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Abstract. In this paper we will define relations between quasi-linear
transformations, numeration systems and fractals. A Quasi-Linear Trans-
formation (QLT) is a transformation on Z"™ which corresponds to the
composition of a linear transformation with an integer part function. We
will first give some theoretical results about QLTs. We will then point
out relations between QLT's, numeration systems and fractals. These re-
lations allow us to define new numeration systems, fractals associated
with them and n-dimensional fractals. With help of some properties of
the QLTs we can give the fractal dimension of these fractals.

Keywords: Gaussian integers, algebraic integers, numeration systems,
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1 Introduction

Fractal tiles generated by numeration systems and substitutions have been widely
studied, see for example [1],[2], [5]. In this paper we define discrete linear trans-
formations called QLT which generate tilings of Z™. The tilings studied here are
self-similar, they allow us to generate n-dimensional fractals. In dimension two
we point out relations between QLTs and numeration systems which allow us to
define new numeration systems. These discrete linear transformations are also
in relation with discrete lines [17],[13].

Let g be a linear transformation from Z" to Q™, defined by a matrix ;A where
A is an integer matrix and w a positive integer. If we compose this transformation
with an integer part function we obtain a Quasi-Linear Transformation (QLT)
from Z" to Z™. We will only consider the integer part function with a positive
remainder. We will denote it | |. If z and y are two integers, | ¥ | denotes the
quotient of the Euclidean division of by y. We denote G as the QLT defined
by g. Main research results on QLT's are listed in the first section of this paper.

Let us consider 8 an algebraic number and D a set of elements of Z[3].
is a valid base using the digit set D if every integer ¢ € Z[f] has a unique

n

representation (decomposition) of the form: ¢ = > a;3’, where a; € D and
§=0

* This work was supported by the Agence Nationale de la Recherche through contract
ANR-2010-BLAN-0205-01.

I. Debled-Rennesson et al. (Eds.): DGCI 2011, LNCS 6607, pp. 187 2011.
© Springer-Verlag Berlin Heidelberg 2011



188 M.-A. Jacob-Da Col and P. Tellier

n € N. Then (3, D) is called a numeration system. The third section will point
out some relations between QLTs and numeration systems when 3 is a Gaussian
integer (3 = a-+1b, with a,b € Z) or an algebraic integer of order 2 (82+b3+a = 0
with a,b € Z). These relations and some properties of QLTs will allow us to
generate new numeration systems.

In the fourth section we will see how QLT's generate fractals (some of them are
in relation with numeration systems). In 2D the fractal dimension of the border
of these fractals can be determined by substitutions associated with the QLT.
These substitutions have been defined in [§] and [II]. For the n-dimensional
fractals the fractal dimension is determined directely using properties of QLT's.

2 Quasi-Linear Transformations

In this section we recall definitions and results that can be found in [7], [10], [3],
[4] and that are useful in the rest of the paper. The proposition [l can be found
in [10]. Proposition @ extends to Z" a result given in [7] and [10] in Z2.

Definition 1. Let g be a linear transformation from Z™ to Q™, defined by a ma-
triz | A where A = (a;;)1<ij<n is an integer matriz and w a positive integer.
The Quasi-Linear Transformation or QLT associated with g is the transforma-
tion of the discrete plane Z™ defined by the composition of g with the greatest
integer part function noted | |. This QLT is then noted G.

In the following we will denote § = det(A), where det(A) is the determinant of
A, and we’ll assume that § > 0. The linear transformation defined by the matrix
i}A extends to R™ and for each point Y of R”, there exists a unique point X of
R™ such that Y = ¢g(X). This is not the same for a QLT. Indeed, each point of
Z" can have either none, one or several antecedents: The set of antecedents of
X € Z" is then called tile with index X.

Definition 2. We call tile with index X € Z" and denote Pg x the set:
Fox ={Y e Z"G(Y) = X}

Definition 3. We call p-tile or tile of order p € N, with index X € Z™, and
denote Py the set: PG x = {Y € Z"|GP(Y) = X} where GP denotes the trans-
formation G iterated p times.

Definition 4. Two tiles are geometrically identical if one is the image of the
other by a translation of an integer vector.

In this paper we focus on a particular type of QLTS, called ”m-determinantal
QLTs” and which are defined by ;A such that w is a multiple of the determinant
of A.

Definition 5. A QLT defined by a matrix ,;A such that w = mdet(A) where m
18 a positive integer, is called a m-determinantal QLT. A 1-determinantal QLT
will be called a determinantal QLT.
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In the following G will denote a m-determinantal QLT associated with the matrix
bsA where § = det(A), and g the associated rational linear transformation. To
simplify the notations, tiles Pg,x and P§ y will be noted Px and P%. Moreover

(0,0,...,0) € Z™ will be simply noted O. Let denote AT the transpose the

cofactor matrix of A, we have A~! = AT, The following proposition allow to

determine recursively the p-tiles of a m-determinantal QLT using translations
and Pp, the proof can be found in [10].

Proposition 1. The p-tiles generated by a m-determinantal QLT are all geo-
metrically identical and can be generated recursively by translations of Po. More
precisely, if T, refers to the translation of the vector v and if AT s the transpose
of the cofactor matriz of A we have, for all p > 1:

PXE = %mﬁT)prg (1)
and P57 = U TparyxPb= U TmaryxFo (2)
XePo XePp

Ezample 1. Figure[llshows the tile of order 2 of the QLT defined by é (g ?) ,

this tile is composed of 8 tiles of order 1. For each tile of order one we give the
index of the tile which is a point of Pp. In figure[@ we see a fractal associated with

this QLT. Figure Bl shows the tile of order 12 of the QLT defined by % (1 })

and figure [] shows the tile of order 7 of the QLT defined by ; <(1) _}) .

0;0)

Fig. 1. Tile of order 2 containing 8 tiles of = Fig. 2. Fractal associated with QLT
order 1

It is well known that if g is a contracting linear transformation of R™ then g
has the origin as unique fixed point and for each X € R™ the sequence g™ (X)
tends toward this fixed point. We will say that a QLT G is contracting if g
is contracting. But such a QLT has not necessarily a unique fixed point. The
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behaviour under iteration of 2D contracting QLTs has been studied in [7], [16],
[14] and [I5]. The following definition and theorem will be used to define new
numeration systems.

Definition 6. A consistent Quasi-Linear Transformation is a QLT which has
the origin as unique fixed point such that for each discrete point Y the sequence
(G™(Y))n>0 tends toward this unique fized point.

ab

Consider a 2D-QLT defined by i <c d

), the infinite norm of g is then

1
lgllec = maz(fa|+]bl][c|+]d]).

The following theorem, proved in [7], states conditions such that a 2D-QLT is a
consistent QLT.

Theorem 1. Let G be a QLT in Z? such that ||g||ec < 1, G is a consistent QLT
if and only if one of the three following conditions is verified:

(1)b<0,a+b<0,c>0and d<0
(2) a <0, b>0,c<0andc+d<0
(3)a <0, b<0,c<0and d<0

Remark 1. Tt would be to long to give here the conditions such that a QLT of
norm 1 is consistent. These conditions can be found in [7] and [II] and will be
used to define some numeration systems.

The following proposition determines the number of points of a tile of order
p and will be used in the last section to determine the fractal dimension of
n-dimensional fractals.

Proposition 2. The number of points of a p-tile generated by a m-determinantal
QLT in Z" is equal to §P"—DmnP.

Proof. Let first proof that the tile Po contains exactely 6"~ 'm™ points.

Case of m = 1 and n = 2. It is known (see [7] and [I5]) that in this case the
number of points of Py equals §.

Case of m = 1 and n > 2. It has been proved in [7] and [3] that for each in-
teger matrix A it exists an unimodular matrix U such that AU = B where
B is an upper triangular integer matrix and that the points of the tiles of
A are in one-to-one correspondance with the points of the tiles of B. There-
fore we will only do the proof for an upper triangular integer matrix B =
(bi,j)1<i,j<n, we then have 6 = by11b22...by . Let denote Pp, the tile as-
sociated with B and Py the tiles associated with B’ = (b} ;)1<ij<n—1 with
bg’j = bit1,4+1 and 0’ = baabsz...b,,, = det(B). By recurrence hypothe-
sis we will suppose that the number of points of P4 equals 6~2. We have:
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(:rlaxZa"'axn) € PO
0< b1,1.’171 + bl,g.’lﬁg + ...+ bl,nxn <4
0< bg,g.’lﬁg + ...+ b2,n37n <4
0< bn,nxn <9
_b1,2$2+b---+b1,n,$n < T <5 — b1,2$2+b---+b1,n,$n
1,1 b n +b " 1,1
0< 2,2%2 5/ 20T bl,l
=
br,nTn
0 S ’5/:1: < bl,l
bi,2T2+...4+b1,nTn 7 biozot...4bi Ty
— ’ 2 < _ s s
bis <z <9 by
y o
(w2,23,...,2n) € P}, ;. withip=0,1,...,b;; for k=2,3,....n
The number of solutions for 21 equals ¢’ and each tile P, ;. . contains 6" 2,

therefore we have 5’5’”*21)7{51 = 6"~! points.
If m > 1, let denote P% the tiles associated with ;A and Py the tile associated
with 7715‘47 we have:

(xlax%"'axn) € PO
0 <ajqzi+aigre+ ...+ a1z, < md
@ . . .
0<an1z1+an22+ ...+ apney, <M
0 S a1,1I1+a1,251?62+m+a1,n1n < m
@ . . .
0 < an,1x1+un,,2w62+...+an,nxn <m
& (T, 22, xn) € P 4, withidg,dg, .. i, = 0,1, ,m —1
But each P/ ,  contains 6"~ ' points, it follows thats Po contains 6"~ 'm"

points.

We conclude that the number of points of Po equals 8~ 'm™.

Let now supose that the number of points of P}, equals §P(n=1mnp e have
Py = Uxero T(mgT)PXPS (see proposition [), it follows that the number of

points of Pg'H equals 6P~ Dmnpgn—lmn = g+ n—1)y,n(p+1) O

3 Quasi-Linear Transformations and Numeration Systems

Let 8 denote a complex number and D a finite set of elements of Z[F]. (3, D)
is a valid base for Z[3] if each element ¢ of Z[3] can be written uniquely in the
form ¢ = co + 18+ 262 ... + ¢, " with ¢; € D and n € N; the length of the
decomposition is then n + 1. We also say that (3, D) is a numeration system of
Z[F) and D is the set of digits of this numeration system.
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Fig. 3. Border of P5? Fig. 4. Border of P}

3.1 Case of Gaussian Integers

The results below can be found in [§]: They allow us to determine numeration
systems of Z[i] by considering 5 = a + ib a Gaussian integer and D a set of
Gaussian integers.

Definition 7. Let ¢ = x + 1y and B = a + ib be two Gaussian integers. The
b

integer division of ¢ by 3, moted {;J, is defined by: {;J = {Zﬁing +
| —=bx + ay
i .

a? + b2
This division corresponds to the usual division of complex numbers composed
with the integer part function, so we have the following relation with QLTs.

Proposition 3. Let f = a+ib and ¢ = x + iy be two Gaussian integers and let

d=x+1iy = {;J The point (x',y") is then the image of the point (x,y) by
1 a b
2 .
the QLT G defined on Z* by the matrix a2 4+ B2 (—b a) .

The following theorem and its proof can be found in [7] and [§].

Theorem 2. Let 8 = a + ib be a Gaussian integer and D the set of Gaussian
integers ¢ such that {;J =0, the three following properties are then equivalent:
1. (8,D) is a numeration system,

2. The QLT Gpg is a consistent Quasi-Linear Transformation,
3. a<0and|al|+|b|>1.

Remark 2. Consider the QLT G and note Po and P} the tiles defined by this
QLT. In order to determine the set of digits, we have to determine Pp. In [7]
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and [9] we can find an algorithm that allows to determine Po. P} represents
the elements of Z[3] such that the decomposition in the numeration system is
of length p. For example, figure [ represents the elements of Z[—1 + i] such that
the decomposition in the numeration system (—1 + ¢, {0, —1}) is of length 12.

3.2 Case of Algebraic Integers of Order 2

Now we consider 3 an algebraic integer such that 8% + b8+ a = 0 with a,b € Z.
We only consider the case where 3 is a complex number, that is to say b>—4a < 0.
We will define numeration systems of Z[3] where the digits are elements of Z[5].
First we will define an integer division by (3, this integer division corresponds to
a QLT that will define the digits of the numeration system. We will define the
division by using another base of Z[3], the QLT associated with the division will
depend on these base, a good choice of the base will raise to a consistent QLT
and so define a numeration system.

Remark 3. Let 81 = q + 3 with g € Z, we have Z[3] = Z[1], indeed:

x =z + 228 € Z[f]
S dr, 20 €Z | x =x1 + 220
S dry, 20 €Z | =21 — x2q + T2
<, xh €Z | x =2 + x40
A=A

Let now define the integer division using this base. We have 8% + b3 +a = 0, so

é = —5;“[’ = _Blzq_b and 2 = 31(2¢ —b) — ¢®> + qb — a. Let x = 21 + 123, we
have:

T _ (1 + 2261)(—B1 +q—b)
a
z2(B1 (b — 2q) +q* — qgb+a) + fi(x2(q —b) — 1) + 21(¢ —b)

a
z1(q —b) + 22(¢* — gb+ a) + (—x1 — 229) 1
a

We define the integer division of x by [ by the composition of the division above
with the integer part function.
Definition 8. Let x = z1 + x231, the quotient of the integer division of x by (3,

noted LZJ; 1s defined by LZJ = Lxl(q R x;(qQ mabt a)JJrL(ixl ; qu)Jﬂl-

Proposition 4. Let x = 1+ 22061, and y = y1 +1y251 = [gj The point (y1,y2)
is then the image of the point (x1,z2) by the QLT Gp, defined on Z* by:

1(q—b a—qb+¢?
a -1 —q )
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x

A digit of the numeration system is an element = of Z[3] such that [ 3] = 0,
therefore the set of digits is

D={zeczld | LZ,

where Pp is the tile of order one associated to the QLT G, .

| =0} ={z =21 + 2261 | Gg,(v1,22) € Po}

Theorem 3. Let 8 be an algebraic integer such that 32 +bB+a =0 and D the
set of elements ¢ of Z[F] such that L; = 0, the three following properties are
then equivalent:

1. There exists q such that (8,D) is a numeration system,
2. There exists q such that the QLT Gpg, is a consistent QLT,
3. b>2)or(b=1anda>2)

Proof. (8,D) is a numeration system if and only if for all ¢ € Z[g], there exist
€o,C1,...,C¢p € Dsuchthat ¢ = co+c18+. . .+¢pBP. Moreover, this decomposition
has to be unique. It is easy to see that if this decomposition exists then ¢; =
zi 4+ yif1 with (z;,y;) = Gf, (z,y) where z 4+ yf1 = ¢. We conclude that the
decomposition exists and is unique if and only if for each (x,y) € Z? there
exists p € N such that Ggl (z,y) = (0,0). Finally (8, D) is a numeration system
if and only if Gg, is a consistent QLT. Theorem [ gives the necessary and
sufficient conditions such that Gg, is a consistent QLT but only for QLT's such
that ||Gg,|lec < 1. The first and the third case of this theorem can not be
satisfied. Indeed, in these two cases we have the condition ¢ — ¢gb + a < 0 and
we have assumed that b2 — 4a < 0 so that ¢°> — ¢gb + a is always positive. The
second case corresponds to the conditions

g—b<0, ¢—gb+a>0, —-1<0and —1-¢<0
which is equivalent to —1 < ¢ < b. But ||Gs,||cc < 1, implies

@ —b+1)g+b<0 (1)

1 2
[1Gp |00 = amax(b*Q+q qb+a’1+|Q)<1<:>{ 1+]gl<a (2)

If b < 2, the conditions —1 < ¢ < b and ¢*> — (b + 1)g + b < 0 are conflicting.
But if b > 2, the condition (1) is satisfied for 1 < ¢ < b and the condition (2)
1 + ¢ < a can always be satisfied (because b? < 4a).

When b = 2 the QLT associated with the integer division is of norm 1. If

1 _
we choose ¢ = 2 the QLT is defined by the matrix ( Oa 1> which is a
a

-1 -1
consistent QLT (see [7],[11]).
When b = 1, the QLT associated with the integer division is defined by

1 _ _ 2
(q la=g+q >.Ifa:1andq>1theQLTisnotcontracting,ifa:l

a -1 —q

and ¢ = 0 or 1 the QLT is not consistent (see [7]). If a > 1, we can choose ¢ = 1,
1

then the QLT is defined by < (1) Cll) which is a consistent QLT. a
al—1—
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Ezxample 2. Let 32 +33+3 =0, and 3; = 1 + 3, the QLT corresponding to

1/_
the integer division by ( is defined by 3 (_? _i), the set of digits is D =

{0,—1,—2 — 8}. If we choose 81 = 2 + 3, the QLT corresponding to the integer

1/_
division by £ is defined by 5 (1 ;), the set of digits is D = {0, -1, —2}.

4 Quasi-Linear Transformations and Fractals

4.1 Border of Tiles in 2-Dimension

Let 8 denote a complex number and D a finite set of elements of Z[3]. (8, D)
is a valid base for Z[3] if each element ¢ of Z[3] can be written uniquely in the
form c=co + 18+ c28?... + ¢, " with ¢; € D and n € N.

Gilbert [6] proved that if (8,D) is a valid base for Z[3], then every complex
number ¢ € C has an infinite representation (not necessarily unique) in the form:

P
c= Z ¢, ¢; €D.

j=—o0

Let us consider the set of complex numbers with zero integer part in this nu-
meration system (also called ”fundamental domain” in the literature [12]), that
is to say the set K of complex numbers ¢ such that:

-1
c= Y B, ¢j€D.
j=—o0

In [5] Gilbert determined the fractal dimension of the border of this set con-
sidering the base 3 = —n + i with n € N and D = 0,1,...,n%. Note K, =
p .
{c €Cle= > ;j] }, the set K is the limit of K, when p tends toward infinity.
j=1

Denote by p and 6 the module and argument of 3: 3 = pe’?. We have p = v/§
where § is the determinant of the matrix associated to the division, and so:

P e
K, {cE(C|c:ZCJ WitthED}

=1 B
1< ,
=(ceClec= 4o chﬁp_] with ¢; € D
j=1
1 =
= g €€ Cle=Y_¢;8 with ¢; € D
j=0

If g is a Gaussian integer D = Pp, if 3 is an algebraic integer

D={z=u1z1+x261|(x1,22) € Po}.
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In [8] we studied particular determinantal QLT's associated with matrices of the

ab

1
form 402\ _p g

) and showed how the border of the p-tiles of these QLTs can

be generated by a substitution. This study has been generalized to every 2D
determinantal QLT, so we define substitutions that generate the border of the
p-tiles PY. We don’t give the method to generate the substitutions in this paper,
it can be found in [II]. The susbtitution associated with the QLT, determines
the border of Pp. If at each step of the substitution we divide the length of
these segments by v/§, we obtain the border of a fractal set noted F (which
corresponds exactely to the fundamental domain in case of Gaussian integers).
Let denote by N, the number of segments of P}, the susbtitution allows to

determine NN,. Using the counting box dimension we can determine the fractal
log N

dimension of the border which is given by d = lim, 4 ongt
og

Ezample 3. FigureBlrepresents a tile associated to the numeration system (—1+
i,{0, —1}), the associated set K, defined above tends to the fundamental domain
of this numeration system, we obtain the fractal dimension d = 1,5236 (which
conforms to the result found in [5]). Figured doesn’t correspond to a numeration
system, the fractal dimension of the set obtained is d = 1, 303.

4.2 Fractals of Z™

Consider the recurrence given in proposition [Il which allows the construction of
P35 € Z™. By applying this recurrence to a subset P}, of Po, that is to say that

we define
/p+1 R p /
Fgt = U T(maryxFo = U 7—(77;4T)XP0
XeP, Xep?

Proposition 5. Let denote N, the number of points of Pg and N the number
of points removed from Po to obtain P}. We have N, = (m™§"~! — N)P.

Proof. In property Bl we proved that the number of points of Pp equals m™§” 1
therefore Ny = m"§"~! — N. Suppose that N, = (m"§"~! — N)?, we have

Pg)ﬂ _ UXeP5 'Z’(mﬁT)pXPg)7 it follows that:
Npy1 = NiN, = (m"0" "1 = N)(m"§" " = N) = (m"5"~* — N)P*1. .

Like above, at each step of the recurrence, we divide the size of the points by
n—1
md » . We then obtain a fractal whose box-counting dimension is given by

1 n n—l_Np 1 nn—l_N
4= qim 030" N dog(m0t o )
p=2 log((md" ) log(md"+")
If we consider numeration systems, P}, corresponds to a subset D’ of the set of

digits D, so that the fractal obtained corresponds to the set of numbers with
zero integer part and whose decomposition uses only the digits of D’.
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Ezample 4. In figures Bl and 2] we see Pp and the fractal generated.The black
points of Py are removed to obtain P}, (which corresponds to the grey points).
The QLT in figure [l is defined by (0 -3

30
is igég; = 1,7712, it corresponds to the numeration system (—3i, {u + iv|u =

), the fractal dimension of the set

0,1,2 v = 0,—1,—2}) and represents the set of numbers with zero integer part
and whose decomposition don’t use the digits 0 and 2 —2i. In figure @l the QLT is

defined by 113 (:g _3), the fractal dimension of the set is 211;’5(183)) =1,6214, it

corresponds to the numeration system (—2+ 37, {0, —1,—2, -3, -4, —1+414, -2+
i,—3+i—4+4,—-2+2i,—3+ 2I,—2 —i,—3 — i}) and represents the set of
numbers with zero integer part and whose decomposition don’t use the digits

0,—4,—1+14,—3+ 2i and —2 — 2i. In figure @ the QLT is defined by § (g ?)

and the fractal dimension of the set is 21(1)?(%) =1,5479.

5 P, < 8, <
R B
PR B P pe B el ap g el ﬂ%,g‘ g@%@- A e A
R o ol G o a5y L B %@r
f t@?fg?g :@?fﬁ?‘& &%*%g&@@ .;%?
P RE B R g
Ll R el R -%’@.‘%’
< A A o,
Fig. 5. Fractal associated with numera- Fig. 6. Another fractal associated with
tion systems numeration systems

5 Conclusion

We have seen relations that exist between QLTs, numeration systems and frac-
tals. We used consistent 2D-QLT's (see definition [B]) to define new numeration
systems of Z[3] where ( is an algebraic integer of order 2. These numeration
systems are associated with 2D-fractals in two ways. If we consider the set of
numbers with zero integer part in the numeration system we obtain a set with
fractal border. The fractal dimension of this border is determined with help of
substitution associated to particular QLTs. This way to obtain fractals is gen-
eralised to all m-determinantal 2D QLTs (see definition [). As a future work, it
would be interesting to generalise this method to Z™ which implies the general-
isation of substitutions in higher dimension. If we consider the set of numbers
with zero integer part and whose decompositions use a subset of the set of digits
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we obtain another fractal set. Properties of the QLTs associated to the numera-
tion systems allow to determine the fractal dimension of these sets. This way to
obtain fractal (and their fractal dimension) is generalised to all m-determinantal
QLTs in Z™. As a future work we would like to generalise the numeration systems
to algebaic number of higher order. In [2], the author studied fractals associated
with shift radix systems (which generalize numeration systems). Some of these
fractals can be obtained usign QLTSs, one of our future works is to study the
relations between QLT's and these numeration systems.
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