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Abstract. The hierarchical clustering methods based on vertex similar-
ity can be employed for community discovery. Vertex similarity metric is
the most important part of these methods. However, the existing met-
rics do not perform well compared with the state-of-the-art algorithms.
In this paper, we propose a new vertex similarity metric based on dis-
tance neighbor model, called Distance Neighbor Ratio Metric (DNRM),
for community discovery. DNRM considers both distance and nearby
edge density which are essential measures in community structure. Com-
pared with the existing metrics of vertex similarity, DNRM outperforms
substantially in community discovery quality and the computing time.
The experiments are designed rigorously involving both well-known so-
cial networks in real world and computer generated networks.

Keywords: Hierarchy clustering, vertex similarity, community discov-
ery, modularity, time complexity.

1 Introduction

1.1 Background

Graph mining attracts much attention in both academy and industry. Many
systems of current interest can be represented as graphs. Each of these graphs
consists of vertices and their connecting edges, where the vertices indicate the
individuals and the edges represent the relations. Recent studies [1] reveal that
many graphs in society often exhibit hierarchical community structure. In ad-
dition, the communities correspond to known sets of units dealing with related
topics, such as citation networks [2], food webs [3] , and biochemical networks
[4,5]. Thus, community discover plays an essential role for the identification and
characterization of real networks [6]. Furthermore, uncover hierarchical commu-
nity structure emerges as a premise task for capturing an in-depth understanding
of networks.

In the literature, community discovery algorithms have been well studied.
Generally, they can be divided into three categories: graph partitioning, hi-
erarchical clustering, and methods for hyperlink-based network. Graph parti-
tion algorithms include the Kernighan-Lin algorithm [7], spectral partitioning
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[8,9]. Hierarchical algorithms contain two classes: agglomerative methods based
on the optimization of modularity or the similarity metrics, and the divisive
methods based on betweenness metrics such as Girvan-Newman (GN) algorithm
[10], Tyler algorithm [11], and Radicchi algorithm [12]. The methods for detect-
ing hyperlink-based Web communities such as the maximum flow communities
(MFC) algorithm [13], the hyperlink- induced topic search (HITS) algorithm
[14], the spreading activation energy (SAE) algorithm [15].

There are also many other kinds of methods based on different technologies
such as spectral property of graph matrix[16][17][18], spin-spin interactions [19],
random walks [20] and synchronization [21]. For more details, the reader can
refer to the survey article by Fortunato [22].

1.2 Related Metrics of Vertex Similarity

In essence, similarity metric is the most important part of agglomerative methods
based on vertex similarity. The idea of these methods is to compute the similarity
between each pair of vertices, firstly, no matter whether they are connected by
an edge or not. Then, merge the vertex or the (temporary) community into the
vertex or community most similar to it.

However, it appears that these methods perform well for specific types of
problems , but work poorly in more general cases [23]. The reason is that existing
vertex similarity metrics are designed for particular kinds of graphs. Thus, the
algorithms based on these metrics cannot tackle a variety of graphs.

Next, we present several classical metrics of vertex similarity for community
discovery. Then, we will show their limitations and shortcomings.

One well-known similarity measure is Jaccard Index [24], which is defined as
follows. For a vertex u ∈ V (G), let Γ (u) be the the set of neighbor vertices of u.
It is natural that two vertices u and v are more likely if they share more common
neighbor vertices. In addition, if the shared neighbors take up more proportion
of all their neighbors, it also shows more similarity between these two vertices.
The formula is defined as follows:

sJI(i, j) =
|Γ (i)

⋂
Γ (j)|

|Γ (i)
⋃

Γ (j)| (1)

where Γ (i) is the neighbor set of vertex i.
Another metric is the number of independent paths between two vertices,

denoted by sNIP . Independent paths do not share any edge (vertex). This metric
indicates the maximum flow that can be conveyed between the two vertices. It
can be computed under the constraint that each edge can carry only one unit of
flow, and the flow value is an integer.

An alternate metric evaluates the number of the paths between two vertices.
In this case, the problem is that the total number of paths is huge. But one
method solving this problem is to compute a weighted sum of the number of
paths, where paths of length l are weighted by the factor αl, with α < 1. It is
clear that the paths with longer length can be neglected due to its tiny weight.
Denote this weighted sum metric by sWS .
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There are several metrics defined by the distance in an n-dimensional Eu-
clidean space, by assigning a position to each vertex of the given graph. Thus,
the positions of the vertices have to be determined before computing these met-
rics. One approach to determine position of each vertex is the spectral bisection
method which is based on the properties of the Laplacian matrix [25]. Due to its
high computation cost, these metrics are seldom used in community discovery.
Thus, they are not considered in our paper.

In brief, the metrics above consider either edge density in neighbors or the
number of connecting paths. Since the similarity of one vertex pair is affected
by the following features: distance, local edge density and number of disjoint
connecting paths in global, these metrics are not well defined shown in Table 1. In
addition, the existing metrics are not good for community discovery, for instance,
the time complexity and the quality is not satisfied.

Table 1. Features of existing metrics

Metric distance edge density disjoint paths quality time complexity

sJI × √ × mediate O(|E(G)|)
sNIP × partial

√
bad O(|V (G)||E(G)|)

sWS
√

partial partial mediate O(2|V (G)|)

In this paper, we propose a new vertex similarity metric for community discov-
ery. The metric is based on distance neighbor model which enable it to evaluate
both topological distance and local edge density. Thus, it can describe the simi-
larity between two vertices better.

The rest of this paper is organized as follows. Section 2 formulas our problem,
and propose the measure of quality. Section 3 introduces our metric. Section 4
gives our algorithm. Experimental results are presented in Section 5. Finally, in
Section 6, we summarize this work and point out the future work.

2 Problem Statement

Our problem is to divide the considered graph into communities in certain appli-
cation scenario. Unfortunately, community structure has no universal accepted
definition [1]. One common used one is that the division of vertices into groups
such that there is a higher edge density within groups while less edge density
between them.

This paper considers simple graphs only, i.e., the graphs without loop or
multi-edges. Given graph G, V (G) and E(G) denote the sets of its vertices and
edges respectively. In addition, our paper considers unweighted graphs, that is,
all edges are unweighted.

A community structure is a partition P = C1, C2, . . . , Ck of graph G such
that C1

⋃
C2

⋃
. . .

⋃
Ck = V (G) and Ci

⋂
Cj = ∅ for i �= j.

It appears that the number of the partitions of one graph is huge. One mea-
sure is necessary for evaluating the quality of one partition with respect to the
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community in scenario. One common used quantitative measure is modularity
[26]. Definition given below states that communities in a good partition has high
intra-community edge density and less inter-community edge density:

Q(P) =
1

2m
Σij(Aij − kikj

2m
)δ(Ci, Cj) (2)

where Aij is the adjacency matrix, m is the total number of the edges, and ki

is the degree of vertex i. The function δ yields one if vertices i and j are in the
same community (Ci = Cj), zero otherwise.

We are supposed to find an optimal partition P which makes the modularity
Q(P) maximum. When one partition has modularity larger than 0.3∼0.4, it can
be concluded that this partition has community structure. The larger the mod-
ularity is, its community structure is more prominent and clear. However, it is
well-known that our problem is an NP-hard problem [22]. Thus, there is not poly-
nomial time algorithm for this problem unless P=NP. Most existing methods are
approximation algorithms. Furthermore, modularity has limits [22]. Thus, the re-
sult community structure is favorable only if it corresponds to the actual structure
in real world. If there is no in-advance structure information, the result will rec-
ommend a probable community structure but not an optimal one.

3 A New Vertex Similarity Metric Based on Distance
Neighbor Model

3.1 Definition and Properties

Our model is designed based on the fact that the probability that two vertices
have the same neighbors when they are in the same community is larger than
the case they lie in different ones. This motivation arises from the neighbor ratio
metric sJI . But we extend this model by allowing not only adjacent neighbors
but also neighbors within certain distance, which is a threshold denoted by d.
We next present the definition of our distance neighbor model.

Let G = (V, E) be a simple graph. Assume that two vertices i and j are
supposed to compute similarity. Let dis(x, y) be the distance between vertices x
and y where x, y ∈ V (G).

The idea of the neighbor ratio metric sJI is that if the proportion of the
common neighbor over all neighbors is larger, then these two vertices i and j is
more similar. Since we consider the non-adjacent neighbors within the distance
d, it is natural that these neighbors’ contribution to the similarity is less than the
adjacent neighbors. Thus, it can be concluded that the contribution decreases
when the distance from the neighbor to i or j increases. Therefore, the metric
sDNM of our distance neighbor model is defined as follows:

Γ (i, d) = {u|dis(i, u) = d, ∀u ∈ V (G)} (3)

sDNM (i, j) =
d∑

k=1

|Γ (i, k) ∩ ⋃k
c=1 Γ (j, c)| + |Γ (j, k) ∩ ⋃k

c=1 Γ (i, c)|
k × ∑k

c=1 |Γ (i, c) ∪ Γ (j, c)|
(4)
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Fig. 1. Karate network

For better understanding of our metric, an illustration example using the well-
known dataset karate club network is given. The topology structure is shown in
Fig. 1. The statistic data of vertex pair is presented in Table 2.

Table 2. The statistic data of vertex pair (6, 3)

d 1 2

Γ (6, d) 1,7,11,17 3,4,5,8,9,11,12,13,14,18,20,22

Γ (3, d) 1,2,4,8,9,10,14,28,29,32 5,6,7,11,12,13,20,22,24,25,26,31,33,34

sDNM (6, 3) 1
13

1
13

+ 1
2
× 11

28

d 3 4

Γ (6, d) 2,10,28,29,31,32,33,34 15,16,19,21,23,24,25,26,27,30

Γ (3, d) 15,16,17,19,21,27,30 0

sDNM (6, 3) 1
13

+ 1
2
× 11

28
+ 1

3
× 9

34
1
13

+ 1
2
× 11

28
+ 1

3
× 9

34
+ 1

4
× 10

34

According to the definition, it can be concluded that our metric is symmetric,
that is, sDNM (i, j) = sDNM (j, i) for ∀i, j ∈ V (G).

Next, we propose the relationship between local edge density and sDNM (i, j).
Set de(i) = min{dis(a, i), dis(b, i)} where the edge e = (a, b) and a, b, i ∈ V (G).
Let P(i,j)(k) be the set of the paths between vertices i and j in which the length
of each path is no larger than k. Then we have the following proposition.

Proposition 1. Let d be the chosen distance threshold, and E(P(i,j)(k)) be the
edge set of the path set P(i,j)(k) where i, j ∈ V (G) and k is a positive integer.
Set Ed

(i,j) to be the edge set satisfying: (I) the distance from i and from j is no
larger than d ; (II) lies in E(P(i,j)(2d)). Then, we have

d∑

k=1

Ek
(i,j)

k × ∑k
c=1 |Γ (i, c) ∪ Γ (j, c)|

≥ sDNM (i, j) (5)
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3.2 Comparison with Existing Vertex Similarity Metrics

In this subsection, we compare our metric with the existing ones on several pairs
of the graph modelled by Zachary’s karate club illustrated in Fig. 1. Choose the
distance threshold d to be 2. We select a couple of pairs to vertices, and the
values are given in Table 3.

Table 3. Metrics comparison in karate club graph

Pairs (1,12) (1,6) (1,2) (6,7) (6,2) (6,30) (17,30) (2,12)

sJI 0 2/17 7/16 1/4 0 0 0 0

sNIP 1 4 9 4 4 4 2 1

sWS 1.0 3.2 109.2 3.1 108.3 164.7 56.6 46.3

sDNM 0.581 0.487 0.405 0.610 0.469 0.323 0.164 0.426

Discussion : The metric of neighbor ratio sJI cannot distinguish the similarity
of pairs (6,2) and (6,30), since they have no common neighbors. In addition, it
cannot describe the topology distance of a pair of vertices. The metric sNIP can-
not evaluate the topology distance either, concluded by the values of sNIP (6,2)
and sNIP (6,30). The metric sWS outputs wrong evaluations of pairs (1,12) and
(2,12). The reason is that there are more paths from vertex 2 to vertex 12 than
that from vertex 1 to vertex 12. The values indicate that our distance neighbor
model is better in describing the similarity compared with the others.

Finally, we summary the features of our metric in Table 4.

Table 4. Features of our metric sDNR

Metric distance edge density disjoint paths quality time complexity

sDNR
√ √ × good O(|E(G)|)

4 Algorithm Description

Community Discovery Algorithm Based on Distance Neighbor Model

Input: a simple, undirected and unweighed graph G
Output: a community structure
1. Choose the diameter d.
2. Foreach vertex pair (i, j) where i �= j and dis(i, j) ≤ 2 × d Do
3. Begin For k := 1 to d Do Search Γ (i, k) and Γ (j, k); //endfor
4. For k := 1 to d Do Compute Γ (i, k) ∩ Γ (j, k) and Γ (i, k) ∪ Γj , k);
//endfor
5. Compute sDNM (i, j);
6. End //foreach
7. Use the classical average linkage method to find the community structure and
output it.
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Complexity analysis: Steps 3-6 employ a procedure which is a part of breadth-
first-search. Thus, the running time is bounded by |E(G)|. The step 2 is a loop
which repeats for each pair of vertices. Therefore, the computation of metrics
needs O(|V (G)|2|E(G)|) time. It is known that the time complexity of average
link methods is O(|V (G)|3). Hence, the total time complexity of our algorithm
is O(|V (G)|2|E(G)|). It is necessary to mention that the actual running time
is much less than this worst time, since if the distance between two vertices is
larger than 2d, no computation is needed.

5 Experimental Results

We implement the algorithm is Section 4 in Java and perform experiments in
several well-known datasets. We choose the distance threshold d to be four.

The first data set is Ravasz network [27]. As Ravasz et al. pointed out, con-
ventional network clustering methods are difficult to find the correct community
structure of such network. The community structure and the merge sequence
(dendrogram) are presented in Fig. 2 and Fig. 3, respectively.

Fig. 2. Community structure using our metric in Ravasz network

Fig. 3. Merge sequence using our metric in Ravasz network
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Table 5. Modularity Results

Ravasz karate football dolphins musician

sNIP 0.3452 0.203 0.1300 0.018 0.1450

sJI 0.1308 0.3400 0.6020 0.4280 0.4010

sWS 0 0.2130 0.3230 0.3320 0.3010

sDNM 0.5270 0.3628 0.6042 0.4278 0.4047

GN 0.5509 0.406 0.572 0.52 0.405

CNM 0.3326 0.302 0.402 0.353 0.439

We also test some famous datasets: karate club network [23], US college foot-
ball league [10], Jazz musician network [28] and dolphin social network [29]. We
compare our algorithm with the algorithms based on existing vertex similarity
metrics. In addition, we also show the result of the-state-of-the-art algorithms
Girvan-Newman algorithm [10] and CNM algorithm presented by Clauset, New-
man and Girvan [1].

We propose the experimental results of modularity in Table 5, which shows
that our metric is superior to the existing ones. Table 5 indicates that the Girvan-
Newman algorithm outperforms in three datasets compared with our algorithm.
However, in Ravasz network our metric finds the correct structure shown in
Fig. 2, though GN gets high modularity; In dolphins society the modularity of
best division is 0.478±0.03 stated by Lusseau [29]. Our metric is better than GN
in this dataset. In addition, the time complexity of (improved) Girvan-Newman
algorithm O(|E(G)|2 |V (G)|) is higher than our algorithm.

6 Conclusions

In this paper, we have proposed a new vertex similarity metric for community
discovery. This metric computes overlapping proportion of neighbors within a
distance with respect to considered vertices. Thus, it considers both topological
distance and local edge density. The experimental result shows that our metric
is better than the existing ones. In addition, it appears that our algorithm based
on this metric has several advantage to the Girvan-Newman algorithm and CNM
algorithm in some aspects.

Since the computation of our metric is in a local part, distributed or parallel
computation is available which enables that our algorithm can tackle large scale
graph. In addition, in the light of Clauset’s local algorithm [30], our algorithm
can be extended to an incremental algorithm of which the running time is re-
duced dramatically. Furthermore, an online algorithm based on our model can
be developed.
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