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Abstract. In this paper we present a hybrid model for the static design vari-
ant of the routing and wavelength assignment problem in directed networks, an
important benchmark problem in optical network design. Our solution uses a de-
composition into a MIP model for the routing aspect, combined with a graph
coloring step modelled using either MIP (Coin-OR), SAT (minisat) or finite do-
main constraints (ECLiPSe). We consider two possible objective functions, one
minimizing the maximal number of frequencies used on any of the links, the other
minimizing the total number of frequencies used. We compare the models on a set
of benchmark tests, results show that the constraint model is much more scalable
than the alternatives considered, and is the only one producing proven optimal or
near optimal results when minimizing the total number of wavelengths.

1 Introduction

The routing and wavelength assignment problem (RWA) [10l1417] in optical networks
considers a network where demands can be transported on different optical wavelengths
through the network. Each accepted demand is allocated a path from its source to its
sink, as well as a specific wavelength. Demands routed over the same link must be
allocated to different wavelengths, while demands whose paths are link disjoint may
use the same wavelength.

The RWA problem is a well studied, important problem in optical network design, for
which many problem variants have been considered. Depending on the technology used,
the network may be assumed to be directed or undirected. The static design problem
considers the problem of allocating all given demands on the network topology, using
the minimal number of frequencies. The demand acceptance problem considers a fixed,
given number of frequencies on all links in the network. The objective is to accept
the maximal number of demands in the network. In this paper we discuss the static
design problem in a directed network, while a constraint-based solution for the demand
acceptance problem has been described in [13]].

More formally, we are considering a directed network G = (N, E) of nodes N and
edges E. A demand d € D is between source s(d) and sink ¢(d). We use the notation
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In(n) and Out(n) to denote all edges entering resp. leaving node n. An a priori upper
bound on the number of available wavelengths is required, we use the set /A for this

purpose.

Figure [Tl shows one of the example networks we will use in the evaluation, with just
two demands (5-13) and (1-12). On the left, the demands are allocated to different fre-
quencies (colours), and thus can share link 8-9, on the right they use the same frequency,

and therefore must be routed on link disjoint paths.
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Assigned different frequencies Assigned link disjoint paths

Fig. 1. Example Network ns £ with 2 Demands

1.1 Basic Problem

We can formulate a basic model of the problem with two sets of 0/1 integer variables.
Variables y:} denote whether demand d is accepted using wavelength )\, variables xﬁe

state whether edge e is used to transport demand d on wavelength .
: A
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Constraint 2)) enforces integrality of the solution, constraint (3)) states that all demands
must be accepted and must use exactly one wavelength. The clash constraint ) states
that on each edge, only one demand may use any given wavelength. We further have
constraints (3) and (@), which link the x and y variables at the source (resp. sink) of each
demand. Finally, constraint (7)) enforces flow balance on all other nodes of the network.

1.2 Extended Problem

Note that this model minimizes the maximal number of frequencies used on any link,
not the overall number of frequencies. For this we have to introduce another set of 0/1
indicator variables z* which state whether wavelength \ is used by any demand in the
network. The objective is then to minimize the sum of the z* variables. We also impose
inequality constraints between z7), and z* variables in constraint (I of the following,
extended model which force the indicator variable for a frequency to be set as soon as
one demand uses the frequency.

It is not clear a priori whether the basic or the extended model capture the objective
of minimizing the number of frequencies used, we will have to consider both alterna-
tives in our solution approach. Both variants occur in the literature [5], without a clear
indication which would be more relevant in practice.

min Z 2 (®

AeA
S.t.

2 €{0,1},y; € {0,1},2), € {0,1} )
vieD: Y y;=1 (10)

AeA
Vde D,Yec E\VA € A: x)), <2 (11)
Ve e E,NAE A Zxﬁegl (12)

deD
VdeDVAEA: Y xp=0, >l =y, (13)

ecn(s(d)) e€Out(s(d))
Vde D,VAe A: >ooaw=0, > aj =y (14)

ecOut(t(d)) e€In(t(d))

Vde€ D,YA€ A¥ne N\ {s(d),t(d)}: > a).= > (15)
e€ln(n) e€Out(n)

Figure [2 shows the difference between the basic and extended cost on a small example
with three nodes 1, 2, 3 and three demands A, B, C. On each directed link we need
only two colours, that means that the basic model has cost 2, but overall we need three
colours for a feasible solution, the extended model therefore has cost 3.
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Fig. 2. Difference Between Basic and Extended Cost

1.3 Contribution and Related Work

As the complete model is quite hard to solve, it has been suggested before [[1] that a
two-step decomposition into a routing and a wavelength assignment phase would be
a good solution technique for this problem. We re-use this idea, but strengthen it by
improving each phase with some new techniques.

The main contributions of this paper are

— a comparison of different, generic solution methods for the generated graph color-
ing problem, using MIP, SAT and finite domain constraint programming,

— anew, very accurate lower bound to the RWA problem based on a resource-based
relaxation of an existing, source aggregation MIP solution,

— experimental results showing that using constraint programming very high quality
solutions are obtained by this method in seconds, significantly outperforming the
other techniques,

— results indicate that the basic problem is relatively easy to solve with a variety of
techniques, while the extended problem is much harder.

The RWA problem has been studied using many different solution methods, see [4]]
for an overview. We can distinguish two main approaches. Greedy heuristics use local
search techniques to accept demands incrementally, providing fast solutions for large
problem cases, but without a formal guarantee of solution quality. Alternatively, com-
plete methods, mainly based on ILP (Integer Linear Programming) techniques, can pro-
vide optimal solutions, but are restricted in the problem size handled [516].

The static design problem considered here requires a somewhat different solution
approach than the demand acceptance problem discussed in [[L3]. It uses a similar two-
phase decomposition, but the relaxation of the second phase is much simpler, handled
by adding additional frequencies rather than using explanation techniques to identify
demands to be removed from the problem. At the same time, the resource MIP prob-
lems seems more difficult to solve for the static design case, restricting scalability with
regards to network size.

A general overview of constraint applications in the network domain is given in [12]].
Smith in [14] discusses a design problem for optical networks, but this is restricted to a
ring topology, and minimizes the need for ADM multiplexers.

The RWA problem considered here is not too far removed from the static design
problem in MPLS traffic engineering (MPLS-TE) in IP networks, which has been ap-
proached with multiple hybrid constraint solution techniques as described in [8I7112].
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The main difference is that demands in the MPLS-TE problem have integer sizes and
overall link capacity limits are enforced instead of clash constraints. Note that the choice
of objective function (static design vs. demand acceptance) also plays a major role in
influencing the solution methods for MPLS-TE.

2 Source Aggregation

The direct formulation of the problem based on () or (8) does not scale well for increas-
ing network size or number of demands. A possible improvement has been described
in the literature for the RWA by aggregating flows for all demands originating in the
same source node. This removes some of the symmetries that have to be considered and
reduces the problem sensitivity to increasing number of demands. We can adjust the
source aggregation model used in [[13]] based on [15] to the different objective functions
discussed here, this leads to the following model for the basic problem:

min Zmax (16)
S.t.
Zmax € {0, 1[4}, 25, € {0,1} (17)
Vec EVA€A: Y ) <1 (18)
SEN
Vs € N,VA€ A: Z ) =0 (19)
e€ln(s)
Vse NVde D VAeA: > x> > a, (20)
e€In(d) e€Out(d)
Vse NNVdeDe: > > ad =Y, > al+Pa @)
A€EA e€ln(d) A€A e€Out(d)
Vse NVn#sngD,VAed: > ad= > a (22)
e€ln(n) e€Out(n)
Veem: YD a0 < Zma (23)
sEN A€

Constraints (I7) define the integrality conditions. Constraint (I8) specifies the clash
constraint between demands from different sources. Constraint (I9) states that demands
originating in s can not be routed through s, while constraints 20) and @1)) consider
the destinations of demands originating in s and state that the correct number Py of
demands must be dropped in each node. Constraint (22)) enforces flow balance at all
other nodes of the network. The integer objective value zy,y is linked to the decision
variables via the inequalities (23) which bound the cost by the maximal number of
frequencies used on any link of the network.

If we change the objective function to handle the extended problem, we find that the
model can no longer solve realistic problem instances.
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3 Solution Approach

In this section we describe our solution approach which is based on a simple decom-
position strategy already proposed in [1]]. A solution to the static design RWA problem
must consider the following three activities:

1. Choose path for each demand
2. Assign wavelength for each demand
3. Minimize number of wavelengths used (basic or extended model)

We choose a decomposition technique which handles the first step with a MIP program
which assigns paths to the demands while minimizing the maximal number of demands
routed over a link. The second and third step are expressed as a graph coloring problem
where the nodes are demands and disequality constraints (edges) are imposed between
any two demands which are routed over the same link in the network. The overall so-
lution approach is shown in Figure Bl When using the MIP-MIP decomposition, the
graph coloring problem is solved as an optimization problem, minimizing the number
of wavelengths used. In the MIP-SAT/FD decomposition, we use a feasibility check for
the graph coloring problem. We start with the minimal number of wavelengths required
by the solution of the first phase. If we find a solution, the overall problem is solved to
optimality. If the problem is infeasible (or the solver times out), we increase the number
of wavelengths considered until we find a good, but possibly sub-optimal solution.

MIP Resource Model MIP Resource Model
Optimization Problem Optimization Problem
Extract Accepted Demands ‘ ‘ Extract Accepted Demands
MIP Graph Coloring SAT/FD Graph Coloring
Optimization Problem Decision Problem
No Increase Nr
Wavelengths
Yes
Solution
MIP - MIP Based Decomposition MIP - SAT/FD based decomposition

Fig. 3. Solution Approach

3.1 Phasel

The input for phase 1 is a demand matrix, an example for the nsf network is shown in
Figure[dl The colours encode the minimal distance between the nodes.
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Fig. 4. Sample Demand Matrix (100 Demands) for nsf Network

The first phase of the decomposition is a MIP model which minimizes the maximum
number of demands routed over any link in the network. The model is a relaxation of
the complete model (16), obtained by ignoring allocated frequencies and instead only
counting the number of demands routed over each link. Integer variables z. state how
many demands originating in s are routed over edge e. The domain of these variables is
limited by T, the total number of demands originating in s.

min Zmax (24)
S.t.
Zmax € {0, 1. A}, 2ee € {0,1.. T3} (25)
VsEN: > 2e=0 (26)
e€ln(s)
VsENVIEDs: Y zee= D, zetPu (27)
ecln(d) e€Out(d)
Vs € N,Vn # s,n ¢ Dy : Z Zse = Z Zse (28)
e€ln(n) ecOut(n)
Veer: Y Zse < Zma (29)
SEN

Constraint (23)) describes the integrality constraints, note that the variables have integer
(not 0/1) domains. The clash constraint (4)) has disappeared, the capacity limit for each
link is handled as part of the objective function. Constraint 26) limits the use of the
source node, while constraint (27) describes the balance around the destination nodes,
using Psg, the (fixed) number of demands from s to d. Finally, constraint (28] imposes
flow balance for all other nodes. Constraints (29) link the objective to the decision
variables.
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The solution to 24) does not immediately return the routing for each demand, this
requires a non-deterministic, but backtrack-free program to construct the paths, while at
the same time removing possible loops from the solution. Figure [§] shows the result of
phase 1 for source node 3, i.e. the third row in the demand matrix of Figure @ Numbers
in the nodes state how many demands originating in .S end in that node, numbers on
the edges state how many demands from the source are routed over them. The figure
highlights a situation where we have multiple paths between the source S in node 3 and
one of the destinations (node 11, marked A). We can freely choose which demand to
send over which path, as long as we satisfy the capacity restrictions.

Fig. 5. Phase 1: Example Solution for Source Node 3 (Marked S)

3.2 Phase?2

The graph coloring problem for the second phase is expressed with three different solvers,
a MIP optimization problem, and a SAT or finite domain decision procedure. All work

on the same graph coloring instance, where each demand is a node, and two nodes (de-

mands) are linked if they are routed over the same edge in the network. The MIP and SAT

models use 0/1 integer variables xé, which state whether demand d is using wavelength

A. The finite domain model uses variables y, which range over values 1 to A, the num-

ber of wavelengths considered in the model. As constraints it uses Al1different

constraints instead of binary disequalities, which allows us to use stronger propagation

methods [[15]].

Figure [0l shows the resource requirements computed for the sample demand matrix.
The numbers (and colours) on the edges denote how many demands are routed over
them, this corresponds to the size of the A11different constraints required for that
link. Note that the largest number of demands (13) is used on only 5 of the links. These
will be the most difficult constraints to satisfy, as the number of variables is equal to the
number of colours.
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Fig. 6. Phase 2: Resource Requirements

We use the predicate p(d, e) to denote if demand d was routed over edge e in the
solution of the phase 1 problem.

Phase 2 MIP Formulations. The graph coloring problem leads to a simple MIP for-
mulation for the second phase of the basic problem:

min Zmax (30)
S.t.
z) € {0,1},2max € {0,1,...,]A4]} (31)
Vaep Z ) =1 (32)
A€eA
VeeEVrea : >oooap<i (33)

{deD | p(d.e)}

Veer: Y. Y )< Zma (34)

A€A{deD | p(d.e)}

The objective is to minimize the integer variable zy,,x Which is bounded by the maximal
number of frequencies used on any edge of the network. Constraint (32)) states that each
demand must be assigned to a frequency, constraint (33)) imposes the clash condition
that only one demand can use a given frequency on each link, and constraint (34)) links
the cost and the decision variables.

We can obtain a model for the extended problem by adding 0/1 decision variables
2* which indicate if frequency A is used by any of the demands. We link the new
2> variables to the z) variables by inequality (@0), and update the objective function
with inequality (41)). We keep inequalities (39)), without them the linear relaxation only

produces a very weak lower bound of 1.
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min Zmax (35)
S.t.
x) € {0,1}, 2" € {0,1},2max € {0,1, ..., |A]} (36)
Vaep: Y ag=1 (37
AeA
VeeEVacn : Z ) <1 (38)

{deD | p(d,e)}

VeeE : Z Z -’L‘g < Zmax (39)

AeA{deD | p(d,e)}

VaepVaen : ) <2 (40)
D2 < o (41)
AEA

Phase 2 Finite Domain Model. For the finite domain model, we use variables y; which
range over all possible frequencies. To express the objective of the basic problem, we
need to consider how many different frequencies are used on each link. We can use the
NValue constraint [2] to count the number of different values used, leading to a model:

min max ne (42)
ecE
s.t.
ya € {0,1...,|A]},ne € {0,1..., |A|} (43)
Veer : nvalue(ne, {yq | p(d,e)}) 44)
Veer : alldifferent({yq | p(d,e)}) (45)

Since the NValue and A11different constraints are expressed over the same vari-
able sets, the problem can be drastically simplified. We know that the values in the
Alldifferent constraint must be pairwise different, and therefore find that the num-
ber of different values is equal to the number of variables in the constraint. The largest
Alldifferent constraint will be set up on some link where the optimal cost was
reached in phasel. The finite domain model for the basic problem therefore is no longer
an optimization problem, but a feasibility problem over arbitrary domains:

ya € {0, 1., [A[} (46)
Veer : alldifferent({yq | p(d,e)}) 47

For the extended problem, the phase 2 finite domain model is
i 48
N Max yq (48)
s.t.

ya € {0,1...,|A4]} (49)
Veep : alldifferent({yq | p(d,e)}) (50)
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We use “optimization from below”, and try out increasing values C for the objective
until we find a feasible solution. The (fixed) objective serves as upper bound on the
domain of the y, variables for each of the instances tested:

ya €{0,1...,C} (51)

Veerp :  alldifferent({yq | p(d,e)}) (52)

Phase 2 SAT Formulation. A SAT model for the second phase can be derived using
the :ﬂfl‘ variables and the clauses

. A A
VaeDVar hoed st M#r, & Tyt Voxp® o (53)

Vaep: \/ 23 (54)
AeA

VeceVaca,di,ds € Ds.t.p(di,e) Ap(da,e) Ndy #do: —z) V-ay,  (55)

Constraints (33) state that a demand can not be assigned to more than one frequency,
constraints (34) impose the other condition that each demand must be allocated to at
least one frequency, and constraints (33)) impose the clash constraints between any two
demands routed over the same edge of the network. Alternatively, instead of the clausal
representation, it is also possible to use the linear constraints of the MIP model directly
in a Pseudo-Boolean solver.

4 Experimental Results

Most of the published results on the RWA problem use randomly generated demands
on a few given network structures. We also use this approach and generate given num-
bers of demands between randomly chosen source and sink nodes. Multiple demands
between the same nodes are allowed, but source and sink must be different.

In the literature we found four actual optical network topologies used in experiments.
Their size is quite small, ranging from 14 to 27 nodes.

nsf 14 nodes, 42 edges
eon 20 nodes, 78 edges
mci 19 nodes, 64 edges
brezil 27 nodes, 140 edges

We explored different combinations of number of demands (100-600 demands in in-
crements of 100) for each of the network topologies and created 100 random problem
instances for each combination.

4.1 Basic Problem

The basic problem seems to be relatively well behaved, Table Il shows some results for
the complete (non-decomposed), source aggregation MIP model described in section2l
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Table 1. Selected Full MIP Examples (Basic Problem, 100 Runs Each)

Network Dem. A Opt.

brezil
brezil
eon

nsf
nsf

100 50
200 50
100 50
200 50
300 50
400 50
500 50
600 50
100 50
200 50
300 50
400 50
500 50
600 50
100 50
200 50
300 50
400 50
500 50
600 50

100

15
100
100
100
100
100
100
100

Avg
LP

42.52

Avg Avg LP Max LP Avg LP Max LP Avg MIP Max MIP

MIP
4.57

42.94

Gap
0.33
0.32
0.29
0.23
0.27
0.38
0.19
0.27
0.14
0.16
0.13
0.14

Gap  Time
0.90 165.65
0.75 585.18
0.75  13.69
0.75 27.17
0.75 33.08
0.75 19.87
0.75 23.44
0.75 28.94
0.83 845
0.80 13.45
0.80 15.56
0.80 18.37
0.80 16.46
0.80 27.50
0.90  3.09
0.75  3.36
0.75  3.20
0.75  3.49
0.79 497
0.75  8.06

Time
686.55
2022.48
43.94
147.25
143.49
92.49
99.09
73.19
26.36
45.88
97.48
58.34
50.08
99.06

Time
277.14
861.74

33.62
65.51
121.27
116.64
162.55
23291
20.27
38.79
55.78
109.85
129.90
257.70
8.17
12.75
17.01
27.36
54.60
88.72

Time

1139.03
2301.67
70.92
257.97
517.50
363.53
468.56
542.83
42.42
161.02
239.11
484.69
454.33
599.44
14.55
29.45
39.17
78.66
125.30
272.26

Table 2. Selected MIP-MIP Decomposition Examples (Basic Problem, 100 Runs Each)

Network Dem.

brezil
brezil
brezil
brezil
brezil
brezil
eon

eon

nsf
nsf
nsf
nsf
nsf
nsf

Multiple problem instances for the brezil network with 200 or more demands did not
find feasible solutions within 1 hour, for the other example networks solutions were

A Opt.

Avg
LP

150 100 4.24
150 100 7.92
150 100 11.51 11.
150 100 15.10 15.45
150 100 18.76
150 100 22.32
150 100 6.36 6.
150 100 11.54 11.77
150 100 16.62
150 100 21.47
150 100 26.43
150 99 31.36
150 100 7.67
150 100 13.42
150 100 19.24 19.37
150 100 25.00 25.14
150 100 30.45
150 100 36.00 36.11
150 100 7.97
150 100 15.06
150 100 21.96
150 100 28.81
150 100 35.79
150 100 42.52

found within 10 minutes.

The decomposition seems to work very well for the basic problem. Table [2| shows
results for the MIP-MIP decomposition, Table 3] shows results for the MIP-FD decom-
position, which finds the optimal solution for nearly all instances in less than a second.

Avg

4.57
8.26

6.65

16.89
21.85
26.62
31.63

7.81
13.58

30.58

8.38
15.45
22.29
29.18
36.13
42.94

Avg Max LP Max MIP2 Avg MIP Max MIP Avg MIP2 Max MIP2
MIP MIP2

4.57

Gap
0.90

Gap
0.00

Time Time Time
0.41 0.59 0.91
0.46 0.58 445
0.47 0.63 8.08
0.51 0.70 10.93
0.48 0.64 13.09
0.51 0.66 16.77
0.13 0.16 1.51
0.14 0.19 5.27
0.14 0.19 5.60
0.17 0.22 7.38
0.15 0.17 9.58
0.17 0.20 14.04
0.08 0.26 2.08
0.09 0.09 5.36
0.09 0.11 5.83
0.10 0.13 8.71
0.10 0.13 13.89
0.11 0.14 22.56
0.04 0.05 2.38
0.04 0.06 1.81
0.04 0.06 1.98
0.06 0.08 3.54
0.05 0.06 5.77
0.06 0.08 9.09

The SAT model (results shown in Table [) is nearly as efficient.

Time
1.53
5.97
9.64
15.84
17.84
20.56
3.03
7.66
8.56
12.11
17.89

16.19
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Table 3. Selected Finite Domain Examples (Basic Problem, 100 Runs Each)

Network Dem. A

brezil
brezil
brezil
brezil
brezil
brezil

Opt.

Avg Avg
LP MIP FD

100 4.24 457 457
100 7.92 8.26 8.26
99 11.51 11.92 11.93
100 15.10 15.45 15.45
100 18.76 19.10 19.10
100 22.32 22.61 22.61
100 6.36 6.65 6.65
100 11.54 11.77 11.77
100 16.62 16.89 16.89
100 21.47 21.85 21.85
100 26.43 26.62 26.62
100 31.36 31.63 31.63
100 7.67 7.81 7.81
100 13.42 13.58 13.58
100 19.24 19.37 19.37
100 25.00 25.14 25.14
100 30.45 30.58 30.58
100 36.00 36.11 36.11
100 7.97 8.38 8.38
100 15.06 15.45 15.45
100 21.96 22.29 22.29
100 28.81 29.18 29.18
100 35.79 36.13 36.13
100 42.52 42.94 42.94

Gap

Gap

Time

Time
0.59

Time
0.01

Table 4. Selected SAT Examples (Basic Problem, 100 Runs Each)

Network Dem.

brezil
brezil
brezil
brezil
brezil
brezil
eon
eon
eon
eon
eon

A Opt.

150
150
150
150
150
150
150
150
150

Avg Avg
LP MIP
100 4.24 457
100 7.92 8.26
100 11.51 11.92
100 15.10 15.45
100 18.76 19.10
100 22.32 22.61
100 6.36 6.65
100 11.54 11.77
100 16.62 16.89
100 21.47 21.85
100 26.43 26.62
100 31.36 31.63
100 7.67 17.81
100 13.42 13.58
100 19.24 19.37
100 25.00 25.14
100 30.45 30.58
100 36.00 36.11
100 7.97 8.38
100 15.06 15.45
100 21.96 22.29
100 28.81 29.18
100 35.79 36.13
100 42.52 42.94

Avg Max LP Max FD Avg MIP Max MIP Avg FD Max FD

Time
0.02

Avg Max LP Max SAT Avg MIP Max MIP Avg SAT Max SAT

SAT
4.57
8.26
11.92
15.45
19.10
22.61
6.65
11.77
16.89

15.45
22.29
29.18
36.13
42.94

Gap
0.90
0.75
0.80
0.75
0.75
0.75
0.75
0.75
0.75

Gap
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00
0.00

Time
0.37
0.41
0.41
0.43
0.42
0.42
0.14
0.14
0.14

Time
0.59
0.59
0.59
0.56
0.52
0.58
0.16
0.17
0.17

Time
0.03
0.07
0.15
0.27
0.44
0.69
0.04
0.10
0.24

Time
0.05
0.09
0.20
0.38
0.58
0.88
0.06
0.13
0.31

71



72 H. Simonis

4.2 Extended Problem

The problem seems to be much more difficult if we consider the extended formulation
minimizing the total number of frequencies used. The complete source aggregation
model is not able to solve problem instances of the given sizes consistently. Table
shows some results for the MIP-MIP decomposition run with a timeout of 1000 seconds.
After the timeout we either use the best feasible, integer solution or declare the problem
as unsolved if no feasible solution has been found.

Table 5. Selected MIP-MIP Decomposition Examples (Extended Problem, 100 Runs Each)

Network Dem. X Opt. Avg Avg Avg Max LP Max MIP2 Avg MIP Max MIP Avg MIP2 Max MIP2

LP MIP MIP2 Gap Gap Time Time Time Time
brezil 100 50 94 424 457 4.63 0.90 1.00 0.35 0.53 53.59 962.72
brezil 200 50 99 7.92 8.26 8.27 0.75 1.00 0.38 0.52 141.04 331.05
brezil 300 50 88 11.48 11.87 11.94 0.80 2.00 0.38 0.50  444.64 995.14
eon 100 50 100 6.36 6.65 6.65 0.75 0.00 0.13 0.16 19.70 61.98
eon 200 50 100 11.54 11.77 11.77 0.75 0.00 0.14 0.17 188.55 925.44
mci 100 50 100 7.67 7.81 7.81 0.83 0.00 0.09 0.11 26.27 79.55
mci 200 50 96 13.42 13.58 13.63 0.80 2.00 0.10 0.13 271.65 992.88
nsf 100 50 99 7.97 838 8.39 0.90 1.00 0.05 0.06 29.43 967.70
nsf 200 50 99 15.06 15.45 15.46 0.75 1.00 0.05 0.06 208.72 998.00

Table 6. Selected Finite Domain Examples (Extended Problem, 100 Runs Each)

Avg Av Avg Max LP Max FD Avg MIP Max MIP Avg FD Max FD
Network Dem. A Opt. LPg MI]gJ FDg Gap Gap Tgime Time Tigme Time
brezil 100 150 95 4.24 4.57 4.62 0.90 1.00 0.44 0.61 0.02 0.11
brezil 200 150 99 7.92 826 8.27 0.75 1.00 0.48 0.59 0.06 0.09
brezil 300 150 99 11.51 11.92 11.94 0.80 2.00 0.49 0.64 0.12 0.19
brezil 400 150 99 15.10 15.45 15.46 0.75 1.00 0.50 0.69 0.23 0.31

brezil 500 150 96 18.76 19.10 19.16 0.75 3.00 0.50 0.66 093  60.63
brezil 600 150 97 22.32 22.61 22.64 0.75 1.00 0.51 0.64 0.45 0.97
eon 100 150 100 6.36 6.65 6.65 0.75 0.00 0.15 0.16 0.02 0.03
eon 200 150 100 11.54 11.77 11.77 0.75 0.00 0.16 0.19 0.07 0.16
eon 300 150 100 16.62 16.89 16.89 0.75 0.00 0.16 0.19 0.16 0.24
eon 400 150 100 21.47 21.85 21.85 0.75 0.00 0.16 0.19 0.26 0.38
eon 500 150 100 26.43 26.62 26.62 0.75 0.00 0.17 0.22 0.44 0.64
eon 600 150 100 31.36 31.63 31.63 0.75 0.00 0.17 0.20 0.60 0.98
mci 100 150 100 7.67 7.81 7.81 0.83 0.00 0.10 0.19 0.02 0.05
mci 200 150 100 13.42 13.58 13.58 0.80 0.00 0.10 0.13 0.08 0.13
mci 300 150 100 19.24 19.37 19.37 0.80 0.00 0.11 0.13 0.17 0.55
mci 400 150 100 25.00 25.14 25.14 0.80 0.00 0.11 0.14 0.32 0.58
mci 500 150 100 30.45 30.58 30.58 0.80 0.00 0.11 0.14 0.48 1.47
mci 600 150 100 36.00 36.11 36.11 0.80 0.00 0.12 0.14 0.68 1.20
nsf 100 150 99 7.97 8.38 8.39 0.90 1.00 0.06 0.08 0.03 0.03
nsf 200 150 100 15.06 15.45 15.45 0.75 0.00 0.06 0.06 0.07 0.13
nsf 300 150 100 21.96 22.29 22.29 0.75 0.00 0.06 0.06 0.15 0.19
nsf 400 150 100 28.81 29.18 29.18 0.75 0.00 0.06 0.08 0.26 0.55
nsf 500 150 100 35.79 36.13 36.13 0.79 0.00 0.06 0.08 0.42 0.53
nsf 600 150 100 42.52 42.94 42.94 0.75 0.00 0.06 0.08 0.58 0.74

Table |6 shows the result for the finite domain solver. The entries summarize the
results over 100 runs with the same parameters, but different random seeds. The column
Opt. tells how many solutions were proven optimal. The columns Avg LP, Avg MIP and
Avg FD show the average cost obtained by the LP relaxation of the first phase MIP
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Table 7. Selected SAT Examples (Extended Problem, 100 Runs Each)

Avg Avg Avg Max LP Max SAT Avg MIP Max MIP Avg SAT Max SAT

Network Dem. A Opt. 1b° \ip SAT Gap  Gap  Time  Time  Time  Time

brezil 100 150 96 4.24 4.57 4.61 0.90 1.00 0.38 0.63 0.02 0.05
brezil 200 150 99 7.92 8126 827 0.75 1.00 0.41 0.56 0.06 2.39
brezil 300 150 98 11.51 11.92 11.95 0.80 2.00 0.42 0.61 3.09  200.08
brezil 400 150 99 15.10 15.45 15.46 0.75 1.00 0.42 0.58 1.21  100.22
brezil 500 150 95 18.76 19.10 19.17 0.75 3.00 0.42 0.53 7.83  300.48
brezil 600 150 82 22.32 22.61 22.79 0.75 1.00 0.42 0.56 21.69  170.00
eon 100 150 100 6.36 6.65 6.65 0.75 0.00 0.14 0.19 0.02 0.03
eon 200 150 100 11.54 11.77 11.77 0.75 0.00 0.15 0.17 0.06 0.11
eon 300 150 100 16.62 16.89 16.89 0.75 0.00 0.15 0.17 0.19 0.39
eon 400 150 100 21.47 21.85 21.85 0.75 0.00 0.15 0.17 0.57 1.58
eon 500 150 87 26.43 26.62 26.75 0.75 1.00 0.15 0.22 1532 102.84
eon 600 150 42 31.36 31.63 32.24 0.75 2.00 0.15 0.19 66.10  202.98
mci 100 150 100 7.67 7.81 7.81 0.84 0.00 0.10 0.20 0.02 0.03
mci 200 150 100 13.42 13.58 13.58 0.80 0.00 0.10 0.13 0.08 0.14
mci 300 150 100 19.24 19.37 19.37 0.80 0.00 0.10 0.13 0.27 0.64
mci 400 150 97 25.00 25.14 25.17 0.80 1.00 0.10 0.13 4.15  100.77
mci 500 150 78 30.45 30.58 30.80 0.80 1.00 0.10 0.13 2433 103.81
mci 600 150 33 36.00 36.11 36.87 0.80 2.00 0.11 0.20 76.84  204.42
nsf 100 150 99 7.97 8.38 8.39 0.90 1.00 0.05 0.08 0.09 6.55
nsf 200 150 100 15.06 15.45 15.45 0.75 0.00 0.05 0.06 0.10 0.22
nsf 300 150 100 21.96 22.29 22.29 0.75 0.00 0.06 0.08 0.48 1.70
nsf 400 150 90 28.81 29.18 29.28 0.75 1.00 0.06 0.06 11.46  110.38
nsf 500 150 41 35.79 36.13 36.81 0.79 2.00 0.06 0.16 70.70  218.00
nsf 600 150 23 42.52 42.94 43.93 0.75 3.00 0.06 0.09 104.04 301.59

resource model, the MIP model itself and the total number of frequencies required by
the finite domain solver. The LP relaxation already is a very good approximation of the
total cost, the MIP-LP gap never exceeds 0.90. The next column, Max FD Gap, shows
the largest gap between MIP and FD solution, i.e. the number of frequencies added due
to infeasibility or time out of the graph coloring model. This value never exceeds 3 in
the examples shown. We then show average and maximal run times for the first and
second phases of the decomposition on a Windows XP laptop with a 2.4GHz processor
and 2GB of memory. Results were obtained using ECLiPSe 6.0 [[16] with the eplex
library [[11]] for the Coin-OR [9] CLP/CBC MIP solver.

Table [7] show corresponding results for the SAT model using minisat 1.14 [3]], with
a timeout of 100 seconds for each instance and each tested upper bound of the domain.
If a timeout occurs, the problem is re-run adding frequencies until a solution is found
within the timeout period. For increasing problem sizes the number of optimal solutions
decreases sharply, in contrast to the finite domain model, while execution times are
increasing significantly.

The hybrid model using the finite domain model is able to deal with much larger
number of demands, as Table [8] shows. We consider the brezil network, and increase
the number of demands up to 2000. The solving time for the first phase is not affected,
as the model is not dependent on the number of demands, they only affect the upper
bound of the domains 7 and the size of the coefficients P,4. In the second phase the
number of variables increases with the number of demands, and the Al1different
constraints operate on larger number of variables, but the number of constraints is given
by the topology and does not change.
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Table 8. Increasing Demand Number (Extended Problem, 100 Runs Each)

Avg Avg Avg Max LP Max FD Avg MIP Max MIP Avg FD Max FD
Network Dem. A OPt. 1" Mip FD  Gap  Gap  Time  Time  Time Time

brezil 700 150 97 25.69 2606 26.13 075 300 051 064 183  60.59
brezil 800 150 96 29.34 20.66 29.72 075  3.00 050 059 142  60.95
brezil 900 150 98 32.81 33.14 33.17 075 200 050 061 130 31.36
brezil 1000 150 99 3634 36.68 36.60 075 100 050 063 124 213
brezil 1100 150 99 39.80 40.16 40.17 075 100 050 063 149 220

brezil 1200 150 99 43.28 43.61 43.62 0.75 1.00 0.50 0.63 224 46.16
brezil 1300 150 98 46.54 46.89 46.94 0.75 3.00 0.50 0.61 3.03  64.45
brezil 1400 150 99 49.85 50.21 50.23 0.75 2.00 0.50 0.63 2779 3395

brezil 1500 150 99 53.46 53.87 53.89 0.75 2.00 0.50 0.61 3.18 3447
brezil 1600 150 98 56.95 57.28 57.30 0.75 1.00 0.50 0.59 449  72.05

brezil 1700 150 99 60.33 60.65 60.66 0.75 1.00 0.51 0.64 3.61 8.92
brezil 1800 150 99 63.93 64.25 64.26 0.75 1.00 0.51 0.61 4.08 9.49
brezil 1900 150 100 67.41 67.77 67.77 0.75 0.00 0.50 0.61 4.73 1048

brezil 2000 150 99 70.83 71.09 71.10 0.75 1.00 0.51 0.66 6.05 9473

Table 9. Increasing Network Size (Extended Problem, 100 Runs Each)

Avg Avg Avg Max LP Max FD Avg MIP Max MIP Avg FD Max FD

Network Dem. A Opt. LP MIP FD Gap Gap Time Time Time  Time

30 500 30 100 7.81 8.12 8.12 0.97 0.00 1.73 5.92 0.16 0.27
r40 500 30 100 4.14 4.52 4.52 0.92 0.00 1242 17745 0.13 0.19
r50 500 30 97 2.39 2.88 2.91 0.95 1.00 7735  696.73 0.11 0.14
60 500 30 100 1.57 2.05 2.05 0.86 0.00 127.75  245.25 0.10 0.13

The model is much more dependent on the size of the network. We consider in
Table 0] random networks with 30-60 nodes, with a 0.25 probability for a link be-
tween two nodes. The times for the MIP (first) part of the model increase quickly with
network size, and soon dominate the total execution times, while the second phase is
barely affected. It is interesting that the execution times increase much more rapidly for
the static design problem than for the demand acceptance problem discussed in [13],
where network sizes up to 100 nodes can be solved within 30 seconds using the same
environment.

S Summary

In this paper we have considered some variants of the routing and wavelength assign-
ment problem for optical networks. For the static design problem two possible objective
functions have been proposed in the literature: The basic problem minimizing the max-
imal number of frequencies required on any link, and the extended problem minimizing
the total number of frequencies used in the network. A decomposition into a MIP based
routing part with a graph coloring second phase works very well in producing high qual-
ity solutions. Both the LP relaxation and the MIP solution of the first phase produce very
accurate lower bounds on the total cost. The graph coloring problem in the basic model
can be solved successfully by either MIP, SAT or finite domain constraint programming,
constraint programming is slightly faster than SAT on the problem instances considered,
and significantly faster than MIP. For the extended problem, constraint programming is
much more stable and significantly faster than any of the competing methods.
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Together with the results in [[13]] this shows that a decomposition of the RWA problem

into MIP and FD phases can be highly successful, producing proven optimal or near-
optimal results for a large set of problem instances.
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