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Abstract. Solving complex real-life problems requires new approximate reasoning
methods based on new computing paradigms. One such recently emerging comput-
ing paradigm is Rough–Granular Computing (Pedrycz et al. 2008, Stepaniuk 2008)
(RGC, in short). The RGC methods have been successfully applied for solving com-
plex problems in areas such as identification of behavioral patterns by autonomous
systems, web mining, and sensor fusion. In RGC, an important role play special
information granules (Zadeh 1979, Zadeh 2006) called as approximation spaces.
These higher order granules are used for approximation of concepts or, in a more
general sense, complex granules. We discuss some generalizations of the approxi-
mation space definition introduced in 1994 (Skowron and Stepaniuk 1994, Skowron
and Stepaniuk 1996, Stepaniuk 2008). The generalizations are motivated by real-
life applications of intelligent systems and are related to inductive extensions of
approximation spaces.
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1 Introduction

Rough sets, due to Zdzisław Pawlak, can be represented by pairs of sets which give
the lower and the upper approximation of the original sets. In the standard ver-
sion of rough set theory, an approximation space is based on the indiscernibility
equivalence relation. Approximation spaces belong to the broad spectrum of basic
issues investigated in rough set theory (see, e.g., (Bazan et al. 2006, Greco et al.
2008, Jankowski and Skowron 2008, Skowron and Stepaniuk 1994, Skowron and
Stepaniuk 1996, Słowiński and Vanderpooten 2000, Skowron et al. 2006, Stepa-
niuk 2008, Zhu 2009). Over the years different aspects of approximation spaces
were investigated and many generalizations of the approach based on indiscernibil-
ity equivalence relation (Pawlak and Skowron 2007) were proposed. In this chapter,
we discuss some aspects of generalizations of approximation spaces investigated in
(Skowron and Stepaniuk 1994, Skowron and Stepaniuk 1996, Stepaniuk 2008) that
are important for real-life applications, e.g., in searching for approximation of com-
plex concepts (see, e.g., (Bazan et al. 2006, Bazan 2008). Rough set based strategies
for extension of such approximation spaces from samples of objects onto their ex-
tensions are discussed. The extensions of approximation spaces can be treated as
operations for inductive reasoning. The investigated approach enables us to present
the uniform foundations for inducing approximations of different kinds of higher
order granules such as concepts, classifications, or functions. In particular, we em-
phasize the fundamental role of approximation spaces for inducing diverse kinds of
classifiers used in machine learning or data mining. The searching problem for rele-
vant approximation spaces and their extensions is of high computational complexity.
Hence, efficient heuristics should be used in searching for approximate solutions of
this problem. Moreover, in hierarchical learning of complex concepts many different
approximation spaces should be discovered. Learning of such concepts can be sup-
ported by domain knowledge and ontology approximation (see, e.g., (Bazan 2008,
Bazan et al. 2006)).

The chapter is organized as follows. In Section 2 we discuss basic notions for
our approach. In Section 3 we present a generalization of the approximation space
definition from (Skowron and Stepaniuk 1994, Skowron and Stepaniuk 1996, Stepa-
niuk 2008). In particular, in Subsection 3.2 we present new rough set approach to
function approximation.

2 Basic Notions

2.1 Attributes, Signatures of Objects and Two Semantics

In (Pawlak and Skowron 2007) any attribute a is defined as a function from the
universe of objects U into the set of attribute values Va. However, in applications we
expect that the value of attribute should be also defined for objects from extensions
of U , i.e., for new objects which can be perceived in the future1. The universe U

1 Objects from U are treated as labels of real perceived objects.
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is only a sample of possible objects. This requires some modification of the basic
definitions of attribute and signature of objects (Pawlak 1991, Pawlak and Skowron
2007).

One can give interpretation of attributes using a concept of interaction. In this
case, we treat attributes as granules and we consider their interactions with environ-
ments. If a is a given attribute and e denotes a state of environment then the result
of interaction between a and e is equal to a pair (le,v), where le is a label of e and
v ∈ Va. Analogously, if IS = (U,A) is a given information system and e denotes a
state of environment then by interaction of IS and e we obtain the information sys-
tem IS′ = (U ∪{le},A∗), where A∗ = {a∗ : a ∈ A} and a∗(u) = a(u) for u ∈ U and
a∗(le) = v for some v ∈ Va. Hence, information systems are dynamic objects cre-
ated through interaction of already existing information systems with environments.
Note that the initial information system can be empty, i.e. the set of objects of this
information system is empty. Moreover, let us observe that elements of U are labels
of the environment states rather than states.

One can represent any attribute by a family of formulas and interpret the attribute
as the result of interaction of this set with the environment. In this case, we assume
that for any attribute a under consideration there is given a relational structure Ra.
Together with the simple structure (Va,=) (Pawlak and Skowron 2007), some other
relational structures Ra with the carrier Va for a∈ A and a signature τ are considered.
We also assume that with any attribute a is identified a set of some generic formulas
{αi}i∈J (where J is a set of indexes) interpreted over Ra as a subsets of Va, i.e.,
‖αi‖Ra = {v ∈ Va : Ra,v |= αi}. Moreover, it is assumed that the set {‖αi‖Ra}i∈J

is a partition of Va. Perception of an object u by a given attribute a is represented
by selection of a formula αi and a value v ∈ Va such that v ∈ ‖αi‖Ra . Using an
intuitive interpretation one can say that such a pair (αi,v) is selected from {αi}i∈J

and Va, respectively, as the result of sensory measurement. We assume that for a
given set of attributes A and any object u the signature of u relative to A is given by
In fA(u) = {(a,αa

u ,v) : a ∈ A}, where (αa
u ,v) is the result of sensory measurement

by a on u.
Let us observe that a triple (a,αa

u ,v) can be encoded by the atomic formula a = v
with interpretation

‖a = v‖U∗ = {u ∈U∗ : (a,αa
u ,v) ∈ In fa(u) for some αa

u}. (1)

We also write (a,v) instead of (a,αa
u ,v) if this not lead to confusion.

One can also consider a soft version of the attribute definition. In this case, we
assume that the semantics of the family {αi}i∈J is given by fuzzy membership func-
tions for αi and the set of these functions define a fuzzy partition (Klir 2007).

We construct granular formulas from atomic formulas corresponding to the con-
sidered attributes. In the consequence, the satisfiability of such formulas is defined
if the satisfiability of atomic formulas is given as the result of sensor measurement.
Hence, one can consider for any constructed formula α over atomic formulas its
semantics ‖α‖U ⊆U over U as well as the semantics ‖α‖∗U ⊆ U∗ over U∗, where
U ⊆U∗ (see Figure 1). The difference between these two cases is the following. In
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the case of U , one can compute ‖α‖U ⊆U but in the case ‖α‖U∗ ⊆U∗, for objects
from U∗ \U , there is no information about their membership relative to ‖α‖U∗\‖α‖U

.
One can estimate the satisfiability of α for objects u ∈U∗ \U only after the relevant
sensory measurements on u are performed. In particular, one can use some methods
for estimation of relationships among semantics of formulas over U∗ using the re-
lationships among semantics of these formulas over U . For example, one can apply
statistical methods. This step is crucial in investigation of extensions of approxima-
tion spaces relevant for inducing classifiers from data (see, e.g., (Bazan et al 2006,
Skowron et al. 2006, Pedrycz et al. 2008).
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Fig. 1 Two semantics of α over U and U∗, respectively

2.2 Uncertainty Function

In (Skowron and Stepaniuk 1994, Skowron and Stepaniuk 1996, Stepaniuk 2008)
the uncertainty function I defines for every object x from a given sample U of ob-
jects, a set of objects described similarly to x. The set I(x) is called the neighborhood
of x.

Let Pω(U∗) =
⋃

i≥1 Pi(U∗), where P1(U∗) = P(U∗) and Pi+1(U∗) = P(Pi(U∗)))
for i≥ 1. For example, if card(U∗) = 2 and U∗ = {x1,x2}, then we obtain P1(U∗) =
{ /0,{x1},{x2},{x1,x2}}, P2(U∗) = { /0,{ /0},{{x1}},{{x2}},{{x1,x2}},{ /0,{x1}},
{ /0,{x2}},{ /0,{x1,x2}}, . . .}, . . . . If card(U∗) = n, where n is a positive natural num-
ber, then card(P1(U∗)) = 2n and card(Pn+1(U∗)) = 2card(Pn(U∗)), for n ≥ 1. For

example, card(P3(U∗)) = 222n

.
In this chapter, we consider uncertainty functions of the form I : U∗ −→ Pω(U∗).

The values of uncertainty functions are called granular neighborhoods. These gran-
ular neighborhoods are defined by the so called granular formulas. The values of
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such uncertainty functions are not necessarily from P(U∗) but from Pω(U∗). In the
following sections, we will present more details on granular neighborhoods and
granular formulas. Figure 2 presents an illustrative example of the uncertainty func-
tion with values in P2(U∗) rather than in P(U∗). The discussed here generaliza-
tion of neighborhoods are also motivated by the necessity of modeling or discovery
of complex structural objects in solving problems of pattern recognition, machine
learning, or data mining. These structural objects (granules) can be defined as sets
on higher levels of the powerset hierarchy. Among examples of such granules are
indiscernibility or similarity classes of patterns or relational structures discovered in
images, clusters of time widows, indiscernibility or similarity classes of sequences
of time windows representing processes, behavioral graphs (for more details see,
e.g., (Skowron and Szczuka 2010, Bazan 2008)).
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Fig. 2 Uncertainty function I : U∗ → P2(U∗). The neighborhood of x ∈ U∗ \U , where
In fA(x) = {(a,1),(b,0),(c,2)}, does not contain training cases from U . The generalizations
of this neighborhood described by formulas ‖a = 1∧ c = 2‖U∗ and ‖a = 1∧b = 2‖U∗ have
non empty intersections with U .

If X ∈ Pω(U∗) and U ⊆U∗ then by X � U we denote the set defined as follows (i)
if X ∈ P(U∗) then X � U = X ∩U and (ii) for any i ≥ 1 if X ∈ Pi+1(U∗) then X �U =
{Y � U : Y ∈ X}. For example, if U = {x1}, U∗ = {x1,x2} and X = {{x2},{x1,x2}}
(X ∈ P2(U∗)), then X � U = {Y � U : Y ∈ X} = {Y ∩U : Y ∈ X} = { /0,{x1}}.

2.3 Rough Inclusion Function

The second component of any approximation space is the rough inclusion function
(Skowron and Stepaniuk 1996, Stepaniuk 2008).
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One can consider general constraints which the rough inclusion functions should
satisfy. In this section, we present only some examples of rough inclusion functions.

The rough inclusion function ν : P(U)× P(U) → [0,1] defines the degree of
inclusion of X in Y , where X ,Y ⊆U.2

In the simplest case the standard rough inclusion function can be defined by (see,
e.g., (Skowron and Stepaniuk 1996, Pawlak and Skowron 2007)):

νSRI (X ,Y ) =

{
card(X∩Y )

card(X) if X �= /0
1 if X = /0.

(2)

Some illustrative example is given in Table 1.

Table 1 Illustration of Standard Rough Inclusion Function

X Y νSRI (X ,Y )
{x1,x3,x7,x8} {x2,x4,x5,x6,x9} 0
{x1,x3,x7,x8} {x1,x2,x4,x5,x6,x9} 0.25
{x1,x3,x7,x8} {x1,x2,x3,x7,x8} 1

It is important to note that an inclusion measure expressed in terms of the
confidence measure, widely used in data mining, was considered by Łukasiewicz
(Łukasiewicz 1913) long time ago in studies on assigning fractional truth values to
logical formulas.

The rough inclusion function was generalized in rough mereology (Polkowski
and Skowron 1996). For definition of inclusion function for more general granules,
e.g., partitions of objects one can use measure based on positive region (Pawlak
and Skowron 2007), entropy (Hastie et al. 2008) or rough entropy (Pal et al. 2005,
Małyszko and Stepaniuk 2010). Inclusion measures for more general granules were
also investigated (Skowron 2001, Bianucci and Cattaneo 2009). However, more
work in this direction should be done, especially on inclusion of granules with com-
plex structures, in particular for granular neighborhoods.

3 Approximation Spaces

In this section, we present a generalization of the approximation space defini-
tion from (Skowron and Stepaniuk 1994, Skowron and Stepaniuk 1996, Stepaniuk
2008).

In applications, approximation spaces are constructed for a given concept or a
family of concepts creating a partition (in the case of classification) rather than for
the class of all concepts. Then the searching for components of approximation space
relevant for the concept approximation becomes feasible. The concept is given only

2 We assume that U is a finite sample of objects.
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an a sample U of objects. We often restrict the definition of components of approxi-
mation space to objects from U∗ and/or some patterns from Pω(U∗) or from Pω(U•),
where U∗ ⊆ U• necessary for approximation of a given concept X only. The def-
initions of the uncertainty function and the inclusion function can be restricted to
some subsets of U∗ and Pω(U∗) (or U∗ ⊆ U•), respectively, which are relevant for
approximated concept(s).

Moreover, the optimization requirements for the lower approximation and upper
approximation are then also restricted to the given concept X . These requirements
are expressing closeness of the induced concept approximations to the approxima-
tion of the concept(s) on the given sample of objects and are combined with the
description length of constructed approximations for obtaining the relevant quality
measures. Usually, the uncertainty functions and the rough inclusion functions are
parameterized. Then searching (in the family of the these functions defined by pos-
sible values of parameters) for the (semi)optimal uncertainty function and the rough
inclusion function relative to the selected quality measure becomes feasible.

Definition 1. An approximation space over a set of attributes A for a concept X ⊆U∗
given on a sample U ⊆U∗ of objects is a system

AS = (U,U∗, I,ν,L) (3)

where

• U is a sample of objects with known signatures relative to a given set of attributes
A,

• L is a language of granular formulas defined over atomic formulas corresponding
to generic formulas from signatures (see Section 2.2),

• the set U∗ is such that for any object u ∈ U∗ the signature In fA(u) of u relative
to A can be obtained as the result of sensory measurements on u,

• I : U∗ → Pω (U•) is an uncertainty function, where U∗ ⊆U•; we assume that the
granular neighborhood I(u) is computable from In fA(u), i.e., from In fA(u) it is
possible to compute a formula αIn fA(u) ∈ L such that I(x) = ‖αIn fA(u)‖U∗ ,

• ν : Pω (U•)× Pω (U•) → [0,1] is a partial rough inclusion function, such that
form any x ∈U∗ the value ν(I(x),X) is defined for the considered concept X .

In Section 3.2, we consider an uncertainty function with values in P(P(U∗) ×
P(R+)), where R+ is the set of reals. Hence, we assume that the values of the uncer-
tainty function I may belong to the space of possible patterns from Pω(U•), where
U∗ ⊆U• = U∗ ∪R+.

The partiality of the rough inclusion makes it possible to define the values of this
functions on relevant patterns for approximation only.

We assume that the lower approximation operation LOW (AS,X) and the upper
approximation operation UPP(AS,X) of the concept X in the approximation space
AS satisfy the following condition:

ν(LOW (AS,X),UPP(AS,X)) = 1. (4)
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Usually the uncertainty function and the rough inclusion function are parameterized.
In this parameterized family of approximation spaces, one can search for an approx-
imation space enabling us to approximate the concept X restricted to a given sample
U with the satisfactory quality. The quality of approximation can be expressed by
some quality measures. For example, one can use the following criterion:

1. LOW (AS,X) � U is included in X � U to a degree at least deg,
i.e., ν(LOW (AS,X) � U,X � U)) ≥ deg,

2. X � U is included in UPP(AS,X) � U to a degree at least deg, this means that,
ν(UPP(AS,X � U),X � U) ≥ deg,

where deg is a given threshold from the interval [0,1].
The above condition expresses the degree to which at least the induced approxi-

mations in AS are close to the concept X on the sample U . One can also introduce
the description length of the induced approximations. A combination of these two
measures can be used as the quality measure for the induced approximation space.
Then the searching problem for the relevant approximation space can be considered
as the optimization problem relative to this quality measure. This approach may be
interpreted as a form of the minimal description length principle (Rissanen 1985).
The result of optimization can be checked against a testing sample. This enables
us to estimate the quality of approximation. Note that further optimization can be
performed relative to parameters of the selected quality measure.

3.1 Approximations and Decision Rules

In this section, we discuss generation of approximations on extensions of samples
of objects.

In the example we illustrate how the approximations of sets (concepts) can be
estimated using only partial information about these sets. Moreover, the example
introduces uncertainty functions with values in P2(U) and rough inclusion functions
defined for sets from P2(U).

Let us assume that DT = (U,A∪{d}) is a decision table, where U = {x1, . . . ,x9}
is a set of objects and A = {a,b,c} is a set of condition attributes (see Table 2).

In DT we compute two decision reducts: {a,b} and {b,c}. We obtain the set
Rule_set = {r1, . . . ,r12} of minimal (reduct based) decision rules (Pawlak and
Skowron 2007).

From x1 we obtain two rules:
r1 : if a = 1 and b = 1 then d = 1, r2 : if b = 1 and c = 0 then d = 1.
From x2 and x4 we obtain two rules:
r3 : if a = 0 and b = 2 then d = 1, r4 : if b = 2 and c = 0 then d = 1.
From x5 we obtain one new rule:
r5 : if a = 0 and b = 1 then d = 1.
From x3 we obtain two rules:
r6 : if a = 1 and b = 0 then d = 0, r7 : if b = 0 and c = 1 then d = 0.
From x6 we obtain two rules:
r8 : if a = 0 and b = 0 then d = 0, r9 : if b = 0 and c = 0 then d = 0.
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Table 2 Decision table over the set of objects U

a b c d
x1 1 1 0 1
x2 0 2 0 1
x3 1 0 1 0
x4 0 2 0 1
x5 0 1 0 1
x6 0 0 0 0
x7 1 0 2 0
x8 1 2 1 0
x9 0 0 1 0

From x7 we obtain one new rule:
r10 : if b = 0 and c = 2 then d = 0.
From x6 we obtain two rules:
r11 : if a = 1 and b = 2 then d = 0, r12 : if b = 2 and c = 1 then d = 0.
Let U∗ = U ∪{x10,x11,x12,x13,x14} (see Table 3).

Table 3 Decision table over the set of objects U∗ −U

a b c d dclass

x10 0 2 1 1 1 from r3 or 0 from r12

x11 1 2 0 0 1 from r4 or 0 from r11

x12 1 2 0 0 1 from r4 or 0 from r11

x13 0 1 2 1 1 from r5

x14 1 1 2 1 1 from r1

Let h : [0,1] →{0,1/2,1} be a function defined by

h(t) =

⎧
⎨

⎩

1 if t > 1/2
1/2 if t = 1/2
0 if t < 1/2.

(5)

Below we present an example of the uncertainty and rough inclusion functions:

I(x) = {‖lh(r)‖U∗ : x ∈ ‖lh(r)‖U∗ and r ∈ Rule_set}, (6)

where x ∈U∗ and lh(r) denotes the formula on the left hand side of the rule r,
and

νU (X ,Z) =

{
h( card({Y∈X :Y∩U⊆Z})

card({Y∈X :Y∩U⊆Z})+card({Y∈X :Y∩U⊆U∗\Z}) ) if X �= /0
0 if X = /0,

(7)

where X ⊆ P(U∗) and Z ⊆U∗.
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The uncertainty and rough inclusion functions can now be used to define the
lower approximation LOW (AS∗,Z), the upper approximation UPP(AS∗,Z), and the
boundary region BN(AS∗,Z) of Z ⊆ P(U∗) by:

LOW (AS∗,Z) = {x ∈U∗ : νU (I(x),Z) = 1}, (8)

and
UPP(AS∗,Z) = {x ∈U∗ : νU(I(x),Z) > 0}, (9)

BN(AS∗,Z) = UPP(AS∗,Z)\LOW(AS∗,Z). (10)

In the example, we classify objects from U∗ to the lower approximation of Z if ma-
jority of rules matching this object are voting for Z and to the upper approximation
of Z if at least half of the rules matching x are voting for Z. Certainly, one can fol-
low many other voting schemes developed in machine learning or by introducing
less crisp conditions in the boundary region definition. The defined approximations
can be treated as estimations of the exact approximations of subsets of U∗ because
they are induced on the basis of samples of such sets restricted to U only. One can
use some standard quality measures developed in machine learning to calculate the
quality of such approximations assuming that after estimation of approximations
on U∗ full information about membership for objects relative to the approximated
subsets of U∗ is uncovered analogously to the testing sets in machine learning.

Let C∗
1 = {x∈U∗ : d(x) = 1}= {x1,x2,x4,x5,x10,x13,x14}. We obtain the set U∗ \

C∗
1 = C∗

0 = {x3,x6,x7,x8,x9,x11,x12}. The uncertainty function and rough inclusion
are presented in Table 4.

Table 4 Uncertainty function and rough inclusion over the set of objects U∗

I(·) νU (I(·),C∗
1)

x1 {{x1,x14},{x1,x5}} h(2/2) = 1
x2 {{x2,x4,x10},{x2,x4,x11,x12}} h(2/2) = 1
x3 {{x3,x7},{x3,x9}} h(0/2) = 0
x4 {{x2,x4,x10},{x2,x4,x11,x12}} h(2/2) = 1
x5 {{x5,x13},{x1,x5}} h(2/2) = 1
x6 {{x6,x9},{x6}} h(0/2) = 0
x7 {{x3,x7},{x7}} h(0/2) = 0
x8 {{x8,x11,x12},{x8,x10}} h(0/2) = 0
x9 {{x6,x9},{x3,x9}} h(0/2) = 0
x10 {{x2,x4,x10},{x8,x10}} h(1/2) = 1/2
x11 {{x8,x11,x12},{x2,x4,x11,x12}} h(1/2) = 1/2
x12 {{x8,x11,x12},{x2,x4,x11,x12}} h(1/2) = 1/2
x13 {{x5,x13}} h(1/1) = 1
x14 {{x1,x14}} h(1/1) = 1
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Thus, in our example from Table 4 we obtain

LOW (AS∗,C∗
1) = {x ∈U∗ : νU (I(x),C∗

1) = 1} = {x1,x2,x4,x5,x13,x14}, (11)

UPP(AS∗,C∗
1) = {x ∈U∗ : νU(I(x),C∗

1) > 0} =

{x1,x2,x4,x5,x10,x11,x12,x13,x14}, (12)

BN(AS∗,C∗
1) = UPP(AS∗,C∗

1)\LOW(AS∗,C∗
1) = {x10,x11,x12}. (13)

3.2 Function Approximations

In this subsection, we discuss the rough set approach to function approximation
from available incomplete data. Our approach can be treated as a kind of rough
clustering of functional data (Ramsay 2002).

Let us consider an example of function approximation. We assume that a partial
information is only available about a function. This means that, some points from
the graph of the function are known.

Before presenting a more formal description of function approximation we intro-
duce some notation.

A function f : U −→ R+ will be called a sample of a function f ∗ : U∗ → R+,
where R+ is the set of non-negative reals and U ⊆U∗ is a finite subset of U∗, if f ∗
is an extension of f .

By G f (G f ∗) we denote the graph of f ( f ∗), respectively, i.e., the set {(x, f (x)) :
x ∈U} ({(x, f ∗(x)) : x ∈U∗}). For any Z ⊆U∗×R+ by π1(Z) and π2(Z) we denote
the set {x∈U∗ : ∃y∈ R+ (x,y)∈ Z} and {y∈R+ : ∃x∈U∗ (x,y)∈ Z}, respectively.

First we define approximations of G f given on a sample U of objects and next
we show how to induce approximations of G f ∗ over U∗, i.e., on extension of U .

Let Δ will be a partition of f (U) into sets of reals of diameter less than δ > 0, where
δ is a given threshold. We also assume that IS = (U,A) is a given information system.
Let us also assume that for any object signature In fA(x) = {(a,a(x)) : a∈A} (Pawlak
and Skowron 2007) there is assigned an interval of non-negative reals with diameter
less than δ . We denote this interval by ΔIn fA(x). Hence, Δ = {ΔIn fA(x) : x ∈U}.

We consider an approximation space ASIS,Δ = (U, I,ν∗) (relative to given IS and
Δ ), where

I(x) = [x]IND(A) ×ΔIn fA(x), (14)

and

ν∗ (X ,Y ) =

{
card(π1(X∩Y ))

card(π1(X)) if X �= /0
1 if X = /0,

(15)

for X ,Y ⊆U ×R+.
The lower approximation and upper approximation of G f in AS are defined by

LOW (ASIS,Δ ,G f ) =
⋃
{I(x) : ν∗(I(x),G f ) = 1}, (16)
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and
UPP(ASIS,Δ ,G f ) =

⋃
{I(x) : ν∗(I(x),G f ) > 0}, (17)

respectively.
Observe that this definition is different from the standard definition of the lower

approximation (Pawlak and Skowron 2007). The defined approximation space is
a bit more general than in (Skowron and Stepaniuk 1996), e.g., the values of the
uncertainty functions are subsets of U ×R+ instead of U . Moreover, one can easily
see that by applying the standard definition of relation approximation to f (Pawlak
and Skowron 2007) (this is a special case of relation) the lower approximation of
function is almost always equal to the empty set. The new definition is making it
possible to express better the fact that a given neighborhood is “well" matching the
graph of f (Skowron et al. 2006, Stepaniuk 2008). For expressing this a classical set
theoretical inclusion of neighborhood into the graph of f is not satisfactory.

Example 1. We present the first illustrative example of a function approximation.
Let f : U → R+ where U = {1,2,3,4,5,6}. Let f (1) = 3, f (2) = 2, f (3) = 2,
f (4) = 5, f (5) = 5, f (6) = 2.

Let IS = (U,A) be an information system where A = {a} and

a(x) =

⎧
⎨

⎩

0 if 0 ≤ x ≤ 2,
1 if 2 < x ≤ 4,
2 if 4 < x ≤ 6.

(18)

Thus the partition U/IND(A) = {{1,2},{3,4},{5,6}}. The graph of f is defined
by G f = {(x, f (x)) : x ∈U} = {(1,3),(2,2),(3,2),(4,5),(5,5),(6,2)}.

We define approximations of G f given on the sample U of objects.
We obtain f (U) = {2,3,5} and let Δ = {{2,3},{5}}will be a partition of f (U).
We consider an approximation space ASIS,Δ = (U, I,ν∗) (relative to given IS and

Δ ), where
I(x) = [x]IND(A) ×ΔIn fA(x), (19)

is defined by

I (x) =

⎧
⎨

⎩

{1,2}× [1.5,4] if x ∈ {1,2},
{3,4}× [1.7,4.5] if x ∈ {3,4},
{5,6}× [3,4] if x ∈ {5,6}.

(20)

We obtain the lower approximation and upper approximation of G f in the approxi-
mation space ASIS,Δ :

LOW (ASIS,Δ ,G f ) =
⋃{I(x) : ν∗(I(x),G f ) = 1} =

I(1)∪ I(2) = {1,2}× [1.5, 4), (21)

and

UPP(ASIS,Δ ,G f ) =
⋃{I(x) : ν∗(I(x),G f ) > 0} =

= I(1)∪ I(2)∪ I(3)∪ I(4) = {1,2}× [1.5, 4)∪{4,5}× [1.7, 4.5), (22)

respectively.
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Example 2. We present the second illustrative example of a function approximation.
First, let us recall that an interval is a set of real numbers with the property that any
number that lies between two numbers in the set is also included in the set. The
closed interval of numbers between v and w (v,w ∈ R+), including v and w, will be
denoted by [v,w].

Let us consider a function f : R+ → R+. We have only a partial information about
this function given by Gi = δ (xi)× ε( f (xi)), where δ (xi) denotes a closed interval
of reals to which belongs xi, ε( f (xi)) denotes a closed interval of reals to which
belongs f (xi) and i = 1, . . . ,n. A family {G1, . . . ,Gn} is called a partial information
about graph G f = {(x, f (x)) : x ∈ R+}.

Let Nh denotes a family of elements of P(R+)×P(R+) called neighborhoods.
In our example, we consider Nh = {X1,X2,X3}, where X1 = [1,6]× [0.1,0.4],

X2 = [7,12]× [1.1,1.4] and X3 = [13,18]× [2.1,2.4].
Let us recall the inclusion definition between closed intervals:

[v1,w1] ⊆ [v2,w2] iff v2 ≤ v1 & w1 ≤ w2 (23)

We define the new rough inclusion function by

ν (X ,{G1, . . . ,Gn}) =⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 if ∀i∈{1,...,n}(π1(Gi)∩π1(X) �= /0 → Gi ⊆ X)

1/2 if ∃i∈{1,...,n}(π1(Gi)∩π1(X) �= /0 & Gi ∩X �= /0).

0 if ∀i∈{1,...,n}(π1(Gi)∩π1(X) �= /0 → Gi ∩X = /0)

(24)

Let sample values of a function f : R+ → R+ are given in Table 5.
Let an approximation space AS = (R+,Nh,ν) be given. We define the lower and

upper approximation as follows:

LOW (AS,{G1, . . . ,Gn}) =
⋃
{X ∈ Nh : ν (X ,{G1, . . . ,Gn}) = 1}, (25)

Table 5 Sample values of a function f , δ (xi), ε( f (xi)) and Gi

i xi f (xi) δ (xi) ε( f (xi)) Gi π1(Gi)
1 1.5 0.55 [1,2] [0.5,0.6] [1,2]× [0.5,0.6] [1,2]
2 3.5 0.65 [3,4] [0.6,0.6] [3,4]× [0.6,0.6] [3,4]
3 5.5 0.025 [5,6] [0,0.5] [5,6]× [0,0.5] [5,6]
4 7.5 1.35 [7,8] [1.3,1.4] [7,8]× [1.3,1.4] [7,8]
5 9.5 1.15 [9,10] [1.1,1.2] [9,10]× [1.1,1.2] [9,10]
6 11.5 1.35 [11,12] [1.3,1.4] [11,12]× [1.3,1.4] [11,12]
7 13.5 2.25 [13,14] [2.2,2.3] [13,14]× [2.2,2.3] [13,14]
8 15.5 2.025 [15,16] [2,2.05] [15,16]× [2,2.05] [15,16]
9 17.5 2.475 [17,18] [2.45,2.5] [17,18]× [2.45,2.5] [17,18]



48 A. Skowron, J. Stepaniuk, and R. Swiniarski

UPP(AS,{G1, . . . ,Gn}) =
⋃
{X ∈ Nh : ν (X ,{G1, . . . ,Gn}) > 0}. (26)

In our example, we obtain

LOW (AS,{G1, . . . ,G9}) = X2 = [7,12]× [1.1,1.4], (27)

UPP(AS,{G1, . . . ,G9}) = X2 ∪X3 = [7,12]× [1.1,1.4]∪ [13,18]× [2.1,2.4]. (28)

The above defined approximations are approximations over the set of objects from
sample U ⊆ U∗. Now, we present an approach for inducing of approximations of
the graph G f ∗ of function f ∗ on U∗, i.e., on extension of U . We use an illustrative
example to present the approach.

It is worthwhile mentioning that by using boolean reasoning (Pawlak and Skowron
2007) one can generate patterns described by conjunctions of descriptors over IS
such that the deviation of f on such patterns in U is less than a given threshold δ .
This means that for any such a formula α the set f (‖α‖U) has diameter less than
a given threshold δ , i.e., the image of ‖α‖U , i.e., the set f (‖α‖U), is included into
[y−δ/2,y+δ/2) for some y∈U . Moreover, one can generate such minimal patterns,
i.e., formulas α having the above property but no formula obtained by drooping some
descriptors from α has that property (Pawlak and Skowron 2007, Bazan et al. 2002).
By PATT ERN(A, f ,δ ) we denote a set of induced patterns with the above properties.
One can also assume3 that PATT ERN(A, f ,δ ) is extended by adding some shorten-
ings of minimal patterns. For any pattern from PATTERN(A, f ,δ ) it is assigned an
interval of reals Δα such that the deviation of f on ‖α‖U is in Δα , i.e., f (‖α‖U)⊆Δα .

Note that, for any boolean combination α of descriptors over A, it is also well
defined its semantics ‖α‖U∗ over U∗. However, there is only available information
about a part of ‖α‖U∗ equal to ‖α‖U = ‖α‖U∗ ∩U . Assuming that the patterns
from PATT ERN(A, f ,δ ) are strong (i.e., their support is sufficiently large) one may
induce that the following inclusion holds:

f ∗(‖α‖U∗) ⊆ [y− δ/2,y + δ/2). (29)

We can now define a generalized approximation space making it possible to extend
the approximation of G f = {(x, f (x) : x ∈U} over the defined previously approxi-
mation space AS to approximation of G f ∗ = {(x, f (x) : x ∈U∗}, where U ⊆U∗.

Let us consider a generalized approximation space

AS∗ = (U,U∗, I∗,ν∗
tr ,L

∗), (30)

where

• tr is a given threshold from the interval [0, 0.5),
• L∗ is a language of boolean combinations of descriptors over the information

system IS (Pawlak and Skowron 2007) used for construction of patterns from the
set PATT ERN(A, f ,δ ),

3 Analogously to shortening of decision rules (Pawlak and Skowron 2007).
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• I∗(x) = {‖α‖U∗ ×Δα : α ∈PATTERN(A, f ,δ ) & x∈ ‖α‖)U∗} for x∈U∗, where
U∗ is an extension of the sample U , i.e., U ⊆U∗,

• for any finite family X ⊆ P(U∗)×I , where P(U∗) is the powerset of U∗, I is
a family of intervals of reals of diameter less than δ and for any Y from U∗×R+
representing the graph of a function from U∗ into R+

ν∗
tr (X ,Y ) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

1 if Max < tr

1/2 if tr ≤ Max < 1− tr

0 if Max ≥ 1− tr,

(31)

where

1. Max = max{ |y∗−mid(π2(Z)|
max{y∗,mid(π2(Z)} : Z ∈ X & ν∗

U (Z,Y ) > 0},
2. ν∗

U (Z,Y ) = ν∗ ((π1(Z)∩U)×π2(Z),Y ∩ (U ×R+)) , where ν∗ is defined by
the equation (15),

3. mid(Δ) = a+b
2 , where Δ = [a,b),

4.

y∗ =
1
c ∑

Z∈X : ν∗
U (Z,Y )>0

mid(π2(Z)) · card(π1(Z ∩Y )∩U), (32)

where

c = card

⎛

⎝
⋃

Z∈X : ν∗
U (Z,Y )>0

π1(Z)∩U

⎞

⎠ . (33)

The lower approximation of G f ∗ is defined by

LOW ∗(AS∗,G f ∗) =
{(x,y) : ν∗

tr(I∗(x),G f ∗) = 1 & x ∈U∗ & y ∈ [y∗ − δ/2,y∗+ δ/2)}, (34)

where y∗ is obtained from equation (32) in which X is substituted by I(x) and Y by
G f ∗, respectively.

The upper approximation of G f ∗ is defined by

UPP∗(AS∗,G f ∗) =
{(x,y) : ν∗

tr(I
∗(x),G f ∗) > 0 & x ∈U∗ & y ∈ [y∗ − δ/2,y∗+ δ/2)}, (35)

where y∗ is obtained from equation (32) in which X is substituted by I(x) and Y by
G f ∗, respectively.

Let us observe that for x ∈U∗ the condition (x,y) /∈UPP∗(AS∗,G f ∗) means that
ν∗

tr(I
∗(x),G f ∗) = 0 & y ∈ [y∗−δ/2,y∗+δ/2) or y /∈ [y∗−δ/2,y∗+δ/2). The first

condition describes the set of all pairs (x,y), where the deviation of y from y∗ is
small (relative to δ ) but the prediction of y∗ on the set of patterns I∗(x) is very risky.
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The values of f ∗ can be induced by

f̂ ∗ (x) =
{

[y∗ − δ/2,y∗+ δ/2) if ν∗
tr(I∗(x),G f ∗) > 0

unde f ined otherwise,
(36)

where x ∈ U∗ \U and y∗ is obtained from equation (32) in which X is substituted
by I(x) and Y by G f ∗, respectively.

Let us now explain the formal definitions presented above. The value of uncer-
tainty function I∗(x) for a given object x consists all patterns of the form ‖α‖U∗ ×Δα
such that ‖α‖U∗ is matched by the object x. The condition x ∈ ‖α‖U∗ can be veri-
fied by checking if the A-signature of x, i.e., In fA(x) is matching α (to a satisfactory
degree). The deviation on ‖α‖U∗ is bounded by the interval Δα of reals. The degree
to which Z is included to Y is estimated by ν∗

U(Z,Y ), i.e., by degree to which the
restricted to U projection of the pattern Z is included into Y projected on U . The
estimated value for f ∗(x) belongs to the interval [y∗ − δ/2,y∗ + δ/2) obtained by
fusion of centers of intervals assigned to patterns from X . In this fusion, the weights
of these centers are reflecting the strength on U of patterns matching Y to a positive
degree. The result of fusion is normalized by c. The degree to which a family of pat-
terns X is included into Y is measured by the deviation of the value y∗ from centers
of intervals of patterns Z matching Y to a positive degree (i.e., ν∗

U(Z,Y ) > 0). In
Figure 3 we illustrate the idea of the presented definition of y∗, where

• Zi = ‖αi‖U∗ ×Δαi for i = 1,2,3,
• I∗(x) = {Z1,Z2,Z3},
• the horizontal bold lines illustrate projections of sets Zi (i = 1,2,3) on U∗,
• the vertical bold lines illustrate projections of sets Zi (i = 1,2,3) on R+,
• y∗ = 1

c ∑3
t=1 mid(Δαt )card(‖αt‖U) and c is defined by equation (33),

• ν∗
U(Zi,G f ∗) > 0 for i = 1,2,3 because (x1, f (x1)) ∈ Z1 and (x2, f (x2)) ∈ Z2 ∩Z3

for x1,x2 ∈U ,
• ν∗

tr(I∗(x),G f ∗) = 1 means that deviations |y∗ −mid(Δαi)| are sufficiently small
(the exact formula is given by (34)).

The quality of approximations of G f ∗ can be estimated using some selected measure
defined by a combination of

• closeness between projections on U of approximations of G f ∗ and approxima-
tions of G f on sample U (see formulas (21-22)),

• the description lengths of approximations.

The considered approximation space is parameterized by the set of patterns
PATTERN(A, f ,δ ). The optimization problem for function approximation is defined
as the searching problem for a set of patterns optimizing the mentioned above measure
based on aversion of theminimal lengthprinciple (Rissanen1985).Next, thecloseness
between the result of optimization and a testing sample of G f ∗ can be used for estima-
tion of the approximation quality. Note that one can also tune some parameters of the
selected measure for improving the approximation quality.A moredetailed discussion
on optimization of function approximation will be presented in our next paper.

The presented illustrative method for function approximation based on the rough
set approach can be treated as one of many possible ways for inducing function
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Fig. 3 Inducing the value y∗

approximations from data. For example, some of these methods may use distance
functions between objects from U∗ or more advanced rules for fusion of votes of
matched by objects patterns voting for different approximations of function values.

Example 3. We present a method based on Boolean reasoning for extraction of pat-
terns from data on which the deviation of values of the approximated function is
bounded by a given threshold. These patterns are used as left hand sides of decision
rules of the following form
if pattern then the decision deviation is bounded by a given threshold.

We consider a decision table DT = (U,A∪{d}) such that U = {x1, . . . ,x5}, A =
{a,b,c} and Va = Vb = Vc = {0,1} see Table 6 (the last column of the table (labeled
by support) means the number of objects described exactly in the same way).

We define the square matrix [mε
xi,x j

]xi,x j∈U (which is an analogy to discernibility
matrix in the standard rough set model) by

mε
xi,x j

= {e ∈ A : e(xi) �= e(x j)& | d(xi)−d(x j) |> ε}. (37)

Table 6 Decision Table with Real Valued Decision

U a b c d support
x1 0 0 0 160 10
x2 1 0 0 165 20
x3 1 0 1 170 30
x4 0 1 0 175 20
x5 0 1 1 180 20
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Let us observe that for any xi,x j ∈U mε
xi,x j

⊆ P(A).

Table 7 Square Matrix [m5
xi,x j

]xi,x j∈U

x1 x2 x3 x4 x5
x1 /0 /0 {a,c} {b} {b,c}
x2 /0 /0 /0 {a,b} {a,b,c}
x3 {a,c} /0 /0 /0 {a,b}
x4 {b} {a,b} /0 /0 /0
x5 {b,c} {a,b,c} {a,b} /0 /0

We assume that ε = 5 and the square matrix [m5
xi,x j

]xi,x j∈U is presented in Table 7.
From Table 7 we obtain the boolean function g(a,b,c) with three boolean vari-

ables a,b,c corresponding to attributes:

g(a,b,c) = (a∨ c)∧b∧ (b∨ c)∧ (a∨b)∧ (a∨b∨ c)∧ (a∨b). (38)

This function is an analogy to discernibility function in the standard rough set
model. There are two prime implicants of this boolean function g: a∧ b and b∧ c.
Hence we obtain two reducts: {a,b} and {b,c}. Using reducts and values of an
object x ∈U we construct decision rules of the form

if . . . then d ∈ (d(x)− ε,d(x)+ ε). (39)

The set of decision rules based on reducts {a,b} and {b,c} is presented in Table 8.
Let us consider new object xnew /∈ U described by a(xnew) = 0,b(xnew) = 0 and

c(xnew) = 1. In classification of xnew there are applied two decision rules r1
1 and

r2
3. Using the quality of the rules Quality(r1

1) = 10, Quality(r2
3) = 30 and that

mid(155,165) = 160, mid(165,175) = 170 we obtain that

d(xnew) =
Quality(r1

1)mid(155,165)+ Quality(r2
3)mid(165,175)

Quality(r1
1)+ Quality(r2

3)
= 167.5. (40)

Table 8 Decision rules generated from reducts {a,b} and {b,c}

Object Decision rule Quality of the rule
x1 r1

1 : if a = 0 and b = 0 then d ∈ (155,165) 10
x1 r2

1 : if b = 0 and c = 0 then d ∈ (155,165) 10
x2 r1

2 : if a = 1 and b = 0 then d ∈ (160,170) 20
x2 r2

2 : if b = 0 and c = 0 then d ∈ (160,170) 20
x3 r1

3 : if a = 1 and b = 0 then d ∈ (165,175) 30
x3 r2

3 : if b = 0 and c = 1 then d ∈ (165,175) 30
x4 r1

4 : if a = 0 and b = 1 then d ∈ (170,180) 20
x4 r2

4 : if b = 1 and c = 0 then d ∈ (170,180) 20
x5 r1

5 : if a = 0 and b = 1 then d ∈ (175,185) 20
x5 r2

5 : if b = 1 and c = 1 then d ∈ (175,185) 20
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4 Conclusions

We discussed a generalization of approximation spaces based on granular formulas
and neighborhoods. We emphasized the fundamental role of approximation spaces
in inducing classifiers such as rule based classifiers or function approximations. The
approach can be extended for other kinds of classifiers, e.g., knn classifiers, neu-
ral networks, or ensembles of classifiers. Efficient strategies searching for relevant
approximation spaces for approximation of higher order granules are crucial for ap-
plication (e.g., in searching for approximation of complex concepts). In our current
projects, we are developing such strategies based on some versions of the mini-
mal length principle (Rissanen 1985). The presented approach provides the uniform
foundations for implementing diverse strategies searching for (semi)optimal classi-
fiers of different kinds. All of these strategies are based on searching for relevant
approximation spaces. In particular, searching for relevant neighborhoods can be
supported by feature construction methods based on Boolean reasoning. Search-
ing for relevant approximation spaces can be realized in a network of cooperating
strategies searching for classifiers for a given data set. The uniform foundations of
our approach can facilitate the cooperation among strategies in such network. We
also plan to compare the proposed method for function approximation with the tra-
ditional ones such as regression based methods (Hastie et al. 2008) or methods based
on the functional data analysis approach (Ramsay 2002).
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