of the moduli space
of polarized irreducible holomorphic symplectic manifolds with a level-N structure,
as done in the proofs of ([Has], Proposition 2.2.2) and ([GHS1], Theorem 1.5). The
morphism @ lifts to a morphism @ : ¥ — .th /T (N). @ is algebraic, by Borel’s
extension theorem, and a descent argument implies that so is P.

The morphism P : 9¢ — Q.7 /O(A) is open. Hence, the image P(9¢, /I") of
@ is an open subset of .Q /T in the analytic topology. The image of & is also a
constructibe set, in the Zarlskl topology. The image is thus a Zariski dense open
subset. @ is thus an algebraic open immersion, by Zariski’s Main Theorem. O

Remark 8.5 Theorem 8.4 answers Question 2.6 in the paper [GHS1], concerning
the polarized K3 (] -type moduli spaces. The map @ in Theorem 8.4 is denoted by ¢
in ([(GHS1], Question 2.6) and is defined in ((GHS1], Theorem 2.3). There is a typo
in the definition of @ in [GHS1]; its target 5+(L2,,_2, h)\ 2y, should be replaced by
o+ (Lan—2,h)\Z),. When n = 2, these two quotients are the same, but for n > 3, the
former is a branched double cover of the latter. Modulo this minor change, Theorem
8.4 provides an affirmative answer to ((GHS1], Question 2.6).
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9 The k3" deformation type

In section 9.1 we review results about parallel-transport operators of K3 [”]-type. In
section 9.2 we explicitly calculate the fundamental exceptional chamber .# &x of a
projective manifold X of K 3l -type.

9.1 Characterization of parallel-transport operators of K3"-type

In sections 9.1.1, 9.1.2, and 9.1.3, we provide three useful characterizations of the
monodromy group Mon?(X) of an irreducible holomorphic symplectic manifold of
K3[”]-type. Given X; and X; of K3[”]—type, we state in section 9.1.4 a necessary
and sufficient condition for an isometry g : H*(X;,Z) — H*(X2,Z) to be a parallel-
transport operator.

9.1.1 First two characterizations of Mon?(K3!"))

Let X be an irreducible holomorphic symplectic manifold of K. 3[”]-type. Ifn=1,
then X is a K3 surface. In that case it is well known that Mon*(X) = OTH*(X,7Z)
(see [Bor]). From now on we assume that n > 2.

Given a class u € H*(X,Z), with (u,u) # 0, let R, : H*(X,Q) — H?*(X,Q)

. Ru if 5 < 07
be the reflection R, (1) = A — 212y Set p,, := ! (1)

(u.u) —R,, if (u,u) > 0.
longs to OTH?(X,Q). Note that p,, is an integral isometry, if (u,u) = 2 or —2. Let
N C OtH? (X,7Z) be the subgroup generated by such p,,.

Then p, be-

N = (p, : ueH*(X,Z) and (u,u) =2 or (u,u) = —2). 9.1)
Clearly, .4 is a normal subgroup.

Theorem 9.1 ([Ma5], Theorem 1.2) Mon*(X) = .4 .

A second useful description of Mon?(X) depends on the fact that the lattice
H?(X,7) is isometric to the orthogonal direct sum

A = Ey(—1)@Es(-1)eUasUaUSZI,
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where Eg(—1) is the negative definite (unimodular) Eg root lattice, U is the rank 2
unimodular lattice of signature (1, 1), and (J,8) =2 — 2n. See [Bel] for a proof of
this fact.

Set A* := Hom(A,Z). Then A*/A is a cyclic group of order 2n — 2. Let
O(A*/A) be the subgroup of Aut(A*/A) consisting of multiplication by all el-
ements of ¢ € Z/(2n —2)Z, such that 1> = 1. Then O(A*/A) is isomorphic to
(Z/27Z)", where r is the number of distinct primes in the prime factorization
n—1= p’f‘ -+ p% of n—1 (see [Ogu]). The isometry group O(A) acts on A* /A and
the image of O (A) in Aut(A*/A) is equal to O(A*/A) ([Ni], Theorem 1.14.2).

Letw: O (A) — O(A*/A) be the natural homomorphism. The following char-
acterization of the monodromy group follows from Theorem 9.1 via lattice theoretic
arguments.

Lemma 9.2 ([Ma5], Lemma 4.2) Mon*(X) is equal to the inverse image via T of
the subgroup {1,—1} C O(A*/A).

We conclude that the index of Mon?(X) in OYH?*(X,Z) is 2'~', and
Mon*(X) = O"H?*(X,Z), if and only if n =2 or n— 1 is a prime power. If n = 7,
for example, then Mon?(X) has index two in OTH?(X,7Z).

9.1.2 A third characterization of Mon?(K3")

The third characterization of Mon?(X) is more subtle, as it depends also on
H*(X ,7). Tt is however this third characterization that will generalize to the case
of parallel transport operators.

Given a K3 surface S, denote by K(S) the integral K-ring generated by the classes
of complex topological vector bundles over S. Let x : K(S) — Z be the Euler char-
acteristic x(x) = [sch(x)tds. Given classes x,y € K(S), let x” be the dual class and
set

(x,y) = —x(x' @) (9.2)

The above yields a unimodular symmetric bilinear pairing on K (S), called the Mukai
pairing [Mul]. The lattice K(S), endowed with the Mukai pairing, is isometric to
the orthogonal direct sum

A = B(-)eE(-)aoUalUaUaU

and is called the Mukai lattice.
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Let Q*(X,7Z) be the quotient of H*(X,Z) by the image of the cup prod-
uct homomorphism U : H*(X,Z) ® H*(X,Z) — H*(X,Z). Clearly, Q*(X,Z)
is a Mon(X)-module, and it comes with a pure integral Hodge structure of
weight 4. Let ¢ : H*(X,7Z) — Q*(X,Z) be the natural homomorphism and set

& (X) :=q(c2(TX)).

Theorem 9.3 (/Ma5], Theorem 1.10) Let X be of K3!"-type, n > 4.

(1) Q*(X,Z) is a free abelian group of rank 24.

(2) The element %52 (X) is an integral and primitive class in Q*(X, 7).

(3) There exists a unique symmetric, even, integral, unimodular, Mon(X)-invariant
bilinear pairing (e,e) on Q*(X,Z), such that (#, @) =2n—2. The re-
sulting lattice [Q*(X,Z), (e, )] is isometric to the Mukai lattice A.

(4) The Mon(X)-module Hom [H*(X,Z),0*(X,Z)] contains a unique integral
rank 1 saturated Mon(X )-submodule

E(X),

which is a sub-Hodge structure of type (1,1). A generator e € E(X) induces a
Hodge-isometry
e: HX(X,Z) — &(X)*

onto the co-rank 1 sublattice of Q*(X,7) orthogonal to ¢,(X).

Parts (1), (3), and (4) of the Theorem are explained in the following section
9.1.3.

Denote by O(A,X ) the set of primitive isometric embeddings of the K3 "l Jattice
A into the Mukai lattice A. The isometry groups O(A) and O(A) act on O(A,A).
The action on 1 € O(A,A), of elements g € O(A), and f € O(A), is given by
(8. f)t=forog™".

Lemma 9.4 ([Ma5], Lemma 4.3) O (A) x O(A) acts transitively on O(A, A). The
subgroup N C OT(A), given in (9.1), is equal 1o the stabilizer in O (A) of every
point in the orbit space O(A,A)/O(A).
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The lemma implies that O(A,A) is a finite set of order [.# : O (A)]. The fol-
lowing is our third characterization of Mon?(X).

Corollary 9.5

(1) An irreducible holomorphic symplectic manifold X of K3[”]—type, n > 2, comes
with a natural choice of an O(A)-orbit 1x of primitive isometric embeddings of

H?(X,7) in the Mukai lattice A.

(2) The subgroup Mon*(X) of OT[H?(X,Z)] is equal to the stabilizer of x as an
element of the orbit space O (H2 (X, Z),X) /O(X)

Proof Part (1): If n=2, or n =3, then O(A,K) is a singleton, and there is nothing to
prove. Assume that n > 4. Let e : H*(X,Z) — Q*(X,Z) be one of the two generators
of E(X). Choose an isometry g : Q*(X,Z) — A. This is possible by Theorem 9.3.
Set1:=goe: H*(X,Z) — A and let 1y be the orbit O(A)1. Then 1y is independent
of the choice of g. If we choose —e instead we get the same orbit, since —1 belongs

to O(A).

Part (2): Follows immediately from Theorem 9.1 and Lemma 9.4. O

Example 9.6 Let S be a projective K3 surface, H an ample line bundle on S, and
v € K(S) a class in the K-group. Denote by My (v) the moduli space of Gieseker-
Maruyama-Simpson H-stable coherent sheaves on S of class v. A good reference
about these moduli spaces is the book [HL]. Assume that My (v) is smooth and
projective (i.e., we assume that every H-semi-stable sheaf is automatically also H-
stable). Then My (v) is known to be connected and of K3 "l_type, by a theorem due
to Mukai, Huybrechts, O’Grady, and Yoshioka. It can be found in its final form in
[Y2].

Let 7; be the projection from S x My (v) onto the i-th factor, i = 1,2. Denote by
M, : K[S x My (v)] — K[Mpy(v)] the Gysin map and by 7} : K(S) — K[S x My (v)]
the pull-back homomorphism. Assume, further, that there exists a universal sheaf &
over S X My (v). Let [£] € K[S x My (v)] be the class of the universal sheaf in the
K-group. We get the natural homomorphism

uw: K(S) — KMy(v)), 9.3)

given by u(x) := m, {7} (x") ® [£]}. Let v+ C K(S) be the co-rank 1 sub-lattice of
K (S) orthogonal to the class v and consider Mukai’s homomorphism

0 : v — H*My(v),Z), (9.4)
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given by 6(x) = ¢; [u(x)]. Then 0 is an isometry, with respect to the Mukai pairing
on v', and the Beauville-Bogomolov pairing on H?(.#y(v),Z), by the work of
Mukai, Huybrechts, O’Grady, and Yoshioka [Y2]. Furthermore, the orbit Wty (v) of
Corollary 9.5 is represented by the inverse of 6

W) = O[K(S)]-07", 9.5)

by ([Ma5], Theorem 1.14).

9.1.3 Generators for the cohomology ring H*(X,7Z)

Part (1) of Theorem 9.3 is a simple consequence of the following result. Consider
the case, where X is a moduli space M of H-stable sheaves on a K3 surface S and
M is of K3"-type, as in Example 9.6. Choose a basis {xy,x2,...,x24} of K(S). Let
u: K(S) — K(M) be the homomorphism given in equation (9.3).

Theorem 9.7 ([Ma4], Theorem 1) The cohomology ring H*(M,Z) is generated
by the Chern classes cj(u(x;)), for 1 <i <24, and for j an integer in the range
0<j<2n

The map ¢ : K(S) — H*(M,Z), given by ¢(x) = c2(u(x)), is not a group ho-
momorphism. Nevertheless, the composition ¢ := go ¢ : K(S) — Q*(M,Z), of ¢
with the projection ¢ : H*(M,7Z) — Q*(M,Z), is a homomorphism of abelian groups
([Ma4], Proposition 2.6). We note here only that 2¢ is clearly a group homomor-
phism, since 2¢5(y) = ¢2(y) — 2cha(y), the map 2ch, : K(M) — H*(M,Z) is known
to be a group homomorphism, and the term c% (y) is annihilated by the projection to
0'(M,2).

Part (1) of Theorem 9.3 follows from the fact that ¢ is an isomorphism. The
homomorphism ¢ is surjective, by Theorem 9.7. It remains to prove that ¢ is in-
jective. Injectivity would follow, once we show that Q*(M,Z) has rank 24. Now
cup product induces an injective homomorphism Sym” H?(M,Q) — H*(M,Q),
for any irreducible holomorphic symplectic manifold of dimension > 4, by
a general result of Verbitsky [Verl]. When n > 4, ie., dimg(M) > 8, then
dim H*(M,Q) — dim Sym? H*>(M, Q) = 24, by Géttsche’s formula for the Betti num-
bers of S [G6]. Hence, the rank of Q*(M,7Z,) is 24.

The bilinear pairing on Q*(M,Z), constructed in part (3) of Theorem 9.3, is sim-
ply the push-forward via the isomorphism ¢ of the Mukai pairing on K(S). We then
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show that this bilinear pairing is monodromy invariant, hence it defines a bilinear
pairing on Q*(X,Z), for any X of K3/"-type.

The isometric embedding e : H>(M,Z) — Q*(M,Z), constructed in part (4) of
Theorem 9.3, is simply the composition @ o 8~!, where 6 is given in equation (9.4).
We show that the composition is Mon(M)-equivariant, up to sign, hence defines the
Mon(X)-submodule E(X) in part (4) of Theorem 9.3, for any X of K3"-type.

9.1.4 Parallel transport operators of K3"-type

Let X; and X, be irreducible holomorphic symplectic manifolds of K3 ] -type. De-
note by 1y, the natural O(A)-orbit of primitive isometric embedding of H?(X;,Z)
into the Mukai lattice A, given in Corollary 9.5.

Theorem 9.8 An isometry g : H*(X,,7) — H?*(Xy,7) is a parallel-transport oper-

ator, if and only if g is orientation preserving and
lx, =1lx,08. (96)

Proof Assume first that g is a parallel-transport operator. Then g lifts to a parallel-
transport operator g : H*(X;,Z) — H*(X»,Z). Now g induces a parallel-transport
operators g4 : 0*(X1,7Z) — Q*(X»,7), as well as

Adg : Hom [H*(X1,Z),0*(X1,Z)] — Hom [H?*(X2,Z),0%(X>,Z)],

given by f +— @40 fog . We have the equality Adz(Ey, ) = Ex,, by the characteri-
zation of the Mon(X;)-module E(X;) provided in Theorem 9.3. Hence, the equality
(9.6) holds, by construction of ty;.

Conversely, assume that the isometry g satisfies the equality (9.6). There exists a
parallel-transport operator f : H>(X1,7) — H*(X»,7Z), since X; and X; are deforma-
tion equivalent. Hence, the equality 1y, = ix, o f holds, as well. We get the equality
ly, = ly, o f~'g. We conclude that f~'g belongs to Mon?(X;), by Corollary 9.5.
The equality g = f(f~'g) represents g as a composition of two parallel-transport
operators. Hence, g is a parallel-transport operator. a

The following statement is an immediate corollary of Theorems 1.3 and 9.8.

Corollary 9.9 Let X and Y be two manifolds of K3 [”]—type.
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(1) X and Y are bimeromorphic, if and only if there exists a Hodge-isometry
f:H*(X,Z) — H*(Y,Z), satisfying 1x = 1y o f.

(2) X and Y are isomorphic, if and only if there exists a Hodge-isometry f as in
part (1), which maps some Kdhler class of X to a Kihler class of Y.

We do not require f in part (1) to be orientation preserving, since if it is not then
—f is, and the orbits ty o f and 1y o (—f) are equal.

Let 7 be the set of connected components of the moduli space of marked pairs
(X,n), where X is of K3/"-type, and n : H*(X,Z) — A is an isometry. Denote by
9%, the moduli space of isomorphism classes of marked pairs (X,7), where X is
of K3"-type. The group O(A) acts on the set 7 and the stabilizer of a connected
component M, ¢ € 7, is the monodromy group Mon*(9, ) C O(A) (Definition
7.2). Let

orb 1 M, — O(A,A)/O(A)

be the map given by (X, 1) — tx on~'. Let orient : 9% — Orient(A) be the map
given in equation (4.2). The characterization of the monodromy group in Corollary
9.5 yields the following enumeration of 7.

Corollary 9.10 The map (orb, orient) : M5 — O(A,A)/O(A) x Orient(A) factors
through a bijection

T — O(A,A)/O(A) x Orient(A).

9.2 A numerical determination of the fundamental exceptional
chamber

Definition 9.11 A class £ € H" (X, Z) is called monodromy-reflective, if { is a prim-
itive class, (¢,¢) < 0, and Ry is a monodromy operator. A holomorphic line bun-
dle L € Pic(X) is called monodromy-reflective, if the class ¢;(L) is monodromy-
reflective.

Let X be a manifold of K3[”]—type, n > 2. In section 9.2.1 we classify
monodromy-orbits of monodromy-reflective classes. This is done in terms of ex-
plicitly computable monodromy invariants. In section 9.2.2 we describe the values
of the monodromy invariants, for which the monodromy-reflective class is stably
prime-exceptional (Theorem 9.17). When X is projective Theorems 6.17 and 9.17
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combine to provide a determination of the closure A% x of the birational Kihler
cone in ¥y in terms of explicitly computable invariants.

9.2.1 Monodromy-reflective classes of K3"-type

Set A := H*(X,Z). Recall that if £ € A is monodromy-reflective, then Ry acts on
A*/A via multiplication by +1 (Lemma 9.2). The set of monodromy-reflective
classes is determined by the following statement.

Proposition 9.12 ([Ma7], Proposition 1.5) Let { € H*(X,7) be a primitive class of
negative degree (£,0) < 0. Then Ry belongs to Mon®(X), if and only if { has one of
the following two properties.

(1) (£,6) =-2.
(2) (¢,6) =2—2n, and (n— 1) divides the class (¢,8) € H*(X,Z)*.

Ry acts on AJ/A* as the identity in case (1), and via multiplication by —1 in case

(2).

Given a primitive class e € H>(X,Z), we denote by div(e, ®) the largest positive
integer dividing the class (e, ) € H*(X,Z)*. Let %,(X) C H*(X,Z) be the subset of
primitive classes of degree 2 — 2n, such that n — 1 divides div(e,s). Let £ € %,(X)
and choose an embedding 1 : H?*(X,Z) — A in the natural orbit 1y provided by
Corollary 9.5. Choose a generator v € A of the rank 1 sublattice orthogonal to the
image of 1. Set e :=1(¢) and let

LCA 9.7

be the saturation of the rank 2 sublattice spanned by e and v.

Definition 9.13 Two pairs (L;,¢;), i = 1,2, each consisting of a lattice L; and a class
e; € L;, are said to be isometric, if there exists an isometry g : Ly — Ly, such that

gler) = en.

Given a rank 2 lattice L, let [,(L) C L be the subset of primitive classes e with
(e,e) =2—2n.

Lemma 9.14 There exists a natural one-to-one correspondence between the orbit
set 1,(L)/O(L) and the set of isometry classes of pairs (L',€'), such that L is iso-
metric to L and €' is a primitive class in L' with (¢',¢') =2 —2n.
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Proof Let &(L,n) be the set of isometry classes of pairs (L', €’) as above. Define
the map f : Z(L,n) — I,(L)/O(L) as follows. Given a pair (L’,¢') representing
a class in Z(L,n), choose an isometry g : L' — L and set f(L',¢') := O(L)g(¢).
The map f is well defined, since the orbit O(L)g(e’) is clearly independent of
the choice of g. The map f is surjective, since given e € I,(L), f(L,e) = O(L)e.
If f(Li,e1) = f(La,e2), then there exist isometries g; : L; — L and an element
h € O(L), such that g>(e2) = hgi(e1). Then g, 'hgy is an isometry from (L, e;)
to (Ly,e2). Hence, the map f is injective. O

Let U be the unimodular hyperbolic plane. Let U(2) be the rank 2 lattice

with Gram matrix < 02 _02 and let D be the rank 2 lattice with Gram matrix

-2 0
0 -2/
Proposition 9.15 ([Ma7], Propositions 1.8 and 6.2)

(1) If (,£) = —2 then the Mon*(X )-orbit of { is determined by div({,e).
(2) Let { € Z,(X).

(1) The lattice L, given in (9.7), is isometric to one of the lattices U, U(2), or
D.

(2) Letf : H(X) — L(U)/OW) U L{U(2)/0WU) U I(D)/0(D)
be the function, sending a class { to the isometry class of the pair (L,1({)).
Then the values div(¢,e) and f({) determine the Mon>(X)-orbit of ¢.

The values of the function f can be conveniently enumerated and calculated as
follows. Set e :=1({) € L. Let p be the largest integer, such that (e +v)/p is an
integral class of L. Let ¢ be the largest integer, such that (e —v)/o is an integral
class of L. If div(¢,e) = n—1 and n is even, set {r,s}(¢) = {p, o}. Otherwise, set
{r,s}(¢) = {45, %}. The unordered pair {r,s} := {r,s}(£) has the following proper-
ties.

Proposition 9.16 (/Ma7], Lemma 6.4)

(1) The isometry class of the lattice L and the product rs are determined in terms of
(£,0), div(¢,e), n, and {p,c} by the following table.
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(£,0) |div(¢,e) n po | L | {ns} res
1)|2—2n| 2n—2 >2 |4n—4| U |{§.9}] n—1
2)12=2n| n—1 even n—1| D ({p,o}| n—1
3)2—2n| n—1 odd 2n=2|U2)|{5.S}|(n—1)/2
4)2—2n| n—1 |=1modulo8|n—1| D |{5,%}(n—1)/4

(2) The pair {r,s} consists of relatively prime positive integers. All four rows in
the above table do occur, and every relatively prime decomposition {r,s} of the
integer in the rightmost column occurs, for some £ € %, (X).

(3) If £ € Z,(X), then div((, ) and {r,s}(¢) determine the Mon®(X)-orbit of /.

9.2.2 Stably prime-exceptional classes of K3!"-type

Theorem 9.17 ([Ma7], Theorem 1.12). Let k € H"'(X,R) be a Kihler class and
L a monodromy reflective line bundle. Set £ := c¢|(L). Assume that (x,¢) > 0.

(1) If (€,0) = =2, then L¥ is stably prime-exceptional, where

2,if div({,e) =2 andn=2,
k=14 1,if div({,e) =2 andn > 2,
1 if div(l,e)=1.

(2) If div(¢,e) = 2n —2 and {r,s}({) = {1,n — 1}, then L? is stably prime-
exceptional.

(3) If div(¢,e) =2n—2 and {r,s}({) = {2,(n—1)/2}, then L is stably prime-
exceptional.

(4) Ifdiv(£,e) =n—1, nis even, and {r,s}({) = {1,n— 1}, then L is stably prime-
exceptional.

(5) If div(¢,8) =n—1, nis odd, and {r,s}({) = {1,(n—1)/2}, then L is stably
prime-exceptional.

(6) In all other cases, H(L*) vanishes, and so L* is not stably prime-exceptional,
for every non-zero integer k.

When X is projective Proposition 9.12 and Theorem 9.17 determine the set
Spe C H'(X,Z), of stably prime-exceptional classes, and hence also the funda-
mental exceptional chamber .7 &%, by Proposition 6.10.
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The proof of Theorem 9.17 has two ingredients. First we deform the pair (X, L)
to a pair (M, L;), where M is a moduli space of sheaves on a projective K3 surface,
and L is a monodromy-reflective line bundle with the same monodromy invariants.
Then L is stably prime-exceptional, if and only if L; is, by Proposition 6.6. We then
laboriously check an example, one for each value of the monodromy invariants n,
(£,0),div(¢,e), and {r,s}(¢), and show that either Ry is induced by a birational map
f:M — M, suchthat f*(L;) =L; ", or that the linear system |L¥| consists of a single
prime exceptional divisor, for the power k prescribed by Theorem 9.17.

The two possible values of the degree —2 or 2 — 2n, of a prime exceptional
divisor, correspond to two types of well known constructions in the theory of moduli
spaces of sheaves on a K3 surface S. We briefly describe these constructions below.

Pairs (M, Oy (E)), where M := My(v) is a moduli space of H-stable coher-
ent sheaves of class v € K(S), and E is a prime exceptional divisor of Beauville-
Bogomolov degree —2, arise as follows. The Mukai isometry (9.4) associates to the
line bundle &y(E) a class e € v+, with (e,e) = —2. In the examples considered in
[Ma7], e is the class of an H-stable sheaf F on S. Such a sheaf is necessarily rigid,
i.e., Ext!(F,F) = 0. Indeed,

dimExt! (F, F) = dimHom(F, F) + dimExt*(F,F) — x(F¥ ®F) = 1+4+1-2=0.

Furthermore, the moduli space My (e) is connected, by a theorem of Mukai, and
consists of the single point {F'} (see [Mul]). The prime exceptional divisor E is the
Brill-Noether locus

{VeMy(v) : dimExt'(F,V) > 0}.

Specific examples are easier to describe using Mukai’s notation. Recall Mukai’s
isomorphism
ch(e)\/tds : K(S) — H*(S,7), 9.8)
sending a class v € K(S) to the integral singular cohomology group. Let
D: H*(S,Z) — H*(S,Z) be the automorphism acting by (—1)’ on H*(S,Z). The
homomorphism (9.8) is an isometry once we endow H*(S,Z) with the pairing

() = - [DEuy

by the Hirzebruch-Riemann-Roch theorem and the definition of the Mukai pairing
in equation (9.2). We have ch(v)\/tds = (r,c1(v),s), where r =rank(v), s = x (v) —r,
and we identify H(S,Z) and H*(S,Z) with Z, using the classes Poincaré-dual to
S and to a point. Given two classes v; € K(S), with rank(v;) = r;, ¢1(v;) = a;, and
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Si = %(Vi) —r;, then

(vi,v») = (/Sala2>—r152—r251-

Example 9.18 Following is a simple example in which a prime exceptional divisor
E of degree —2 and divisibility div([E],e) = I is realized as a Brill-Noether locus.
Consider a K3 surface S, containing a smooth rational curve C. Consider the Hilbert
scheme M := S as the moduli space of ideal sheaves of length n subschemes. Let
F be the torsion sheaf &¢(—1), supported on C as a line bundle of degree —1. Let
v € K(S) be the class of an ideal sheaf in St and e the class of F. The Mukai
vector of v is (1,0,1 —n), that of e is (0,[C],0), and (v,e) = 0. Let E C M be the
divisor of ideal sheaves I of subscheme Z with non-empty intersection ZNC. The
space Hom(F, 1) vanishes for all I; € M, and so dimExt! (F,I7) = dimExt*(F, Iz),
for all I; € M. Now, Extz(F,IZ) >~ Hom(Iz,F)* vanishes, if and only if ZNC = 0.
Hence, Ext! (F,Iz) #0, if and only if I belongs to E. See [Mal, Y1] for many more
examples of prime exceptional divisors E of degree —2 and div([E],e) = 1. See
[Ma7], Lemma 10.7 for the case (e,e) = —2, div(e,®) = 2, and n = 2 modulo 4.

Jun Li constructed a birational morphism from the moduli space of Gieseker-
Maruyama H-stable sheaves on a K3 surface to the Uhlenbeck-Yau compactification
of the moduli space of H-slope-stable locally-free sheaves [Li]. The examples of
prime exceptional divisors of degree 2 — 2n on a moduli space of sheaves, provided
in [Ma7], were all constructed as exceptional divisors for Jun Li’s morphism.

Example 9.19 The simplest example is the Hilbert-Chow morphism, from the
Hilbert scheme S[”], n > 2, to the symmetric product S of a K3 surface S,
where the exceptional divisor E is the big diagonal. The Mukai vector of the ideal
sheaf is v = (1,0,1 — n). In this case [E] = 28, where § = (1,0,n — 1). Note
that (8,0) = 2 — 2n. The second cohomology of St is an orthogonal direct sum
H?(S,Z) ® 78, by [Bel] or by Mukai’s isometry (9.4). Hence, div(5,e) = 2n — 2.
The largest integer p dividing § +v = (2,0,0) is 2 and the largest integer ¢ dividing
0 —v=(0,0,2n—2) is 2n— 2. Hence, {r,s}(8) = {1,n— 1}, by Proposition 9.16
and Equation (9.5).

Example 9.20 Consider, more generally, the moduli space My (r,0,—s) of H-stable
sheaves with Mukai vector v = (1,0, —s), satisfying s > r > 1 and ged(r,s) = 1. Then
My (r,0,—s) is of K3/"\-type, n = rs+ 1. The Mukai vector e := (r,0,s) € v maps
to a monodromy-reflective class ¢ € H>(My(v),Z) of degree (¢£,£) = 2 — 2n, divis-
ibility div(¢,e) = 2n—2, and {r,s}(¢) = {r,s}, by Proposition 9.16 and Equation
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(9.5). When r = 2, £ is the class of the exceptional divisor £ of Jun Li’s morphism.
E is the locus of sheaves, which are not locally-free or not H-slope-stable ([Ma7],
Lemma 10.16). When r > 2, the exceptional locus has co-dimension > 2, and no
multiple of the class ¢ is effective. Instead, the reflection Ry is induced by the bi-
rational map f : My (r,0,—s) — My (r,0,—s), sending a locally-free H-slope stable
sheaf F of class (7,0, —s) to the dual sheaf F* ([Ma7], Proposition 11.1).

Remark 9.21 Fix an integer n > 0, such that n — 1 is not a prime power, and consider
all possible factorizations n — 1 = rs, with s > r > 1 and gcd(r,s) = 1. The sub-
lattice (r,0, —s)* of the Mukai lattice of a K3 surface S is the orthogonal direct sum
H?(S,7) ©Z(r,0,s). We get the isometry

0 : H*(S,Z)®Z(r,0,s) — H*(My(r,0,—s),Z),

using Mukai’s isometry given in equation (9.4). Let n — 1 = rys1 = s> be two
different such factorizations. Then the two moduli spaces Mpy(ri,0,—s;) and
My (r2,0,—s7), considered in Example 9.20, come with a natural Hodge isometry

8 HZ(MH(”?O’_SI)’Z) - HZ(MH(r2707_s2)7Z)7

which restricts as the identity on the direct summand 6 (H*(S,Z)) and
maps the class ¢ := 6(r,0,s1) € H*(My(r,0,—s1),Z) to the class
ly == 0(r,0,5) € H*(My(r2,0,—s7),7Z). The Hodge isometry g is not a
parallel-transport operator, since the monodromy-invariants {r,s}(¢;) = {r;,s}
are distinct. Indeed, these moduli spaces are not birational in general ([Ma5],
Proposition 4.10). Furthermore, if n — 1 = rs is such a factorization with r > 2, then
the birational Kéhler cones Z.%7,) and B.%y, (-0,—s) are not isometric in general.
Indeed, Sl admits a stably prime-exceptional class, while My (r,0,—s) does not,
for a K3 surface with a suitably chosen Picard lattice.

10 Open problems

Following is a very brief list of central open problems closely related to this survey.
See [Be2] for a more complete recent survey of open problems in the subject of
irreducible holomorphic symplectic manifolds.

Question 10.1 Let X be one of the known examples of irreducible holomorphic
symplectic manifolds, i.e., of K3["]—type, a generalized Kummer variety, or one of
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the two exceptional examples of O’Grady [O’G2, O’G3]. Let Y be an irreducible
holomorphic symplectic manifold, with H>(Y,Z) isometric to H>(X,Z). Is Y nec-
essarily deformation equivalent to X ?

Let A be a lattice isometric to H>(X,Z). At present it is only known that the
number of deformation types of irreducible holomorphic symplectic manifolds of
a given dimension 2n, and with second cohomology lattice isometric to A, is finite
[Hu4]. The moduli space 4, of isomorphism classes of marked pairs (X,n), with
X of dimension 2n and 1 : H*(X,Z) — A an isometry, has finitely many connected
components, by Huybrechts’ result and Lemma 7.5. O’Grady has made substan-
tial progress towards the proof of uniqueness of the deformation type in case the
dimension is 4 and the lattice A is of K3 m-type [O°GS5].

Problem 10.2 Let X be an irreducible holomorphic symplectic manifold of K3l
type, n > 2. Determine the Kdhler-type chamber (Definition 5.10) in the fundamental
exceptional chamber % & of X, containing a given very general class o € F 8, in
terms of the weight 2 integral Hodge structure H*(X,7.), the Beauville-Bogomolov
pairing, and the orbit 1x of isometric embeddings of H> (X,Z) in the Mukai lattice,
given in Corollary 9.5.

Note that the data specified in Problem 10.2 determines the isomorphism class
of an irreducible holomorphic symplectic manifold Y, bimeromorphic to X, and an
Aut(X) x Aut(Y)-orbit'” of a bimeromorphic map f : ¥ — X, such that f*(a) is
a Kihler class on Y, by Corollaries 5.7 and 9.9. The homomorphism f* takes the
Kéihler-type chamber in Problem 10.2 to .#y. Hassett and Tschinkel formulated a
precise conjectural solution to problem 10.2 [HT4]. The Kihler cone, according to
their conjecture, does not depend on the orbit 1x. The birational Kihler cone does,
as we saw in Remark 9.21.

Problem 10.3 Find an explicit necessary and sufficient condition for a Hodge isom-
etry g : H*(X,Z) — H?(Y,Z) to be a parallel-transport operator, in the case X and
Y are deformation equivalent to generalized Kummer varieties, or to O’Grady’s two

exceptional examples.

Problem 10.4 Let X be deformation equivalent to a generalized Kummer variety,
or to one of O’Grady’s two exceptional examples. Find an explicit necessary and
sufficient condition for a class { € H''(X,Z) to be stably prime-exceptional (Defi-
nition 6.4).

10 The orbit of f is the set {g1fg5"' : g1 € Aut(X), g2 € Aut(Y)}.
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Problem 10.4 is solved in the K3 [”]-type case (Proposition 9.12 and Theorem
9.17). A solution to problem 10.4 yields a determination of the fundamental excep-
tional chamber .% &, by Proposition 1.8, and of the closure of the birational Kihler
cone, by Proposition 5.6. Once solutions to Problems 10.3 and 10.4 are provided,
the analogue of Problem 10.2 may be formulated as well.

Question 10.5 Ts the monodromy group Mon?(X), of an irreducible holomorphic
symplectic manifold X, necessarily a normal subgroup of the isometry group of
H?*(X,7)?

Let X be a generalized Kummer variety of dimension 21, n > 2. Then H*(X,Z)
is isometric to the lattice A :=U QU ® U ® Z35, where U is the unimodular rank 2
lattice of signature (1,1), and (8,8) = —2 —2n (see [Bel, Y2]).

Conjecture 10.6 Mon*(X) is equal to the subgroup A (X) of the signed isome-
try group 0+H2(X ,Z), generated by products of an even number of reflections
Ry, ---Ry,,, where ({;,0;) =2, for an even number of indices i, and ({;,{;) = =2
for the rest of the indices i.

The inclusion .4 (X) C Mon?(X) was proven by the author in an unpublished
work. When n = 2, the equality .4 (X ) = Mon?(X) follows from the Global Torelli
Theorem 2.2 and Namikawa’s counter example to the naive Hodge theoretic Torelli
statement [Nam?2].

Let X be an irreducible holomorphic symplectic manifold deformation equiva-
lent to O’Grady’s 10-dimensional exceptional example [0’G2]. Then H?(X,Z) is
isometric to the orthogonal direct sum of HZ(S ,Z) ® G, where S is a K3 surface,

3 —6
(see [R]). The isometry group O(G>) is equal to the Weyl group of G, and its ex-
tension to H>(X,7Z), via the trivial action on H*(S,Z), is contained in Mon?(X), by
([Ma6], Lemma 5.1).

and G; is the negative definite root lattice of type G, with Gram matrix

Conjecture 10.7 Mon*(X) = O H*(X, 7).

There are many examples of non-isomorphic K3 surfaces with equivalent
bounded derived categories of coherent sheaves [Or].

Question 10.8 Let X and Y be projective irreducible holomorphic symplectic man-
ifolds, such that H*(X,Z) and H*(Y,Z) are Hodge isometric. Are their bounded
derived categories of coherent sheaves necessarily equivalent?
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When X = SE"] and Y = S[;], where S; and S, are K3 surfaces, the answer to
Question 10.8 is affirmative (see the proof of [Pl], Proposition 10). See [Hu5] for a
survey on the topic of question 10.8.

Recall that a class ¢ € H"!(X,7Z) is monodromy-reflective, if it is a primitive
class, and the reflection R; is a monodromy operator (Definition 9.11).

Question 10.9 Let £ € H"!(X,7Z) be a monodromy-reflective class. Is there always
some non-zero integer A, such that the class A (¢, 8) € H*(X,Z)* = H,(X,Z) corre-
sponds to an effective one-cycle?

An affirmative answer to the above question implies that the reflection R, can
not be induced by a regular automorphism!! of X. It follows that the Kihler cone
is contained in a unique chamber of the subgroup of M on%, dg (X) generated by all
reflections in Mon?, 4¢(X) (see Theorem 6.15).

Problem 10.10 Prove an analogue of Proposition 6.1, about birational con-
tractibility of a prime exceptional divisor, for non-projective irreducible holomor-
phic symplectic manifolds.

Druel’s proof of Proposition 6.1 relies on results in the minimal model program,
which are currently not available in the Kéhler category [Dr].

Question 10.11 Let X be a projective irreducible holomorphic symplectic manifold.
Is the semi-group X, of effective divisor classes on X, equal to the semi-group X’
generated by the prime exceptional classes and integral points on the closure 2.7 x
of the birational Kzhler cone in ! (X,R)?

The answer is affirmative for any K3 surface, even without the projectivity as-
sumption ((BHPV], Ch. IIIV, Proposition 3.7). Stronger results hold true for projec-
tive K3 surfaces [Kov]. The inclusion £ C X’ is known in general, by the divisorial
Zariski decomposition (Theorem 5.8). The integral points of €x NABA x are known
to be contained in X. This is seen as follows. The integral points of the positive cone

11" A weaker version of this assertion, namely the non-existence of a fixed-point free such auto-
morphism g, is always true. Indeed, if g* = Ry, and g is a fixed-point-free (necessarily symplectic)
automorphism, then g2 acts trivially on H>(X,Z). Hence, g is an isometry with respect to a Kihler
metric. It follows that g has finite order, since it generates a discrete subgroup of the compact isom-
etry group. Thus, X /(g) is a non simply connected holomorphic symplectic Kihler manifold, with
1*0(X) = 1, for even k in the range 0 < k < dim¢(X), and #50(X) = 0, otherwise. Such X does
not exist, by [HN], Proposition A.1.
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are known to correspond to big line bundles, by ([Hul], Corollary 3.10). Each inte-

gral point of €x N A% x thus coresponds to a big and nef line bundle L on some
birational irreducible holomorphic symplectic manifold Y, by Theorems 5.4 and
6.17, and so the cohomology groups H'(Y,L) vanish, for i > 0, by the Kawamata-
Viehweg vanishing theorem. Set ¢ := ¢;(L). If X is of K 3l -type or deformation
equivalent to a generalized Kummer variety, then an explicit formula is known for
the Euler characteristic ) (L) of a line bundle L, in terms of its Beauville-Bogomolov
degree (¢,¢) ([Hu3], Examples 7 and 8). One sees, in particular, that (L) > 0, if
(¢,¢) > 0, and so L is effective.

An affirmative answer to Question 10.11 would thus follow, if one could prove
that nef line bundles with (¢, ¢) = 0 are effective. Some experts conjectured that such
line bundles are related to Lagrangian fibrations ([Marku], Conjecture 1.7; [Saw],
Conjecture 1, [Ver3], Conjecture 1.7). We refer the reader also to the important
work of Matsushita on Lagrangian fibrations [Matl, Mat2] and to the survey ([Be2],
section 1.6).

Question 10.12 Which components, of the moduli spaces of polarized projective ir-
reducible holomorphic symplectic manifolds, are unirational? Which are of general

type?

Gritsenko, Hulek, and Sankaran had studied this question for fourfolds X of
K3P-type, and for primitive polarizations & € H*(X,Z), with div(h,e) = 2. Let
(h,h) = 2d. They show that for d > 12, the moduli space is of general type ((GHS1],
Theorem 4.1). They use the theory of modular forms to show that the quotient of
the period domain .Q}:i, given in equation (4.1), by the polarized monodromy group
Mon?(X,h), is of general type.

On the other hand, unirational components are those likely to admit explicit and
very beautiful geometric descriptions [BD, DV, IR, Mu2, O’G4].

References

[AVS] Alekseevskij, D. V., Vinberg, E. B., Solodovnikov, A. S.: Geometry of spaces of constant
curvature. Geometry, II, 1-138, Encyclopaedia Math. Sci., 29, Springer, Berlin, 1993.

[BB]  Baily, W. L., Borel, A.: Compactification of arithmetic quotients of bounded symmetric
domains. Ann. of Math. (2) 84 (1966), 442-528.

[BD]  Beauville, A., Donagi, R.: La variété des droites d’une hypersurface cubique de dimen-
sion 4. C. R. Acad. Sci. Paris Sér. I Math. 301 (1985), no. 14, 703-706.



A survey of Torelli and monodromy results 319

[Bel]

[Be2]

Beauville, A.: Variétés Kiihleriennes dont la premiere classe de Chern est nulle. J. Diff.
Geom. 18, p. 755-782 (1983).

Beauville, A.: Holomorphic symplectic geometry: a problem list. Preprint,
arXiv:1002.4321.

[BHPV] Barth, W., Hulek, K., Peters, C., Van de Ven, A.: Compact complex surfaces. Second

[Bo]

[Bor]
[Boul]

[Bou2]

[BR]

[Do]

[Dr]

[DV]

[F]

edition. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern
Surveys in Mathematics, 4. Springer-Verlag, Berlin, 2004.

Borel, A.: Some metric properties of arithmetic quotients of symmetric spaces and an
extension theorem. J. Differential Geometry 6 (1972), 543-560.

Borcea, C.: Diffeomorphisms of a K3 surface. Math. Ann. 275 (1986), no. 1, 1-4.
Boucksom, S.: Le cone Kdhlerien d’une variété hyperkdihlerienne. C. R. Acad. Sci. Paris
Sér. I Math. 333 (2001), no. 10, 935-938.

Boucksom, S.: Divisorial Zariski decompositions on compact complex manifolds. Ann.
Sci. Ecole Norm. Sup. (4) 37 (2004), no. 1, 45-76.

Burns, D., Rapoport, M.: On the Torelli problem for kdhlerian K3 surfaces. Ann. Sci.
Ecole Norm. Sup. (4) 8 (1975), no. 2, 235-273.

Dolgachev, 1.: Reflection groups in algebraic geometry. Bull. Amer. Math. Soc. (N.S.) 45
(2008), no. 1, 1-60.

Druel, S.: Quelques remarques sur la decomposition de Zariski divisorielle sur les vari-
etes dont la premire classe de Chern est nulle. Math. Z., DOI 10.1007/300209-009-0626-4
(2009).

Debarre, O., Voisin, C.: Hyper-Kdhler fourfolds and Grassmann geometry. Preprint,
arXiv:0904.3974.

Fujiki, A.: A theorem on bimeromorphic maps of Kdihler manifolds and its applications.
Publ. Res. Inst. Math. Sci. 17 (1981), no. 2, 735-754.

[GHS1] Gritsenko, V.; Hulek, K.; Sankaran, G.K.: Moduli spaces of irreducible symplectic mani-

folds. Compositio Math. 146 (2010) 404-434.

[GHS2] Gritsenko, V.; Hulek, K.; Sankaran, G.K.: Moduli of K3 Surfaces and Irreducible Sym-

[Gol

[Has]
[HL]

[HN]

[HT1]

[HT2]

[HT3]

[HT4]

[Hul]

[Hu2]

plectic Manifolds. Preprint arXiv:1012.4155.

Gottsche, L.: The Betti numbers of the Hilbert scheme of points on a smooth projective
surface. Math. Ann. 286 (1990), 193-207.

Hassett, B.: Special cubic fourfolds. Compositio Math. 120 (2000), no. 1, 1-23.
Huybrechts, D, Lehn, M.: The geometry of moduli spaces of sheaves. Second edition.
Cambridge University Press, Cambridge, 2010.

Huybrechts, D., Nieper-Wisskirchen, N.: Remarks on derived equivalences of Ricci-flat
manifolds. Math. Z., DOI: 10.1007/s00209-009-0655 (2010).

Hassett, B., Tschinkel, Y.: Rational curves on holomorphic symplectic fourfolds. Geom.
Funct. Anal. 11, no. 6, 1201-1228, (2001).

Hassett, B., Tschinkel, Y.: Moving and ample cones of holomorphic symplectic fourfolds.
Geom. Funct. Anal. 19, no. 4, 1065-1080, (2009).

Hassett, B., Tschinkel, Y.: Monodromy and rational curves on holomorphic symplectic
fourfolds. Preprint 2009.

Hassett, B., Tschinkel, Y.: Intersection numbers of extremal rays on holomorphic sym-
plectic varieties. Preprint, arXiv:0909.4745 (2009).

Huybrechts, D.: Compact Hyperkdiihler Manifolds: Basic results. Invent. Math. 135
(1999), no. 1, 63—113 and Erratum: Invent. Math. 152 (2003), no. 1, 209-212.
Huybrechts, D.: The Kdhler cone of a compact hyperkdihler manifold. Math. Ann. 326
(2003), no. 3, 499-513.



320

[Hu3]

[Hu4]

[Hu5]

[Hu6]

[IR]

[Ka]

[Kov]
[Li]

[LP]

[Mal]

[Ma2]

[Ma3]

[Ma4]

[Ma5]

[Ma6]

[Ma7]

Eyal Markman

Huybrechts, D.: Compact hyperkihler manifolds. Calabi-Yau manifolds and related ge-
ometries (Nordfjordeid, 2001), 161-225, Universitext, Springer, Berlin, 2003.
Huybrechts, D.: Finiteness results for compact hyperkdihler manifolds. J. Reine Angew.
Math. 558 (2003), 15-22.

Huybrechts, D.: The global Torelli theorem: classical, derived, twisted. Algebraic
geometry—Seattle 2005. Part 1, 235-258, Proc. Sympos. Pure Math., 80, Part 1, Amer.
Math. Soc., 2009.

Huybrechts, D.: A global Torelli Theorem for hyperkdhler manifolds, after M. Verbitsky.
Séminaire Bourbaki, preprint 2010.

Iliev, A., Ranestad, K.: K3 surfaces of genus 8 and varieties of sums of powers of cubic
Sfourfolds. Trans. Amer. Math. Soc. 353 (2001), no. 4, 1455-1468

Kawamata, Y.: On the cone of divisors of Calabi-Yau fiber spaces. Internat. J. Math. 8
(1997), no. 5, 665-687.

Kovacs, S.: The cone of curves of a K3 surface. Math. Ann. 300 (1994), no. 4, 681-691.
Li, J.: Algebraic geometric interpretation of Donaldson’s polynomial invariants of alge-
braic surfaces. J. Diff. Geom. 37 (1993), 417-466.

Looijenga, E., Peters, C.: Torelli theorems for Kdihler K3 surfaces. Compositio Math. 42
(1980/81), no. 2, 145-186.

Markman, E.: Brill-Noether duality for moduli spaces of sheaves on K3 surfaces. J. Al-
gebraic Geom. 10 (2001), no. 4, 623-694.

Markman, E.: On the monodromy of moduli spaces of sheaves on K3 surfaces. J. Alge-
braic Geom. 17 (2008), 29-99.

Markman, E.: Generators of the cohomology ring of moduli spaces of sheaves on sym-
plectic surfaces. Journal fiir die reine und angewandte Mathematik 544 (2002), 61-82.
Markman, E.: Integral generators for the cohomology ring of moduli spaces of sheaves
over Poisson surfaces. Adv. in Math. 208 (2007) 622-646.

Markman, E.: Integral constraints on the monodromy group of the hyperkdhler resolution
of a symmetric product of a K3 surface. Internat. J. of Math. 21, (2010), no. 2, 169-223.
Markman, E.: Modular Galois covers associated to symplectic resolutions of singulari-
ties. J. Reine Angew. Math. 644 (2010), 189-220.

Markman, E.: Prime exceptional divisors on holomorphic symplectic varieties and
monodromy-reflections. Preprint arXiv:0912.4981 v1.

[Marku] Markushevich, D.: Rational Lagrangian fibrations on punctual Hilbert schemes of K3

[Mat1]

[Mat2]

[Morl]

[Mor2]

[Mul]

surfaces. Manuscripta Math. 120 (2006), no. 2, 131-150.

Matsushita, D.: On deformations of Lagrangian fibrations. Preprint arXiv:0903.2098.
Matsushita, D.: Higher direct images of dualizing sheaves of Lagrangian fibrations.
Amer. J. Math. 127 (2005), no. 2, 243-259.

Morrison, D. R.: Compactifications of moduli spaces inspired by mirror symmetry.
Journées de Géométrie Algébrique d’Orsay (Orsay, 1992). Astérisque No. 218 (1993),
243-271.

Morrison, D. R.: Beyond the Kiihler cone. Proceedings of the Hirzebruch 65 Conference
on Algebraic Geometry (Ramat Gan, 1993), Israel Math. Conf. Proc., 9, Bar-Ilan Univ.,
1996, 361-376.

Mukai, S.: On the moduli space of bundles on K3 surfaces I, Vector bundles on alge-
braic varieties, Proc. Bombay Conference, 1984, Tata Institute of Fundamental Research
Studies, no. 11, Oxford University Press, 1987, pp. 341-413.



A survey of Torelli and monodromy results 321

[Mu2]

[Nam]
[Naml]
[Nam2]
[Nam3]
[Ni]
[0’G1]
[0’G2]
[0°G3]
[0°G4]
[O’GS5]
[Ogu]
[Or]
(P1]
[Pre]
[PS]
[R]
[Sa]
[Saw]

[St]
[Su]

[Tot]

[Verl]

[Ver2]

[Ver3]

Mukai, S.: New developments in Fano manifold theory related to the vector bundle method
and moduli problems. Sugaku 47 (1995), no. 2, 125-144. English translation: Sugaku
Expositions 15 (2002), no. 2, 125-150.

Namikawa, Yukihiko: Periods of Enriques surfaces. Math. Ann. 270 (1985), No. 2, 201-
222.

Namikawa, Yoshinori: Deformation theory of singular symplectic n-folds. Math. Ann.
319 (2001), no. 3, 597-623.

Namikawa, Yoshinori: Counter-example to global Torelli problem for irreducible sym-
plectic manifolds. Math. Ann. 324 (2002), no. 4, 841-845.

Namikawa, Yoshinori: Poisson deformations of affine symplectic varieties II. Preprint
arXiv:0902.2832, to appear in Nagata memorial issue of Kyoto J. of Math.

Nikulin, V. V.: Integral symmetric bilinear forms and some of their applications. Math.
USSR Izvestija, Vol. 14 (1980), No. 1, 103-167.

O’Grady, K.: The weight-two Hodge structure of moduli spaces of sheaves on a K3 sur-
face. J. Algebraic Geom. 6 (1997), no. 4, 599-644.

O’Grady, K.: Desingularized moduli spaces of sheaves on a K3. J. Reine Angew. Math.
512 (1999), 49-117.

O’Grady, K.: A new six-dimensional irreducible symplectic variety. J. Algebraic Geom.
12 (2003), no. 3, 435-505.

O’Grady, K.: Irreducible symplectic 4-folds and Eisenbud-Popescu-Walter sextics. Duke
Math. J. 134 (2006), no. 1, 99-137.

O’Grady, K.: Higher-dimensional analogues of K3 surfaces. Preprint arXiv:1005.3131.
Oguiso, K.: K3 surfaces via almost-primes. Math. Res. Lett. 9 (2002), no. 1, 47-63.
Orlov, D.: Equivalences of derived categories and K3 surfaces. Algebraic geometry, 7. J.
Math. Sci. (New York) 84 (1997), no. 5, 1361-1381.

Ploog, D.: Equivariant autoequivalences for finite group actions. Adv. Math. 216 (2007),
no. 1, 62-74.

Prendergast-Smith, A.: The cone conjecture for abelian varieties. Electronic preprint
arXiv:1008.4467 (2010).

Piatetski-Shapiro, 1. 1., Shafarevich, 1. R.: Torelli’s theorem for algebraic surfaces of type
K3. (Russian) Izv. Akad. Nauk SSSR Ser. Mat. 35 1971 530-572.

Rapagnetta, A.: On the Beauville form of the known irreducible symplectic varieties.
Math. Ann. 340 (2008), no. 1, 77-95.

Satake, 1.: Algebraic structures of symmetric domains. Kano Memorial Lectures, 4.
Iwanami Shoten, Tokyo; Princeton University Press, Princeton, N.J., 1980.

Sawon, J.: Lagrangian fibrations on Hilbert schemes of points on K3 surfaces. J. Alge-
braic Geom. 16 (2007), no. 3, 477-497.

Sterk, H.: Finiteness results for algebraic K3 surfaces. Math. Z. 189, 507-513 (1985).
Sullivan, D.: Infinitesimal computations in topology. Inst. Hautes Etudes Sci. Publ. Math.
No. 47 (1977), 269-331 (1978).

Totaro, B.: The cone conjecture for Calabi-Yau pairs in dimension 2. Duke Math. J. 154
(2010), no. 2, 241-263

Verbitsky, M.: Cohomology of compact hyper-Kdihler manifolds and its applications.
Geom. Funct. Anal. 6 (1996), no. 4, 601-611.

Verbitsky, M.: A global Torelli theorem for hyperkdhler manifolds. Preprint
arXiv:0908.4121 v6.

Verbitsky, M.: HyperKdhler SYZ conjecture and semipositive line bundles. Geom. Funct.
Anal. 19 (2010), no. 5, 1481-1493.



322 Eyal Markman

[Vieh] Viehweg, E.: Quasi-projective moduli for polarized manifolds. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete (3), vol. 30. Springer, Berlin, 1995.

[Voi]  Voisin, C.: Hodge Theory and Complex Algebraic Geometry I. Cambridge studies in ad-
vanced mathematics 76, Cambridge Univ. Press (2002).

[VS] Vinberg, E. B., Shvartsman, O. V.: Discrete groups of motions of spaces of constant cur-
vature. Geometry, 11, 139-248, Encyclopaedia Math. Sci., 29, Springer, Berlin, 1993.

[Y1] Yoshioka, K.: Some examples of Mukai’s reflections on K3 surfaces. J. Reine Angew.
Math. 515 (1999), 97-123.

[Y2] Yoshioka, K.: Moduli spaces of stable sheaves on abelian surfaces. Math. Ann. 321
(2001), no. 4, 817-884.



	A survey of Torelli and monodromy results for holomorphic-symplectic varieties
	1 Introduction
	1.1 Torelli Theorems
	1.2 The fundamental exceptional chamber
	1.3 Torelli and monodromy in the polarized case
	1.4 The K3[n]-type

	2 The Global Torelli Theorem
	3 The Hodge theoretic Torelli Theorem
	3.1 Parallel transport operators between inseparable marked pairs
	3.2 Proof of the Hodge theoretic Torelli Theorem 1.3

	4 Orientation
	5 A modular description of each fiber of the period map
	5.1 Exceptional divisors
	5.1.1 The fundamental exceptional chamber versus the birational K¨ahler cone
	5.1.2 The divisorial Zariski decomposition

	5.2 A K¨ahler-type chamber decomposition of the positive cone
	5.3 ML as the moduli space of K¨ahler-type chambers

	6 Mon2Hdg (X) is generated by reflections and Mon2Bir (X)
	6.1 Reflections
	6.2 Stably prime-exceptional line bundles
	6.3 Hyperbolic reflection groups
	6.4 Mon2Hdg (X) is a semi-direct product ofWExc and Mon2Bir (X)
	6.5 Morrison’s movable cone conjecture

	7 The monodromy and polarized monodromy groups
	7.1 Polarized parallel transport operators
	7.2 Deformation types of polarized marked pairs

	8 Monodromy quotients of type IV period domains
	9 The K3[n] deformation type
	9.1 Characterization of parallel-transport operators of K3[n]-type
	9.1.1 First two characterizations of Mon2(K3[n])
	9.1.2 A third characterization of Mon2(K3[n])
	9.1.3 Generators for the cohomology ring H�(X;Z)
	9.1.4 Parallel transport operators of

	9.2 A numerical determination of the fundamental exceptional chamber
	9.2.1 Monodromy-reflective classes of K3[n]-type
	9.2.2 Stably prime-exceptional classes of K3[n]-type


	10 Open problems
	References


