Chapter 4
Hydrogen-Like Atom

Abstract As an illustration of the basic principles of the Schrodinger wave mecha-
nics presented in the preceding chapter the bonded (stationary) states and the
corresponding energy levels of the one-electron (hydrogenic) atom are determined
analytically. First, the Hamiltonian of this rwo-particle, central-potential system is
separated into parts describing the free movement of the Center-of-Mass (CM) and
the internal motion of electron relative to nucleus, respectively. In the Cartesian
CM coordinates R = (X, Y, Z) the eigenstates of the CM problem are the plane
waves representing the common eigenvectors with the operator of the system
overall momentum P. The separation of the spherical coordinates R = (R, 0, ¢)
allows one to uniquely specify the spherical-waves of the CM motion as simulta-
neous eigenvectors of the compatible attributes of the CM angular momentum L,
viz., the square of its length (L2) and the selected coordinate (L,), thus express-
ing them as products of the associated spherical harmonic (angular part) and the
spherical Bessel function (radial part). The analogous separation of the internal
spherical coordinates r = (r, ¥, @) expresses the eigenvectors (orbitals) of the
relative-motion Hamiltonian as products of the angular functions representing the
simultaneous eigenfunctions of the compatible (commuting) observables /> and I
associated with the electron orbital angular momentum , called the orbital spherical
harmonics (the associated Legendre polynomials), and the corresponding radial
functions (the Laguerre polynomials). Selected properties of these stationary states
and the atomic shell structure they determine are discussed, the relation to Bohr’s
model of the Old Quantum Theory is examined and the system of atomic units
(a.u.), convenient in molecular applications, is introduced.

4.1 Separation of Hamiltonian and Center-or-Mass Motion

The hydrogen-like atom consists of an electron of mass m, in position r,, which
exhibits the elementary negative charge —e, moving around the positively charged
nucleus +Ze of mass M,, in position R,,. It represents one of the very few prototype
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94 4 Hydrogen-Like Atom

systems, the stationary states of which can be determined analytically by solving
the associated eigenvalue problem of the system Coulombic Hamiltonian.

It is convenient to separate the movement of the Center-of-Mass (CM) of this
two-particle system, M = m, + M, with the coordinates R = (m.r, + M,R,)/M
and momentum P = p, + P,, where p, and P, denote the momenta of its two
constituent parts, from the internal motion described by the electron position rela-
tive to nucleus, r = r, — R,,, and the associated relative momentum p = (M,p, —
m.P,)/IM = ur = p,, where the system reduced mass ¢ = m,M,/M = m,, due to
the dominant mass of the heavy nucleus. This allows one to separate the
contributions due to these two sets of coordinates/momenta in the classical Hamil-
tonian function combining the kinetic energies of individual particles and the
potential energy due to their Coulomb interaction, V(r) = —e?/r, which depends
only on the interparticle distance r = Irl:

1, 1, ¢
H(revpeaRnaPn):zm pe+2M n_7
e " (4.1)
1 1
=—P 4 |—p* V()| =Hcm(P) + h
s |5 - V0| = Hewl®) + hipn)

It should be observed that the CM movement is free (there is no potential of forces
acting on CM in Hcy) so that P is conserved in time.

These additive contributions to the classical Hamiltonian function give rise
to the corresponding energy operators in the position representation [see (3.35)
and (3.37)]:

H(R,r) = PR, [‘52(” + V(r)} = ;—f;AR + [;—fA + v(r)}

Here, the separate Hamiltonians Hey (R) and h(r), respectively, denote the energy
operators of the free movement of CM and of the relative motion of the electron in
the field of its nuclear attractor.

Therefore, the stationary Schrodinger equation (3.104)

H(R,r)®(R,r) = EQ(R,r), (4.3a)
where the amplitude wave function is given by the product
O(R,r) = FPem(R)Y(r) (4.3b)

which separates the two sets of coordinates, reduces into two simpler eigenvalue
problems for the two additive energy components:

Hem(R)Pom(R) = EcuPem(R)  and  h(r)y(r) = ey (r). (4.4)
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The system total energy is then given by the sum of their eigenvalues,
E=Ecm +¢, (4.3¢)

measuring the sharply defined kinetic energy Ecy of the free motion of the system
as a whole, and the internal energy ¢ of the relative motion of electron around
nucleus.

Obviously, in the Cartesian coordinate system R = (X, Y, Z) the kinetic energy
operator Hey(R) commutes with the system overall momentum operator P(R),
since the square of an operator commutes with the operator itself. Therefore, the
solutions of the first of these two Schrodinger equations can be sought as
eigenfunctions of f’(R), i.e., as the states corresponding to the sharply specified
momentum, represented by the plane waves of (2.76):

Yem(R) = (2nh) > exp(iK -R), K =P/h, Ecy =K>/2M).  (4.5)

Indeed, operators ﬂCM and P constitute one of the complete sets of observables for
the free motion of this CM “particle,” with their common eigensolutions
thus providing the full description of this global movement state in quantum
mechanics.

4.2 Free Motion in Spherical Coordinates

The alternative set of the complete set of observables commuting with Hey (R)
involves the compatible pair of f operators assocmted with the system overall angular
momentum L = R X P, say L~ and Lz, [L LZ] = 0 [see (3.71)], which can also
be shown to commute with the CM Hamiltonian:

IL*, Hem] = [Lz, Hem] = 0. (4.6)

Expressing L = |LI in terms of the lengths of the two defining vectors and the angle
o between them gives:

L[> = (RP sina)® = R2P*[1 — (cos@)’] = R2P2 — (R - P)* = R2(P* — Px?), (4.7)

where Pgr = (R/R)-P = eg-P measures the radial component of the total momen-
tum P, i.e., its projection onto the unit vector eg = R/R. It can then be verified that
the kinetic energy of the CM

1 1 1
Hem(P) = —P> = —P2 +

L. 4,
M oM™ R 2MR? 4.8)
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Let us further recall that all quantum mechanical observables must be Hermitian.
Therefore, as the momentum operator does not commute with eg [see (3.56)],
in forming the quantum operator corresponding to Pg, one has to symmetrize the
defining product, Py = Y2(eg-P + P-eg), which assures the Hermitian character of
the associated operator for the radial component of the overall momentum in the
position representation:

7
Pr(R) = Llex - P(R) + P(R) - ex) = — ’5 (er Ve +Vg-er). (49

The first part in parentheses measures the component of 13(R ) in direction R, which
in the spherical coordinates R = (R, 0, ¢) amounts to the radial differentiation
operator

R R
. 9 zOR 0 0

PR)=—-i—- 5 =—ih— w5 =—ih—. 4.1
e POR)=—ihp o~ "ok ok~ "ok (*-10)
Therefore, the action of P¢(R) on the continuous function f(R) gives:
s . i (Of : S (Of S
PRf = *E (ﬁ‘i’elg : VRf +va '€R> = lh<ﬁ+ﬁ
10
= —ihi= =R 4.11
(! 2)s an
thus identifying the radial momentum operator
. 1 0
Pr(R) = —ifi— —=R. 4.12
R(R) = —ihg =0 (4.12)

To summarize, in the adopted spherical coordinates the CM Hamiltonian, which
represents in quantum mechanics the physical quantity of (4.8) reads:

A —i 1o 1

Using next the explicit form of the Laplacian in spherical coordinates,

1o N\ 1[1 8 B 1 o
S v/ i P P _ _
Ar = Vi = (R 8RR> TR [sine a0 (Slnoaf)) T in20 a¢2}’ (14

one identifies

206 — 2] 2 (Gnpl) L 9
L(0.¢) =4 Line a0 (Slnoa(a) *5in?0 92| (5:49)
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In addition, by a straightforward chain-rule transformation of derivatives in (3.70),
one finds:

Ly(¢) = —ih%. (4.16)

Therefore, it directly follows from (4.13) and (4.15) that the first commutation
relation of (4.6) indeed holds, {I:z, I:ICM} =0, since L2 commutes with itself and

does not act on the radial coordinate R, thus also commuting with the first, radial
part of I:ICM(R, 0,¢). The second commutation relation of (4.6) directly follows
from the commutation relations between observables representing the Cartesian
components of L [see (2.34)]:

A2~ A2 A2 a2 A2 a2 A2 A2
[L°,Lz] = [LX +Ly +LZvLZ] = [Lx + LYaLZ] = [LX’LZ] + [LvaZ]
= Lx[Lx, Lz] + [Lx,Lz]Lx + Ly[Ly,Lz] + [Ly, Lz]Ly
= —ih(LxLy + LyLx) + ii(LyLy + LyLy) = 0, (4.17)
where we have used the elementary commutators of (3.71):
[£X7£Z] = —ihﬁy and [ﬁy,ﬁz] = lhix
It thus follows from (4.6) that the eigenfunctions W(R,0,¢) of Hem(R,0, )
should also satisfy the following simultaneous eigenvalue problems:
Hom(R,0,9)¥(R.0,¢) = Ecm¥(R.0,¢), Ecw = I°K*/(2M);
0,$)¥(R,0,¢) =L*¥(R,0,¢) and

7(P)V(R,0,¢) = L; ¥ (R,0, ). (4.18)

Hence, these common eigenfunctions can be written as products of the radial factor
fxi(R) and one of the angular momentum eigenfunctions {Y}"(0, ¢)}, called the
spherical harmonics,

Yem(R,0,¢) = fx(R)Y]"(0, ¢). (4.19a)

The latter represent the common eigenfunctions of the two compatible angular
momentum observables:

L*(0,)Y](0,0) = I(1 + DIPY]'(0,4), 1=0,1,2,...,
Lz ()Y (0, ) = mh Y™ (0, ), m=—1,—1+1,....,1—1,1, (4.20)

where the integral quantum numbers / and m determine the allowed spectrum of
these physical quantities: L* = I(/ + 1)4* and L, = mh.
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Inserting the product function of (4.19a) into the Schrodinger equation (4.18) for
the CM motion gives the following radial equation for fx ,(R):

1 a2 (I+1

where we have used the identity

1 2 @
Tdpy_1d . (4.22)
R dR R dR?

Upon substituting z = KR, this differential equation is transformed into the spheri-
cal Bessel equation,

deK_’[(Z) % de’/(Z) + 1 — l(l + 1)
dz? z dz z2

}fm(z) =0, (4.23)

the regular solutions of which define the spherical Bessel functions:

i(kR) = (- 5)1(1 d )]jo(KR% jo(kr) = SMER) o

K)\R dR KR

satisfying the following orthogonality relation for the continuous spectrum of K:

J Ji(KR)jy (K'R) R*dR = %5(1{ — K)oy (4.25)
0

To summarize, it is natural in the spherical coordinate system to specify the
stationary states of the free motion of the CM in the hydrogen-like atom as product
of the spherical Bessel function and the spherical harmonic:

Weu(R,0,0) = jI(KR)YT(0, ). (4.19b)

4.3 Eigenfunctions of Angular Momentum Operators

The spherical harmonics can be similarly factorized into eigenfunction of I:Z(qb)

@, (¢) = (2n) " exp(im ¢), (4.26)
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and the remaining factor ®7'(0):

Y7'(0,¢) = ©]'(0)Pn(4)- 4.27)

Substituzting this expression into (4.20) and using the explicit form (4.15) of the
operator L™ (0, ¢) then give the following differential equation for ®}"(0):

1 9. 000 o
sir1080<sm0 a0 >+[1(1+1)—Sm29 0}'(0) = 0. (4.28)

The subsequent substitution —1 < x = cos < 1 then transforms the previous
equation into a more familiar form of the differential equation defining the
associated Legendre polynomials,

i[(l—xz)%}—k[l(lﬁ-l) " }®"’( )=0. (429

dx 1 —x2

For m = 0 it reduces to the differential equation defining the Legendre polynomials
of order 1, ®)(x) = P(x),

d > dPl(x)
dx [(1 —x) dx

} + (14 1)Py(x) =0. (4.30)

Its solutions can be written in the compact (Rodrigues) form:

1 d

o dx’( -1 (4.31)

P [()C)
The remaining associated Legendre polynomials of degree / and order Iml < I,

@ (x) = N,,,P\"(x), which satisfy (4.28) for m # 0, can then be obtained from
these polynomials by repeated differentiations with respect to x:

mly2d"™ Py (x) .

Ty (4.32)

P (@) = (=1)"(1 =)
The normalization constant N, reflecting the proportionality between ®]"(x) and
P!"(x) is to be determined from the following condition:

1

1/2
Q21+ 1)(1— |m)!] )

m 2, _ —
J (OF'(x))dx=1= Ny, = [ ESTN

-1
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The spherical harmonics {Y}"(6, ¢) = Y"(Q)} satisfy the usual orthonormality
conditions,

T 2n
Jsin 0db J dopY! (0,9)Yr(0,¢) = Jy,m* (Q) Y1 (Q)dQ = 01 p0ppe, (4.34)
0 0

involving the integration over the whole range of 4 steradians of the solid angle Q,
i.e., over all possible directions of the unit vector in the physical space:

n 2n 1 2n
Jsin@dﬁjddb: JdcosGquﬁ:JdQ:4n. (4.35)
0 0 ~1 0

They are automatically satisfied when the two factors in (4.27) are chosen to obey
the associated partial relations:

n 2n
Jsin 0d0O"(0)@(0) = 8, and J dp ()P ($) = Sy (4.36)
0 0

Clearly, the same type of spherical functions describes the eigenstates of
the internal (orbital) angular momentum I = r X p, associated with the relative
motion of electron around the atomic nucleus. The corresponding internal spherical
harmonics now depend on the angular coordinates specifying the direction of the
relative position vector r = (r, 1, ) of the system electron,

Y/'(0, ¢) = 07 (9) Q) (4.37)

and satisfy the associated eigenvalue problems of the compatible operators of the
orbital angular momentum of (3.70) and (3.71):

(0, 0) Ym0, 0) = I+ DI2Y"(9,0), 1=0,1,2,...,
L()Y"(0, ) = mh Y™ (9, ), m=—l,—l+1,....0—1,I, (438)

The associated commutation relations are given by (3.71) and those involving
the internal Hamiltonian h(r) = h(r, 9, ¢):

1°,h] = [i.,h] =0, (4.39)
where in full analogy to (4.13)
2

. —h 1 . 1 2
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here, the operator of the radial component of the orbital momentum [see (4.12)],

p,(r) = —ihl 2r, (4.41)

and the operators of the orbital angular momentum in the spherical coordinates of
the system electron read [see (4.15) and (4.16)]:

2o o= |- (nol) 1L ] i =il
1 (Y, ¢)=—nh [Sinﬁ&ﬁ(smﬁaﬁ)—&—smzﬂ 82| L(¢) = zh&p. (4.42)

It thus follows from (4.39) that the eigenfunctions of the internal Schrodinger
equation (4.4) can be factorized in the form analogous to that in (4.19a):

Vonim(r, 0, 0) = Ry (r)Y]"(9, ). (4.43)

These functions represent the simultaneous eigenstates of the associated three
(internal) commuting observables:

ﬁ(ra v, @)%,z,m(r, U, ) = gn‘rbn.,l,m(ra 9, )
12(197 @)wn,l‘m("a 197 90) = l(l + 1)7121%1’1‘,"(1‘, 193 90)5 l= 07 17 27 R

L)W (.0, 0) = mh, ,(r, 9, 0), m=—l,—1+1,...,0—1,l
(4.44)

4.4 Radial Eigenfunctions and Energy Levels

To obtain the radial functions {R,, ()} and the admissible energy levels {¢,} of the
bonded, stationary states of the internal motions of the electron around the nucleus
in the hydrogen-like atom, when ¢, < 0, one substitutes the product function of
(4.43) into the first eigenvalue problem of the preceding equation. This gives the
radial Schrodinger equation in the form [compare (4.21)]:

(1 d* RUl+1)  zZé?
|: (; W") —+ W - T + |8n| Rn,](r) = 0 (445)

_2u

It can be subsequently simplified by the substitution U, (r) = R, (r) and by
the introduction of the redefined coefficients in this differential equation: the
energy parameter k,” = 2yle,l/i%, the energy-scaled (dimensionless) radial dis-
tance p, = 2k,r, and a reduced measure of the nuclear charge {, = Z/(x,ay),
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where ay = hz/(,uez) = 0.5292 x 107'° m denotes the radius of the first Bohr’s
orbit in the hydrogen atom,

d*U,,(p,) 1(1+1 a1
dplgp ) o ( p2 )Un,l(pn) + (i_ - Z) Un,l(pn) =0. (446)

In the asymptotic region of very large distances p,, — oo it thus reduces to a
simple differential equation

2
d Un‘,l(pn) — Uﬂ.l(pn)’ pn — 00, (4‘47)

dp? 4

the general solution of which reads: U, (p,) ~ Aexp(—p,/2) + Bexp(p,/2), where
A and B are integration constants. For this radial function to be finite in this limit
B =0, so that U, (p,) ~ Aexp(—p,/2) (p, — 00).

In the other extreme region of p,, — 0 the radial equation (4.46) becomes

dUnilp,) _ UL+ 1)
ol — Uni(p,), 0. 4.48
dp,% P% 7l(pn) Pn — ( )

Inserting into the preceding equation the trial function U,, /(p,) = pné then gives the
following quadratic equation for the critical exponent ¢:

thus predicting the general solution near the nucleus in the form U, (p,,) ~ A’ p,f’ +
B'p,/*'. The well-behaving (finite) solution thus results only for A’ = 0:
Unipn) ~B'p,*" (pu — 0).

The above analysis suggests the following general form of the radial wave
function,

U"J(pn) = exp(_pn/z)pnl+lv(pn)v (4503_)

which automatically guarantees the correct behavior in both these asymptotic
regions, including the additional (finite) factor V(p,,) defined by the power series:

Vip,) = aip),. (4.50b)
i=0

Its substitution into (4.46) gives the following differential equation for determining
this unknown radial factor:

2

FRIE2-p) - (1= L)V =0 @S

Pn>5>5
dp? dp,
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As V(p,) represents the power series this differential equation effectively deter-
mines the (energy dependent) recursive relation between the coefficients {a;}.
Indeed, the left-hand side of this equation also constitutes the power series which
vanishes only when coefficients at all powers of p, are simultaneously equal to
zero. This requirement generates the following recursion relation between the
neighboring coefficients in (4.50b) for the representative term p,,‘:

ax  (k+1D)(k+20+2) (4.52)

This power series thus begins with the constant term ¢y # 0 and it must terminate at

some finite maximum power. Indeed, if it failed to do so, in the limit of very large

values of £, i.e., k — 00, aiy1/a; — 1/k, which is characteristic of the power series
o0

expansion of the function exp(p,) = >_ 4 p}. Thus, should the power series in

(4.50Db) fail to terminate, the radial wa'vie0 function U, ,(p,) would become infinite
(ill-behaved) at p,, — oo, diverging as exp(p,/2).

Therefore, the truncation of this series into the polynomial is the crucial require-
ment for the radial wave function to well behave at large distances. A reference
to (4.52) shows that the series will indeed become the polynomial of degree k = j
when a;,,/a; = 0, which takes place only for

GHi+1)=n=¢, or n?={72=27%(ka?) = 221/ (2ule,|ag®). (4.53)

As, by definition, j is a non-negative integer and / = 0, 1,... [see (4.44)], the
principal quantum number n, which identifies the electronic “shells,” must also be a
positive integer n = 1, 2, .. .. It is subject to the restriction n > [, since the degree
of the polynomial after which the series expansion terminatesj = n — (I + 1) > 0,
V(p,) = V,.(p,), so that there are n values of the angular momentum quantum
number / consistent with the givenn: [ =0, 1,...,n — 1.

To summarize, the radial wave function of the internal states of the one-electron
atom reads:

n—I—1

Un,l(pn) :An,/exp(_pn/z)pnprlVn.,l(pn) :An,lexp(_pn/z)pnl+1 Z aipf1’ (4.54)
i=0

where A, stands for the appropriate normalization constant. The polynomials
Vui(pn), the solutions of the differential equation (4.51), are known as the
associated Laguerre polynomials:

N G Vi (Gt U

Va =L = :
#Pn) = Lotz () Z; Mn—1—1— )2+ 1+

(4.55)

=
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Again, the associated Laguerre polynomials L] (p,) of degree p and order ¢, are
compactly represented by the following formulas of Rodrigues in terms of the
Laguerre polynomials Ly(p,,) of degree p:

_ &

LI=(p,) = Ly(p,) = exp(p,) i [0 exp(—p,)], (4.56)
q d‘I

Lg(pn) = (_1) d—pZL(I-FP(pn) (457)

Thus, the condition of the well-behaved wave function at infinity gives rise to a

quantization of the internal energy ¢, = —le,| of electron in the hydrogen-like atom:
7* (et 7% (mee*\  7* 77
len| = oy <h2) =50 < pu; ) = 2—nzhartrees = n—zrydbergs, (4.58)

1 hartree = 2 rydbers = 2|gy| = 27.21161 eV = 4359814 x 1078 J,  (4.59)

where we have introduced two popular units of energy used in atomic and mole-
cular physics. For Z = 1 this energy spectrum reproduces that following from the
historically first quantum model of the hydrogen atom proposed by Bohr in the Old
Quantum Theory. One also observes that the scaling factor x, = Z/(nagy) of
the radial distance p,, is shell-specific.

4.5 Orbital Degeneracy and Electron Distribution

The energy spectrum of (4.58) becomes very dense for large values of the principal
quantum number, with ¢,, = 0, and becomes continuous for the nonbonded (scat-
tering) states, for ¢ > 0, when the electron can exhibit the infinite separation from
the nucleus. Therefore, such energy-continuum states of the hydrogen-like atom
describe the ionization processes, involving a removal of the system electron.

The wave functions of (4.43) define the admissible (linearly independent)
bonded states of electron in the hydrogen-like atom. Since the value of the allowed
internal energy of (4.58) depends solely on the principal quantum number n
the number of combinations of the remaining quantum numbers, the secondary
(orbital) quantum number / and magnetic (azimuthal) quantum number m, which
are consistent with the given value of n, determines the system overall orbital
degeneracy. For each value of the quantum number associated with the length of
the orbital angular momentum, / = 0, 1,...,n — 1, which identifies specific atomic
“subshells,” there are 2/ + 1 admissible values of the azimuthal quantum number
m (4.44) determining the spatial orientation of the angular momentum vector
(Fig. 1.2). Hence, the total orbital degeneracy g, of the given eigenvalue ¢, in


http://dx.doi.org/10.1007/978-3-642-20180-6_1#Fig2
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hydrogen-like atom, i.e., the number of independent stationary (bonded) electronic
states belonging to this energy level:

n—1

gn= (2+1)=n (4.60)
=0

This orbital-degeneracy is doubled if the two spin states of an electron, a(a) or (a),
depending on the discrete spin variable ¢ = (—', /2), are taken into account, as
each Atomic Orbital (AO) ¥, ;,,(r,7,¢) can be combined with any of these spin
functions into the correspondihg Spin Orbitals (SOs)

lprtl,m (’Aa v, ¢, G) = l/jn.l,m(ra v, 90)“(0-)

. 4.61
V(9. 0.0) = (7, 9. ) B(0) @.o

lp;[m(r, 9, ¢, 0) = {

Hence, in hydrogen-like atom all energy levels with n > 1 exhibit some orbital
degeneracy, while the ground 1s state,

3

7\ 12
lﬁho,o(”,ﬁ,@):(ﬁ) exp(—Zr/ap), (4.62)

0

exhibits only the double spin degeneracy.

The appearance of the degenerate quantum states can be often ascribed to
some apparent symmetry in the physical system. For example, the degeneracy
with respect to the magnetic quantum number m reflects the central potential
feature of the one-electron atom. It originates from the absence of the preferred
spatial direction and hence from the invariance with regard to rigid rotations
about the origin. The degeneracy of states corresponding to different values of /
consistent with the given »n is peculiar to the Coulomb potential. Any departure
from the strict 1/r dependence, e.g., in many-electron atoms, will remove this
(“accidental”) degeneracy.

The atomic orbitals of (4.43) are complex for m # 0, because of the @,,(p)
factor in Y7*(9, ) (4.37), with only m = 0 functions,

lpn,0,0(r) = ns, lpn,l,O(rﬂ ?9) = np:, lrbn.2,0(ra 19) = ndzzv etc., (463)

which do not depend on the spherical angle , are automatically real. However, one
can always transform the pair of the complex—conjugate orbital factors ®@,,(¢) =
®* (p) for m > 0 into two real combinations by extracting their real and imagi-
nary parts:

Re[®,, ()] = 5 [@u(p) + P_n(p)] = cos(mp),

Im[(I)m(go)] = [(I)m(ga) - (Dfm(@)] = sin(m<p). (4.64)

2] = 121 =
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Since such real combinations involve functions with the same length of the angular
momentum, this physical quantity still remains sharply specified in these combined
states. However, the real orbitals are no longer eigenfunctions of the z-component
of the angular momentum, as they combine functions with different eigenvalues of
this observable. Therefore, in a single measurement of /., one has probability 2 of
observing either /I, = mh or I, = —mh and hence (/) =0 in such linear
combinations ¥/, ; ., of the complex orbitals 1, ; .

The AO parity, i.e., the symmetry (g) or antisymmetry (i) property of W, 1m With
respect to the inversion operator i, which reverses the internal Cartesian
coordinates, i(x,y,z) = (—x, —y, —z), is determined solely by the associated prop-
erty of the spherical harmonic factor Y7*(¥, ¢), since such operation of reversing
directions of the coordinate system does not affect the radial distance r. Indeed, in
the spherical coordinates i(r, 9, ¢) = (r,m — 9, ¢ + 7) and hence the action of i on
D, (p) gives:

i exp(img) = [exp(in)]" exp(imp) = (—1)" exp(imy). (4.65)

Thus, the magnetic quantum number m itself determines the parity of @,,(¢), which
is symmetric (g) [antisymmetric (#)] with respect to inversion for the even (odd)
values of m.

Next, let us examine the parity of the other, ¥-dependent part of the angular
function, ©/"(x) = N,,P\"!(x), x = cos®. Since icos® = cos(m — 1) = — cos )
and the associated Legendre polynomial of degree / and order m, P‘[m‘ (), is obtained
by differentiating (/ + Iml)-times the even function (x> — 1)’ of the argument x in
(4.31) and (4.32), the action of the inversion operation on this angular factor of the
wave function gives:

iP‘,m‘(cos 9) = (—l)lﬂm‘ exp(imgp)P‘lm‘(cos 9). (4.66)

It thus follows from the preceding two equations that the overall parity of the
angular function is determined by the parity of the orbital quantum number /:

Y70, 0) = (=), ) = (=179, ). (4.67)

Atomic orbitals posses a number of nodal surfaces on which ,,;, =0, as
indeed required to satisfy the orthogonality relations, which guarantee the linear
independence of AO. For this purpose it is customary to examine the spatial
properties of the real AO (4.64),

cos(myp)
sin(mp)
a b ¢

=Ry ()Y 7, (4.68)

l//n,/,im(ra 197 <P) X },l eXp(K,ﬂ‘)LiEll (ZKVIF)P?I(COS 19) {
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e.gy Yy = {”Pm’lpy}a Vips1 = {”dxzv”dyz}’> Voo = {ndy,nda_y}, etc.
The angular functions Yf"’y " of the real AO are simple functions of the respective
integer powers {a, b, ¢} of the electron Cartesian coordinates, which are indicated
in their symbolic notation.

By examining the individual factors in the preceding expression, one first
realizes that there are / — m values of ¥ for which P}’(cos®)) vanishes and the
real/imaginary parts of (4.64) vanish at m values of the azimuth. Moreover, the
associated Laguerre polynomial vanishes at n — [ — 1 values of r; for [ # 0
the radial factor # has also the “node” at r = 0. Hence, disregarding the latter,
the total number of nodal surfaces in AO at finite distances is n — 1, including
n — | — 1 radial and / angular surfaces.

It thus follows from these considerations that only the / = n — 1 AO, e.g., 1s,
2p, 3d, 4f, etc., have zero radial nodal-surfaces, thus exhibiting only one maximum
in their radial probability density, which is customarily used to represent the dis-
tribution of electrons in atoms. More specifically, using the probability density of
finding the electron at point r = (r, 9, ) = (r, Q),

Pt (70, 0) = Wy, 9, 0) P = R2,(1) Y7 (9, 0), (4.69)

one finds from (4.34) the associated radial probability of locating the electron in the
infinitesimal radial range, between the concentric spheres of radii » and r + dr,

P (r,dr) = rzRiJ(r) dr J |Y1'"(Q)|2dQ = rzRiJ(r) dr, (4.70)

where we have recognized the angular normalization of (4.34). Hence, the radial

probability density reads:

dP(r,dr)
dr

p;;‘fld‘ (r) = rzRiJ(r). 4.71)

For example, for the ground state of the hydrogen-like atom (4.62), for which
R1o (r) o< exp(—Zr/ap) and hence p’]“g (r) o< r* exp(—2Zr/ap), the maximum of
the radial distribution is observed at r,,,, (Z) = ap/Z. This radial probability density

also predicts the following average values of r and r*:
ao

(r(2)) = Tm’fg-(r)dr = 4(5)3
0

where we have used the typical integral [ y"exp(—by)dy = n!/b"!. Hence, the
0

square of the dispersion o, in the radial distance of this one-electron atom reads:
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2
i = (A(2)) - (r2))* :Z(%) or o = (?) (“Z_") (4.74)

Therefore, in the hydrogen atom the maximum radial probability is found at
Fmax(Z = 1) = aq as already predicted by Bohr. It should be emphasized, however,
that the latter model has invoked the classical (“flat”) planetary picture of the
electron movements around the nucleus, while the quantum-mechanical perspec-
tive predicts the correct spherical distribution of the electron probability density
around the nucleus.

The radial densities for the remaining AO in this prototype atomic system are well
known and available in practically every textbook of quantum chemistry or elemen-
tary quantum mechanics. Let us only recall here that with the increasing principal
quantum number n = 1, 2, 3, which determines the successive electronic shells, the
average distance from the nucleus increases. The atomic subshells, identified by the
alternative values of the orbital quantum number / consistent with the given principal
quantum number 7, exhibit the decreasing trend with increasing / in their most
probable and average distances from the nucleus, e.g., (rs;) <<r3,,><<r3s>. This
observation reflects the intervention of the orthogonality constraints with respect to
the stationary states exhibiting the same symmetry and lower energy, for which the
electron is on average distributed closer to the nucleus. These requirements effectively
shift the probability of the outer subshells away from the nucleus. Indeed, the 3s
orbital must be orthogonal to both 1s and 2s states, the 3p state is only constrained by
its orthogonality to the 2p subshell, while 3d orbital has no lower-lying analog.
Therefore, in the given electronic shell n, the / = n — 1 and / = 0 subshells always
exhibit the minimum and maximum average distance from the nucleus, respectively.

These prototype analytical solutions for the one-electron atom can be also regarded
as determining a general pattern of the shell structures in N-electron atoms (N > 1), in
which electrons, occupying N lowest SO, are moving in the effective potential due to
the nucleus and the remaining electrons. As this effective attraction by the “screened”
nucleus is then no longer of the 1/ type, the accidental degeneracy of the hydrogen-
like atom is lifted and the subshell energies in many-electron atoms depend on both n
and /, ¢ = ¢,,;. In such atomic systems the configuration of the outer-most (most
polarizable) valence shell electrons is decisive for determining the atom propensity to
form chemical bonds with other atoms. In such bond-forming processes the
distributions of the inner-shell electrons remain practically unaffected (“frozen”).

It should be finally observed that these “exact” solutions of the Schrodinger
equation for the one-electron atom, also determining the gross features of the elec-
tronic structure of many-electron systems, still require several corrections which
must be taken into account to relate theoretical predictions to the experimental data.
For example, corrections are due to the coupling between the spin and orbital
angular momenta and the high speed of the electron, which call for the relativistic
approach, the hyperfine structural effects reflect the magnetic properties of the
nucleus, and the Lamb shift accounts for the interaction between the electron and
electromagnetic field.
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4.6 Atomic Units

When describing objects and processes in the atomic scale, it is convenient to use
the system of atomic units (a.u.), which greatly simplify equations and expressions
in molecular quantum mechanics [see (4.58), (4.72), (4.73)]. For example, the
proportionality constant in the Coulomb Law determining the potential V(r) of
(4.1), ke = (4mep) ", where &, stands for the electric permittivity of the free space,
becomes unity in a.u., kc = 1 a.u. so that V(r) = —kCZez/r = —Zez/r = —Z/r
(a.u.), where we have recognized that the magnitude of the electronic charge
(proton charge) determines in a.u. the unit of electric charge: ¢ = 1. Thus the a.u.
of electric permittivity equals 47e,, or the vacuum permittivity &, = (47)"" a.u.

This system will be used in the remaining part of the book, unless specified
otherwise. It is based upon the underlying units of length, mass, time, and electric
charge, which subsequently determine the associated units of the remaining physi-
cal quantities, e.g., energy, physical action, angular momentum, etc. Some of these
units are summarized in Table 4.1, where the expressions in terms of the universal
constants and corresponding values in the Systeme International d’ Unités (SI) are
also given.

Table 4.1 Atomic units

Property Unit Symbol SI value
Action and angular ~ Planck’s constant h 1.0546 x 1073 7Js
momentum
Electric charge Charge of proton e 1.6022 x 107 C
Electric permittivity —4me, E/(E,, ap) 1.1127 x 107 Fm™!
Energy Hartree, double magnitude E;, = k¢ lag 43598 x 107187
of the ground-state = kczmé, et
energy of hydrogen
atom for u = m,, i.e.,
M, — oo
ke Constant in Coulomb ke = Ej aole® 8.9875 x 10° Jm C~2
Law
Length The first Bohr’s radius ag = hz/(kc meez) 5.2918 x 107 %m
Mass Rest mass of electron m, 9.1095 x 10" kg
Probability density apy”> 6.7483 x 10°°m~3
Time Time in which one To = aplvo 24189 x 1077 s
electron on the first = IB/(kPm et
Bohr’s orbit travels
the angle distance
of 1 radian
Velocity Speed of electron on Vo = aplTg 2.1877 x 10°m s~!
the first Bohr’s orbit = hf(m.ag)

= ke &h
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