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Abstract For a singularly perturbed convection-diffusion problem with exponen-
tial and characteristic boundary layers on the unit square a discretisation based on
layer-adapted meshes is considered. The standard Galerkin method and the local
projection scheme are analysed for a general class of higher order finite elements
based on local polynomial spaces lying between Pp and Qp . We will present two
different interpolation operators for these spaces. The first one is based on values at
vertices, weighted edge integrals and weighted cell integrals while the second one
is based on point values only. The influence of the point distribution on the errors
will be studied numerically.

We show convergence of order p in the "-weighted energy norm for both the
Galerkin method and the local projection scheme. Furthermore, the local projection
methods provides a supercloseness result of order p in local projection norm.

1 Introduction

Let the singularly perturbed convection-diffusion problem be given by

�"�u � bux C cu D f in ˝ D .0; 1/2; (1a)

u D 0 on � D @˝ (1b)

under the assumption that b 2 W 11.˝/, c 2 L1.˝/, b � ˇ > 0with some constant
ˇ, and a small perturbation parameter 0 < " � 1.
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This combination gives rise to an exponential layer of width O ."/ near the out-
flow boundary at x D 0 and to two parabolic layers of width O �p"� near the
characteristic boundaries at y D 0 and y D 1.

Problem (1) possesses a unique solution in H 1
0 .˝/\H 2.˝/ if

c C bx=2 � � > 0 (2)

holds. Assumption (2) can always be guaranteed by a simple transformation
Qu.x; y/ D u.x; y/e~x with a suitably chosen constant ~.

Due to the layers standard discretisations will not give accurate approximations
on quasi-uniform meshes except the mesh width is of the same order as ". Thus
layer-adapted meshes based on a priori knowledge of the solution behaviour have
been constructed, see [2, 18, 20]. We will use so called S-type meshes [19] combin-
ing the transition point of a standard Shishkin mesh and mesh generating functions
inside the fine part.

Since the standard Galerkin methods lacks stability even on layer-adapted
meshes, see [15, 21], a stabilisation term will be added to the standard discreti-
sation. We will consider the one-level approach of the local projection stabilisation
(LPSFEM), [3–5,17]. However, we will not use enriched Qr -elements but consider
a general class of higher order elements. To this end, let p � 2 be an arbitrary but
fixed integer to indicate the polynomial degree of our ansatz functions.

This paper contains a condensed analysis of the LPSFEM applied to (1) on S-type
meshes. For a full analysis see [11, 12].

Notation. In this paper, C denotes a generic constant which is always indepen-
dent of the diffusion coefficient " and the mesh parameter N . The usual Sobolev
spaces W m

r .D/ and Lr .D/ on any measurable two-dimensional subset D � ˝ are
used. We write Hm.D/ instead of W m

2 .D/ in the case r D 2. The L2.D/-norm is
denoted by k � k0;D while the .�; �/D is the L2.D/-inner product. The subscript D
will always be dropped if D D ˝ .

By Pr .D/ we denote the space of all polynomials with total degree less than or
equal to r while Qr.D/ is the space of all polynomials with degree less than or
equal to r in each variable separately.

2 Solution Decomposition and Layer-Adapted Meshes

We suppose there exists the following decomposition of the solution u of (1).

Assumption 1. The solution u of (1) can be decomposed as

u D v C w1 C w2 C w12

where we have for all x; y 2 Œ0; 1� and 0 � i C j � p C 1 the pointwise estimates
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where w1 covers the exponential boundary layer, w2 the parabolic boundary layers,
w12 the corner layers, and v is the regular part.

Remark 2. Kellogg and Stynes [14] proved the validity of Assumption 1 in the
case of constant functions b; c provided f is smooth enough and fulfils certain
compatibility conditions.

When discretising (1), we use in both x- and y-direction S-type meshes with N
mesh intervals each. For this purpose let the mesh transition parameters be

�x WD �"

ˇ
lnN � 1

2
and �y WD �

p
" lnN � 1

4

with some user-chosen positive parameter � � p C 1, where we assume for the
mere sake of simplicity

" � min

�
ˇ

2�
.lnN/�1;

1

16�2
.lnN/�2

�
:

In the following, we assume that N is a multiple of 4. The domain ˝ will be
dissected by a tensor product mesh according to

xi WD
(
�"
ˇ
�
�
i
N

�
; i D 0; : : : ; N=2;

1 � 2.1� �x/.1 � i
N
/; i D N=2; : : : ; N;

and

yj WD

8
ˆ̂
<

ˆ̂:

�
p
"�
�
2j
N

�
; j D 0; : : : ; N=4;

.1 � 2�y/.2jN � 1/C 1
2
; j D N=4; : : : ; 3N=4;

1 � �p
"�
�
2 � 2j

N

�
; j D 3N=4; : : : ; N;

where � is a monotonically increasing mesh-generating function satisfying �.0/ D
0 and �.1=2/ D lnN . Given an arbitrary function � fulfilling these conditions,
an S-type mesh is defined. The final mesh is constructed by drawing lines parallel
to the coordinate axes through these mesh points and is denoted by T N . Figure 1
shows two examples of such meshes. The domain˝ is divided into the subdomains
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Fig. 1 Two S-type meshes: Shishkin mesh (left), Bakhvalov-Shishkin mesh (right)

with˝12 WD Œ0; �x�� Œ�y ; 1��y� covering the exponential layer,˝21 WD Œ�x ; 1���
Œ0; �y �[ Œ1� �y ; 1�

�
the parabolic layers, ˝22 WD Œ0; �x��

�
Œ0; �y �[ Œ1� �y ; 1�

�

the corner layers, and˝11 WD Œ�x ; 1�� Œ�y ; 1��y� the remaining non-layer region.
Related to the mesh-generating function �, we define by  D e�� the mesh-

characterising function whose derivative yields information on the approximation
quality of the mesh.

Two representatives of those meshes are the original Shishkin mesh [18] with
�.t/ D 2t lnN and max j 0j D 2 lnN , and the Bakhvalov-Shishkin mesh [16]
with �.t/ D � ln.1 � 2t.1 � N�1// and max j 0j D 2. Both meshes are shown in
Fig. 1.

We assume for simplicity of the presentation that the maximal mesh sizes inside
the layer regions

h WD max
iD1;:::;N=2

xi � xi�1 and k WD max
jD1;:::;N=4

yj � yj�1

are both smaller than CN�1 max j 0j.

3 General Finite Element Spaces and Interpolation

Let us come to the definition of the general local finite element space. It is given by

Q|
p . O	/ D span

�
f1; 
g � f1; �; : : : ; �pg [ f1; 
; : : : ; 
pg � f1; �g [ 
2�2eQ. O	/

�

with the space

eQ. O	/ WD span
˚

i�j W i D 0; : : : ; p � 2; j D 0; : : : ; ki

�

satisfying Pp�4. O	/ � eQ. O	/ � Qp�2. O	/ and ki � kiC1 for i D 0; : : : ; p � 3.
Figure 2 shows a graphical representation of two example of Q|

p . O	/ in the case
p D 9. A square at position .i; j / represents a basis function 
i�j of Q|

p . O	/. The
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Fig. 2 Full space Qp.O	/ (left), Serendipity space Q˚
p .O	/ (right)

darker squares correspond to those functions present in all spaces we consider, while
the lighter ones represent 
2�2eQ. O	/. The left picture of Fig. 2 shows the standard
Qp-space governed by taking eQ. O	/ D Qp�2. O	/; while the right picture presents
the serendipity space Qp̊ defined by eQ. O	/ D Pp�4. O	/ for p � 4 and eQ. O	/ D ; for
p D 2; 3.

We define our global finite element space as

V N WD
n
v 2 H 1

0 .˝/ W vj� 2 Q|
p .	/ 8	 2 T N

o

where Q|
p .	/ is obtained from Q|

p . O	/ in the usual way by using the reference
mapping F� W O	 ! 	 .

We now define two different interpolation operators. First, we consider an inter-
polation operator based on point evaluation at the vertices, line integrals along the
edges and integrals over the cell interior.

Let Oai and Oei , i D 1; : : : ; 4, denote the vertices and edges of the reference
element O	 , respectively. We define the vertex-edge-cell interpolation operator I W
C. O	/ ! Q|

p . O	/ by

I Ov. Oai / D Ov. Oai /; i D 1; : : : ; 4; (3a)
Z

Oei

.I Ov/ Oq D
Z

Oei

Ov Oq; i D 1; : : : ; 4; Oq 2 Pp�2. Oei /; (3b)

“

O�
.I Ov/ Oq D

“

O�
Ov Oq; Oq 2 eQ. O	/: (3c)

It can be proved that this interpolation operator is uniquely defined.
The interpolation operator I on the reference element O	 induces the global

interpolation operator IN W C.˝/ ! V N by
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.IN v/j� WD F� ı I ı F �1
� .vj� / 8	 2 T N ; v 2 C.˝/; (4)

with the bijective reference mapping F� W O	 ! 	 .

Theorem 3. For the finite element space V N and the vertex-edge-cell interpolation
operator IN defined by (3) and (4), there holds the L1-stability

	
	
	INw

	
	
	
L1.�/

� CkwkL1.�/ 8w 2 C.	/; 8	 � ˝;

and the anisotropic error estimates

		
	w � INw

		
	
Lq.�ij /

� C

sX

rD0

		
	
	h
s�r
i krj

@sw

@xs�r@yr

		
	
	
Lq.�ij /

;

		
	.w � INw/x

		
	
Lq.�ij /

� C

tX

rD0

	
		
	h
t�r
i krj

@tC1w

@xt�rC1@yr

	
		
	
Lq.�ij /

;

		
	.w � INw/y

		
	
Lq.�ij /

� C

tX

rD0

	
		
	h
t�r
i krj

@tC1w

@xt�r@yrC1

	
		
	
Lq.�ij /

for 	ij � ˝ and q 2 Œ1;1�, 2 � s � p C 1, 1 � t � p.

Using the technique given in [1] this theorem can be proved. Details can be found
in [11].

The second interpolation operator we are interested in, is a point-value oriented
interpolation operator. We consider two increasing sequences of pC 1 points �1 D

0 < 
1 < � � � < 
p�1 < 
p D C1 and �1 D �0 < �1 < � � � < �p�1 < �p D C1.
The point-value oriented interpolation operator J W C. O	/ ! Q|

p . O	/ is defined by
values on the edges including the vertices

.J Ov/.
i ;˙1/ WD Ov.
i ;˙1/; i D 0; : : : ; p; (5a)

.J Ov/.˙1; �j / WD Ov.˙1; �j /; j D 1; : : : ; p � 1; (5b)

and values in the interior

.J Ov/.
iC1; �jC1/ WD Ov.
iC1; �jC1/; i D 0; : : : ; p � 2; j D 0; : : : ; ki :

(5c)

The interpolation operator J is uniquely determined, see [11] for details. Similarly
as before we can define a global interpolation operator JN W C.˝/ ! V N using
the bijective reference mapping F� . It can be shown that all results from Theorem 3
are also valid for JN . For details we refer again to [11].
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4 Numerical Method and Convergence

We derive in this section bounds on the interpolation error and prove convergence
of the Galerkin method and the LPSFEM. Although we will give in this section
only results for the interpolation operator IN , the same results hold true for the
operator JN . With the usual Galerkin bilinear form

aGal .u; v/ WD ".ru;rv/C .cu � bux; v/; u; v 2 H 1
0 .˝/;

associated with problem (1), the standard Galerkin formulation of (1) is given by:

Find QuN 2 V N such that

aGal .QuN ; vN / D .f; vN / 8vN 2 V N : (6)

Since the standard Galerkin discretisation lacks stability even on S-type
meshes [15, 21], the local projection method is applied for stabilisation. Let ��
denote the L2-projection into the finite dimensional function space D.	/ WD
Pp�2.	/. The fluctuation operator 
� W L2.	/ ! L2.	/ is defined by 
�v WD
v � ��v.

In order to get additional control on the derivative in streamline direction, we
define the stabilisation term

s.u; v/ WD
X

�2TN

ı�
�

� .bux/; 
� .bvx/

�
�

with the cell-dependent parameters ı� � 0, 	 2 T N , which will be constant inside
each subdomain of ˝ , i.e., ı� D ıij for 	 � ˝ij . It was stated in [10] for dif-
ferent stabilisation methods that stabilisation is best if only applied in ˝11 [ ˝21.
Therefore, we set ı12 D ı22 D 0 in the following.

The stabilised discrete problem reads:

Find uN 2 V N such that

aLPS.u
N ; vN / WD aGal .u

N ; vN /C s.uN ; vN / D .f; vN / 8vN 2 V N : (7)

The subsequent analysis uses the "-weighted energy- and the LPS-norm

jjjvjjj" WD �
"krvk20 C �kvk20

�1=2
and jjjvjjjLPS WD

�
jjjvjjj2" C s.v; v/

�1=2
:

Theorem 4 (Interpolation error). Let the solution u of (1) fulfil Assumption 1.
Then, the interpolation operator IN provides the following pointwise interpolation
error bounds
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	IN u � u

	
	
	
L1.˝11/

� CN�.pC1/;
	
		IN u � u

	
		
L1.˝n˝11/

� C
�
N�1 max j 0j�pC1

:

Moreover, the L2- and energy norm bounds

	
	
	IN u � u

	
	
	
0

� C
�
N�1 max j 0j�pC1

and
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇIN u � u

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
"

� C
�
N�1 max j 0j�p

hold true.

The proof of Theorem 4 uses the decomposition of Assumption 1 and Theorem 3
to bound the different parts of u in the several subdomains of˝ . Note the appearance
of max j 0j in the estimates that refers to the quality of the underlying mesh.

Theorem 5 (Convergence Galerkin FEM and LPSFEM). Let the solution u
of (1) satisfy Assumption 1 and let QuN denote the Galerkin solution of (6). We
set

C WD 1CN�1=2 ln1=2N max j 0j: (8)

Then, we have ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇu � QuN

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
"

� CC 
�
N�1 max j 0j�p :

Let the LPSFEM solutions of (7) be denoted by uN and let the stabilisation
parameters be chosen according to

ı11 � CN�2�max j 0j�2p; (9a)

ı21 � C"�1=2 ln�1N
�
N�1 max j 0j�2; (9b)

ı12 D ı22 D 0: (9c)

Then, we have

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇu � uN

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
"

� CC 
�
N�1 max j 0j�p (10)

and
ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇIN u � uN

ˇ̌
ˇ
ˇ̌
ˇ
ˇ̌
ˇ
LPS

� CC 
�
N�1 max j 0j�p: (11)

Proof. The first result (10) follows from the triangle inequality, (4) and (11).
In order to prove (11), we use coercivity and the weak Galerkin orthogonality of

the stabilised method and obtain

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇIN u � uN

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ
2

LPS
� aGal

�
IN u � u; �

�C s
�
IN u; �

�
:
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Now the decomposition of Assumption 1 and anisotropic error estimates of IN and

� can be applied in the various subdomains of ˝ .

For a complete proof see [12].

Note that in order to prove convergence of the LPSFEM no additional orthogonality
of the interpolation operator is required and that the last estimate is a supercloseness
result.

Remark 6. The factor C defined in (8) is bounded by a constant for Shishkin and
the Bakhvalov-Shishkin meshes.

Remark 7. The choice (9) gives us the largest upper bounds for the whole class of
S-type meshes such that convergence of order p holds. In particular, for the standard
Shishkin mesh we obtain

ı11 � CN�2� lnN
�2p
; ı21 � C"�1=2N�2 lnN; ı12 D ı22 D 0 (12)

while we get

ı11 � CN�2; ı21 � C"�1=2 ln�1NN�2; ı12 D ı22 D 0: (13)

for the Bakhvalov-Shishkin mesh.

5 Numerical Results

We consider the following singularly perturbed convection-diffusion problem for
our numerical study:

�"�u � .2 � x/ux C 3

2
u D f in ˝ and u D 0 on @˝;

where the right-hand side f is chosen such that

u.x; y/ D
 

cos
�x

2
� e�x=" � e�1="

1 � e�1="

! �
1 � e�y=p"

� �
1 � e�.1�y/=p"

�

1 � e�1=p"

is the solution. Note that Assumption 1 is satisfied.
The presented numerical results were obtained by the finite element package

MooNMD [13]. All occurring systems of linear equations were solved directly by
using package UMFPACK [6–9].

As parameters we use " D 10�12, p D 5, � D 6. All numerical quadratures
are carried out using a 8 � 8-Gaussian quadrature rule. For the LPSFEM we set the
stabilisation parameters according to (12) for the Shishkin mesh and to (13) for the
Bakhvalov-Shishkin mesh, both with C D 0:001.
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Fig. 3 Number of degrees of freedom (left), number of non-zero entries of stiffness matrix (right)
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Fig. 4 Energy-norm errors for Galerkin FEM (left) and LPSFEM (right)

Figure 3 shows for three different choices of Q|
p the computational costs in

terms of degrees of freedom and number of non-zero entries in the stiffness matrix.
Clearly, the choice of the serendipity element Qp̊ reduces the costs by a factor of
about 2 compared to the full Qp-element while the standard enriched element QC

p

[12], gained by taking eQp D Qp�3 ˚ span
˚

p�2; �p�2�, lies in between.

Figure 4 shows the convergence of the two methods for the three different spaces
on the Shishkin and the Bakhvalov-Shishkin mesh. The upper curves correspond to
the Shishkin mesh and a convergence rate of O �.N�1 lnN/5

�
is observable for the

Galerkin FEM on the left and for the LPSFEM on the right. Note that the choice
of the space has almost no effect on the quality of the computed solutions. However,
the choice of the mesh has a much stronger effect – the lower curves correspond
to the Bakhvalov-Shishkin mesh. We observe a convergence order of O �N�5� and
on the finest mesh three orders of magnitude difference.
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Table 1 Galerkin discretisation withQ˚
5 ,N D 64, and " D 10�12 for different point distribution

types

ku � uN k" kJN u � uk" kJN u � uN k"
Type S-mesh B–S mesh S-mesh B–S mesh S-mesh B–S mesh

1 1.991-06 3.751-09 2.634-06 4.788-09 1.722-06 2.987-09
2 1.991-06 3.751-09 2.464-06 4.649-09 1.465-06 2.760-09
3 1.991-06 3.751-09 3.748-06 7.097-09 3.176-06 6.028-09

Table 2 Local projection stabilisation with Q˚
5 , N D 64, and " D 10�12 for different point

distribution types

ku � uN kLPS kJN u � ukLPS kJN u � uN kLPS
Type S-mesh B–S mesh S-mesh B–S mesh S-mesh B–S mesh

1 2.383-06 4.546-09 2.636-06 4.790-09 2.169-06 3.953-09
2 2.383-06 4.546-09 2.464-06 4.650-09 1.941-06 3.767-09
3 2.383-06 4.546-09 3.749-06 7.098-09 3.603-06 6.552-09

Finally, we want to study the influence of the distribution of the points which are
used to define the interpolation operator J . We have considered the case 
 D �with
three different choices:

type 1 equidistant point distribution (�1;�0:6;�0:2; 0:2; 0:6; 1),

type 2 Gauss–Lobatto points (�1;�0:765;�0:285; 0:285; 0:765; 1),

type 3 points condensed near 0 (�1;�0:25;�0:083; 0:083; 0:25; 1).

Tables 1 and 2 show the errors for the methods based on the above given point
distribution for a fixed mesh ofN D 64. Clearly, the difference of the errors between
those three different types is very small. Nevertheless, it can be observed that the
Gauss-Lobatto points give the smallest interpolation- and closeness errors while
type 3 generates the biggest errors. This is caused by the concentration of points
near 0 which leads to a worse behaviour of the interpolation operator.

Since the finite element space V N is not influenced by the choice of the interpo-
lation points, the error u � uN is the same for all interpolation operators. This can
be seen from the columns 2 and 3 in Tables 1 and 2.

Above consideration of the influence of point distributions on the behaviour
of the interpolation operator JN shows that it is sufficient to use an equidistant
point distribution although the more sophisticated choice of Gauss–Lobatto points
generates smaller interpolation errors.
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