Chapter 3
Basic Concepts and Axioms

Abstract The postulates of quantum mechanics are formulated using the
mathematical tools of the preceding chapter. First, the axioms related to the
quantum kinematics are summarized, dealing with a variety and physical meaning
of quantum states at the specified time. They include alternative definitions and
interpretations of the wave functions of microobjects as amplitudes of the particle
probability distributions in the configuration or momentum spaces. As an illustra-
tive example the electron densities are then discussed. The superposition principle
is formulated, and the symmetry implications of indistinguishability of identical
particles in quantum mechanics are examined. The links between the quantum
states and outcomes of the physical measurements are then surveyed and the
physical observables are attributed to quantum mechanical operators, linear and
Hermitian, and their specific forms in the position and momentum representations
are introduced. The eigenvalues of the quantum mechanical operator are
postulated to determine a variety of all possible results of a single experiment
measuring the physical property the operator represents, while the operator
expectation value represents the average value of this quantity in a very large
number of repeated measurements performed on the system in the same quantum
state. The eigenstates of the quantum mechanical operator are shown to corre-
spond to the sharply specified value of the physical property under consideration,
while other quantum states exhibit distributions of its allowed eigenvalues. The
statistical mixtures of quantum states are defined in terms of the density operator and
the ensemble averages of physical observables in such mixed states are examined.
The simultaneous sharp measurement of several physical observables is linked to the
mutual commutation of their operators and the quantum mechanical formulation of
the general Principle of Indeterminacy is given. Properties of the electron angular
momentum and spin operators are examined.

In the dynamical development, the pictures of time evolution in quantum mecha-
nics are introduced through the alternative time-dependent unitary transformations of
the state vectors/operators. The Schrodinger equation is explored in some detail, with
the emphasis placed upon the stationary states, time dependence of expectation
values, conservation laws, the probability current, and continuity equation. The
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52 3 Basic Concepts and Axioms

correspondence between the quantum and classical dynamics is established through
the Ehrenfest principle. Finally, the rudiments of the Heisenberg and interaction
pictures of quantum dynamics are briefly summarized.

3.1 N-Electron Wave Functions and Their Probabilistic
Interpretation

In the canonical formulation of classical mechanics, the system dynamics is
formulated in terms of the Hamilton function E = H(Q, P) expressing the system
energy E in terms of its generalized coordinates O = {Q,} and their conjugated
momenta P = {P,}, a =1, 2, ..., f, with f denoting the system number of
dynamical degrees of freedom. Together these conjugate dynamical variables
uniquely specify the system mechanical state. Indeed, the knowledge of Q(f) and
P(¢) at the specified time ¢ = t; allows one to determine the exact time evolution of
these state parameters, via the Hamilton equations of motion:

do, OH . dP,  OH .
= - = Po(: = -7, :1727...,.. 3.1
di 0P, di 00,” f G-1)

0.

Since these are the first-order differential equations, their solutions {Q(¢), P(¢)} are
uniquely specified when the values of these classical state variables are fixed at
t = to. Thus, knowing the state {Q(#(), P(ty)} of the classical system at this time,
one can in principle predict with certainty the system mechanical state at t # t, i.e.,
precisely determine the outcome of any measurement at an earlier or later stage of
the system time evolution.

As we have argued in Chap. 1, this classical specification of the mechanical state
is inapplicable in the quantum theory, due to the simultaneous indeterminacy of
coordinates and momenta of microobjects (the Heisenberg principle). Indeed, since
the state variables must be precisely specified, either the position coordinates or the
components of the canonically conjugated momenta of the system particles should
be used to uniquely characterize its quantum state. Therefore, at the given time ¢,
which in the simplest (nonrelativistic) formulation of the quantum theory plays the
role of a parameter, the quantum state corresponding to the state vector |\P'(¢)) is
represented by the wave functions in either the position or momentum
representations,

V(i) = (QI¥() or (Pi) = (PI¥(); (3.20)

here, the representation basis sets {|@)} and {|P)} correspond to the position and
momentum eigenstates, respectively, in which these molecular variables are known
precisely. For quantum particles these classical state “coordinates” should be also
supplemented with all nonclassical, internal (spin) degrees of freedom for each
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particle, 3 = {X}. Therefore, the full specification of the mechanical state of the
given quantum system, in either the position-spin or momentum-spin represen-
tations, is embodied in the corresponding wave functions:

(Q,3: 1) = (Q,3¥(1)) or W(P,3:1) = (P,3¥(1)). (3.2b)

Since the theoretical description of the electronic structure of molecules is the
main objective of this book, in what follows we shall focus on a general (atomic or
molecular) N-electron system, with the list of the (coordinate/momenta)-spin
variables in the Cartesian coordinates:

|Q72> = ’qN> = |{qk}> = ’&N>7 qr = (rk’ O-k)a

3.3)
|P,3) = ’uN> = {u}) = ‘fl’N>, w. = (py, or), k=1,2,...,N;

here ry = (X¢, Yk, Zk), Px = (Pxi» Pyi» D= ) and oy, respectively, denote the continuous
position, momentum vectors of kth electron and its discrete spin orientation variable
or € (+%, =) (see Fig. 1.2).

Therefore, the vector space of the N-electron system is spanned by all basis
vectors in either the position {|€")} or momentum {|#")} representations. In what
follows we shall call this vector space the molecular Hilbert space. The specific
state of such an N-electron system in time ¢ will be denoted by the ket |¥"(7)). Since
each basis vector is specified by the three position/momentum coordinates and one
spin variable for each electron, the overall dimensionality of either the position-spin
or momentum-spin spaces is 4 N. The basis vectors [€") and |#") are then identified
by corresponding points in these configurational spaces. It should be observed that
in the classical mechanics the system state was uniquely specified at the given time
by selecting the point in the 6 N-dimensional position-momentum phase space of N
particles.

Moreover, the corresponding position-spin or momentum-spin data for the
atomic nuclei are also required for the complete specification of the molecular
state. However, as we shall argue in Part II of this book, due to a huge difference in
masses between the (light) electrons and (heavy) nuclei, the dynamics of the former
can be to a good approximation described by examining their fast movements in the
effective potential generated by the “frozen” nuclear framework, with the fixed
positions of nuclei playing the role of parameters in the electronic structure theory.
In this adiabatic approximation of Born and Oppenheimer the nuclei, sources
of the external potential in which electrons move, thus determine the assumed
molecular geometry.

After these short preliminaries, we are now in a position to formulate the important
postulate of quantum mechanics, due to Born, which provides the physical interpre-
tation of the wave functions of (3.2a) and (3.2b):

Postulate I: The (normalized) quantum mechanical state og the molecular system
containing N-electrons in time ¢, (¥" ()| ¥V (¢)) = H‘I’N(I)H =1, where H‘PN(Z)H
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stands for the norm (“length”) of the state vector, is uniquely specified by the
orientation of the state-vector |¥"(#)) in the molecular Hilbert space or equivalently
by its equivalent representations (wave functions) in the position or momentum
basis sets, respectively,

(@) = (@ ¥V (1)) or W(@;r) = (V¥ (r)). (3.2c)

These in general complex-valued functions determine the probability amplitudes of
simultaneously observing at this time the specified positions/momenta and spin
orientations of all N electrons, with the corresponding probability densities being
determined by the squares of the wave function moduli:

p(@;1) = (@ |¥V(0))[* = [P(@;0)]

= P[PV (1)),
Jp((zN; 1) d@ = J<\PN(z)|&N><&N\TN(z)>d&N =YV |¥¥(0) =1,

(34

Here, the generalized “integration” symbol jd&N actually denotes the definite
integrations over the position coordinates and summations over the spin variables
of all electrons:

Jd@NEqul...quEJdrl...drNZ...Z, (3.52)
[ ON

The related operation in the momentum-spin space similarly reads:

Jd:’l’NEJdul...duN Ejdpl...deZ...Z. (3.5b)
[} ON

In fact, the normalization conditions of this postulate, for the position-spin and
momentum-spin probability densities p(€";) and n(P";¢), respectively, express
the unit probability of the sure event that at the specified time ¢ all electrons are
located somewhere in the physical or momentum spaces, and assume one of its
allowed spin orientations. We have also indicated in (3.4) that the probability
densities P[@"|W"(¢)] and P[P"|¥N(¢)] of the particle positions and momenta,
respectively, are conditional upon the specified quantum state. Indeed, these densities
represent the conditional probabilities of observing the basis set events corresponding
to the wave function arguments @' or " (variables), given the molecular state
|¥N(t)) (the parameter): p(€"; 1) = P[E@" |¥N (¢)] and n(PV;1) = P[P |¥N(¢)]. The
normalization relations thus involve the integrations/summations of these conditional
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probabilities over the variable states {|€")} and {|2")}, respectively, for the fixed
parameter state | P (#)). The integrands of these sum rules thus provide the associated
probabilities of the particles being simultaneously found in their specified, infinitesi-
mal ranges of coordinates d@" = {dry, o;} ormomenta d?" = {dp,,d;},i.e., of the
system particles occupying the corresponding volumes of the position or momentum
spaces for their specified spin orientations.

This physical interpretation of the quantum mechanical wave functions has far
reaching implications for their admissible analytical form. First, the normalization
condition excludes the functions which become infinite over a finite region of space,
since then Born’s interpretation would be untenable. Clearly, the Dirac-delta wave
functions of (2.69), which correspond to precise localizations or momenta of
electrons, are not excluded since their infinite values extend only over the infinitesi-
mal volumes of space, thus giving rise to the finite normalization integral. However,
for the finite, constant probability densities, e.g., p((QN ;1) = const. > 0, this integral
may become infinite, when the movements of electrons are not confined to finite
regions of space. In such cases, this density provides only a relative measure of
probability.

Another implication of the Born probability interpretation is that the wave
functions must be single valued. Indeed, ¥ (&";7)[or ¥(#";)] must generate the
unique representation of the quantum state |\"(r)). Additional constraints on their
admissible forms are imposed by the form of the quantum mechanical operators.
As we have established in Sect. 2.6, the position operator in the momentum
representation and the momentum operator in the position representation corre-
spond to differential operators (gradients), e.g., p(r) = —iiV. For these operations
to be mathematically meaningful, the wave functions on which these observables
act must be continuous. Sometimes, the additional condition of the continuous first
derivative is also invoked, since the action of the kinetic energy operator of a single
particle in the position representation, T(r) = p*(r)/2m = —(h*/2m)A, involves
a double differentiation of the wave function embodied in the Laplacian operator
A= V2 However, this condition is too severe, since the expectation value of the
kinetic energy, when transformed by parts,

T = (¥|T|¥) = J‘P*(r)T(r)‘I’(r)dr = (B*/2m) J |V¥(r)[dr, (3.6

remains well defined even for the discontinuous derivatives of the wave function.
For example, such discontinuity is encountered for some excessively ill-behaved
potentials V(r) of forces acting on the particle, e.g., in the particle-in-the-box
problem, when it jumps from zero to infinity in an infinitesimal distance.

To summarize, in quantum mechanics only such well-behaved wave functions
have the physical meaning of probability amplitudes implied by Postulate I. The Born
interpretation thus imposes a restriction on the “acceptable” solutions of the differ-
ential equations of quantum mechanics, e.g., the crucial Schrodinger equations for
determining the system stationary states and their quantum dynamics. Only such
well-behaved wave functions may represent the dynamical states of physical systems.
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The constraints of the wave function finiteness, single valuedness, and continuity,
supplemented by the boundary conditions appropriate for the physical problem in
question, give rise to the quantization of physical properties, e.g., the system energy
(see Sect. 2.7). Indeed, only for some energy levels, the eigenvalues {E,} of the
system Hamiltonian, it is possible to construct the well-behaved eigenfunction. For
example, in a system with boundaries, when the movement of particles is confined to
some finite region of space, the energy is quantized and the less confining is the
potential, the less separation is predicted between the neighboring energy levels.

As a result of the Heisenberg uncertainty principle the physically admissible
wave functions may penetrate, i.e., exhibit finite values, in the classically forbidden
regions, where the total energy is below the potential energy level, E < V, thus
generating the nonzero probability of finding a particle in such locations. For
example, the motion of the quantum mechanical harmonic oscillator is not confined
to the classical region between the turning points of the parabolic Hooke potential,
and the quantum particles may tunnel through the finite potential barriers. In these
classically-forbidden positions the microparticle formally exhibits the negative
kinetic energy. This does not imply, however, that the average kinetic energy,
represented by the expectation value of (3.6), becomes negative in such states.
Indeed, the average value over both the (dominating) region of space, where the
kinetic energy is positive, and the classically inaccessible (marginal) regions, where
it is negative, is always positive. It should be observed, however, that it would be
meaningless to speak of the precise kinetic energy of the localized particle anyway,
since its momentum is completely unknown!

The electron density p(r) of locating any of the system N electrons at point r can
be obtained from the N-electron probability density p(€";7) of Eq. (3.4) by the
appropriate integration/summation over the remaining arguments of the wave
function, i.e., over all admissible events satisfying the condition r, = r, k = 1, 2,
..., N, enforced by the relevant Dirac deltas in the integrand,

N

plrit) = > [ - (@) ae”

=1 3.7

J‘P*(&N; N pr)P(E ;1) d@” = NJé(rl —r)p(@ ;1) d@".

In the preceding equation we have introduced the electron density operator p(r) =
> 40(ry — r) and recognized that due to the indistinguishability of electrons, i.e.,
impossibility to recognize which electron is which, all contributions in the sum
of the first line of the equation must be identical. Indeed, we cannot follow the
precise trajectories of the separate electrons, due to the incompatibility of its
position and momentum, so that their specific identities (hypothetical labels)
remain unknown. Clearly, the integral of the electron density over all locations in
space must satisfy the sum rule

Jp(r; t)dr :JEN: Ué(rk—r)dr} p(@; 1) d@ = ij(&’v; )de" =N. (3.8)

k=1
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One similarly obtains the corresponding spin densities of electrons, of detecting
at the specified location r electrons with the specified spin ¢ = (—%, +%), the
condition enforced by the corresponding Dirac and Kronecker deltas, which
together identify the point ¢ = (r, ) in the four-dimensional position-spin space:

N
p(g;t) = p°(r;t) = Z Jé(rk r) 85, 0p(€"; 1) dE@Y

EJ P (E; 1) d@”
=N, Ja( r)p(@; 1) d@", (3-9)

Z ); J (g;t)dr =N,
Jp<q; ndg=3" Jp<q; dr=N,

where N, stands for the number of electrons exhibiting the spin orientation .

In a similar manner, one determines the many-electron densities or their respec-
tive spin components and the associated operators in the position representation.
For example, the spinless two-electron density, p,(r, ¥'; ), of observing one electron
(of all N electrons) at r and another electron (of all the remaining N—1 electrons) at
¥ is given by the following expression:

p,(r,r;t) = Z Zjé(rk—r)é(rl —)p(@ ;1) d@’

— * (0N . 5. (r r/ N . N

= | v @ purree) de 10
N(N —1) Jé(rl—r)é(rz —)p(@;1) d@”,

ijz(r, Fit)ydrdr' =N(N —1).

Again, this rwo-electron distribution can be decomposed into the spin-resolved
components:

0:(q,q;6)=p" (r,r;1) ZZJ ri—r)3(r1—1) 85, 605, (€" ;1) d@Y
1k

- jT*(cﬂN;r) ba(a.4) W (@";1) e,

,(r,r;1) ZZp” r,r';t),

N(N —1), o'=0
drdr =< 7 07
ijz(%‘b) rdr { NN, a,7ég ,

JJ ,(q,4';1)dqdq = ZZJJ (r,;t)drdr =N(N—1). (3.11)
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Of interest also is the pair density in which the permuted rwo-electron localiza-
tion events (ry = r)A(r; = ¥) and (r, = ¥)A(r; = r) are regarded as physically
identical and thus counted only once:

F(r,r/;t):J‘P*((ﬁN O E(r, ¥ )P (@; 1) e,

N—1

N
Zé re —r)d(r — 1), (3.12)

JJF(r,r’;t)dr dr' =N(N — 1)/2 = (Z)

This distribution of the physically indistinguishable electronic pairs satisfies the
pair normalization of the preceding equation (Lowdin 1955a, b), which differs from
that adopted for the two-electron distribution of (3.10) (McWeeny 1989). This
change in the normalization simplifies the expression for the average electron
repulsion energy,

VeelN:1) = Jw*(&N; Ve (V) (€ 1de, (3.13)
the expectation value of the associated (multiplicative) operator in position repre-

sentation, \A/€79(N ), which measures the interelectron Coulomb interaction for the
sharply specified locations of all N electrons:

Ve N) =D ) " —r;l Z Z (k,1). (3.14)

In terms of the above two-electron densities, the expectation value of the electron
repulsion energy of (3.13) thus reads:

Vee(N;t) = i JJ'r — r’|_1p2(r, rit)dr dr

(3.15)
= JJ Ir— r’|71F(r, rit)dr dr.
Clearly, by using the corresponding Kronecker deltas of the spin variables of
electrons [see (3.11)], one could similarly define the spin components of the pair
density as well.
The extension of these concepts into the corresponding momentum-spin
densities is straightforward. For example, the spinless one- and two-electron
densities in the momentum space of N electrons become:

N

wpin) = Y- [0l -p) n(0%i0) 9 = | W) 7o) V(9" 0) a9

k=1

—Njam—m 7(#";1)dP" = NP(p;1)
Jn(p;t)dpzN; (3.16)
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mopi0 = Y- 3 |00l — p)n(#"50) 9"

= [ v malp.p)P@Yi 0 ag
—N(N )jam—p)a(pz P 1) d?,

”nz(p, pit)dpdp’ =N(N —1).
(3.17)

Consider now the expectation value of the kinetic energy of N-electrons in the
momentum representation,

T.(N;t) = (PY ()| T(V) [PV (1)) = JT*(TN;t)T(?N)T(?N;t)d?N
(3.18)
= JT(.‘?‘N)n(ﬂw 0)dP",

where the (multiplicative) kinetic energy operator T(ﬂ’N )= T(ﬁ’N ) measures the
system kinetic energy when the momenta of all N electrons are sharply specified:

T =5- > p =D Tp) =T(2") =NI(p). (3.19)

k=1 k=1

Therefore, the expectation value of (3.18) is given by the following mean value
expression involving the one-electron density in momentum space:

T.(N:1) = Njnpmp; )dp = jnp) 7(p; )dp. (3.20)

3.2 Superposition Principle, Expectation Values,
and Indistinguishability of Identical Particles

The superposition principle of Sect. 2.2 is formally summarized by another basic
axiom of quantum mechanics:

Postulate II: Any combination [¥) = Y ; C;|'¥';) of the admissible quantum states
{|¥;)}, where {C;} denotes generally complex factors, also represents a possible
quantum state of the system under consideration. The squares of moduli of
these expansion coefficients determine the normalized conditional probabilities
{P(Y;|P) = |C,-\2} of observing state ¥; given the state W: Y ; P(¥;|¥) = 1.


http://dx.doi.org/10.1007/978-3-642-20180-6#Sec2_2

60 3 Basic Concepts and Axioms

As an illustration let us consider the basis eigenvectors |i } = {|¥;) = |a;)} of
the quantum observable A (2.55a), which for reasons of simplicity we assume to
correspond to the discrete spectrum of eigenvalues {a;}. Expanding a general
state vector |V) in this basis set (2.48a) then gives the following components of
its (column) vector representation: W(i) = (i|¥) = {C; = (¥;|¥)} = C. Hence
[see (2.39)], the corresponding conditional probabilities read:

P(Yi|¥) = |G} = C:C; = (Yi|W)(P|W)) = (¥i|Py|¥,)

) . (3.21)

=G Ci = (YY) (Yil¥) = (FIP[¥) = P(P[V)).
It follows from this equation that the conditional probabilities between two
quantum states can be considered as the expectation values in the variable state
of the projection operator onto the reference state, which plays the role of

a parameter. Their normalization then directly follows from the basis set closure
of (2.41a):

P(WiW) = (Y] ) PW) = (P|¥) = 1. (3.22)

As we shall see in Sect. 3.3, the conditional probabilities of (3.21) also reflect
relative frequencies of possible outcomes {a; = (W;|A|¥;)} of the experiments
measuring the physical quantity A. Indeed, the eigenvector representation of
A is given by the diagonal matrix A = (i|A[i) = {A, = (¥l A|¥,) = @ndm,}-
Therefore, the statistical average (expectation) value (A) in state |'P') is given by the
relevant mean value expression:

(A) = ZpP(Yn|¥) an = Z0Z0Cpy Ann Co = (Pl (IAJQ) (i|¥) = (YIA|W).
(3.23)

We have already encountered such a statistical (ensemble) interpretation in (2.97),
when defining the probability W(E,,|'V') of observing the specified energy level E,, in
the given quantum state |\V).

In the case of a degenerate eigenvalue a; the probability of observing it in state
|'V') is given by the sum of contributions P(\¥; |'¥) originating from all independent
component states for this eigenvalue, {|¥;;) = |ij), j =1, 2, g} [see (2.58)]:

Pla) = S|(1¥)-

The superposition principle can be straightforwardly extended into the continu-
ous basis sets |x) = {|x)}, e.g., the position and momentum representations of Sect.
2.6: any continuous combination [see (2.17)] also represents a possible quantum
state of the system with {P(x|'¥) = |c(x)|*} now providing the conditional proba-
bility density of observing |x) given |¥), and hence also of all its physical
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observables in the reference state |¥'), with the relevant normalization condition
[P(x|¥) dx = 1.Indeed, since {c(x)} = ¥(x) = (x|'¥) (continuous column-vector),

JP(x|‘I‘)dx _ J(‘I’|x> (<) = (W) (x¥) = (PW) = 1, (3.24)

where we have used the closure relation of (2.41b). Best illustration of this
continuous version of the superposition principle is Postulate I itself. Indeed, as
implied by (2.70) and (3.2c), the wave functions in the position and momentum
representations constitute the expansion coefficients in the basis sets consisting of
the eigenstates of the position and momentum operators, respectively, and hence
the squares of their moduli are in fact the conditional probabilities of observing in
|‘I’N (#)) the sharply specified locations and momenta of the system constituent
particles:

PIE¥(0)] = [¥(€@ 0 = p(@"1),  PIPV[¥(0)] = [¥(9V;0)]" = n(9";0).
(3.25)

Consider next the expression for the average kinetic energy (3.6) of a spinless
particle, corresponding to the quantum observable T = f)z(r) /2m. The relevant
expansion is again that in terms of the eigenstates { |p)} of the particle momentum
(2.75), c(p) = ¥(p) = (p|'¥), which also mark the eigenstates of T corresponding
to the eigenvalues {T(p) = p*/2m}. The associated conditional probability density
is therefore the momentum density of (3.16), P(p|¥) = |¥(p)|* = n(p), which
gives rise to the following mean value expression for the expectation value of the
kinetic energy in state |¥) [see also (3.20)]:

(T)y = JT(p)P(p|\I’) dp = jT@) 7(p) dp. (3.26)

In the mixed basis set case, |[m) = ({|)}, {|y)}), the expansion is generated by
the identity projector of (2.41c). The squares of expansion coefficients, {C, =
(o|¥)} and {c(x) = (x|¥)}, thus determine the corresponding conditional
probabilities of observing the representation discrete and continuous eigenvalues,
respectively,

P(a|¥) = [(«]¥)] and POIY) =|(¥)[, (3.27)

with the normalization condition [see the closure relation of (2.41¢)]:

S P(al®) + ij‘P)dy — (Plm)(m|¥) = (P|¥) = 1. (328)

o
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An important property of the wave functions of identical particles is embodied
in their symmetry properties with respect to the operation exchanging the spin-
position (or momentum-position) variables of two particles. The physical meaning
of the quantum state is not affected by such an operation since the identical
particles, e.g., electrons in a molecule, are indistinguishable due to the basic
inability to follow their classical trajectories in quantum mechanics (the Heisenberg
Principle of Indeterminacy). Therefore, should we mentally associate some labels
distinguishing electrons at the specified time, their identity afterwards would be still
completely unknown. Clearly, the objective laws of quantum mechanics cannot
depend upon such a subjective act of attributing these identity labels to electrons.

This physical invariance with respect to exchanging two identical particles, say
electrons k and /, symbolized by the associated permutation operator X(k, 1), is also
reflected by the symmetry of the system Hamiltonian H(&") with respect to such an
operation [see (2.104)],

(3.29)

The conservation in such an operation of the probability densities of Postulate I,

Py, @it =Py G G- QN3 T OT (3.30)
Ty, Wy Uy ) = (W Uy U U T,

thus requires preservation of the squares of the moduli of the associated wave

functions. It is assured, when the wave functions themselves are either symmetrical

or antisymmetrical with respect to such a permutation of two identical particles:

ﬁ)
=
i
|
H-
gad
12
L=
Il
iy
=
2
Q
=

(3.31)

Thus, in view of the commutation relation (3.29), [PI(CQN),X(k, D] =0, the
eigenfunctions of the Hamiltonian of a system of identical particles also satisfy
the simultaneous eigenvalue problem (3.31) (see Sect. 2.5) of the particle exchange
operator )A((k7 1), which exhibits only two eigenvalues: X: = £1. This symmetry or
antisymmetry feature of the wave function reflects the identity of the particles
involved. This permutational symmetry of quantum states is conserved in time.

These symmetry properties of the admissible wave functions of identical
particles can be summarized in the following postulate of Pauli:

Postulate III: The physical wave functions of the system of identical particles
must be either symmetric or antisymmetric with respect to the permutation of their
position-spin {g;} or momentum-spin {u,} variables. Those particles for which the
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wave functions are symmetric are called bosons and those for which they are
antisymmetric are called fermions.

Thus, the elementary particles existing in nature are divided into two categories:
the particles corresponding to X = +1, i.e., the symmetric wave functions, called
bosons, and those associated with X = —1, i.e., the antisymmetric wave functions,
called fermions. All currently known particles obey the following empirical rule
related to their spin quantum number S (see Sect. 1.4): particles of half-integral spin
(e.g., electrons, positrons, protons, neutrons, muons) are fermions, while those of
the integral spin (e.g., photons, mesons) are bosons. It also holds for the composite
particles such as the atomic nuclei, which are known to be composed of nucleons
(neutrons and protons), which are fermions. Thus, the spin of the nucleus as
a whole, is reflected by the parity of the number of nucleons: the nuclei with an
even number of fermions, e.g., “He isotope, are bosons, while those containing
an odd number of nucleons, e.g., *He isotope, are fermions, since the resultant
spin of such composite particles is integral in the first case and half-integral in the
other case.

There are also macroscopic consequences of the particle spin identity in the
statistical mechanics, which predicts the physical properties of systems composed
of a very large number of particles as averages over the ensembles corresponding
to alternative thermodynamic equilibria. The statistical weight of a macroscopic
state is then proportional to a number of the microscopic states, through which it
can be realized, a variety of which strongly depends on the particle identity.

In the classical, Maxwell-Boltzmann statistics, the identical particles were in
fact treated as if they are different. Indeed, the microscopic states with identical
list of states of individual (identical) particles were considered distinct, when the
permutation of particles among these states was different. In the quantum statistical
mechanics the above symmetrization postulate intervenes, so that an admissible
microscopic state is now solely identified by the enumeration of individual particle
states which form it, their actual ordering being insignificant. This gives rise to
different predictions compared with those resulting from the classical statistical
mechanics.

The consequence of the antisymmetrization rule for the wave function of
fermions implies that two identical fermions cannot “occupy” the same quantum
state, a restriction known as the Pauli Exclusion Principle. There are no such
occupation restrictions implied by the symmetrization rule for bosons, so that an
individual state is accessible to any number of such integral spin particles. Different
statistical averages result: the bosons obey the Bose—Einstein statistics, while
fermions — the Fermi—Dirac statistics, which explains the nomenclature adopted
to distinguish these two categories of quantum particles. Thermodynamic differences
between them are amplified at low temperatures: the Bose condensation is observed
for systems composed of identical bosons, with particles accumulating in the lowest
energy individual states; by the Pauli exclusion rule this effect is prohibited in
systems of identical fermions.

All physical predictions for quantum objects are expressed in terms of the
probability amplitudes (see Postulate I), which represent the scalar products of
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two state vectors, or matrix elements of an operator. The symmetrization require-
ment of Postulate Il causes special interference effects between the so-called
“direct” and “exchange” processes, to appear in the conditional probabilities
(see Postulate II) of specific outcomes of experiments performed on systems of
identical particles. The formal postulates related to measurement processes, single
or repeated, performed on quantum systems are the subject of the next section.

3.3 Results of Physical Measurements

In this section, we shall further elaborate on the physical implications of the mathe-
matical concepts of the quantum mechanical description, which has been introduced
in the preceding chapter, by specifically addressing the link between this abstract
formalism and the results of measurements. As in previous sections we shall focus on
the position and momentum wave functions and the associated operators representing
the physical properties of the microsystems. In what follows both the results of a single
experiment and the average values of a large number of repetitions of the same
experiment performed on systems in the same initial quantum state will be tackled
by the corresponding postulates of quantum mechanics.

3.3.1 Classical Observables in Position and Momentum
Representations

As we have already remarked in Sect. 2.5, each physical quantity A is represented in
quantum mechanics by its linear and Hermitian operator A, the eigenvalue problem
of which plays the fundamental role in predicting the outcomes of physical
measurements. This correspondence is formalized in terms of the following axiom:

Postulate IV.1: To every mechanical quantity A there corresponds in quantum
mechanics the associated operator A called an observable. It has to be linear, to
satisfy the requirements of the Superposition Principle (Postulate 1), and Hermitian
(self-adjoint), for its eigenvalues to be real. Their eigenvectors form the bases in the
vector space of all quantum states of the physical system.

The prescription for constructing the position/momentum representations of the
quantum mechanical observables are known as the Jordan rules. Consider the classi-
cal quantities, which can be expressed as functions of the particle positions and
momenta, A = A({r},{pi}), or equivalently in terms of the conjugated Cartesian
coordinates, A = A({x,}, {pg}). The Jordan rules summarize the results of Sect. 2.6 by
attributing to such functions the corresponding functions of the position and momen-
tum operators:

A=A, {pe}) or A=A({&}, {ps}). (3.32)
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In the position representation {r;} = {x,}, the coordinate operator X, denotes
the multiplication by x,, X, = x,. Similarly for any function of the particle
coordinates, e.g., the position vector r = xi + yj + zk or the potential energy
V({x,}), there corresponds the associated multiplicative operators:

r(r)=xi+yj+zk=xi+yj+zk=r,
. . (3.33)
V({{x}) = V({xa}) = V({xa}), ete.
The elementary momentum operators in this representation,
py(ri) = —ihV,, = —ihVy, p,(xy) = —ihd/0x,, (3.34)

similarly determine the quantum mechanical operator of any function of the particle
momenta, e.g., the kinetic energy T = T({pi}) = Yi pi’/2my:

2
T({r}) = T{Bi(r)}) = Zubi (re) /2mi = — zh—mAk~ (3.35)
— 2my;

These rules are sufficient to generate the quantum operator in the position
representation for any physical quantity encountered in the classical mechanics,
e.g., that of the orbital angular momentum of a single particle:

i j k A R . .
I=rxp=|x y z|—=1({x}) =il +jl+kL
Px Py P:
i j k
= —ih X y z ) (336)

0/0x 0/dy 9/0z

or the operator attributed to the system Hamilton function H({t;}, {p,(r)}) =
E({t+}, {p;(r0)}) = H({x,}), the system Hamiltonian in the position representation:

2
({n) = T({n) + V({nh) = = oA+ VL)), (3:37)
k

where the Laplacian Ay = Vi = 0% /0x} + 0% /0y; + 0%/ 0.
These rules can be straightforwardly transcribed into the associated prescriptions
for the momentum representation {p;} = {p,}, in which (see again Sect. 2.6) p, =

Po, OT ﬁ(]’) = p,d + f)y.] +p.k :pxi+p)’j + p:k = p, and

X4(px) = 1h0/0py or Tr(p) = iV, (3.38)


http://dx.doi.org/10.1007/978-3-642-20180-6#Sec6_2

66 3 Basic Concepts and Axioms

Therefore, in this representation the kinetic energy corresponds to the multipli-
cative operator T({p,}) = T({p;}) = >_p*/2my, while the potential energy func-
tion generates the associated differential operator:

V({&a(p,)}) = V({ind/0p,}). (3.39)

3.3.2 Possible Outcomes of a Single Measurement

In accordance with the discussion in Sect. 2.5 the possible outcomes of individual
measurements of the physical quantity A are related to its quantum mechanical
operator A via the

Postulate IV.2: The result of a single measurement of the physical quantity A is
one of the eigenvalues {a;} of its observable A in the eigenvalue problem (2.55a).
In position/momentum representations, it reads:

Alfe)¥i({n)) = a¥i{x)),  Alp))Yil{pa)) = a¥i{p.}),  (3:40)

where W;({x,}) and ¥;({p,}) denote the corresponding eigenfunctions associated
with the eigenvalue a;.

Since the set of eigenvectors {|'¥;}} of the quantum mechanical observable A
forms the complete basis in the system vector space (see Sect. 2.5), any state |'¥')
can be expressed as their combination, with the squares of the moduli of the
expansion coefficients determining the conditional probabilities of observing |¥;)
in state |W¥) (Postulate II):

W) = Z;|W) (Pi|P) = %W Ci, P(PY) = |C,~|2 <. (3.41)

The P(W;|¥) = 1, and hence {P(¥;.|¥) = 0}, marks the eigenvector itself,
|¥) = |¥,), when we know with certainty that the eigenvalue a; (nondegenerate)
has been observed. Therefore, a general combination of the preceding equation is
reduced after the measurement of A to a single eigenvector of A, the one
corresponding to the observed eigenvalue. This “contraction” of |¥) into |¥;)
marks the irreversible intervention of the measuring device. Indeed, as we have
emphasized in Chap. 1, any experiment performed on the microobject inadvertently
modifies its state.

This contraction of a combination of eigenstates into its single member has to be
modified in the case of the degenerate eigenvalue a; of the physical quantity A. Such
a result of the experiment implies that the state immediately after the measurement
is now the normalized projection ((‘P|13( )|‘I—‘>) ~1/2P(a;)|¥) of the initial state
|¥) into the eigensubspace associated with a, {|¥:,) = li,j = 1,2, g}, which is

effected by the subspace projector P(a;) Z |i7) i
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In quantum mechanics the set of eigenvalues {a;} thus determines the spectrum
of all possible outcomes of tpg single measurement of A. Since the eigenvalues of
the square of the observable A are given by the squares of eigenvalues of A, for the
same set of eigenstates,

Az|‘Pi> = aA|¥;) = a*|¥y), (3.42)

the square of the dispersion in A, g,* = (A?) — (A)? [see (3.23)], observed in
the repeated measurements of A in the eigenstate |\V;), represented by the
eigenfunctions W;({x,}) or ¥;({p,}), identically vanishes:

oa2 = (A%), — (A)2 = (| A" W) — (WA =a? —a?=0.  (343)

Therefore, in the eigenstate of A the physical quantity A is sharply specified, and
each single measurement of this physical property in this state always gives
the same result a;, as reflected by the conditional probabilities: P(W,|¥;) = 1 and

As we have already demonstrated in (2.60), the eigenstates corresponding to differ-
ent eigenvalues are automatically orthogonal. However, for the degenerate eigenvalues,
several eigenstates correspond to the same eigenvalue (2.58), so they have to be
orthogonalized to safeguard their linear independence. This orthogonalization is
performed by taking appropriate linear combinations of generally nonorthogonal state
vectors, which satisfy the conditions of their mutual orthogonality.

As schematically shown in Fig. 3.1, the prescription to make any pair of
degenerate state vectors to be mutually “perpendicular” is not unique. Thus, the
specific orthogonalization scheme can be selected for reasons of convenience. For
the sake of simplicity consider two normalized state vectors |a;) = {li;), |i>)} of the
doubly degenerate eigenvalue a;, ¢ = 2, which define the overlap matrix of their
scalar products:

e g 1 S
S (ala) = ()7 =121 = | ¢} (.44)

where for definiteness we assume S > 0. In the (nonsymmetric) Schmidt orthogo-
nalization scheme (see Fig. 3.1) of transforming the original vectors {|i,), |i)} to
the mutually orthogonal set |@;) = {|i1),|i2)}, one leaves one of these vectors
unchanged, say |i;) = |i1), and “rotates” the other, |iy) = M(|i2) + C|i})), where
AN is the normalization constant and C denotes the mixing coefficient, until the
two vectors become mutually orthogonal: (i1|i;) = 0. This condition then gives
C = —S, while the normalization (i>|i>) = 1 implies ¥, = (1 — $2)"/2, and hence

i) = (1= 8%)"(lia) = |i1)S) = Ma(liz) — lir){irliz)) = Na(liz) — i)
(3.45a)
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This expression can be straightforwardly extended to a general case of the
normalized state vector |i/) Schmidt orthogonalized with respect to the given
subspace |¢) = (|¢1), |©2)s - - -» |©,)) of the orthonormal states:

9= 1) = 3ol | 9] = V) Pl Bast)

Alternatively, as also shown in the figure, one could manipulate the two non-
orthogonal vectors simultaneously in a symmetrical way, so that both ortho-
gonalized vectors |@;) = {|i}), |i2)}, strongly resemble their initial, nonorthogonal
analogs. In the Lowdin orthogonalization scheme, this transformation is effected
through the symmetric matrix $™2, |a;) = |a;)S™'/?, defined by the eigenvalue
problem of the overlap matrix S, i.e., its diagonalization in the orthogonal
transformation:

0"SO =5 = {5,0,n}, S7/2 = 0571207, s* ={(5,,)" 0}, 00T = L. (3.46)

Indeed, the orthogonality of the symmetrically rotated vectors |@;) then directly
follows from the orthogonal transformation O which diagonalizes the overlap
matrix:

(a|a;) = S7"*(a;|a;) ST'/? =871/?28871/2 =80 =1L (3.47)

These matrix equations apply to any number of the orthogonalized vectors

or wave functions. In the latter case, the overlap matrix is defined to be the

corresponding integrals between nonorthogonal functions, e.g., x(r) = {y(r)}

(row vector), when S, = (x|x) = {S,, = jx,.*(r)x,(r) dr}: x(r) = X(r)SX’l/Z.
The specific forms of these matrices for the metric of (3.44) read:

[1—|—S 0 } [sl 0} 1 {1 1]

S = = s O:— s
0 1-S 0 s V211 =1

1

b —

b (3.48)
S—l/z:{“ } azl(L+L) _ (L_L)'
boal T2\A VRS T T e

3.3.3 Expectation Value of Repeated Measurements
and Heisenberg Uncertainty Principle

The average result of the repeated measurements of A in quantum mechanics,
performed on the system in the same initial quantum state |W), has already
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by
| i2)
Y
[ip) =] 71)
| i)

Fig. 3.1 The diagrammatic representation of the mutually nonorthogonal state vectors { i), |i2)},
and the two sets of their orthogonalized (mutually “perpendicular”’) analogs: the Schmidt
(nonsymmetrically) orthogonalized vectors |a;) = {|i), |i2)}, and the Lowdin (symmetrically)
orthogonalized vectors |a;) = {|i1),|i2)}. The two sets are related by the unitary (rotation)
transformation U = (a;]a;): |a;) = |a;)U

been established in (3.23). It can be formally stated in the form of a separate
postulate:

Postulate IV.3: The statistically average result of a very large number m — oo of
repeated measurements of the physical quantity A performed on the microsystem in
the same initial state |\V') is given by the expectation value of its quantum mechanical
operator A:

(Ahy = S PCEIT) @ = (PIAY) = W@ A@)P(€r) de”
! (3.49)
= J‘I’ (PV: 1) APV YR (PV; 1) .

It has been demonstrated in (3.43) that in the eigenstate |¥;) this quantity is
sharply specified with (A)y = a;, <A2>\v,- =a?, etc. The same conclusion applies to
all physical observables which commute with A, since all these operators have a
common set of eigenvectors (see Sect. 2.5). However, in a general quantum state of
(3.41), one will detect a dispersion in the measured values of A, with a statistically
distributed results {a;} appearing with frequencies {m; = mP(\¥;|¥)} proportional
to the conditional probabilities {P(¥;|¥)} of observing the specified eigenstates
(see caption of Fig. 1.1).

We are now in a position to provide a general formulation of the Heisenberg
Principle of Indeterminacy in quantum mechanics (see Chap. 1). As specific
measures of the simultaneous accuracies of the physical quantities A and B we
adopt their dispersions (standard deviations), ox = ((X—(X))*)”* = (X*)—(X)?",
X = A, B, with the corresponding expressions in terms of the quantum mechanical
expectation values:

ox? = (X*)y — (X)5= (P|(X — (X)y)’|¥) = (PIA|¥), X=A,B. (3.50)
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We further observe that the displacement operators A4 and Ay are both Hermitian,
as are the observables A and B themselves, and the following commutator identity
is satisfied:

[A,B] = [A4, Ag), (3.51)

since the average values (X)y (numbers) commute with every operator [see (2.34)].
We shall now demonstrate that the following inequality is satisfied by the
simultaneous indeterminacies of the physical quantities A and B:

|
oplop? > - (YIA, B]|W)”. (3.52)

It constitutes the quantum mechanical formulation of the Heisenberg Uncertainty
Principle, which indeed predicts the simultaneous sharp specification of the com-
muting observables.

In order to prove this inequality let us introduce the physically meaningful, i.e.,
exhibiting a finite norm, auxiliary state vector |®(4)) depending on real parameter /:

(1)) = (2As — ihAg)|P). (3.53)

The square of its norm (positive) then determines the quadratic function f(4):

(7 As — lAB)T(;LAA — iAg)|¥)

((AAx +iAp)(7 Ay — i Ap) W)

|(2A% — i [Ax, Ag] + AD)|P) (3.54)
04202 — i(P|[A, B]|W)A + 05>
=a)> + bl +c>0.

(®(2) ¥

(
(¥
= (¥

o(2)) = |o(2)|* =

For a = 6,> > 0 this inequality can be satisfied only when there are no
solutions of the associated quadratic equation ai* + b/ + ¢ = 0, i.e., when 4 =
b* —4ac <0or

— (¥|[A,B]|¥)’ <4 0303, (3.55)

which completes the proof.

Consider the illustrative example of the position—-momentum relation (1.7). In
position representation (3.34), A =x,B= —ihd/0x, so that their commutator
acting on the continuous function f(x) gives:

[A,B]f = —ihx(3f /Ox) + ihx(df /Ox) + ihif = ihf or [X,p,] =ik  (3.56)
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Thus, these two physical quantities are incompatible, with the limit of the product
of their lowest (simultaneous) inaccuracies being determined by (3.52):

1
00, > Eh (3.57)

These predictions agree with the constant (position-independent) probability of
finding a particle at the specified location in space in the state described by the basis
function u,(r) (2.76), corresponding to the sharply specified momentum: o, — 0.
It indeed implies that all localization events are then equally probable, i.e., we are
then completely ignorant about the particle position: ¢, — 0. In accordance with
the Heisenberg principle of (3.57) only the infinite position indeterminacy gives the
finite product when multiplied by the infinitesimal momentum uncertainty o, — 0.

3.3.4 Ensemble Averages in Mixed States

Only certain idealized systems, isolated from their environment, are completely
described by a single state vector |¥) or a single wave function W(x). The wave
function of an isolated system depends only on its internal coordinates x and carries
the maximum information about the state of the microsystem available in quantum
physics. The full specification of quantum state of the microobject is through the
state vector belonging to the basis set of the simultaneous eigenvectors of the
system complete set of the mutually commuting observables {A, B, ...}, which
diagonalize the matrix representations of these operators, |¥) € {|V¥,) =
|ag, by, .. .) }. Their eigenvalues (ay, by, . . .) then provide the complete identification
of the direction of the state vector |ay, by, . ..) in the molecular Hilbert space.

However, microobjects can be coupled to their surroundings. For example, the
particles at constant temperature are in contact with the thermostat (heat “bath”)
and the open systems, exhibiting fluctuating (fractional, continuously changing)
number of particles, are coupled to the external particle “reservoir(s).” The state of
the closed system interacting with its environment will also depend on the external
degrees of freedom describing the latter. Therefore, the formalism of quantum
mechanics must also admit all intermediate stages of an imprecise definition of
the system state, which cannot be linked to a single state vector (wave function).
Such generalized states are called the mixed states, while the systems with the
specified wave function are said to be in the pure state.

As in statistical mechanics, the incomplete information about the system calls
for the concept of an ensemble of quantum states, in which the admissible pure
states appear with some probability. The ensemble consists of a very large number
of replicas of the same system. For example, a system in the thermodynamic
equilibrium at temperature T has a probability of being in its energy eigenstate
|E,) proportional to exp(—E,/kgT), where kg is the Boltzmann constant. This
probability describes the frequency of such a state among members of the canonical
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ensemble. Similarly, the systems in the grand-canonical ensemble describing the
system in thermodynamic equilibrium with the heat bath at temperature 7" and the
particle reservoir characterized by the chemical potential ¢ will exhibit the proba-
bility proportional to exp(uN;—E, )/kgT of observing the eigenvalue E, ; of the
Hamitonian H(N;), for the specified (integral) number of electrons N;.

Therefore, such an imprecise definition of the quantum mechanical state can be
interpreted as the statistical mixture of the admissible states { /1), [¥»), ...} of the
system replicas in the ensemble, which appear with the associated (extemal)
probabilities {pi, ps, ...}, 2.4 P = 1. The individual states in the mixture do not
have to be orthogonal, e.g., in the grand ensemble, when we mix eigenstates of
different Hamiltonians, but they are always assumed to be normalized.

The statistical mixture should not be confused with the expansion of a single
wave function |®) in the (orthonormal) basis set, say {|'¥,,)},

®) = > |¥,) (Fal®) = > [¥o)en, (3.58)

where |c,,|2 generates the conditional probability P(¥,|®) of observing in state |®)
the physical attributes of |¥,,). Indeed, this does not imply that |®) is the mixture of
|'¥,) with the probability P(¥,|®), and |'¥,) with the probability P(\¥»|®), etc. The
square of the modulus of ®(x), which generates the probability distribution p(x) =
(D*(x)d)(x), then includes the crucial interference terms between different basis
functions, cn*cm‘l’n*(x)‘}’m(x), which are not present in the statistical mixture of
the same basis functions. Thus, the probability weighted sum of distributions
{p.(x) = ¥, OWP,0), generated by each state in the basis set, p,,s.(X) = Y., Pu
pn(x), cannot reproduce the true probability density p(x). In other words, it is not
possible to describe a statistical mixture by an “average” state vector in the form of
the combination of states of (3.58): p,,,.(X) # p(x).

The two levels of probabilities are thus involved in determining the results of
measurements performed on systems in their mixed quantum states. On one hand,
there is the intrinsic quantum mechanical probability of finding in each (pure) state
,) a specific eigenvalue a; of the observable A, A|¥;) = a;|¥;), given by the
square of the modulus of the expansion coefficient Cy,, = (Vi|¥y), Pro = |Cko<|2
(Postulate II), which determines the quantum mechanical expectation value

(A), = (WolAW,) ZakPka (3.59)

Notice that these eigenstates generate the diagonal representation of A,
== {Am,n == <le|A|an> = an(sm‘n}-

On the other hand, the additional level of the external probabilities {p,} of
observing the individual states {|},)} in the ensemble intervenes in the mixed
quantum mechanical states. They define the associated density operator given by
the sum of the externally weighted projections onto the quantum states being mixed,
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15 = Z|%>Pa<%| = Zpoclsm (3.60a)

Its matrix representation in the basis set of eigenstates of A,

¥ = {Dm-n = <le|D‘IIIn> = Z<Tn|lﬁx>}?a<lﬁ“|\ym>}, (3.60b)

o

determines the ensemble average value of A:

Aem = ZP ZP {Zakpk 1}

= ZZ{Z (Pultb,)pa (W, I‘Pm>} (¥,,|A|WP,)
=SS TR (Eal A =SS DA (3.60¢)

= u[D™A™] =) (¥,[DA|Y,) = u(DA)

n

= u[A®D™)] =) (¥,|AD|¥,) = w(AD).

m

The Hermitian (nonidempotent!) density operator D involves the probability
weighted projections { {l%} } onto the individual states being mixed, while the trace
operation (tr) denotes the summation of all diagonal elements of the matrix
representations of operators in the adopted basis. It also follows from the definition
of D that its expectation value in state |®)

(®DI®) =D (| P)(DI,) =Y ps P(,|®) >0, (3.61)

o

and hence D is a positive operator.
It can be also verified that the trace of the product of operators is invariant with
respect to the cyclic permutations of factors in the product [see (3.60c)],

tr(AB...CD) = tr(DAB ... C), etc., (3.62)

and to a change ¥ — ® in the (orthonormal) basis set:

rA=> (¥,|A|¥,) = rAy

=35 ([0, (@A D, ) (@, [P,

n m m

=3 D (D [ W) (F| D) (DA D) (3.63)

n m m

m m

= (D,]AlD,) = trAg,
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where we have used the closure relations Y ,|®,,)(®,,| = ¥,|¥,.)(¥,| = 1 and the
orthonormality of basis functions (®,,|®,,) = J,,,. One also observes that

D= Z ¥, |D|¥,) ZZ}? (W) (il
= Zp W, = Zp“ =1 (3.64)

o

Obviously, the pure state, e.g., ), can be viewed as the limiting case of the
ensemble, when p, = 1 and {pg_, = 0}, so tl%at D = P,. Only in the pure quantum
state the density operator is idempotent, D = =D (idempotency of P,), so that

trD = trD = 1. The corresponding inequality for the mixed state reads: trD <I.

When describing parts of a physical system the concept of the partial trace
emerges. Assume that the global system, (1) + (2), consists of distinct subsystems
(1) and (2), described by their associated Hilbert spaces #£(1) = {|¥,(1))} and
FE(2) = {|®,,(2))}, the tensor product of which spans the Hilbert space of the
system as a whole:

J0(1,2) = {|¥i(1))|©n(2)) = [¥i(1)Dn(2))} = F(1) @ I0(2).  (3.65)
We now introduce the partial traces of the system density operator D, which define

the effective density operators for each subsystem: D(1) and D(2). This is effected
by contractions of the matrix representation of D in #£(1, 2),

D(, 2) = {<‘I’i(1)(I)n,(2)|I§|‘Pir(1)(1)n1/(2)> =Djmim(1,2)}, (3.66)

by partial trace summations over m = m’ in one subsystem or i = i’ of the other
subsystem:

D(1) = > (¥i(1)®n(2)|D|¥:(1)®,(2)) = tr,D(1,2) = { D; (1)},
D(2) = > (¥i(1)0u(2)|D[¥i(1)Dp(2)) = tr1D(1,2) = { Dy w(@} . (3.67)

Let A(1) be a physical quantity of subsystem (1) with the corresponding observ-
able A(1) acting in #€(1), which is represented in J£(1, 2) by the matrix:

A1) = ({(Fi(1) @ (2)| A1)y (1)@ (2)) = Ajgr (1)

(Pi(DIAMW)Y: (1))( P (2)| P (2)) = Aiir (1) 0 (2)}
A(1) @ L2). (3.68)
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The ensemble average value of A(1) [see (3.60a)—(3.60c)] now reads:

Aens(1) = tr[D(1,2)A"2(1)]

= ZZ ZZDt m:i’ m’ 1 2 4 m/lm(l)]

i’om

_ZZZZD,m,m 1 2 ll( )5m m( )]
— ZZ ZD’?’”?"”’" 1,2)]Azi(1)]
- ZZ[ZDW(UA, (1)]

— twr[D(1)A(1)]. (3.69)

Therefore, the partial trace concept enables one to calculate the ensemble
average of the subsystem quantity A(1) as if this part of the whole physical system
were isolated in the effective mixed state of (1) in the system as a whole, defined
by the density operator D(1), which already involves the partial trace over the states
of the other subsystem.

3.4 Angular Momentum and Spin Operators

In (3.36) we have used the Jordan rules to generate the quantum mechanical
observable 1({x,}) = —ifir x V corresponding in the position representation to
the particle angular momentum I = r x p, e.g., that of the electron moving around
nucleus in an atom. This equation also defines the associated component operators,
obtained by expanding the determinant of the vector product:

x =9p. — f) = —ih(y0/0z — z0/9y),
. = —ih(z0/0x — x0/0z), (3.70)
I, = %p, — yp, = —ih(xD/dy — yO/0x).

<
I
N>
>
=
I
><>
Il

They give rise to the following commutation relations:

o) =i, [i,,0) =iy, (i1 =y, (50 =[51] =[50 =o.
3.71)

It thus follows from the first three relations of this equation that for the finite
angular momentum |I| > 0 its three components cannot be simultaneously deter-
mined precisely; clearly, for |I| = 0 they are all vanishing: I, = I, = I. = 0. The
remaining relations indicate that only the length |I| = ()" of the angular
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momentum and one of its components, say /,, can be simultaneously sharply
defined. Indeed, the analysis of the quantized eigenvalue problems of these
operators, which can be found in any textbook of quantum mechanics, gives:

P=I1l+Dr 1=0,1,2,...; L=mh, m=—1—1+1,...,0,....01—1,1
(3.72)

The commutation relations can be straightforwardly derived using the commu-
tator identities of (2.34) and the known commutators involving the position {X;}
and momentum {p,} observables [see (3.56)]:

%, %] = [, B =0, [%i, ;] = ifidy;. (3.73)

For example,
o) + [2Dy, XD,] (3.74)

However, the origin of the spin angular momenta (see Sect. 1.4) is not classical,
so that the Jordan rules do not apply in constructing their operators. Consider a single
electron as an example. We shall now derive the matrix representations of the spin
operator § = i8, + jS, + j$: in the basis set of the two allowed spin states |£) = (|a),
|8)) (see Fig. 1.2) by postulating that these nonclassical angular momentum
operators satisfy the same commutator relations as their classical analogs:

[8e,8] = ihs., [8,,8.] = ils,, [3.,8] = is,, [§%,8,] = [§%,8,] = [*,8.] = 0.
(3.75)

In other words, we again recognize that, as in the classical case, only the length and
one of the components of the spin angular momentum can be simultaneously
specified. This is exactly what is observed in the experiment (see Fig. 1.2).

We first observe that the two spin states of an electron are then represented by the
associated spin wave functions (column vectors):

a(€) = (el = (o) = | |- 86 =€) = telmy = ||,
(Blz) = > (hloolz) = BT (@) (&) = 0,

g

(2la) = Y (alo)(olo) = &l (&) (&) = (BIB) = Y (Blo)(olp) = BT (©)BE) = 1.

a a

(3.76)
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To simplify notation, we introduce the dimensionless Pauli operator,
6 =28/h =i6,+j6,+j6:, 3.77)
in terms of which the first three commutation relations of (3.75) read:
[6y,6y] =2i6., [6y,6.] =2i6,, [6.,6,] =2i6,. (3.78)
The same relations must be satisfied by the matrix representations of the spin
components {&;} in the basis |£), called the Pauli matrices.

Since [6’2, 6,] = 0, these two operators are represented by the diagonal matrices
in this basis set |£) of their common eigenvectors:

&’y =3Jo),  6°|B) =3|p); Sl = |w), G-

) = =IB)-

These matrices include the corresponding eigenvalues as diagonal elements:

30

o = Ela’e) = ) 3] we ot S

5.|¢) = {0 1]. (3.79)

In order to determine the Pauli matrices representing the remaining spin
components,

. b b
} and Gyz<§|oy|§>:[b; bzﬂ, (3.80)

’

a  daip
a1 ap

o, = (€66 = |

we first use two commutation relations of (3.78):

o . 0 72012 _ A b131 bl,2
[0y, 0] = —2ioy = {2612‘1 0 } = -2i |:b2‘l b212]7 (3.81)
e 0 =2b1y| L. |a1 ain
[0y, 0] =2io, = {252,1 0 } =2j [02,1 0| (3.82)
Hence, ap = dxp = bl,l = b2’2 = O, bl,2 = —l.alvz, b2,1 = l.a2,1. The remaining

two matrix elements then result from the third commutation rule,

Y .| a12021 0 Y 1 0
oy, 0] = 2io. = 21{ 0 —a1,2a2,1} =2 [0 _1 }, (3.83)

which implies a; »a, 1 = 1. Therefore, by setting a; » = a,; = 1, one arrives at the
following explicit forms of the Pauli matrices in (3.80):
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0 1 0 —i
O'X—|:1 0] and o'y—[l. 0} (3.84)

Their nondiagonal character reflects the fact that these observables are not
sharply defined simultaneously with the two spin parameters defining the basis
set |€).

It thus directly follows from these explicit representations of the Pauli operators
that their actions on the spin functions of (3.76) give:

ca=p of=a oa=ip, of=-ia; c.a=ca, o.f=—B. (3.85)

3.5 Pictures of Time Evolution

After establishing the basic concepts of the quantum kinematics, dealing with the
quantum objects at the given time ¢t = t,, we now turn to alternative formulations of
the quantum dynamics, which determines the evolution of the microsystems in
time. The possibility of such different formulations arises because the basic mathe-
matical entities of the theory, such as state vectors and operators, are not directly
accessible to physical measurement. As we have seen in the preceding sections
of this chapter, only the eigenvalues of the quantum observables and the scalar
products of state vectors have direct experimental implications. They respectively
determine the spectrum of all possible outcomes of single measurements of the
physical quantity to which the operator corresponds and their associated
probabilities in a very large number of repetitions of experiments carried on the
same quantum state of the physical system in question. Therefore, as long as these
experimental predictions remain the same, the alternative formulations of the
quantum dynamics, called state pictures, remain acceptable and fully equivalent
physical theories. A 4

As we have seen in Sect. 2.7, the unitary operators U, for whichU' = U | have
the desired property of not affecting the eigenvalues of the transformed operators

Al = UAﬁT and the scalar products between the transformed vectors [¥') = U|'¥)
and |@') = U|®) : (O'|¥) = <d>|fJTfJ\‘P> = (®|¥). The range of unitary operators
is not limited to their time-independent form, which we have examined in Sect. 2.7,
giving rise to different descriptions of the quantum object at the specified time
t = to. The unitary transformations can be also used to express a change of quantum
states with time, i.e., the alternative dynamical pictures of quantum mechanics.
For example, in the Schrodinger (S) picture, when the spectrum of the operator
eigenvalues does not depend on time, one uses the time-independent operators
A = Ay so that the evolution of quantum objects in time is embodied in the
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time-dependent state vector |‘I{S(t)), generated from the initial state |¥(zy)) by the
action of the unitary operator U(¢ — #) of the time evolution 7y — ¢ of |¥(#)):

s(0)) = U — 10)|®(t9)), Ut —10)T = U= 16)™" = Ut — ),

N . . (3.86)
U(t—1)U(fp—1) =1 and U(0) =1

where the inverse evolution t — fo of |Ws(f)) recovers the state vector at t = fq:

Uty — 1)|¥s(1)) = |¥(10)). (3.87)

It also directly follows from the unitary character of the time evolution operator that
the normalization of state vectors is conserved in time:

(Ps(0)[¥s(2) = (‘{’(fo)m(f— fo)TO(f— t0)['¥(t0)) = (¥(t0)[¥(t0)).  (3.88)

In the Heisenberg (H) picture, the state vectors do not change in time, but
the operators become time dependent. Therefore, the operator of the inverse time
evolution in (3.86) marks the unitary transformation of |Ws(¢)) into the time-
independent vector of the Heisenberg picture: [¥(¢y)) = |¥y). The time-dependent
operators are then given by the transformation:

Au(t) =U(tg — 1)AsU(tg — 1) = Ulto — )AsU(t — 1). (3.89)

When the quantum object is composed of interacting subsystems, its time-
independent energy operator of the Schrodinger picture, the Hamiltonian H, can
be partitioned into the contribution representing the energy of the noninteracting
subsystems, Ho, and their mutual interaction, V

H=H+V. (3.90)

The quantum dynamics of such composite systems can be best expressed in the
Interaction (I) picture, in which both the state vectors and operators are time
dependent. The relevant time-dependent unitary operator, which transforms these
mathematical entities from the above Schrodinger picture, depends solely on Ho:

S(r) = exp (;Hm) (3.91)

Here, the exponential operator is defined by its power series expansion:

00 ~

B(7) = exp(A

(3.92a)
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giving rise to the time derivative:

dB(1) im"—lA” - (A"
- - AZ
n_
n=0

dt n! o (

1 N
(AT -
0= AMZ:O = Aexp(Ar).  (3.92b)
The state vectors and operators in the /-picture of Quantum Mechanics are defined
by the following transformations of their corresponding S-picture analogs:

W, (1)) = S(1)[Ws (1)), As(t) =S()AsS(r)~". (3.93)

In the remaining part of this chapter we shall explore in some detail the time
evolution of quantum states in the Schrodinger picture and examine some of its
physical implications. In the final Sect. 3.7 we summarize the related dynamical
equations in the alternative pictures of quantum dynamics.

3.6 Schrodinger Picture: Dynamics of Wave Functions
and Density Operators

Let us determine the explicit form of the unitary operator G(I —19) of (3.86). The
relevant equation of motion for quantum states in this dynamical picture is the
subject of

Postulate V: The time evolution of the state vector |Ws(¢)) = |¥(?)) is governed
by the Schrodinger equation:

L d|'P(t -
YO gy, (3.94)
dt
where the Hamiltonian H is the observable associated with the system total energy.
The corresponding wave equations, either in the position-spin or the momentum-
spin representations, determine the dynamics of the associated wave functions:

av(e” . av ey X
ih(d—t’t) = HE¥(@ 1) or ih% =H@)¥(@",1). (3.95)
Substituting (3.86) into (3.94) gives:

dU(t — - dU(t — -
ih% “HU(— 1) | (o) = 0 or ih% —HU0(—1). (3.96)
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The formal solution of this differential equation is thus given by the following
evolution operator [see also (3.92a) and (3.92b)]:

U(r — 1y) = exp (—%(r — to)ﬂ) = exp (—%rﬁ) =U(7). (3.97)

Hence, the operator of the reverse evolution, from ¢ to ¢,

IAJ(‘E)]L =U(x) ' =exp (%7: I:I) =U(—1). (3.98)

It can be easily verified by the differentiation with respect to time, using the
derivative (3.92b) of the exponential operator (3.92a), that the action of this unitary
operator is equivalent to the dynamical Schrodinger equation (3.94).

We now briefly examine the implications of Schrodinger’s time evolution for
the mixed states. The unitary character of the time evolution operator then directly
implies that if the system at the initial time ¢ = £y has probability p, of being
in the state |/,) = |¥,(#)), then, at a subsequent time ¢, it has the same probability
of being in the evolved state |/,(r)). Indeed, the density operator at time ¢ [see
(3.60a)—(3.60c)],

D(1) = P, () (W, (0] =D _pa(t)Pu(0), (3.99)
gives
Pa(t) = W (DO W, (1)) = (Y, IDl,) = pa, (3.100)

since the matrix elements of operators are invariants of the unitary transformations.
Before we examine the equation of motion for D(t) = > p,P,(t) let us first

derive it for the projection operator P,(f) onto the pure state |y/,(f)). Using the

Schrédinger equation (3.94) for |/,(7)) and its Hermitian conjugate gives:

%f’a(t) = (W) W, (O] + 1, (0)) (@)

(3.101)

1. A .
= == (H () (W (0] = W (1) (o (1) [H) = = [H, Po(0))-
Multiplying the preceding equation by p,(f) = p, and summing over all states in
the statistical mixture of D(#) gives the related dynamics of the density operator

itself:

ih—D(r) = [H,D(7)]. (3.102)
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3.6.1 Energy Representation and Stationary States

The explicit form of the time-dependent wave function
(@t —1) = P(@ ;1) = exp(— %H(&N)r)q/(&”; f0), (3.103)

can be obtained in the energy representation of Sect. 2.7, i.e., for the orthonormal
basis set of the eigenfunctions {y,(€") = (€@" | y,)} of the system Hamiltonian

(@) = (@"[H|@"):
H@) v, (@) = B, (). (3.104)
Indeed, by expanding the wave function in this energy basis set,

N O) = ZCH wn(&N)v

(3.105)
Co= (Y | P(t0) = jw;wN)&"(&N;m) de,

and using the power series for the exponential evolution operator (3.92a) and its
derivative (3.92b), one finds the wave function after the time interval T = r—t:

=1

Y@ 1) = Zld(—H(QN >Zc,1¢,, (@)
00 . k
_Zc v, (@) Z%(—%Er)

k=0

= zn: Crexp (— ﬁEnr) v, (@)
= Zun(t) v, (@) = ZC,, Y, (@V;1)

(3.106)

In the preceding expansion, the time-dependent wave function is expressed in
terms of the time-dependent eigenfunctions of the Hamiltonian,

W, (@V; 1) =y, (@) exp<—£E,,r) =, (@) exp(—iw,1)
=(&" | ¥, (1)), (3.107)

which represent the stationary states of the system, for its sharply specified energies
{E,}. Such states are given by the product of the time-independent amplitude
lﬁn(&N ), determined by the eigenvalue problem of (3.104), and the time-dependent
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phase factor exp(—iw,), which does not contribute to the associated (time inde-
pendent) probability distribution,

2

pu@50) = @) exp (B0 )| =, @)F = vi@ @), Gaos

which is seen to be determined solely by the state amplitude.

The time-dependent coefficients {u,(t) = (¥, | ¥(7)) = Cpexp(—iw,t} in
(3.106) provide the energy representation of state |'P(t)). Since the conditional
probability P(,,|'Y(1)) = \u,,('c)l2 =|C ,,|2, we thus conclude that the time evolution
of the state vector in the S-picture represents its “rotation” in the Hilbert space,
which conserves in time the probabilities of observing the system stationary states.
We also observe that for the combination of (3.106) to retain the stationary
character it must be limited only to the subspace corresponding to a single degen-
erate eigenvalue E,, with all its components thus exhibiting the same phase factor.

To summarize, the stationary states, in which the system energy is sharply
defined, are distinguished by several special features. The energy determines
uniquely the time-dependent factor of the wave function, so that the probability
distribution and its current (see Section 3.6.3) are time independent. Moreover, the
expectation values of any physical observable A(&N ), which does not depend on
time explicitly, are conserved:

()= [#@ DA P @50 = [ (@A), (@)t =cons.
(3.109)

These average values thus become sharply defined, equal to a single eigenvalue
of A(@"), (A) = a;, when the latter commutes with the system Hamiltonian.
Also, when these two observables do not commute, the conditional probability
P(g;|'¥,) of finding a given eigenvalue a;, where npj(&N ) represents the eigenstate of

A(@"),
A(E) 0 (@) = ap o (@), (3.110)

given by the square of the modulus of the relevant expansion coefficient, the
projection of ¥, into ¢y, also remains constant in time:

P(p;|¥,) = ‘J@(&N)\P,,(&N;r) d@"|? = const. (3.111)

The Schrodinger equation emphasizes the crucial role of the system energy
operator in determining the system dynamics, similar to that played by the
Hamilton function in classical mechanics [see (3.1)]. In general, the precise
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specification of the system energy does not identify the stationary quantum state
uniquely. Indeed, for this to be the case one also requires the eigenvalues a = {a;}
of the complete set of the commuting observables {Ai}, which also commute with
the system Hamiltonian (see Sect. 2.5):

HA]=[AL,A] =0, ij=1,2,...,s. (3.112)

Together with the sharply defined energy E,, they provide the complete description
of their common eigenvectors:

H|E,,a) = E,|E,,a), {AJ|E,,a) = a|E,,a)}. (3.113)

It follows from (3.102) that in the energy representation the dynamics of the
diagonal elements of the density operator D(t), D,, »(t) = (y,,|D(7)|¥,,), represent-
ing the population of state |i,,) in the ensemble, predicts:

ih%D"y"(T) = <‘//n|Hb(T) - ﬁ(T>I:I|lpn> = En<¢n|f)(f) - ﬁ(r)|‘//i1> =0. (31 14)

For its off-diagonal matrix element D, ,(t) = (,,|D(t)|{,), representing
coherences between states [,,,) and |,,) in the ensemble, one similarly finds:

d e o
lhEDm,ﬂ(T) = <lpm|HD(T) - D(T)H‘l//”>

= (En = E) W D()W,) G5
= (Em - En)Dmn T)
or
d i
—[InDy (7)) = — 7 (Em — Ep). (3.115b)
N ,
Therefore, in the stationary-state representation D, ,(t) = const. and
Dyp(%) = exp (_ = (En— E,1)7,-> Dy n(0). (3.116)

In the remaining part of this section we shall explore some physical implications
of the dynamical Schrodinger equation.
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3.6.2 Time Dependence of Expectation Values
and Ehrenfest Principle

Since the Schrodinger equation (3.94) is of the first order in ¢, the state |¥(¢)) at any
subsequent time ¢ > #y is uniquely determined given the initial state |W(zo)).
Therefore, there is no indeterminacy in the free evolution of quantum systems.
The irreversibility arises only in an act of measurement, which unpredictably
modifies the system state. Thus, between the two measurements the evolution of
quantum states is perfectly deterministic.

It also follows from the linear and homogeneous character of this equation that
its solutions are linearly superposable. More specifically, the linear combination
at the initial time |¥(19)) = C1|W¥1(to)) + Co|Wa(tp)) becomes |W(r)) =
Ci|¥1(®) + Co|¥2(2)) at t > 1y, so that the correspondence between |W(zy)) and
| (1)) is marked by preservation of the coefficients before their components during
time evolution. Another manifestation of this property is the conservation in time of
the ensemble probabilities (3.100).

Next, let us examine the time evolution of the mean (expectation) values of the
physical observables. As we have already observed in (3.88), the preservation in
time of the state normalization is assured by the unitary character of the time
evolution operator of (3.86). Thus, in the mean value of the physical quantity
A, which in general case may explicitly depend on time, A= A(t), only the explicit
time dependency of the wave function and that of the observable do matter, since
the implicit dependence through the coordinates (or momenta) has already been
eliminated by integration in the expectation value of (3.109). Using the relevant
Hilbert space expression and the Schrodinger equation (3.94) then gives:

d{P()A@NY (1) _ (g
dt dt

PO AP+ P OIA(170) ) + 0I5 P 0)

1

o OA R OA
=P OIAH]Y () +(F (1) | ¥ (1) == ([A.H]) + <5>-

(3.117)
Therefore, for the physical observables, which do not depend explicitly on time,

d{A)

= ([H,A]), (3.118)

St~

and hence the observable commuting with the Hamiltonian represents the system
constant of motion.

Consider the illustrative example of a motion in one dimension, in the potential
V(x), of the spinless particle described by the Hamiltonian H(x) = V (x) + pZ/2m.
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We first examine the time dependence of the particle average position (x). Using
(2.34) and (3.56) in the preceding equation gives:

LS]) = 3 (. 51) = 2 (i) + o Slp) = 22

. (3.119)

Therefore, the relation between the expectation values of the position and momen-
tum is the same as that between their classical analogs: v, = dx/dt = p,/m.

One similarly arrives at the second Newton’s law of classical dynamics,
dp./dt = F, = —dV(x)/dx, where F stands for the force acting on the particle, by
examining the time evolution of (p,):

) — 2 ip)) = V.0 = (n50) = () = ). G0

Accordingly, for the movement of a quantum particle in three dimensions, in the
potential V(r) generating the classical force field F(r) = —VV(r), one finds

dp) _ _
= —(VV) = (F). (3.121)

This correspondence between the quantum relations in terms of the expectation
(mean) values of physical quantities and the associated equations of classical
mechanics expresses the Ehrenfest principle of quantum mechanics. In any quan-
tum state |) the time dependencies of the expectation values of the position and
momentum operators are seen to follow the corresponding relations between the
associated classical quantities. This rule complements the related Correspondence
Principle of Bohr (see Chap. 1) that the quantum description becomes classical in
the limit of high energies and very large quantum numbers, when one can safely
neglect the finite value of the quantum of action: 7 — 0.

3.6.3 Probability Current and Continuity Equation

Let us again assume the system composed of a single (spinless) particle. In the
position representation, the state [y(f)) is represented by the normalized wave
function Y (r; ©) = (r|\(z)) which generates the probability density

p(rst) = W (r, ) = WO @) = @OROW@) = plrs1).  (3.122)

It directly follows from the Schrodinger equation (3.94) that the square of the norm
of the wave function, i.e., the integral of p(r, f) over the whole physical space,
remains constant in time and equal to 1 for the normalized quantum state. This does
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not imply, however, that p(r, t) is also locally conserved over time. Indeed, the
stream of probability may transport the particles from one region of space to
another. It is our goal in this section to establish the appropriate expression for
the local probability current.

It should be recalled that in the electromagnetism the charge (volume) density
p.i(r; 1) is linked to the flux of the vector current density J,,(r; f) through the local
continuity equation,

0
5%1("% 1) ==V - Ju(r), (3.123)

where the left-hand part of the equation expresses the net change of the density in
the fixed, infinitesimal volume around r, and the right-hand part represents the flux
across the surface, which defines this volume element. We are now searching for
an analogous equation expressing the local probability balance in the quantum
mechanics, i.e., the appropriate definition of the probability current j(r; ¢). The
negative divergence of this yet unknown vector will then measure the flux of
particles leaving the local volume element.
The system Hamiltonian in the position representation,

A, (3.124)

with the real potential V(r) for H(r) to be Hermitian, gives the dynamical
Schrodinger equation in the form:

h2

m@ﬂ;ﬁzvmwvm om

3 AY(r;1). (3.125)

Multiplying, from the left, both sides of this equation by ¥ (r; £), and of the complex
conjugate Schrodinger equation by Y/(r; ), subtracting the resulting equations and
dividing by ih then give:

oWl i
ot 2mi

WAy — YAy (3.126)

This equation can be then transformed into the continuity-type equation (3.123),

B o
P 1) ==V - j(r1), (3.127)

with the probability current
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Jri0) = S )V 0) — Y )V (r50)

1 ) (3.128)
= —Rely"(r;1) = V¥ (r;1)],

V= o [(0°) - () 4 (V) — (V) - (V) — p(V)]

hi
=—N'AYy — AYT].
S0 A = Ay
The form of the probability current (3.128) indicates that it is determined by the
expectation (mean) value in state [y(¢)) of the Hermitian operator

2 1

i(r) =5 Ir){rlp + plr)(r], (3.129)

which represents the symmetrized product of operators for the probability density,
p(r) = |r)(r|, and particle velocity, v = p/m. Indeed, such a product is also
associated with the physical meaning of the current density vector of a classical
fluid.

To conclude this section, let us express the complex wave function Y(r, ) in
terms of its (real) modulus R(r; f) and phase &(r; 1):

W(r,t) = R(r;t) exp[i®(r;1)]. (3.130)
It then directly follows from (3.122) and (3.128) that

p(r;t) =R*(r;t) and
3.131
e = LR v = provitemn. O

3.7 Heisenberg and Interaction Pictures of Quantum Dynamics

We conclude this short outline of the formal framework of quantum dynamics with
a summary of the relevant equations of motion in the H- and I-pictures of Sect. 3.5.
As we have already indicated in (3.89) the operators {AH} in the Heisenberg picture
generally depend on time, even if their analogs in the Schrodinger picture {Ag}
do not. However, for the conservative system, the Hamiltonian ﬂs of which does
not depend on time, and an observable Ag representing a constant of motion
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(commuting with Hy), the evolution operator U(r — #9) = U(t) of (3.97) commutes
with Ag so that

~ ~—1 PN ~—1 ~

An(t) =U (0)AsU(r) = U (1)U(1)Ag = Ag. (3.132)
The operators for such physical properties are thus equal in both dynamical
pictures, and in particular Hy = Hg.

For an arbitrary observable As(r) one finds using (3.96), its adjoint, and (3.89):

-1 o

%AH(‘E) =7 U (1)Ag(t)Hg(1)U(1) — G_I(T)ﬂs(f)As(f)U(T)}
o dAs(o) . (3.133)
+U (1) ; U(z).

Inserting next the unity factor U(r)ﬂ_l (t) = 1 between Hg and Ag in the first two
terms of the right hand side in the preceding equation finally gives

~ PR TN

L au(@) =2 { 107 A0 [0 As(r)0 (o)
0 OREUE] [0 @A)} + 07 0 P o
(3.134)
and hence
i Au) = . a4 in (£ A0) G139

It was Schrodinger who first discovered the dynamical equation bearing his
name. The subsequent Heisenberg picture has established the evolution of matrices
representing operators { Ay ()}, hence the name Matrix Mechanics (see Chap. 1), to
be later shown to be fully equivalent to the Schrodinger Wave Mechanics.

For the physical observables Ag, which do not depend explicitly on time, the last
term in (3.135) vanishes. Moreover, since the expectation value is invariant to the
unitary transformation linking the two pictures,

(A) = (Ws(0) [AsIWs(0)) = (Pl An(0) [ ¥n). (3.136)

Since in the last term only the operator depends on time
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dAH(t) |\IJH> — l <‘-PH| [AH(T)7 HH(T)]|1PH>
o - (3.137)

= 09SO [As, Bl I¥s(0) = £ ([, A

d
S (AW) = (P

where we have again recognized that commutators and expectation values are
invariants of the unitary transformation between the two pictures.

We have thus recovered (3.118) for the time evolution of expectation values in
the Schrodinger dynamics. Notice, however, that (3.135) is more general than
(3.118), providing the relation between operators, instead of their expectation
values. Indeed, an advantage of the Heisenberg picture is that it gives rise to
equations which are formally similar to those in classical mechanics. For example,
the Heisenberg picture generalization of the Ehrenfest principle relations of (3.119)
and (3.120) reads:

dxp(t) _ Py (t) and dp, (1) _ 8V():(H7t) ' (3.138)
dt m dt oXy

Finally, let us examine the equation of motion in the interaction picture introduced
in Sect. 3.5, with the unitary operator of (3.91), determined by the noninteracting
Hamiltonian Hy, now transforming the vectors and operators of the Schrodinger
picture into their interaction picture analogs. Substituting the reverse transformation
to that of (3.93),

W) =S ()| (1)) = exp(—%ﬁot) P, (1)), (3.139)

into the Schrodinger equation (3.94) gives the corresponding dynamical equation in
the I-picture:

ihdijll(t» = V,|¥(7)), (3.140a)

with the time evolution now governed by the transformed interaction part V of the
Hamiltonian (3.90):

V, =S(1)VS™ (t) = exp (%ﬁm)\?exp <— %ﬂm). (3.140b)

Therefore, in the interaction picture, the time dependence of operators (3.93)
reads:

Ae) = $(0AsS (1) = exp (%ﬁ0t>/&exp(_ %’ﬁot), (3.141)
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where the observable A = Ag is time independent. It can be also expressed by the
equivalent expression obtained by the differentiation with respect to time of the
preceding equation [see also (3.92a) and (3.92b)]:

ih%AI(t) = [As(r), Hp). (3.142)

Therefore, in the interaction picture both state vectors and operators are chang-
ing with time: the time evolution of the former is described by the Schrodinger-like
(3.140a) and (3.140b), while the latter evolve in time in accordance with the
Heisenberg-like (3.142). This form of quantum dynamics thus represents an inter-
mediate level between the Schrodinger and Heisenberg pictures in treating dynam-
ics of quantum objects. Operators depend on time as do operators in the Heisenberg
picture for the noninteracting physical system described by the noninteracting
Hamiltonian Hy, while the Schrodinger-like time dependence of the state vectors
(or wave functions) is determined solely by the interaction operator V..
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