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Abstract. Given a linear [n, Rn, &1] code, we show that for R > /2 the time

complexity of unique decoding is 0(n2anH(5/ 2/R)) and the time complexity

of minimum distance decoding is O(nzq"RH(’;/ %) ) The proposed algorithms

inspect all error patterns in the information set of the received message of
weight less than §n/2 or On , respectively.
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decoding, minimum distance decoding, syndrome decoding.

1 Introduction

Let F, be finite field of ¢ elements and let F' be n -dimensional vector space over

F,.Thenacode C is any subset of F' of M elements. Elements of the code ce C
are called codewords.

Let d(x, y) denote the Hamming distance, i.e. the number of coordinates in which
two vectors x and y differ, and let wt(x) denote the (Hamming) weight, i.e. the

number of nonzero coordinates of x. We say that the code C has (minimum)
distance d if
d = min ydl\c.,c,).

min d(ci.c )} W

i#j
The code C is linear if its codewords form & - dimensional linear subspace in F'.
We will write [n,k,d]q to emphasize that the code C is linear. For linear codes there
exist k basis vectors that are kept as rows in a matrix G called the generator matrix.
Each linear code has a generator matrix of type G=[/ A], known as the standard
form of the generator matrix. It is well-known that for linear codes there exist
additional matrix, known as the parity check matrix H , such that Vc,e C Hc! =0.

Let G=[I A] is the generator matrix, then H =[—AT 1 ] is the parity check
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matrix of the code C . Two additional parameters that are frequently used to describe
a code are the code rate R =k/n and the relative distance d =d/n.
The covering radius p of a code is the largest possible distance between the code

C and a vector from Fq” ,1.e.

= max min )
P xe%,” YeeC d()C, C) 2

In this paper, we are mainly interested in decoding of maximal codes [2], i.e. codes
with p<d-1. It is well known that these codes meet the asymptotical Gilbert-
Varshamov bound

R21-H(J). 3

where H (&) is the entropy function.

A Hamming ball Ball(x,d) withradius d and center in x is the set of points
Ball(x,d)={ye F/ld(x.y)<d}. 4)

The volume (cardinality) V (n,d) of the Hamming ball is equal to

V(n,d):i(q—l)i(’zj. (5)

i=0
In estimating the complexity of an algorithm we will use the asymptotical relation
between the entropy H (&) the volume of a ball V (n,dn)

lim

n—co

{log(V(n,é'n))}_) H(0) foré‘s% ©

" 1 foré‘>l
2

We adopt Random Access Machine (RAM) as a computational model and, hence, the
time complexity is measured as the number of basic (sequential) steps needed for
instance of the algorithm to end. It is considered that RAM has unlimited memory
with instant access. Thus the space complexity is simply the number of registers used
by an instance of the algorithm. We will use the standard Big-O asymptotic notation
to describe the space and time complexity. Given f,g:N—>N we will write

f=0(g) if there exist a constant ¢ >0 such that f(n)<c-g(n) holds true for
each ne N. If f(n)=c-g(n) then we will write f =O(g).

2 Combinatorial Decoding Strategies

Let C be a linear code with parameters [n,k,d ] and parity check matrix H. Let
assume that the sender has sent the codeword ¢, and the receiver has received the

message y, such that y#c . The decoder’s job is, in acceptable time, to make a
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proper decision on which codeword has been sent, based on the observations of the
received vector y. The decoding process is in general NP-hard problem [1,2].

The received message y can be considered as an array of real numbers
y=(y...,y, by €R. Let p(y/c) denotes the conditional probability that the
message y 1is received, given that the codeword ¢ has been sent. Given y the goal
of the Maximum Likelihood (ML) Decoding is to find the codeword c¢ such that
p(y/c) is maximal, i.e.

c=argr{)€21Cxp(y/c). (7)

If we assume g —ary symmetric channel, then ML decoding is simplified and known
as Nearest Neighbor Decoding or Minimum Distance (MD) Decoding. In MD
decoding, the received message y is considered as array of field elements of GF (q) ,

y :(yl,...,yn),yl. € GF(q).The decoder’s job is to find the codeword ¢ such that
d (y, c) 1s minimal, i.e.
6:argrgicnd(y,c). 8)

The time complexity of MD decoding is O(an”) [2]. Let assume that the [n,k,d]

code C is maximal. Then as MD decoding is considered the following approach:
subtract from the received vector y:( Viserns yn), vy, € GF (q) all possible error

patterns e of weight <d and output all vectors y—e such that y—ee C. The time
complexity of this approach is O(nqu(‘s)"). Thus, combining these two MD

decoding strategies, we obtain the time complexity of MD decoding

O(nzqmin(R,H(a))n ) 9)

It is well known that Hamming balls Ball(c,t) with radius ¢ = L(d -1) / ZJ around

the codewords ce C are disjoint. Let y is the received message. Then the Unique
Decoding strategy is to find the codeword ¢, € C, such that y€ Ball (cy,t) , Of return
incomplete decoding, i.e. y¢ Ball(c,t)‘v’ce C . Trivial way to do this is to inspect

all ¢* codewords and return the first ¢, such that d ( y.c, ) <t . The time complexity

of this approach is O(an"). Another alternative, with time complexity

O(anW 2 ) , 1s to inspect all V(n,t) error patterns e and find the pattern such that

y—e€ C . Combining these two decoding strategies, we obtain the time complexity
of the unique decoding
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o[nzqmi“(R‘H(%))"J. (10)

Each linear code C defines partitioning of the space F,' in g"™* disjoint sets known
as cosets. Each coset has ¢* vectors. Two vectors x and y belong to same coset iff

x—ye C. Each coset K can be spanned by a vector x from the coset, namely

Ke{x+clce C}. (11)

Each coset has two special vectors: a unique syndrome se€ FqH and coset leader
e(s)e K . Coset leader e(s) is one of the minimum weight vectors in the coset K .

The syndrome is obtained from the multiplication s = H -x’, where H is the parity
check matrix of the code and x is arbitrary coset member. For the needs of syndrome

decoding all pairs (s,e(s)) are stored in array known as the standard array. In

syndrome decoding the error vector e that corrupted the message is considered to be
the coset leader e(s) of the coset to which the received message y belongs. Given

the received message y, first the syndrome is computed s, = H - y", then using the

array (s,e(s)) the leader e(sy) is found and the codeword y—e(sy) is outputted.

Syndrome decoding has space complexity of exponential size O(nq(He)" ) .

In [3] it is given a variation of syndrome decoding with space complexity
0(log(n)q(1_R)") and time complexity O(n). In this approach, pairs (s,w(s)) are
kept in memory, where w(s) is the Hamming weight of the coset leader ¢(s). In the
decoding process all error vectors of weight 1 are subtracted from the received
message y . Let w(sy) be the weight of the coset with syndrome s, = H - y' . Then

the error vector e that corrupted the sent message is sum of all error vectors e, of

weight 1 such that w(H-(y—e1 )T)< w(sy) :

3 New Algorithms for Unique and Minimum Distance Decoding of
Linear Codes

We will use (a|b> to denote concatenation of two vectors, such that a belongs to the

information set and b belongs to the check set of a codeword. Let the message x be
encoded in the codeword c, =<x|r> and sent over a noisy channel. Random error

).

pattern is denoted with e = <v|u> and the received word is denoted with y = < v,
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Let assume systematic [n,k,d ] code and let t = L(d —1) / ZJ . The unique decoding
algorithm, below, inspects all error patterns in the information set e :<v|0> with

weight wt(e) <1 and outputs the message <x|u> if y belongs to some Ball(c,t):

Unique_Decoding(y)
te|(d-1)/2]

5, < Hy"

~

if wt(sy)St return Yy
foreach ve Fq"
if wt(v)St
ee(le)
s, < He'

if wt(e)+wt(sy—se)St return y-e

LW ©® 9 A L N W N

return -1 // incomplete decoding

Proposition 1. The Unique_Decoding (y) algorithm removes any error pattern of

weight < LdTJ from the received message y .

Proof: Let e, = <v|0> , wt(e,) <1, is the coset leader and s, = He, is the syndrome
of a coset. Let assume that the pairs (sv,e‘,) are explicitly known; for example, they

are stored in a look-up table.
We will consider the error pattern e = <v|u> as a linear combination of two vectors

e=<v|0>+<0|u>=ev+eu. (12)

Since wt(e,)<t and s, = He, =

u

u , we can say that e, is the leader and uis the

syndrome of the same coset. Hence, the syndrome s of the received message y is
szHyTzH(cx+ev+eu)T=sV+u. (13)

From (13), we can formulate the decoding strategy: for each e, in the table (s, e, )

denote with x=y—e¢, and compute the syndrome s, = Hx' . If wr(e,)+wi(s, )<t

then the error pattern that corrupted the message is e = <ev sx> . |

Theorem 1. The time complexity of the Unique_Decoding algorithm is upper-
bounded by
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O[nzqRVH[;J"J for R >

O(nzqR'") for R<

(14)

NS NS,

Proof: Given a systematic [n,k,d ] code, the Unique_Decoding algorithm checks

J in the information set of k£ bits. There are

[ dj ( 5 j nlog[V[Rn,gnJ]
Vik,—|=V|Rn,—n|=¢q "
2 2

possible error patterns that can occur in the information set. Thus using (6) we
obtain (14). [ ]

all error patterns of weight < {

If we use the fact that for long random linear codes the covering radius is equal to d ,
where d is the largest integer solution of the Gilbert-Varshamov inequality [4]

V(nd-1)<qg"™* (15)

Then we can formulate Minimum Distance Decoding algorithm that inspects all error
patterns of weight less than d in the information set:

MD_Decoding(y)

1. error <0

2. error_wt<n

3. sy(—HyT

4. if wt(s_v)St return y

5. foreach ve Fqk

6. if wt(v)Sd

7. e« (v10)

8. se<—HeT

9. if wt(e)+wt(sy—se)Serror_wt
10. error < e

11. error_wt<—wt(e)+wt(sy—se)

12. return Yy-—error

The proof of correctness of the above algorithm is similar to the proof of
Proposition 1. Using (6) we obtain the time complexity of MDD decoding
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0{1’12 R-H[li]nJ forR>=
q orR 2>

2

S%

(16)
O(nzqR'”) for R Sg

This result improves the previously known bounds on MD decoding found in [5].
Figure 1 plots the functions in the exponents of the complexity bounds (9) and (15),

R
asymptotical Gilbert-Varshamov bound

R>1-H(J). (17)

1.e. min(R,H(é‘)) and RH(gj for maximal codes. These codes meet the

Using (17) we can remove the dependency on the code rate R in the functions

min(R,H (5 )) and RH (%j . From figure 1 we can observe the improvement of the
new complexity expression (15) over the well-known complexity expression (9).
The space complexity of Unique_Decoding (y) and MD_Decoding (y) is

proportional with the dimension of the generator matrix, i.e. O (nz) .

sp - min(R,H(é'))

i s Y rRH[Z
03fF ," -R

01 02 03 04 0.5

)

Fig. 1. Plot of the functions min (R, H (5)) and RH [%j

4 Conclusion

The main importance of Unigue_Decoding(y) and MD_Decoding(y)
algorithms is that they can be used to decode any linear code. Hence, they improve
previously known complexity bounds on linear-code decoding. In [6] Evseev

R(-R)n )

published a decoding algorithm with complexity O(q that pertains only to

binary codes. Our decoding algorithms can decode linear codes over any alphabet.
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Possible application of the Unigue_Decoding(y) and MD_Decoding(y)
may be found in concatenated codes. Concatenated codes were first introduced in [7]
as a method for obtaining asymptotically good codes and they were used in deep
space communications in the ‘70s and ’80s [8]. Concatenated codes are obtained by
combining two codes called inner code and outer code. The outer code is usually
Reed-Solomon code, while the inner code can be a code meeting the Gilbert-
Varshamov bound. Examples of such codes are the greedy codes. From figure 1 we
can see that these codes can be decoded with reduced complexity with the new
decoding algorithms.
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