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Abstract. In this article a constraint-based modeling of clinical path-
ways, in particular of surgical pathways, is introduced and used for an
optimized scheduling of their tasks. The addressed optimization criteria
are based on practical experiences in the area of Constraint Programming
applications in medical work flow management. Objective functions hav-
ing empirical evidence for their adequacy in the considered use cases are
formally presented. It is shown how they are respected while scheduling
clinical pathways.

1 Introduction

Increasing cost in health care and payment on the basis of case-based lump
sums (Diagnosis Related Groups – DRG) requires a more efficient, reliable and
smooth treatment of patients. One popular approach is the standardization of
treatments on the basis of medical work flows – so called clinical pathways.

The aim of this paper is the presentation of constraint-based modeling ap-
proaches and scheduling techniques for clinical pathways. Clinical pathways are
predefined work flows similar to those in traditional (i.e. industrial) scheduling
thus suitable for Constraint Programming techniques [3]. In this paper activities
in clinical processes, their required resources, their temporal relationships are
considered as well as the constraints resulting from the clinical infrastructure
and hospital organization. The general structure of clinical pathways and their
basics are completed by specialized approaches addressing in particular surg-
eries. The reason is that surgeries play a central role for the economic situation
of a hospital. Well-organized and resource efficient surgical treatment of patients
increases work quality and patient satisfaction while decreasing costs and thus
the risk of financial loss.

In health care there are particular scheduling approaches for nurse and physi-
cian rostering [7,16,17], appointment scheduling [10] surgery scheduling [5] –
sometimes with integrated rostering. However, a holistic approach for clinical
pathways seems to be missing.

2 Modeling Clinical Pathways

A clinical pathway is a standardized medical work flow. It consists of a sequence
of medical activities like diagnosis, preparation, treatment (e.g. surgery), care,
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training (e.g. physiotherapy) etc. In general, a medical activity has to be pro-
cessed within an earliest start time and a latest completion time and within
a minimal and maximal duration. Furthermore, a medical activity in general
requires several kinds of resources to be performed like nurses, doctors (e.g. sur-
geons, anesthetists), devices (e.g. MRT), rooms, instruments, consumables etc.

2.1 Tasks

In the context of finite-domain Constraint Programming a medical activity will
be represented by at least one task formally specified by the following definition:

Definition 1 (Task). A task is a non-preemptive activity with a start time,
a duration and an end time. Due to the fact that these times are in general
restricted but a-priori undetermined they will be represented by finite-domain
variables: Each task t has

– a start time variable t.start restricted by t.start ∈ St where St is a finite set
of non-negative integer values.1

– a duration variable t.duration restricted by t.duration ∈ Dt where Dt is a
finite set of non-negative integer values.

– an end time variable t.end restricted by t.end ∈ Et where Et is a finite set
of integer values.

For each task t the constraint t.start + t.duration = t.end has to be satisfied.
Furthermore, a task requires some capacity from a resource out of set of re-

sources; thus each task t has

– a capacity variable t.capacity restricted by t.capacity ∈ Ct where Ct is a finite
set of non-negative integer values.

– a resource identifier variable t.resourceId restricted by t.resourceId ∈ Rt where
Rt is a finite set of resource identifiers (cf. Section 2.2 below).

In some cases tasks are optional, i.e. they are not necessarily performed. This can
be modeled either with a possible duration of zero, i.e. duration ∈ {0, p, . . . , q}
where 0 < p ≤ q holds or with an additional Boolean flag isOptional deciding
whether the corresponding task is optional (1 [true]) or mandatory (0 [false]).

2.2 Resources

Constraint-based scheduling knows several kinds of resources. In the context of
clinical pathways a task requires in general either

– an exclusive resource: it performs at most one activity at the same time, e.g.
a surgeon, an operating room, a clinical device etc.

– or an alternative exclusive resource: it offers an assortment of exclusive re-
sources, however, one has to be chosen, e.g. similar operating rooms, a col-
lections of the same medical instruments etc.

1 Object-oriented notation is used within this article.
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– or a cumulative resource: it offers a limited quantity of its capacity, i.e. other
tasks can be performed concurrently, e.g. a pool of nurses, consumables,
power etc.

– or an alternative cumulative resource: it offers an assortment of cumulative
resources, however, one has to be chosen, e.g. storages of consumables, pools
of nurses etc.

It is assumed that each resource r has a unique integral identifier idr, i.e. a
“number” such that there is a bijection mapping resources to identifiers and
vice versa.

In constraint-based scheduling these resources are represented by adequate
constraints. If there are cumulative resources the corresponding constraints that
has to be satisfied ar defined accordingly:

Definition 2 (Alternative Cumulative Constraint). Let a set of tasks T
and a set of cumulative resources R be given. Each resource r ∈ R has a unique
identifier idr and an integral capacity Cr > 0. Then, the alternative cumulative
constraint is satisfied for R, T and Tr = {t ∈ T | t.resourceId = idr} for any
r ∈ R if the following inequality holds:

∀i ∈ [min
t∈T

St, max
t∈T

Et − 1] ∀r ∈ R ∀t ∈ Tr |
∑

t.start≤i<t.end

t.capacity ≤ Cr.

It has to be pointed out, that this definition is a special case of the cumulatives
constraints presented in [4] but generalizes the cumulative constraint originally
introduced in [1]:

Definition 3 (Cumulative Constraint). Let a set of tasks T and a cumula-
tive resource r with integral capacity Cr > 0 be given such that Rt = {r} holds
for each task t ∈ T . Then, the cumulative constraint is satisfied for T and r if
and only if

∀i ∈ [min
t∈T

St, max
t∈T

Et − 1] ∀t ∈ T |
∑

t.start≤i<t.end

t.capacity ≤ Cr

holds.

In general, pruning techniques for cumulative constraints, in particular for the
cumulatives constraint (cf. [4]) support tasks with possibly zero duration and
thus optional tasks.

In the special case where consumables have to be represented, cumulative
resources can be used for an adequate modeling (cf. [19]). However, there are al-
ternative approaches using specialized algorithms considering consumers as well
as producers of consumables to be stored in so-called reservoirs or inventories
with restricted capacities [14,15].

Alternative exclusive resource constraints are special cases of alternative cu-
mulative constraints and exclusive resource constraints are special cases of cu-
mulative constraints. The restriction is that the capacities of all resources is one:
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Cr = 1 for each considered resource r. Obviously the capacity requirements of
all considered tasks must be one, too. Otherwise, the task will neither require
the resource (its capacity is zero) nor the constraint will be satisfied because the
capacity of the task is greater than one.

However, other definitions are introduced for exclusive constraints in order
to highlight the differences with respect to cumulative constraints, in particular
there are specialized algorithms to handle these constraints (cf. [3]).

Definition 4 (Alternative Exclusive Resource Constraint). Let a set of
tasks T and a set of exclusive resources R be given. Each task t ∈ T requires
an unary capacity, i.e. t.capacity = 1 and each resource r ∈ R has an unique
identifier idr and an unary capacity Cr = 1, too. Then, the alternative exclusive
resource constraint holds for T and R if

∀s ∈ T ∀t ∈ T \ {s} ∀r ∈ R |
(s.resourceId = r ∧ t.resourceId = r) =⇒ (s.end ≤ t.start ∨ t.end ≤ s.start)

is satisfied.

This definition generalizes the definition of exclusive resource constraints:2

Definition 5 (Exclusive Resource Constraint). Let a set of tasks T and
an exclusive resource R be given such that t.capacity = 1 and Rt = {r} holds
for each task t ∈ T and the resource r has an unique identifier idr and Cr = 1
holds. Then, the exclusive resource constraint holds for T and r if

∀s ∈ T ∀t ∈ T \ {s} | s.end ≤ t.start ∨ t.end ≤ s.start

is satisfied.

In general, pruning techniques for exclusive resource constraints support tasks
with possibly zero duration and thus optional tasks. In particular, there are
specialized pruning algorithms for optional tasks on exclusive resources [21].
All these algorithms are adopted for alternative exclusive resource constraints
(cf. [13,25]).

If a medical activity requires several resources this will be modeled by several
tasks – one task for each required (alternative) resource. All these tasks will have
identical start times, durations and end times.

Example 1. Within the clinical pathway for a surgery the actual operation op
requires an operating room, a surgeon, an anesthetist and some nurses. There
are three operating rooms or1, or2, or3, two qualified surgeons su1, su2 and
four anesthetists an1, . . . , an4 available. Two of the five available nurses are
required. Obviously the operating room the surgeon and the anesthetist are
exclusive resources because they will not treat any other patient while operat-
ing. The available nurses are considered as one cumulative resource pool np

2 Exclusive resources are also called “single” resources or “one-machine” resources.
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offering a capacity of 5 (nurses). Thus this multi-resource activity op will
be modeled by four task op1, . . . , op4 with op1.start ≡ · · · ≡ op4.start,
Sop1 ≡ · · · ≡ Sop4 , op1.duration ≡ · · · ≡ op4.duration, Dop1 ≡ · · · ≡ Dop4 ,
op1.end ≡ · · · ≡ op4.end, and Eop1 ≡ · · · ≡ Eop4 . Furthermore, op1.capacity ∈
{1}, op1.resourceId ∈ {idor1, idor2 , idor3}, op2.capacity ∈ {1}, op2.resourceId ∈
{idsu1 , idsu2}, op3.capacity ∈ {1}, op3.resourceId ∈ {idan1, . . . , idan4}, and
op4.capacity ∈ {2}, op4.resourceId ∈ {idnp}.
In Example 1 all considered resources are independent from each other, thus
their identifiers are pairwise different by definition. For a practical implemen-
tation of this model in a Constraint Programming system, however, resources
are identified by their corresponding constraints and an additional relative in-
dex ranging from 0 (or 1) to a maximal index in case of alternative constraints.
Consequently, a bijection has to realized that maps identifiers to the according
constraints and indexes in case of alternatives.

In clinical practice, often the situation arises that the resources in alterna-
tives are also considered individually or alternative resources share some of their
individuals. In both cases, it has to be ensured that all tasks competing for an
individual resource in different contexts are related by the according constraints
as demonstrated in the following example:

Example 2. Within the clinical pathway for a surgery the actual operation re-
quires that the (a-priori known) leading surgeon is supported by any other (a-
priori unknown) assisting surgeon out of a pool of assistants. In general, this
pool of assistants consists of surgeons having also leading positions but never
both at the same time.

Using the presented modeling approach it is easy to master situations with shared
resources:

– use an “all-purpose” alternative cumulative constraint for all cumulative
resources and

– use another “all-purpose” alternative exclusive resource constraint for all
exclusive resources.

However, it is recommended to use as much as possible “special-purpose” con-
straints for alternative resources for highest flexibility, i.e. in order to adapt the
used pruning algorithms individually or reduce their overall runtime (see below).

Thus we suggest to apply the following rules while they are applicable:

– for each individual resource occurring in alternatives use the same identifier
and ignore the constraint for the individual resource.3

– for any pair of alternatives sharing individual resources use the same iden-
tifier for each shared individual and replace the constraints for the pair by
one alternative resource constraint covering the individual resources of the
pair.

3 It is not really necessary to ignore the redundant constraint.
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More formally, let R1, . . . , Rn be the possible domains of any resource variables.
Then, let P = P1 	 . . . 	 Pm be the partition4 of R1 ∪ . . . ∪ Rn such that

– if Ri ∩ Pk �= ∅ holds for any i ∈ {1, . . . , n} and any k ∈ {1, . . . , m} then
Ri ⊆ Pk holds, too,

– for each k ∈ {1, . . . , m} and each non-empty subset P ′ � Pk there is a Ri

with i ∈ {1, . . . , n} such that Ri ∩ Pk �= ∅ holds, however,Ri �⊆ P ′ holds.

A Union-Find algorithm – the classical algorithm was introduced by Tarjan [20]
– will compute this partition efficiently. Therefore, we start with the singular sets
{r1}, . . . , {rk} of all considered resources: {r1, . . . , rk} = R1∪ . . .∪Rn. Then, for
each pair of different resources rp and rq the sets containing them are united if
there is a set Ri such that rp, rq ⊆ Ri holds for 1 ≤ i ≤ n and 1 ≤ p < q ≤ k.

Obviously, it holds

|T1|n + · · · + |Tm|n < (|T1| + · · · + |Tm|)n

if T1, . . . , Tm are the non-empty task sets to be scheduled independently on
the resources in P1, . . . , Pm.5 Assuming polynomial runtime of the pruning algo-
rithms it means that the overall runtime of the pruning for the “special-purpose”
alternative resource constraints is less than the runtime of the pruning for an
“all-purpose” alternative resource constraint.

The application of these rules in the situation presented in Example 2 results
in the following constraint model:

Example 3 (Continuation of Example 2). Let the clinical pathways for surg-
eries require an (a-priori known) leading surgeon and sometimes require any
other (a-priori unknown) assisting surgeon. Then all potentially leading or as-
sisting surgeons will be considered commonly in an alternative exclusive resource
constraint.

2.3 Temporal Relationships

The activities of clinical pathways are in general temporally related. There are
absolute/relative and intra-/inter-pathway relationships. In the absolute case
tasks can take up to three different roles:

– Successors : each successor s of a task t starts after the end of t within a given
offset. It holds t.end + offsett,s = s.start where the delay offsett,s is either an
integer value or a finite-domain variable. Choosing the delay appropriately
it is possible to model several situations, e.g.
• offsett,s ∈ [0, MAX HORIZON]: t must be finished before s will start,

which is equivalent to t.end ≤ s.start if the value MAX HORIZON is
sufficiently large.

4 Such a partition is uniquely defined.
5 N.B. T1, . . . , Tm define a partition as well.
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• offsett,s ∈ [−5, 5]: t must be finished at most five time units before/after
t will start.

– Predecessors : for each predecessor p of a task t it holds that t is a successor
of p.

– Concurrent activities: for any two concurrent tasks c an d it holds c.start +
startOffc,d = d.start and/or c.end + endOffc,d = d.end where the delays
startOffc,d and endOffc,d are either integer values or finite-domain variables.
Choosing the delays appropriately it is possible to model several situations:
• c.start − 5 = d.start: c starts five time units later than d
• c.end+ endOffc,d = d.end with endOffc,d ∈ [0, MAX HORIZON]: c finishes

not-after the end of d.

These relations are complete in the sense of Allen [2] because any temporal
relationship between the start times and end times of any two a-priori known
activities are specifiable. Alternatively, the temporal relationships of start times
and end times are representable as a Simple Temporal Problem according to [8]:

Definition 6 (Temporal Constraints). Let a set of start and end time vari-
ables E be given. Then the temporal constraints T (E) on E are constituted by
a set of of inequalities e − e′ ≤ d where d is an integer constant and e, e′ are
in E.

The situation becomes more complicated if the (temporal) relations between
two medical activities in different clinical pathways depend on the chronological
order of the “crucial” tasks of these pathways, e.g. the actual operations in the
clinical pathway of two different surgeries. In practice, often the situation arises
that a task xa of a clinical pathway a is related to a task yb of another clinical
pathway b by a constraint ca,b, e.g. ca,b ≡ xa.end + offsetxa,yb

= yb.start, if
the operating task opa of pathway a is the direct predecessor of the operating
task opb of pathway b in the commonly used operating room. This means that the
conditional constraint between xa and yb has to be satisfied only if the operation
of a is scheduled directly before the operation of b.

The proposed constraint-based approach to handle this situation adequately
uses a sequence dependent setup costs constraint:

Definition 7 (Sequence Dependent Setup Costs). Let a sequence of tasks
T = t1, . . . , tn with n > 1 be given. It is assumed that these tasks have to be
scheduled in linear order, i.e. it holds

ti.end ≤ tj .start ∨ tj .end ≤ ti.start for 1 ≤ i < j ≤ n.

It is further assumed that for each pair of tasks (ti, tj) with 1 ≤ i, j ≤ n there is
an non-negative integer cost value costi,j .

Then, for each task tj in the sequence T (1 ≤ j ≤ n) the finite domain
variable setupCost(tj , T ) defines the sequence dependent setup cost of tj (with
respect to T ) if this variable is constrained to
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setupCost(tj , T ) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

costi,j if there is a task ti with 1 ≤ i ≤ n such that
ti.end ≤ tj .start holds and for each task tk

with 1 ≤ k ≤ n, k �= i, k �= j it holds
tk.start < ti.end or tj .start < tk.end,

0 otherwise.

This means that the setup cost of a task tj is determined by its direct predeces-
sor ti – if there is any: ti is scheduled before tj and there is not any other task
scheduled between ti and tj.

Now, let op1, . . . , opn be the operations to be performed concurrently in the
operating room of opa and opb, i.e. 1 ≤ a, b ≤ n holds. Further, let costValuei,j =
i for 1 ≤ i, j ≤ n.

Then, it is possible to trigger the constraint ca,b conditionally using reified
constraints, i.e. logical connections (implication, disjunction etc.) of possibly
negated constraints:

(setupCost(opb) = a) =⇒ ca,b.

A rather similar situation is given, if the preparation time for one task in a clinical
pathway depends on another task in another pathway. This occurs, e.g. due to
cleaning and autoclaving times resulting from a previously performed treatment.
An adequate constraint-based model of this situation is usually based on sequence
dependent setup times constraints. (cf. [9] for a survey and a definition and [24]
for a modeling and pruning algorithms).

2.4 Infrastructural and Organizational Relationships

Among the presented treatment-specific relationships there are additional re-
strictions on the activities of clinical pathways. Some of them are of organi-
zational nature while others are caused by the infrastructure of the medical
institution:

– time slots for some activities, sometimes depending on the used resources,
e.g. working or operating hours etc.

– (sequence dependent) setup or transfer times, e.g. for autoclaving surgical
instruments or for the transportation of the patients from one location to
another.

– the location of stations, devices, treatment rooms etc. and the connections
between them, e.g. corridors, entrance and exit doors etc.

2.5 Relating Times and Locations

In general, for some tasks there are alternative time slots available in order to
process these tasks. However, some of the alternative time slots are only available
for some alternative resources and vice versa.
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Example 4. On Tuesdays the orthopedic surgeries either has to be performed
between 08:00 and 10:30 or between 16:00 and 20:30. However, in the morning
there are only the operating rooms numbered 4 and 5 available for orthopedic
surgeries and in the afternoon only the rooms with number 1 and 3.

In Constraint Programming it is suitable to model these dependencies between
time slots and resources using so called element constraints.

Definition 8 (Element Constraint). Let a sequence of integers values and/or
finite-domain variables element0, . . . , elementn−1 (n > 0) be given. Further, let
value and index be two finite domain variables. Then, the element constraint

value = 〈element0, . . . , elementn−1〉[index]

holds for these entities if value = elementindex is satisfied.

Example 5 (Continuation of Example 4). Let s1, . . . , sk be the orthopedic
surgery tasks to be scheduled next Tuesday according to the spatiotemporal
relationships presented in Example 4. The time granularity for scheduling is 5
minutes per time unit. Thus the whole day (0:00 to 24:00) is represented by the
interval [0, 288] and e.g. 8 o’clock in morning by 96. It is assumed that each
surgery task is additionally defined by

– its variable slot start slotStart ∈ {96, 192},
– its variable slot end slotEnd ∈ {126, 246},
– an a.m./p.m. selector variable ampm ∈ {0, 1},
– a finite-domain variable for the operating rooms available during the morning

slot amOR ∈ {4, 5},
– another finite-domain variable for the operating rooms available during the

afternoon slot pmOR ∈ {1, 3}.
Then, for 1 ≤ i ≤ n the constraints

si.slotStart = 〈96, 192〉[si.ampm]
si.slotEnd = 〈126, 246〉[s.i.ampm]

si.resourceId = 〈si.amORs, si.pmORs〉[si.ampm]
si.slotStart ≤ si.start

si.end ≤ si.slotEnd

model the spatiotemporal relationships presented in Example 4 adequately. Ev-
idence of this modeling is given by examination of the two cases: ampm = 0 and
ampm = 1.

In general, element constraints are very appropriate to relate times and/or lo-
cations, e.g. to assign the induction and recovery rooms to their according op-
erating room, to assign the transportation times from the hospital wards to the
treatment locations etc.
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2.6 Room-Specific Relationships

In particular, spatiotemporal relationships in hospitals are sometimes very spe-
cific: In one practical application, the situation arises that a newly operated
patient treated in one specific operating room has to pass the related induction
room in order to end up in the related recovery room. For several reasons (in-
fection risk, privacy etc.) it has to be ensured that there is no other patient in
the induction room while moving the newly operated patient from the operat-
ing room into the recovery room. – The following constraint-based approach is
proposed to consider this “design-specific” situation adequately:

For each surgery i there is a task for induction indi and another task for
recovery reci in its clinical pathway. Obviously, the induction task is before the
real surgery task si and the recovery task is afterwards:

indi.start < indi.end ≤ si.start < si.end ≤ reci.start.

Then, for any two surgeries a and b potentially performed in this special oper-
ating room numbered idor, i.e. Ra � idor, Rb � idor, the reified constraint

sa.resourceId = idor ∧ sb.resourceId = idor

=⇒ (recb.start − inda.start) · (reca.start − indb.start) < 0

is stated. Alternatively, e.g. if the used Constraint Programming system does
not support such reified constraints, the following approach

(recb.start − inda.start) · (reca.start − indb.start)
< ((sa.resourceId − idor)2 + (sb.resourceId − idor)2) · BIG INTEGER.

is suitable, too, if the integer value BIG INTEGER is sufficiently large. In the case
that non-linear arithmetics are not supported, another alternative modeling is
suggested using the Kronecker operator:

Definition 9 (Kronecker Operator). Let an integer value val and a finite-
domain variable var be given. Then, the Kronecker operator is defined by

δval(var) =

{
1 if var = val,
0 otherwise.

Using the Kronecker operator, the following simplified alternative

(recb.start − inda.start) · (reca.start − indb.start)
< (2 − δidor (sa.resourceId) − δidor (sb.resourceId)) · BIG INTEGER.

is also suitable, if the integer value BIG INTEGER is sufficiently large.
All three approaches models the situation correctly. Evidence is given by the

following considerations: If at least one of both surgery tasks is not performed
in the considered operating room, then the implication is satisfied and the right-
hand-sides of the inequalities become large enough such that they dominate
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the left-hand-sides of the inequalities. Now, it is assumed that both surgeries
are performed in the considered operating room. Then, the condition of the
implication is satisfied and its conclusion is identical with both inequalities,
because their left-hand-sides become zero.

Without loss of generality, it is further assumed that surgery a is performed
before b.6 Due to the order of the tasks in the clinical pathways of surgeries it
holds inda.start < recb.start. It follows immediately that

recb.start − inda.start > 0 and thus reca.start − indb.start < 0.

This means that the recovery of surgery a has already started (in the recovery
room after leaving the induction room) before the induction of surgery b starts:
reca.start < indb.start.

3 Scheduling Clinical Pathways

The challenge in constraint-based scheduling of clinical pathways is the deter-
mination of values for the start, duration, and end variables of all tasks in the
pathways such that all all inter- and intra-pathway constraints (see Section 2)
are satisfiable, e.g. there are values for the remaining variables such that all
constraints are satisfied.

3.1 Optimization

Practical experiences show that optimized scheduling of clinical pathways is
rather difficult. Beyond the intrinsic complexity of optimization, the reasons are
that the criteria in a clinical context are manifold, informal, and sometimes con-
tradicting each other. There is currently neither a generally accepted objective
function nor an according scheduling strategy to be customized via appropriate
parameter setting. Different contexts require specialized solutions. Some evi-
dence is given by the following two cases:

Workload Balancing in Surgery Slots. Practical experiences in surgical
pathway scheduling have shown that a balancing of the workload within the
time slots of the actual surgery tasks is often favored.

The chosen scheduling approach uses the work load factor in percent:
workloadFactor ∈ [0, 100]. For a proper consideration of this objective the
constraint-based model has to be extended: for each slot si with maximal slot
duration msdi (e.g. the difference between the latest slot end and the earliest
slot start), with variable slot start slotStarti and variable slot end slotEndi the
constraint

slotEndi ≤ slotStarti +
msdi

100
· workloadFactor

6 The factors of the product on the left-hand-side are symmetric with respect to the
surgeries.
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has to be added. More weak criteria like “the surgery tasks should be – if possible
– in the chronological order of their requests” following the principle: “first-come,
first-served” are difficult to model. Even if penalties for offending this principle
are not quantified. In such a case, it is suggested to use an appropriate heuristic
search strategy instead of a (strong) branch-and-bound optimization.

This scheduling strategy distributes the surgery tasks over the available slots
according to their time and location restrictions (cf. Section 2.5). The algorithm
is based on the invariant that the already distributed surgery tasks are con-
strained to be in linear order in their slots and realizes a depth-first chronological
backtracking search:

While there are not yet distributed surgery tasks

– sort the slots according to their work load – lowest load first.
– select the next task according to “first-come, first-served”.
– while there is a next slot, try to insert the task into the linear order already

established there without causing an inconsistency:
• start with the last position (after all tasks) first.
• finish either with success if such position is found or continue with the

next slot otherwise.
– if scheduling fails, backtrack to the last recently scheduled task and try

another position and/or slot. Otherwise continue with the next task.

This scheduling strategy is completed by a depth-first chronological backtracking
labeling strategy. The labeling tries to determine the values of the necessary
variables such that all remaining variables will be fixed, too. If the labeling fails,
search backtracks to the task distribution until either another distribution of
tasks is found or finitely fails because there is no admissible schedule.

A workload balancing distribution of tasks (without linear task orders) can be
seen as a preprocessing for a more “local” optimization strategy. Such a strategy
on individual operating slots and rooms is addressed in the following:

Optimized Sequencing of Surgeries. In one practical application the chal-
lenge is an optimized sequencing of the actual surgery tasks in surgical pathways.
In this context the operating rooms and the time slots are already allocated to
each surgery task (cf. Section 3.1). Furthermore, there are two operating tables
in alternating use: while one table is currently used in the operating room the
other is altered for the next surgery. Additionally, all surgeries have priority
scores (e.g. high scores for surgeries with a high anesthetic risk) and they have
to be performed without break: the next surgery starts directly after the current.

The optimization criteria are manifold:

– minimize the delays of the surgeries according to its scores, i.e. apply the
principle: “the higher the score the earlier the surgery”,

– reduce the costs for the preparations and alterations of the tables,
– reducing the delays of the surgeries is the primary optimization criterion

while the cost reduction has secondary importance.
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It is proposed to use a weighted sum to represent all these criteria adequately
in an objective function. Therefore, for each surgery s let

– its priority score s.score be an integer value,
– its bedding type s.type be an integer value determining the sequence depen-

dent preparation/alternation cost for this surgery.

For each bedding type t let initalCostt be a non-negative integer value deter-
mining the cost for the initial preparation of an operating table for a surgery of
type t. For each pair of bedding types s, t let alterationCosts,t be a non-negative
integer value determining the cost for the alteration of an operating table from
type s to type t.

Thus, for the sequence of surgeries S = s1, . . . , sn, (n > 1) to be scheduled
a permutation σ : {1, . . . , n} → {1, . . . , n} and a labeling of the start times
s1.start, . . . , sn.start has to be found such that

sσ(i).start = sσ(i−1).start + sσ(i−1).duration

is satisfied for 1 ≤ i ≤ n and the sum

initalCostsσ(1).type + initialCostsσ(2).type

+
n−2∑

i=1

alterationCostsσ(i).type,sσ(i+2).type +
n∑

j=1

α · sσ(j).score · sσ(j).start

is minimal. – Here, the value of the parameter α adjusts the importance of the
delay of surgeries with respect to the costs: the larger the value the higher the
importance.

Due to the fact that the order of the surgeries is a-priori unknown, i.e. it has
to be determined during an optimized scheduling, appropriate constraints have
to be used to model this objective adequately in Constraint Programming. First
of all there is a specialized cost constraint required taking the alteration of the
operation tables into account:

Definition 10 (Sequence Dependent Alternating Setup Costs). Let a
sequence of tasks T = t1, . . . , tn with n > 1 be given. It is assumed that these
tasks have to be scheduled in linear order, i.e. it holds

ti.end ≤ tj .start ∨ tj .end ≤ ti.start for 1 ≤ i < j ≤ n.

It is further assumed that each task ti with 1 ≤ i ≤ n has a specific type t.type
(an integer value) and there is a non-negative integer cost value initalCostt.type

and that for each pair of tasks (ti, tj) with 1 ≤ i, j ≤ n there is a non-negative
integer cost value alterationCostti.type,tj .type.

Then, for each task tj in the sequence T (1 ≤ j ≤ n) the finite domain variable
alternatingSetupCost(tj , T ) defines the sequence dependent alteration setup cost
of tj (with respect to T ) if this variable is constrained to
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alternatingSetupCost(tj , T )

=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

alterationCostth.type,tj .type if there are two tasks th, ti with 1 ≤ h, i ≤ n

such that th.end ≤ ti.start ∧ ti.end ≤ tj .start

holds and for each task tk with 1 ≤ k ≤ n,

k �= i, k �= h, k �= j it holds tk.end ≤ th.start

or tj .end ≤ tk.start,

initialCosttj .type otherwise.

This means that the alternating setup cost of a task tj is determined by the
direct predecessor th of its direct predecessor ti – if there are any: th is scheduled
before ti, ti is scheduled before tj and there is neither a task scheduled between
th and ti nor between ti and tj .

This constraint is sufficient for a constraint-based modeling of the proposed
objective

n∑

i=1

alternatingSetupCost(si, S) + α · si.score · si.start

which is independent of the a-priori unknown permutation and correct by defi-
nition of the alternating setup costs constraint and because any permutation of
the weighted start times will not change their sum.7

3.2 Implementation

The realized scheduling of clinical pathways is based on the presented model-
ing approaches (cf. Section 2). In particular, schedulers are realized for surgical
pathways. The schedulers are implemented in Java combining object-orientation
of the host language with Constraint Programming supported by the constraint
solver library firstCS [11,23].

The pruning algorithms for the sequence dependent setup costs constraints are
based on adjacency matrices. These matrices are used to maintain the transitive
closure of the task order relation. For instance, possible predecessors (or pre-
predecessors in the case of alternating costs) are used to restrict the domain of
a task’s cost variable or the maximal gap between two task is used to determine
whether a task is a direct predecessor of another task thus determining the cost
value of the direct successor task. For sequence dependent setup times, however,
the implementation of the according constraint is based on the results presented
in [6,24].

For the heuristic workload balancing the combined scheduling and labeling
presented in Section 3.1 is implemented as described there. For efficiency rea-
sons – this strategy is applied on-line while the surgeries are agreed between the

7 Addition is associative and commutative.
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physicians and their patients – this “heuristic optimization” is chosen. The com-
puted schedules are accepted by the physicians and the patients because they
are (mostly) conform with their expectations.

The optimized sequencing of surgeries presented in Section 3.1 uses in the
first version a weighted task sum constraint – cf. e.g. [12,18] for its definition
and pruning algorithms – and a task labeler which labels the start times of the
considered tasks after finding a linear task order with depth-first, chronologi-
cal backtracking search (cf. [12, Section 13.3]). Optimization uses a dichotomic
branch-and-bound approach. However, this first approach performs rather bad
in some use cases. For improving the runtime of this scheduler a specialized
weighted task sum constraint [26] is investigated addressing the delay of the
surgery start times. The improved pruning algorithms takes into account that
the weighted addends are the start times of tasks to be scheduled in linear or-
der yielding better approximations of the sum’s lower bound. Furthermore, the
labeling is replaced by a simplified search algorithm appropriate for task schedul-
ing without breaks [22]. These modifications performs well even with the chosen
dichotomic branch-and-bound optimization of the weighted sum.

Practical applications of the realized scheduling in hospitals have shown that
the implementation performs well. In general – even optimal – schedules are
computed within a few seconds on a modern PC, however in rare cases the
branch-and-bound optimization is interrupted after a individually set time limit
yielding sub-optimal but acceptable solutions.

4 Conclusion

There are modelings for clinical pathways presented. The considered modeling
aspects reach from intra- to inter-path relationships addressing spatiotemporal
and sequence dependent constraints. It is shown how these modelings are applied
in practical applications to schedule clinical tasks on medical resources while
balancing workload or minimizing costs and delays.
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2003. LNCS (LNAI), vol. 3010, pp. 223–232. Springer, Heidelberg (2004)

23. Wolf, A.: Object-oriented constraint programming in Java using the library
firstCS. In: Fink, M., Tompits, H., Woltran, S. (eds.) 20th Workshop on Logic Pro-
gramming, Vienna, Austria, February 22-24. INFSYS Research Report, vol. 1843-
06-02, pp. 21–32. Technische Universität Wien (2006)

24. Wolf, A.: Constraint-based task scheduling with sequence dependent setup times,
time windows and breaks. In: Im Fokus das Leben, INFORMATIK 2009. Lecture
Notes in Informatics (LNI) - Proceedings Series of the Gesellschaft für Informatik
(GI), vol. 154, pp. 3205–3219. Gesellschaft für Informatik e.V (2009)

25. Wolf, A., Schlenker, H.: Realizing the alternative resources constraint. In: Seipel,
D., Hanus, M., Geske, U., Bartenstein, O. (eds.) INAP/WLP 2004. LNCS (LNAI),
vol. 3392, pp. 185–199. Springer, Heidelberg (2005)

26. Wolf, A., Schrader, G.: Linear weighted-task-sum – scheduling prioritised tasks on
a single resource. In: Seipel, D., Hanus, M., Wolf, A. (eds.) INAP 2007. LNCS
(LNAI), vol. 5437, pp. 21–37. Springer, Heidelberg (2009)


	Constraint-Based Modeling and Scheduling of Clinical Pathways
	Introduction
	Modeling Clinical Pathways
	Tasks
	Resources
	Temporal Relationships
	Infrastructural and Organizational Relationships
	Relating Times and Locations
	Room-Specific Relationships

	Scheduling Clinical Pathways
	Optimization
	Implementation

	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




