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Abstract. In this paper, some methods for representing objects using
path-based distances are considered. The representations can be used
as anchor points when extracting medial representations of the objects.
The distance transform (DT) is obtained by labeling each object element
with the distance to the background. By local operations on the DT,
different sets of anchor points can be obtained. We present two different
methods based on local operations and prove that the representations are
reversible, when this is the case. The methods are defined for weighted
distances based on neighborhood sequences, which includes for example
the well known cityblock and chessboard distances.

1 Introduction

The medial axis introduced in [3] is an important and often used concept in
image processing. The basic idea is to represent the object with its centerline.
When applied to digital images, the set of centers of maximal balls (CMBs) is
often used when generating a medial axis to guarantee that the original object
can be reconstructed. A ball in an object X is maximal if it is not contained in
any other ball in X. The original object can be recovered from the set of centers
of maximal balls (CMBs) together with the corresponding radii. We say that
such a representation is reversible.

In this paper, we focus on distance functions defined as the minimal cost-path
between points. With such path-based distance functions, the distance between
two points is calculated by counting the number of (weighted) steps needed to
go from one point to the other. We distinguish these digital distance functions
from the Euclidean metric which is not discrete in this sense. The simplest
digital distance functions are the city-block and chessboard distance functions.
We consider distance functions defined using both weights (weighted distances)
and neighborhood sequences (distances based on neighborhood sequences or ns-
distances for short). For the simple distance functions the CMBs appear as
local maxima in the distance transform (DT) and are thus easy and fast to
extract. For CMBs in the general case with weighted distances or ns-distances,
a look-up table is needed in general. In this paper, we present and analyze some
natural generalizations of local maxima for weighted ns-distances that are fast
and efficient to compute.
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Many authors have considered the local-maxima approach, see, e.g., [I3ITIRITS].
For weighted distances, the local maxima in the DT are the points that do not
propagate distance information to neighboring grid points when computing the
DT. When non-unit weights or a neighborhood sequence of length>1 is used, there
are local maxima that are not CMBs. One approach to overcome this problem is
to relabel the distance values, see [1JI4]. Relabeling is not enough for all distance
functions and another approach is to use look-up tables to extract the set of CMBs,
see, e.g., [T44T2ITT). Another issue is that the set of local maxima and the points
that do not propagate distance information when computing the DT are not al-
ways equal.

In this paper, some methods for object representation using local operations
for weighted ns-distances will be examined. We consider the following represen-
tations:

— Mazximal path-points: The points that do not propagate distance information
when computing the DT.

— Local B-mazima: When a neighborhood sequence is used to define the dis-
tance, the size of the neighborhood at a point p is given by the neighborhood
that is used when computing the DT, can be used to check for local maxima,
this is the local B-mazima.

— Local B*-mazima: Similar to the local B-maxima, but the size of the neigh-
borhood is given by another element in the neighborhood sequence. Local
B*-maxima was introduced for ns-distances in [§].

— Reducing the number of points in a reversible representation: By removing
superfluous points in a reversible representation, a sparse representation is
obtained that is still reversible.

In a previous paper, [15], we found that maximal path-points are not well-suited
for representing objects for some distance functions. In this paper, we prove
that the set M P of maximal path-points can be computed efficiently by a local
approach. We also give an alternative method that can be used also for ns-
distances. Some of the results on maximal path-points can also be found in [14].

CMBs and local maxima in DTs using the weighted distance have been used
for, e.g., skeletonization algorithms [I8|2], object decomposition [17], and reso-
lution pyramids [0]. Local maxima in DTs obtained using ns-distances [§] have
also been considered in applications such as discrete shading [9] and normal
approximation [10].

2 Distance Functions

In this section, some definitions and notions found in, e.g., [IAT5IT6] are given.
Two grid points p1 = (21,%1), P2 = (72, y2) € Z? are r-neighbors, r € {1,2}, if

lz1 — 22|+ [y1 — y2| <7 and (1)

max {|z1 — 2|, [y1 — y2|} = 1.
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The points p1, p2 are adjacent if p; and p2 are r-neighbors for some r. Two r-
neighbors such that the equality in () is attained are called strict r-neighbors.
Using the notion of 1- and 2-neighbors above, the city-block and chessboard
distance functions can be defined. We will consider two ways of generalizing
these distance functions by using weights and/or neighborhood sequences.

A ns B is a sequence B = (b(i));-,, where each b(i) denotes a neighborhood
relation in Z2. If B is periodic, i.e., if for some fixed strictly positive [ € Z,,
b(i) = b(i +1) is valid for all i € Z,, then we write B = (b(1),b(2),...,b(1)).

The following notation is used for the number of 1:s and 2:s in the ns up to
position k.

15 ={i:b(i)=1,1<i<k}| and 2% = |{i: b(i) =2,1 <i < Ek}|.

A path Pp.q = (P = Po,P1,--.,Pn = q) of length n with start point py and end
point p,, is a sequence pg, P1,- - - , Pn Of adjacent grid points. A path is a B-path
of length n if, for all ¢ € {1,2,...,n}, p;—1 and p; are b(i)-neighbors.

Definition 1. Given the ns B, the ns-distance d(po, Pn; B) between the points
po and p, is the length of (one of) the shortest B-path(s) between the points.

Let the real numbers v and § (the weights) and a B-path Pp q of length n,
where exactly [ (I < n) pairs of adjacent grid points in the path are strict 2-
neighbors be given. The cost of the (., 5)-weighted B-path Pp q is (n —Da+ 1.
The B-path Py, ¢ between the points pg and p,, is a minimal cost (o, §)-weighted
B-path between the points po and py, if no other (o, 3)-weighted B-path between
the points has lower cost than the («, 3)-weighted B-path Pp .

Definition 2. Given the ns B and the weights «, 3, the weighted ns-distance
do.3(Po, Pn; B) is the cost of (one of ) the minimal cost («, B)-weighted B-path(s)
between the points.

Only weights in the interval a < 8 < 2« are considered.

We write £ (Pp.q) to denote the length of the path Pp  and Cq. 5 (Pp,q) to de-
note the cost of the path Py, . The concatenation of two paths Py, p,, and Qq,.q,.
such that p,, and qo are adjacent is Pp, p,, - Qqo,qm = (P0sP1s- -« Pns 90,41, - - - 5
Am)-

3 Weighted ns-Distance and Distance Transforms

We state now a functional form of the distance between two grid points (0, 0)
and (x,y) in Z2, where x > y > 0. Observe that by translation-invariance and
symmetry, the distance between any two grid points is given by the formula
presented in Theorem [I1

The following theorem is proved in [I4/16]:

Theorem 1. Let the point (z,y), where x > y > 0, be given. The weighted
ns-distance between 0 and (xz,y) is given by

daﬁ(O,(x,y),B):(chx—y)a+(m+y—k)ﬂ,
wherek:min{lGN:lszrmaX((),nylB)}.
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When computing the distance transform, this is of course done on a finite subset
of the grid, the image domain Z C Z2. The object, a subset of Z is denoted X
and its complement in 7 is the background X. We denote the distance transform
for path-based distances with DT¢, where the subscript indicates that costs are
computed.

Definition 3. The distance transform DT¢ of an object X C T is the mapping

Die: T — ]R(f defined by
p—d (p,X) , where

d(p,X) = (rlréig {d(p,a)}.

For weighted ns-distances, the size of the neighborhood allowed in each step is
determined by the length of the minimal cost-paths (not the cost), so this value
is also needed when propagating distance information. We define the transform
DT, that holds the length of a minimal cost-path at each point.

Definition 4. The transform DT, of an object X is the mapping

DTy : 7 — N defined by
p+— di1(p,q; B), where
q is such that do g (4, p; B) = do,g (p,X;B) )

In [14], algorithms (proved to give correct results) for computing D7¢ and DT
are given. The transforms DTy and DT, are illustrated in Figure[dl In the fig-
ures, each grid point is represented by the corresponding Voronoi region (picture
element or pizel). The algorithms in [I4] can also be used to compute the re-
verse DT, which is used to obtain the original object from the reversible object
representation.

4 Object Representation by Maximal Path-Points

When extracting CMBs for weighted distances, there is a correspondence be-
tween the points that do not propagate distance information and the local max-
ima in the DT, [12]. We will now define this correspondence also for the distances
that are defined by neighborhood sequences. A distance propagating path is a
path along which local distance values can be propagated when computing the
DT. See Figure[ll

Definition 5. Given an object grid point p € X and a background grid point
q € X, the minimal cost B-path Pqp = (4 = Po,P1,---,Pn = P) is a distance
propagating B-path if

(1) Ca.p ((Po,---,Pi)) = DTc (p;i) for alli and
(ii) pi, pPit1 are b(DTr (p;) + 1) — neighbors for all i.
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In an object X, the end-point of a distance propagating path of maximal length
is called a mazimal path-point, defined below. A local B-maximum is a local
maximum obtained by using the neighborhood that is used to propagate distance
information at that point, i.e., the neighborhood defined by b (DT, (p) + 1) at
the point p.

Definition 6. A point p € X is called a maximal path-point if there is a q € X
and a path Pgp = (4 = Po,P1,---,Pn = P) such that the following statements
both hold:

— Pq,p is a distance propagating B-path of length n defining DT¢(p) and

— there is no p’ such that (po,P1,...,Pn =P, P’), i.€., Pqp-(P’) is a minimal
cost (a, B)-weighted B-path of length n + 1 such that
DIc(p') = Ca,p ({(Po:P1;-- -, Pn = P, P')).

Also, the path Pqp is called a maximal path.

We denote the set of maximal path-points by M P. It is clear that the set of
maximal path-points are the points that do not propagate distance information
to neighboring grid points when computing D7¢.

Definition 7. Let the ns B and the weights (o, 3) such that « < 8 < 2« be
given. A point p € X is a local B-maximum if for all its 1-neighbors r’:

DTe(r") < DT¢(p) + «
and, if b(DTz(p) + 1) = 2, for all its strict 2-neighbors 7 :
DTe(r') < DTe(p) + 5.

In Theorem Bl we will prove that under some conditions the set of local B-
maxima and the set M P are equivalent. To check if a grid point p is a local
B-maximum, the size of the neighborhood at p is used. Since the size of the
neighborhood at p is determined by DT, (p) and DTy in its original form is not
unique for some objects, we need to put an additional constraint on DT. This
problem is illustrated in the following example.

Ezample 1. Consider B = (1,2) and («, 8) = (2,3). In Figure[[[a) and (b), two
minimal cost (2,3)-weighted B-paths from X to the point p with the distance
value 10 are shown. Since they are of different lengths, different neighborhoods
are considered at p.

We will prove that, when DT satisfies the following definition, then the set of
maximal path-points and the set of local B-maxima are equivalent.

Definition 8. Given an object X, a ns B and weights o, 3, we say that DT as-
sociated with DTe holds information about the smallest neighborhoods if it holds
information about the minimal cost-path with smallest size of the neighborhood
at each point of X.
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(a) (b) (c)

Fig. 1. (a,b): DT with two distance propagating paths overlaid, both containing the
point labeled 10, defining different neighborhoods at the point. (¢): DT With infor-
mation about the smallest neighborhoods. The ns B = (1,2) and weights a = 2 and
[ =3 are used.

Let the ball obtained by weighted ns-distances with radius » € RT be
B(p,r) = {dq:daps(p,q; B) <r}. The main theorem from [I5] is that the set
M P together with the corresponding distance values is a reversible representa-
tion of the object:

Theorem 2. If either
a< f<2aor (2)

a=p and (B= (1) or B =(2)), (3)
thenVq € X\ MP, 3p € MP : q € B(p, DI¢(p)).

We now give a more efficient way of computing the set M P. We will see that,
given a point p, it is enough to consider a small neighborhood of that point to
determine if it is a maximal point or not. This will be done using the notion of
local B-maxima:

Theorem 3. If DT holds information about the smallest neighborhoods is used
in Definition[7, then Definition[7 and Definition[d define the same set of points.

Proof. Let p € X be a maximal path-point. Then there is a q € X and a distance
propagating B-path Pq p such that any b (£ (Pq,p) + 1)-neighbor r to p is such
that

DTe (r) < Ca,p (Pap - (r)) =Ca,p (Pap) +w,

where w is « if p,r are 1-neighbors and 3 if p,r are strict 2-neighbors. This
holds for any neighborhood smaller than or equal to b (£ (Pq.p) + 1), so it holds
for the smallest neighborhood. This implies that p is a local B-maximum.

If, on the other hand, p € X is a local B-maximum, then there is a q € X
and a distance propagating B-path Pq p with smallest neighborhood at p such
that DT¢ (p) = Co,8 (Pq,p)- For this path, any b (L (Pq,p) + 1)-neighbor r to p
is such that

DTe (r) < Ca,p (Pap - (r)) = Ca,p (Pap) +w,
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where w is « if p,r are 1-neighbors and 3 if p, r are 2-neighbors. Therefore, p is
also a maximal path-point. O

The Algorithm [I] below can be applied to all distance functions presented here.
It is a one-scan algorithm. It follows that it is linear in time. Note that for ns-
distances (when («, 3) = (1,1)), the set of maximal path-points together with
the radii is in general not a reversible representation of X.

Algorithm 1. Algorithm for finding the set of maximal path-points

Input: B, (o, 3), DT¢c, the DT, that holds information about the smallest
neighborhoods

Output: The set M P

For each point p in X: Assign p to M P if the conditions in Definition [7] are

fulfilled.

5 Local B*-Maxima

In the previous section, we used an approach inspired by how algorithms that
compute DTs work — the points that do not propagate distance information are
stored as the object representation. In this section, an approach similar to the
local B-maxima will be used. A point p in an object X is a local B*-maximum
if it satisfies the following definition:

Definition 9. Let the ns B and the weights (o, ) such that « < 8 < 2« be
given. A point p € X is is a local B*-maximum if for all its 1-neighbors r*:

DTe(r%) < DT¢(p) + «
and, if b(DT(p)) = 2, for all its strict 2-neighbors v7 :
DTe(r') < DTe(p) + 5.

Note that the only difference between Definition [ and [ is that another neigh-
borhood is used to decide when strict 2-neighbors are allowed for finding local
maxima. Opposed to the local B-maxima, the local B*-maxima can be used to
derive reversible representations for ns-distances.

Lemma 1. Let Py q be a minimal cost-path between p and q.

If 22(7)”"‘) > 2p,, and q and r are 2-neighbors, then

dap (p,1; B) < dapg(pyq; B) + 3.

Proof. Since 22(7)""1) > 2p, , there is at least one element 2 in the neighborhood

sequence that does not correspond to a strict 2-step in the path Pp . Therefore,
there is a point r’ that is 1-neighbor with both q and r and a minimal cost-path
Pp,r obtained by swapping a 1-step in Pp q to a 2-step. We have

dag (P, B) < dag(p,q;B)+ 3 —a.

Now, by adding a 1-step to Py, a B-path between p and r of cost du 5 (P, q; B)+
[ is obtained. a

»a
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Lemma 2. Given two arbitrary points w and p.

— If q and p are 1-neighbors, then
B(p,r) C B(q,r + «),

where r = do,g (W, p; B).
— If q and p are strict 2-neighbors and there is a minimal cost B-path Py p
between the points such that b (L (Pw,p)) = 2. Then

B(p7r) C B(q7r +ﬁ)7
where r = do, g (W, p; B).

Proof. Consider the case when q and p are l-neighbors. Let r € B(p,r), i.e.,
do g (r,p; B) < dog (w,p; B). We will now prove that, when the conditions in
the lemma is fulfilled, r € B(q,r + «).

By adding a 1-step to the path defining dq g (r, p; B), a B-path between r
and q of length d, g (r,q; B) + « is obtained. Thus,

dap (r,q; B) < dgp (r,p; B) + a < das (W,p; B) + a,

sor € B(q,r + «).
Now we focus on the case when q and p are 2-neighbors. Let r € B(p, ), i.e.,

dop (r,p; B) <dap (w,p; B). (4)

The path Prp is a minimal cost B-path between r and p. The path Py p is
a minimal cost B-path between w and p such that b (L (Pwp)) = 2 by the
conditions in the lemma.

*x Case i L (Prp) > L (Pw,p) (not possible when o = 3, since then the path-
length is proportional to the path-cost)

Since Py p is longer than Py, p, but has lower cost, it follows that 2[5(73”’) > 2p, .

Now
dop(r,q;B) <dgp(r,p;B)+ 8 (by Lemmall

<dap(w,p;B)+ 3. (by @)

Therefore, r € B(q,r + ()

* Case ii L (Prp) < L (Pw,p)

e Case ii~a L(Prp) =L (Pwyp)—1
Since b (L (Pw.,p)) =2

da,ﬂ (r,q; B) < da,ﬁ (I‘,p; B) +5 < da,ﬂ (Wap;B) + ﬂ

Therefore, r € B(q,r + ) also in this case.
e Case ii-b L(Prp) < L(Pwp)—2
» Case ii-b-1dyg(r,p;B) <dap(w,p;B)—2a+ [

dap (r,q; B) <dqp(r,p; B) + 2o independent of B
< dup(w,p;B) + [ since Case ii-b-1
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Therefore, r € B(q,r + )
» Case ii-b-2d,g(r,p;B) > dapg(W,p; B) —2a+
In this case, we have 2p, > 2p_  and since £ (Prp) < L (Pw,p), we have that
22(7)”’”) > 2p, . Using Lemma [Tl we get
da,ﬁ (I‘,q; B) S da,ﬂ (1'>p§ B) +5 < da,ﬁ (Wapo) + 67
sor € B(q,r+ 3). O

When applied to a DT that holds information about the smallest neighbor-
hoods, Lemma [2] proves the following theorem:

Theorem 4. Vr in X that is not a local B*-mazximum, there is a local B*-
mazimum p : r € B(p, DT¢(p)).

It follows that the linear-time Algorithm[2 below can be used to extract reversible
representations of an object X.

Algorithm 2. Algorithm for finding the set of local B*-maxima.

Input: B, (o, 3), DT, the DT, that holds information about the smallest
neighborhoods

Output: The set of local B*-maxima

For each point p in X: Assign p to M P if the conditions in Definition [0 are

fulfilled.

6 Reducing the Cardinality of Object Representations

Let the set of points in the object representation be M R. In [5], an algorithm
that can be used to reduce the set MR is presented. The idea is to iteratively
remove the maximal path-points that correspond to balls that are covered by
the union of all other balls in M R. This is done by, for each p € X, computing
how many balls B (q, DT¢(q)) with center g € M R that meet p. If all points in
a ball B(q,DT¢(q)) with center g € MR meet at least two balls, then q can
be removed from M R. Repeating this procedure for increasing distance values
gives a representation of X that consist of few points. We call the obtained
representation the reduced M R. Note that the reduced M R obtained in this
way might not be the optimal set, [7].

7 Examples

In Figure 2 local B-maxima (computed by Algorithm [I]), local B*-maxima
(computed by Algorithm [2]), and sets of CMBs are shown using some distance
functions. CMBs can be extracted by, e.g., exhaustive search or by look-up ta-
bles, [T4AT2/TT]. The object in Figure [2is not perfectly recovered by the local
B-maxima for ns-distances, since it is not a reversible representation for ns-
distances.
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local B-maxima local B*-maxima CMBs Reduced CMB
(the set M P)
= =(1,1)
222 elements 222 elements 222 elements 177 elements

=(2), (e,p) =(1,1)

o T

250 elements 250 elements 250 elements

B = (172)7 (azﬁ) = (17 1)

Vaa¥sa

418 elements 295 elements 295 elements 157 elements

=(2), (@,8) = (3,4)

S T

453 elements 453 elements 317 elements 118 elements

B = (172)7 (a,ﬂ) = (27 3)

ViaVsa

451 elements 406 elements 278 elements 131 elements
=(1,2,1,2,2), (o, B) =

I T T

471 elements 435 elements 289 elements 126 elements

161 elements

Fig. 2. Object representations for some weighted ns-distances. The object contains
1640 elements. The recovered object is shown for each set of object representations.
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8 Conclusions and Future Work

We have presented two methods based on local neighborhoods that can be used
for distance functions defined by a neighborhood sequence and weights:

— Maximal path-points (introduced in [I5]) defined as the points that do not
propagate distance information when computing the DT. We proved that
the set of maximal path-points M P can be computed efficiently by finding
local B-maxima.

— Local B*-maxima.

Both methods are fast, since the methods both use local neighborhoods.

If the weights « and § are equal, then the method based on maximal path-
points does not give reversible representations. Note that, when a constant neigh-
borhood sequence is used, the two approaches are equal, see Figure

The object representation based on local B*-maxima was used for ns-distances
(i.e., without weights) in [8]. The proof in [§] is based on closed balls and the
conditions for the non-weighted case are the same as the ones used here.

An interesting observation is that, for ns-distances, the set of local B*-maxima
is equivalent to the set of CMBs in Figure[2l We are not aware of any verification
that this is true in general, but it seems likely, so we leave this as a conjecture.

The quality of the representations for weighted ns-distances using the lo-
cal operations presented here (local B-maxima and local B*-maxima) shown in
Figure 2] can be improved. It is well-known, [IIT4], that when non-unit weights
are used, the distance values in the DT should be relabeled. In [1], it is proved
that when using the weights @« = 3 and 8 = 4 and a constant ns B = (2),
then the set of local maxima in a relabeled DT equals the set of CMBs. In [14],
object representations obtained by relabeling of general weighted ns-distances
combined with local B-maxima (i.e., maximal path-points) is described. The
number of elements is significantly reduced by this relabeling.

Experimental results have shown that the object representation obtained by
relabeling DTy with weighted ns-distances combined with local B*-maxima is
very similar to the set of CMBs. We thus have some promising, preliminary result
showing that the number of points in the object representation is significantly
reduced when relabeling is used. It seems that reducing the object representation
in this way does not affect the reversibility. Therefore, we expect our future
research to generate strong results on object representations using relabeled
DTs.
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