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Abstract. In this paper, we first introduce the notion of a comple-
tion. Completions are inductive properties which may be expressed in a
declarative way and which may be combined. In the sequel of the pa-
per, we show that completions may be used for describing structures or
transformations which appear in combinatorial topology. We present two
completions, (Cuvr) and (Car), in order to define, in an axiomatic way,
a remarkable collection of acyclic complexes. We give few basic prop-
erties of this collection. Then, we present a theorem which shows the
equivalence between this collection and the collection made of all simply
contractible simplicial complexes.
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1 Introduction

Several approaches have been proposed for the study of topological properties
of digital objects in the context of computer imagery:

- The digital topology approach introduced by A. Rosenfeld |5]. Elements of
Z< are linked by some adjacency relations. It is not obvious, in this framework,
to define certain topological notions (e.g., a homotopy).

- The connected ordered topological space (COTS) approach introduced by
E. Khalimsky [3]. The smallest neighborhood of each point of Z? differs from
one point to another. This allows to recover the structure of a topology.

- The complex cellular approach. An object is seen as a structure consisting
of elements of different dimensions called cells. As noticed by V. Kovalevsky [4],
it is also possible, with this approach, to recover the structure of a topology.

The underlying topology in the last two approaches corresponds to an Alexan-
droff space |2]. An Alexandroff space is a topological space in which the intersec-
tion of any arbitrary family (not necessarily finite) of open sets is open. There
is a deep link between Alexandroff spaces and preorders, i.e., binary relations
that are reflexive and transitive. To any Alexandroff space, we may associate a
preorder < such that z < y if and only if y is contained in all open sets that
contain x. Conversely, a preorder determines an Alexandroff space: a set O is
open for this space if and only if x € O and = < y implies y € O.

A map f between two preordered sets X and Y is monotone if x < y in X
implies f(z) < f(y) in Y. We have the following result.
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Fig. 1. (a): A simplicial complex X, (b): A complex Y C X, (¢): A complex Z C Y.

A map between two preordered sets is monotone if and only if it is a continuous
map between the corresponding Alexandroff spaces. Conversely, a map between
two Alexandroff spaces is continuous if and only if it is a monotone map between
the corresponding preordered sets.

Thus, there is a structural equivalence between Alexandroff spaces and pre-
orders.

Let us consider the (simplicial) objects X,Y, Z depicted Fig.[Il The object X
is made of 7 vertices, 8 segments, and 1 triangle. A natural preorder between
all these elements is the partial order corresponding to the relation of inclusion
between sets. Thus we have x < y and z < y. Let the map f between X and
Y be such that f is the identity on all elements of Y and f(x) = z, f(y) = 2.
We note that f is monotone, for example we have z < y and f(x) < f(y).
Thus, Y may be seen as a continuous retraction of X for the corresponding
topology. Now, let us try to build a monotone map g between Y and Z such
that ¢ is the identity on all elements of Z. We see that this is not possible.
For example, if we take g(a) = ¢, g(b) = ¢, we have d < a, but we have not
g(d) < g(a). We also observe that it is possible to build such a map between
Y and Y’ = Y \ {a}, but not between Y’ and Z. Thus, in the context of this
construction, the classical axioms of topology fail to interpret Z as a continuous
retraction of Y.

The paper is organized as follows. First we introduce the notion of a com-
pletion. Completions are inductive properties which may be expressed in a
declarative way and which may be combined. In the sequel of the paper, we
show that completions may be used for describing structures or transformations
which appear in combinatorial topology. After some basic definitions for simpli-
cial complexes, we give two examples of completions. We recall some definitions
relative to the collapse operator which allows to make the two transforms illus-
trated Fig. [l We present two completions, (Cuvr) and (Car), in order to define
a remarkable collection of acyclic complexes. We give few basic properties of
this collection. Then, we present a theorem which shows the equivalence be-
tween this collection and the collection made of all simply contractible simplicial
complexes.

The paper is self contained. For the sake of place, only few proofs are pre-
sented. The other one’s will be given in an extended version of the paper.
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2 Completions

We introduce the notions of a constructor and a completion. See also Appendix A
for more details and for the link with finitary closure operators.

In the sequel, the symbol S will denote an arbitrary collection. The symbol
KC will denote an arbitrary subcollection of S, thus we have IC C S.

Definition 1. Let kK be a binary relation over 25 and 25, thus k C 25 x 25, We
say that X is a constructor (on S) if K is finitary, which means that F is finite
whenever (F, G) € K. If K is a constructor on S, we denote by (K) the following
property which is the completion induced by k:

= IfF C K, then G C K whenever (F,G) € k. ()

Let K be a constructor on S and let X C S. We define:
K(X) =U{G | there exists (F,G) € x with F C X} UX.
We set k!}(X) = k(X) and k*(X) = k(k*"1(X)), k > 2.
We also set (X, k) = U{k*(X) | k> 1}.
Let (K) be a property which depends on K. We say that a given collection X C S
satisfies (K) if the property (K) is true for = X.

Theorem 1. Let K be a constructor on S and let X C S. There exists, under
the subset ordering, a unique minimal collection which contains X and which
satisfies (K), this collection is precisely (X, K).

Furthermore, we have (X, K) = {Y CS|X CY andY satisfies (K)}.

We say that a property (K) is a completion (property) if there exists a constructor
K such that (K) = (k) which means that, for each K C S, (K) is true if and
only if (k) is true. If (K) is a completion and if X C S, we write (X, K) for the
unique minimal collection which contains X and which satisfies (K).

Let (K) and (Q) be two completions induced, respectively, by the constructors
K and Q. We see that kK U Q is a constructor and that (K) A (Q) is the property
induced by K U @, the symbol A standing for the logical “and”. Thus, if (K) and
(Q) are completions, then (K) A (Q) is a completion.

In the sequel of the paper, we write (K, Q) for the completion (K) A (Q).
Thus, if X C S, the notation (X, K, Q) stands for the smallest collection which
contains X and which satisfies (K) A (Q).

Remark 1. We may build a counter-example which shows that, if (K) and (Q)
are completions, then (K) V (Q) is not necessarily a completion, the symbol V
standing for the logical “or”.

A constructor K is one-to-one if Card(F) = Card(G) = 1 whenever (F,G) €
K. If K is a one-to-one constructor, we set —k= {(G,F) | (F,G) € k}, the
constructor —K is the inverse of K.

It may be seen that, if k and Q are two one-to-one constructors, we have (K)
= (qQ) if and only if (—K) = (—Q).

A one-to-one completion (K) is a completion induced by some one-to-one con-
structor K, we write (—K) for the constructor induced by —k. By the preceding
property, this definition is consistent since it does not depend on the choice of K.
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3 Basic Definitions for Simplicial Complexes

A complex or an hypergraph is a finite family composed of finite sets. We denote
by H the collection of all complexes.

Let X € H. The simplicial closure of X is the complex X~ such that X~ =
{y C x|z € X}. The complex X is a simplicial complex if X = X~. We denote
by S the collection of all simplicial complexes. Observe that §) € S and {0} € S.

Let X € S. An element of X is a simplex of X or a face of X. A facet of X
is a simplex of X which is maximal for inclusion.

A simplicial subcomplex of X € S is any subset Y of X which is a simplicial
complex. If Y is a subcomplex of X, we write Y < X.

A complex A € Sis a cellif A = () or if A has precisely one non-empty facet
x, we set A° = A\ {z} and 0° = (). We write C for the collection of all cells.

Let X € S. The dimension of x € X, written dim(x), is the number of
its elements minus one. The dimension of X, written dim(X), is the largest
dimension of its simplices, the dimension of ) is defined to be —1.

If X CS, we set:
X[d] ={X e X | dim(X) =d} and X(d) = {X € X | dim(X) < d}.

The ground set of X € H is the set XT = U{z € X}. Let X,Y € H such
that XTNYT = (. The join of X and Y is the complex XY such that XY =
{rUy|lzeX,yeY} Thus, XY =0if Y =0 and XY = X if Y = {0}.

In this paper, if X,Y € H, we implicitly assume that X and Y have disjoint
ground sets whenever we write XY
If X €S, we say that AX is a simple cone if A € C[1], and a cone if A € C.

The (reduced) Euler characteristic of X € S is the number x(X) such that
X(X) = SH{(=1)¥@) | 2 € X} if X # 0, and x(#) = 0. Note that x(X) is
equal to the ordinary Euler characteristic minus one.

Let A € C and X < A. The dual of X for A is the simplicial complex,
written (X;A)*, such that (X;A)* = {AT\ 2 | x € A\ X}. Thus, we have
(X;A) ={xc A| (At \ 2) € X}. For any A € C, we have the following:

-If X < A, then ((X;A)*A)* = X.

JIEX < Aand Y < A, then (X UY; A)* = (X; A)* N (Y3 A)
JIEX < Aand Y < A, then (X NY; A)* = (X; A)* U (Y3 A)
- We have (0; A)* = A and ({0}; A)* = A°.

*
*
3 .

In the sequel of this paper, we set S = S. Thus, we will have £ C S.
In the next two sections, we give some basic examples of completions on S.

4 Connectedness

The family composed of all connected simplicial complexes may be defined by

means of completions. We define the one-to-one completion (PATH) as follows.
— If S € K, then SUC € K whenever C € C, and SNC # {0}.  (pATH)
We may easily verify that (PATH) is indeed a (one-to-one) completion. The

property (PATH) is the completion induced by the (one-to-one) constructor:

PATH = {({S}H,{SUC}) | S €S, CeCand SNC # {0}}.
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We set IT = (@, PATH). We say that a complex X € S is connected if X € II.

Observe that C C II since, for any C € C, we have CNQ = () # {@}. It may be
checked that this definition of a connected complex is equivalent to the classical
definition based on paths. Now let us define the completion (T°) as follows.

= If S,T € K, then SUT € K whenever SNT # {0}. (T)

Again, we may easily verify that () is indeed a completion. We have the fol-
lowing result which shows that 1" provides another way to generate II.

Proposition 1. We have Il = (C,T")

A property similar to (¥") has been introduced by J. Serra and G. Matheron
who proposed, through the notion of a connection, a new set of axioms for
connectedness [15]. The main difference between a connection and (C,7") is that
a connection may be seen as a “static structure” for modeling connectedness, on
the contrary 7" is used in (C,7") in a “dynamic way” for generating all elements
of II. On the other hand, T works only for finite objects.

5 Trees

A tree is classically defined as a graph which is path-connected and which does
not contain any cycle. We give here a definition based on the following one-to-
one completion (TREE).

= If S € K, then SU A € K whenever A € C(1) and SN A € C(0). (TREE)
We set Tree = (i), TREE). We say that a complex X € S is a tree if X € Tree.

It may be checked that this definition of a tree is equivalent to the classical one.

Through this example, we observe that completions allow to define a collection
in a constructive way rather by the means of properties of this collection.

We can express, in a concise manner, a fundamental property of trees.

Proposition 2. We have Tree = (Tree, —TREE).

6 Collapse

We now present some completions related to the collapse operator introduced
by J.H.C. Whitehead [12]. Let us recall a classical definition of collapse.

Let X € S. We say that a face x € X is free for X if = is a proper face of
exactly one face y of X, such a pair (z,y) is said to be a free pair for X.If (z,y)
is a free pair for X, the complex Y = X \ {z,y} is an elementary collapse of X.

We define the one-to-one completion (coL):

= If S € K, then SUAB € K whenever A € C[0], AB € C, SNAB = AB°.(coL)

Observe that, if AB € C, and if A € C[0], then necessarily B € C or B = {(}.
If B = {0}, B° is defined to be 0.

It may be seen that, if S and SUaB, with B # (3, fulfill the above conditions,
then S is an elementary collapse of SUaB. Conversely, we may formulate any el-
ementary collapse by such an expression. Thus (coL) is an alternative definition
of collapse. The following is a direct consequence of the previous definitions.
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(a) (b) (c)

Fig. 2. (a): A Bing’s house X with two rooms, (b): An object Y C X, (c): An object
Z C X. We have X =Y U Z, the object Y N Z is outlined in (b) and (c).

Proposition 3. Let A€ C, X < A, Y <X A. The complexr X is an elementary
collapse of Y if and only if (Y; A)* is an elementary collapse of (X; A)*.

We say that an element of (), coL) is collapsible and that an element of (f), cor,

—coL) is simply contractible. If X, Y € S, we say that Y collapses onto X if Y €

({X}, covr), and that Y is simple homotopic to X if Y € ({X}, coL, —cou).
Let us consider the one-to-one completion:

= If S € K, then SUA € K whenever A € C, and A collapses onto SN A. (sim)

When A satisfies (sim), we say that the cell A is simple for S. We have
(stm) = (coL). This completion leads to a notion of simplicity introduced in
the context of computer imagery |16] (see also [17], [18]) where an object is often
seen as a set of cells (e.g., a set of vozels in 3D) rather than a set of faces.

7 The Cup/Cap Completions

We introduce the notion of a dendrite for defining a remarkable collection made
of acyclic complexes.

Definition 2. We define the two completions (Cuvr) and (Car):
= IfS, T ek, then SUT € K whenever SNT € K. (Cur)
—= IfS, T ek, then SNT € K whenever SUT € K. (Car)
We set R = <(C, CL‘P> and D = <(C, CUP, CAP>.

FEach element of R is a ramification and each element of D is a dendrite.

The Bing’s house with two rooms [13] is a classical example of an object which is
contractible but not collapsible, this object is depicted Fig.[2l (a). Let us consider
the two complexes Y and Z of Fig.[2 (b) and (c). They are such that X =Y UZ.
If X is correctly triangulated, then Y, Z, and Y N Z are ramifications. Thus, the
Bing’s house X is a ramification.

It may be easily seen that we have (), cor) C (C, Cue). Since the Bing’s house
is not collapsible, this inclusion is strict.

M. Hochster |10] (see also [§] [9]) introduced the notion of a constructible
complex. This notion may be expressed using the following completion:

= If S, T € K[d], then SUT € K whenever SNT € K[d—1],d > 0. (Cons)
A simplicial complex is constructible if it is an element of (C U {{0}}, Coxs).
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M. Hachimori [9], |11] showed that the Bing’s house with two rooms and the
dunce hat |[14] are not constructible. Observe that we have (C, Cons) C (C, Cur).
Since the Bing’s house is a ramification, the previous inclusion is strict.

With the notion of a buildable complex, J. Jonsson [7] drops the condition
for dimension which appears in (Cons). The definition of a buildable complex is
a recursive definition of what we call a ramification[] It was shown [7] that any
buildable complex is contractible, i.e., is homotopy equivalent to a single point.
As far as we know, the above definition for dendrites has never been proposed.

8 Few Basic Properties

In this section, we give few basic properties which may be derived directly from
the definitions of R and D using inductive arguments. Perhaps the simplest
property which may be proved in such a way is the following.

Proposition 4. If X € D, then x(X) = 0.

Proof. We have x(X) = 0 for each X € C. Since the Euler characteristic is such
that x(SUT) = x(S) + x(T) — x(SNT), the result follows by induction. o

Let us consider the two completions:
= If ST € K, then SUT € K. <UNION>
= If S, T € K, then SNT € K. <L\'TER>

Let X C R. An element of (X, Uwion) is, in general, not necessarily a ramifica-
tion (nor a dendrite), but this property is true in the following case.

Proposition 5. Let X C R and let Y = (X, Union). If (Y, Inter) = Y, d.e., if Y
satisfies the property (Inver), then we have Y C R.

Proof. We set YF = {X € Y | Card(X) < k}.

i) We have YO = () or Y = {()}. In both cases Y C R.

ii) Suppose Y¢¥=1 C R, for some k > 1. Let X € Y. If X € X, then X € R. If
X ¢ X, then there exists S,T € Y such that X = SUT,and SZ T, T ¢ S.
Thus Card(S) < k—1, Card(T) < k—1, and Card(SNT) < k—1. Furthermore,
we have S NT € Y. Therefore, by the induction hypothesis, S,T and SNT are
ramifications, which means that X is a ramification. It follows that Y¥ CR. O

Let A € C and let X = {BA |B € C}. Since XAUYA = (X UY)A, it
may be seen that we have (X, Uwon) = {XA | X € S}. Furthermore, since
XANYA = (XNY)A, (X,Ux~ox) satisfies the property (Inrer). Thus, since
X C R, the following is a consequence of Prop. Bl

Proposition 6. Let X € S and A € C. Then X A is a ramification.

The following fact will be used for the proof of Prop. Rl

Proposition 7. Let A,B € C. Then (AB)° = AB° U A°B.

i

! We suggest the name “ramification” rather than “buildable complex” since these

objects may be seen as natural extensions of trees.
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Proposition 8. Let X € S and A € C, A# (). The complez X A° is a dendrite
if and only if X is a dendrite.

Proof. f A € C[0], we have A° = {0} and X A° = X. Suppose the property is
true for any A € C(i — 1), 3 > 1. Let Y = X A°, with X € S and A € C[i].
Since ¢ > 1, there exists B,C € C{i — 1), such that A = BC. By Prop. [1 we
have X A° = XBC°UXB°C. By Prop.[6, XBC® and X B°C are dendrites. But
XBC°NXB°C = XB°C°. By the induction hypothesis, X B°C* is a dendrite
iff X B° is a dendrite, and X B° is a dendrite iff X is a dendrite. Thus, by (Cur)
and (Car), Y is a dendrite iff X is a dendrite. O

We now give a property for duality which will be used in the sequel through two
corollaries.

Proposition 9. Let A,B € C, and let X, Y € S such that X < A, Y < B.
We have (XY; AB)* = A(Y; B)* U B(X; A)*.

The following corollary may be obtained from Prop.[d, by interchanging A and B,
and by setting Y = A. It shows that the collection of cones is closed by duality.
More precisely, if we set K= {AX | A€ C,X € S} and K* = {(X;B)* | X €
K,B € C,X = B}, then we have K = K*. Note that the collection C is not
closed by duality (By Cor. 2l we have (A; AB)* = B°A).

Corollary 1. Let A,B € C, and let X < B. We have (AX; AB)* = A(X; B)*.
The second corollary may be obtained from Prop. [ by setting Y = {(}}.
Corollary 2. Let A,B € C, and X < A. We have (X; AB)* = B(X; A)*UB°A.

We see that this last formula allows to calculate the dual of an object in a given
space (a cell) from the dual of this object in a smaller space.

Proposition 10. Let A,B € C, and X < A. Then (X; AB)* is a dendrite if
and only if (X; A)* is a dendrite.

Proof. Let Y = (X; AB)*. By Cor.[2l we have Y = B(X; A)* U B°A. By Prop.
B B(X;A)* and B°A are dendrites. Since B(X;A)* N B°A = B°(X; A)* and
by Prop.[ it follows that Y is a dendrite if and only if (X; A)* a dendrite. O

From the very definition of a dendrite, it is clear that, if X is a dendrite, then
there exists A € C such that (X; A)* is a dendrite. As a consequence of Prop.
[I0, we have the following which extends this property for all cells containing X.

Proposition 11. If X € D and if X < A, with A € C, then (X;A)* € D.

9 Completions and Simple Homotopy

The following Th. [2 states the equivalence between dendrites and simply con-
tractible complexes. For the sake of space, we give only one part (in fact the
easiest part) of the proof.
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Lemma 1. Let X € S. If X is simply contractible, then X is a dendrite.

Proof. Let X € S such that X is simply contractible. Thus, there exists a se-
quence (X, ..., Xx) such that Xy = 0, X;, = X, and, for each i € [1,k], either
X; is an elementary collapse of X;_1 or X;_; is an elementary collapse of X;.
Let C € C such that we have X; < C for each i € [0, k]. The complex X is a
dendrite, suppose X;_1 is a dendrite for some ¢ > 1.

i) If X;_; is an elementary collapse of X;, then X; = X;_; UAB, with A € CJ0],
AB e C, X;_1NAB = AB°. By Prop.[6l AB and AB° are both dendrites. Thus,
by (Cur), X; is a dendrite.

ii) If X; is an elementary collapse of X;_1, then, by Prop. Bl (X;_1;C)* is an
elementary collapse of (X;; C)*. Furthermore, by Prop. [l (X;_1;C)* is a den-
drite. By using the arguments of i) in the dual, we may affirm that (X;; C)* is
a dendrite. By using again Prop. [[]] it follows that X; is a dendrite. g

Theorem 2. We have D = (f), coL, —coL). In other words, a simplicial com-
plex is a dendrite if and only if it is simply contractible.

We define the one-to-one completion (DEF) which allows to make homotopic
deformations of arbitrary complexes:

— If S € K, then SUD € K whenever D € D and SN D € D. (DEF)

Theorem 3. Let X,Y € S. The complex Y is simple homotopic to X if and
only if Y € ({X}, DEF, —DEF).

10 Conclusion

We have seen that (one-to-one) completions allow to formulate recursive trans-
formations of objects. More remarkably, completions allow to define structures
on objects (e.g., a connection). We introduced two completions, (Cuvr) and (Car),
in order to define, in an axiomatic way, a collection of acyclic complexes. We gave
a theorem which shows the equivalence between this collection and the collection
made of simply contractible simplicial complexes, i.e., complexes which may be
transformed to a single point by collapse/anti-collapse operations. Thus, these
two axioms may be used for expressing homotopic transforms such as the one
illustrated Fig. [l As we have seen in the introduction, this transformation can-
not be interpreted as a continuous one when we consider the preorder associated
to the classical axioms of topology.
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Appendix A: Completions and Closure Operators

In the sequel, the symbol S denotes an arbitrary collection.

Let v be a map from 25 to 25, such a map is said to be an operator (on S).

If 7 is an operator on S, we set y! = v and 7% = v o*~1, k > 2. We define
4 to be the operator such that, for each X C S, 7(X) = U{y*(X) | k > 1}.

Let v be an operator on S. We say that:
- 7y is extensive if, for all X C S, we have X C ~(X).
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- 7 is increasing if, whenever X CY C S, we have v(X) C 7(Y).
- 7y is idempotent if, for all X C S, we have v2(X) = v(X).

The operator v is a closure operator (on S) if 7 is extensive, increasing, and
idempotent. If v is a closure operator, X C S is closed for v if v(X) = X.

Let v be a closure operator on S. We have the following result, this is a basic
property of closure operators:

For any X C S, we have y(X) =n{Y CS|XCY and v(Y)=Y}.

Let v be an operator on S. We say that v is finitary if, for all X C S, we have
(X)) =U{~(F) | F C X and F finite}.

Alfred Tarski [6] introduced finitary closure operators (also called “finite con-
sequence operators”) as an abstract theory of logical deductions. In this context,
the set S represents a set of statements in some language. Given a subset X of S,
the set (X) represents the set of all statements that may be deduced from X.

Observe that any finitary operator is increasing. Thus, an operator 7y is a
finitary closure operator if and only if v is extensive, finitary, and idempotent.

We say that an operator K is a A-operator if K is extensive and finitary.

The following fixed point theorem is essential for our purpose. See [21-24] for
more general fixed point theorems.

Theorem 4. Let K be a A-operator. Then, for any X C S, K(X) is a fixed
point for K, i.e., we have K(K(X)) = K(X).

Proposition 12. If K is a A-operator, then K is a finitary closure operator.

Remark 2. If v is an extensive and increasing operator (not necessarily finitary),
then K(X) is not necessarily a fixed point for k.

Let K be a binary relation over 25 and 25, thus k C 25 x 25, We say that K
is a constructor (on S) if K is finitary, which means that F is finite whenever
(F,G) e k.
Let K be a constructor on S. We also denote by K the A-operator such that,
for each X C S, we have:
K(X) = U{G | there exists (F,G) € k with F C X} UX.
We say that the operator K is the A-operator induced by the constructor K.

Let K be a A-operator on S, the constructor induced by K is the constructor
K such that k = {(F, k(F)) | F is a finite subset of S}.

The following result is a direct consequence of the above definitions. It shows
that specifying a A-operator is (in a certain sense) equivalent to specifying a
constructor.

Proposition 13. Let K be a A-operator, and let K be the constructor induced
by K. The two A-operators K and K are equal.

Let K be a constructor on S, and let K be the constructor induced by the
A-operator K. The two A-operators K and K are equal.

Let x be a constructor. We say that k is many-to-one if Card(G) = 1 whenever
(F,G) e k.
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To each arbitrary constructor K we may associate a many-to-one constructor
K, we define Kk to be {(F,{x}) | there exists (F,G) € K and z € G}. We see
that the two A-operators Kk and K are equal. Thus, specifying a constructor is
equivalent to specifying a many-to-one constructor.

Remark 8. Let K be a binary relation over 25 and S, thus k C 25 x S. We
say that x is finitary if F is finite whenever (F,x) € k. It may be seen that
specifying a many-to-one constructor is equivalent to specifying such a relation.

In the sequel, the symbol K will denote an arbitrary subcollection of S, thus we
have L C S.

If ¥ is a constructor on S, we denote by (k) the following property which is
the completion induced by K:

= If F C K, then G C K whenever (F,G) € K. (K)

Let (K) be a property which depends on K. We say that a given collection X C S
satisfies (K) if the property (K) is true for £ = X.

Thus, if K is a constructor, a collection X C S satisfies (k) if and only if
K(X) =X.
The following propositions are direct consequences of Th. @l and Prop.

Prop. [[4 and [I8] are equivalent to Th. [ given in section 2. The collection (X, K)
of Th. [ is equal to K(X).

Proposition 14. Let K be a constructor on S and let X C S. Then R(X) is,
under the subset ordering, the unique minimal collection which contains X and
which satisfies (K).

Let (K) be a property which depends on K.
IfXCS, weset AX,K)={Y CS|XCY and Y satisfies (K)}.

Proposition 15. If K is a constructor on S and if X C S, then K(X) =
A(X, K).

We say that a property (K) is a completion (property) if there exists a constructor
K such that (K) = (k) which means that, for each K C S, (K) is true if and only
if (k) is true.

Proposition 16. Let (K) be a property which depends on K. The property (K)
1s a completion if and only if, for each X C S:

i) A(X,K) satisfies (K), and
i) AX,K) = U{A(F,K) | F C X and F finite}.



	Completions and Simplicial Complexes
	Introduction
	Completions
	Basic Definitions for Simplicial Complexes
	Connectedness
	Trees
	Collapse
	The Cup/Cap Completions
	Few Basic Properties
	Completions and Simple Homotopy
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




