Chapter 6
Chaos in Discontinuous Differential Equations

This chapter is devoted to proving chaos for periodically perturbed piecewise
smooth ODEs. We study two cases: firstly, when the homoclinic orbit of the unper-
turbed piecewise smooth ODE transversally crosses the discontinuity surface, and
secondly, when a part of homoclinic orbit is sliding on the discontinuity surface.

6.1 Transversal Homoclinic Bifurcation

6.1.1 Discontinuous Differential Equations

DDEs occur in several situations such as in mechanical systems with dry frictions
or with impacts or in control theory, electronics, economics, medicine and biol-
ogy [1-8]. Recently attempts have been made to extend the theory of chaos to dif-
ferential equations with discontinuous right-hand sides. For examples, planar dis-
continuous differential equations are investigated in [9, 10], piecewise linear three-
dimensional discontinuous differential equations are investigated in [11, 12] and
weakly discontinuous systems are studied in [13—15]. Melnikov type analysis is also
presented for DDEs in [16-21]. An overview of some aspects of chaotic dynamics
in hybrid systems is given in [22]. A survey of controlling chaotic differential equa-
tions is presented in [23]. The switchability of flows of general DDEs is discussed
in [24-26]. Planar discontinuous differential equations are investigated in [27, 28]
using analytic and numeric approaches. Periodic and almost periodic solutions of
DDE:s are considered in [29-33].

In [34] bifurcations of bounded solutions from homoclinic orbits are investigated
for time perturbed discontinuous differential equations in any finite dimensional
space. We anticipated that under the conditions of [34] not only the existence of
bounded solutions on R, but also chaotic solutions could occur. The purpose of
this section is to justify this conjecture about the existence of chaotic solutions. To
handle this kind of problem one has to face the new problem that stable and unstable
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250 6 Chaos in Discontinuous Differential Equations

manifolds may only be Lipschitz in the state variable, even if they are possibly
smooth with respect to parameters. So it is not clear what the notion of transverse
intersection of invariant manifolds would be.

6.1.2 Setting of the Problem

Let © C R” be a bounded open set in R” and G(z) be a C’-function on Q, with
r>2. We set

Q. ={z€Q|+G(z) >0}, Qy:={z€Q|G(z)=0}.

Let f+(z) € Cj(£+) and g € Cj (R x 2 x R), i.e. f1 and g have uniformly bounded
derivatives up to the 7-th order on 21 and R x 2 x R, respectively. We also assume
that the r-th order derivatives of fy and g are uniformly continuous. Let & € (0, 1).
Throughout this section € will denote a real parameter so that |g| < &. Particularly
€ is bounded.

Remark 6.1.1. For technical purposes, we C; -smoothly extend f+ on R", g on R*+2
and Y4, % on R in such a way that

sup{| /()| | z € R"} < 2sup{|f:(z)| |z € 1},
sup{|g(,z,€)| | (t,z,€) € R""?} < 2sup{g(t,z.€)| [t ER,z€ Q,[e| < &} .

We also assume that up to the r-th order all the derivatives of the extended f. and
g are uniformly continuous and continue to keep the same notations for extended
mappings and functions.

We say that a function z(¢) is a solution of the equation
t=fi(z) +eg(t,z,€), z€Qq, (6.1.1)

if it is continuous, piecewise C! satisfies Eq. (6.1.1) on £, and, moreover, the fol-
lowing holds: if for some #y we have z(fo) € o, then there exists r > 0 so that
for any t € (fo — r,fo +r) with ¢t # f9, we have z(r) € Q_ U Q.. Moreover, if,
for example, z(¢) € Q_ for any t € (to — r,fo), then the left derivative of z(¢) at
t = to satisfies: z(1, ) = f-(z(t0)) + €g(t0,z(t0),€); similarly, if z(r) € Q_ for any
t € (to,to + 1), then 2(tf) = f-(z(to)) + €g(to,2(to), €). A similar meaning is as-
sumed when z(¢t) € Q. for either ¢ € (fo — r,#9) or t € (fo,to + r). Note that since
z(t) & Qo fort € (19— r,to+ 1) \ {fo} we have either z(¢) € Q_ or z(t) € Q. when
t € (to—rty) ort € (tg,tg+ 7).

We assume (Figure 6.1) that

(H1) For € =0 Eq. (6.1.1) has the hyperbolic equilibrium x =0 € £_ and a con-
tinuous (not necessarily C') solution ¥(¢) which is homoclinic to x = 0 and
consists of three branches
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v-(1), ift < -T,
¥ty = w(0), if ~T<1<T,
Y1), ift >T

where v (1) € Q_ for [t| > T, w(t) € Q4 for |t| < T and
Y-(=T)=n(-T) € Qo, 1:(T)=1(T) € Q.

(H2) Ttresults: G'(y(—T)) fe(y(=T)) > 0and G'(y(T)) f(¥(T)) < 0.

7 (1)

Fig. 6.1 Transversal homoclinic cycle y(¢) of x = f (x).

According to (H1) and because of roughness of exponential dichotomies the lin-
ear systems % = f (y_(t))x and x = f” (y:(r))x have exponential dichotomies on
(—oo,—T|] and [T, o0) respectively, that is, projections Py : R" — R" and positive
numbers k > 1 and & > 0 exist so that the following hold:

e 8(r=s), ifs<r<-T,

k
Ls) || <kedt9) ifr <s < T, 612
ke =) ifT <s<t,
)

el
=
\
5

X(s)|| <kePt9) i T <t <s

where X_(¢) and Xy () are the fundamental matrices of the linear systems % =
FL(y=(t))x and x = f" (4 (1))x, respectively, so that X_(—T) = X, (T) = L. Later in
this section we will need to extend the validity of (6.1.2) to a larger set of values of
s,t. So, let us take, for example, u(t) = X, (t)(I— Py )X (s), with T < s <t < s+2.
Then,



252 6 Chaos in Discontinuous Differential Equations

t
=u(s)+ [ (e (@)ue) dr
and hence (using also |u(s)| < k (see (6.1.2))

|<|<k+K;/W o) de

where K_ = sup{f’ (y+(¢)) | t > T}. From Gronwall inequality (cf Section 2.5.1)
we obtain:

X (0)(T—P)XT ()] < kef-079) <ked0=9) i T <s<r<s+2,

where, for example, k= kmax{l,ez(K:‘s)}. By similar arguments we prove that
possibly replacing k with a larger value:

[X_()P-X="(s)|| < ke 009 ifs—2<sr< T,
X_()(I—P- <ked=s) ifr—2<s1<-T,
[[X-(2)( )X= ()II 6.13)
X ()P X7 ()| < ke 009 T <s,0 <142,
(X1 () (T—P)XZ (s)|| < kedU9) i T <5t <s5+42.

We now state our third assumption. It is a kind of nondegeneracy condition of the
homoclinic orbit y(¢) with respect to x = fi(x), that reduces to the known notion
of nondegeneracy in the smooth case [35, 36]. This is discussed in more detail in
Section 6.1.3.

Let Ry : R" — R" be the projection onto .4 G’(y(T)) along the direction of (T,

i.e. o

& T)w
G'(V(T)%(T)
and Xo(¢) be the fundamental solution of the linear system z = f% (W (t))z, =T <
t < T, satisfying Xo(—T) = I. Then let

Row=w—

o(T)

S = NP ANGC(Y(~T)) and &' =RP,ONGC (AT)).

Since 7 (-=T) ¢ ¥/ G (y(-T)), dim NG (y(-T))=n—1and y_(-T) € /' P_,
we have dim[.4"'P_ + 4G/ (y(—T))] = n and hence:

dim.#’ = dim[ A/ P_NAG'(y(-T))]

=dim A P_+dim A G (y(-T)) —n=dim A P_—1.

Similarly, from ¥, (T) & 4G (y(T)), 7. (T) € ZP; and dim NG (y(T)) =n—1,
we see that

dim.s” = dim[ZPy NN G (Y(T))]
=dim#ZP; +dim A G (y(T)) —n=dim#ZP; — 1.
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We assume that the following condition holds:

(H3) "+ Ro[Xo(T).#"] has codimension 1 in ZRy.

Lemma 6.1.2. From (H3), the linear subspaces ."" and %" = Ry[Xo(T ).7"] inter-
sect transversally in ZRy. Moreover, we have dim." = dim.7".

Proof. We have dim.¥”" < dim.’ = dim.4#"P_ — 1. Moreover from (H3) we get
dim[." 4+ .""| = n—2, and then:

dim [ N.7"] = dim.&" + dim.#" — dim [.7" + "]
<dimZP; — 1+dimAP_—1—(n—2) =dim#ZP; +dim A P_—n=0.
So the inequality is an equality and dim.¥”” = dim.¥”. The proof is finished. O
According to Lemma 6.1.2, we have a unitary vector ¥ € ZRy so that
R" =span{y}® N Ry®.S" &S (6.1.4)

and
(w,v) =0, foranyve.”"®.7". 6.1.5)

The main result of this section is the following:

Theorem 6.1.3. Assume that f+(z) and g(t,z,€) are C*—functions with bounded
derivatives and that their second order derivatives are uniformly continuous. Let
conditions (H1), (H2) and (H3) hold. Then there exists a Cz—function M (&) of the
real variable o so that if #(a®) =0 and #'(a°) # 0 for some a° € R, then
the following hold: there exist p > 0, ¢1 > 0 and € > 0 so that for any 0 # € €
(—€,€), there exists Ve € (0,€]) (cf (6.1.91)) so that for any increasing sequence
T = {Ty ez that satisfies

Tpi1 =Ty >T+1-28""In|e| foranyme Z
along with the following recurrence condition
18(t + Tom,2,0) — g(t,2,0)| < Ve forany (t,z,m) € R"' x Z, (6.1.6)

there exist unique sequences & = {0 }mez,B = {Bu}mez € £=(R) (depending
on 7 and €, ie. & = 07(€), B = Br(€)) so that sup,,cy |0, — a°| < ¢1le
Sup,cz |Bn — o°| < €1 €| and a unique solution z(t, 7 ,€) of Eq. (6.1.1) satisfying

»

SuptE[T2nlfl+Bm71 aT2m77+&IH] |Z(t) B ’y7 (t B T2m - (Axm)| < p’
SUP e (73, T4 Gy Ty + 7] 1) — 1007 = Tom — Gin)| < (6.1.7)

SuptE[T2)71+T+Bm:T2m+l+Bm] ‘Z(t) o ,}/+ (t o sz o 3'n)| < p
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We conclude this section with a remark on the projections of the dichotomies of
the systems x = f’(y.(¢))x on [T,o0) and (—eo, —T:

Pi(t) = X ()P X1 (£2). (6.1.8)

Let Py be the projection of the dichotomy of the linear system % = f/(0)x on R. We
have (see Lemma 2.5.1) limy_c ||Ps(f) — Po|| = 0. Thus T > T exists so that

NP (YO ZP_ (") =R" foranyt' 1" >T. (6.1.9)
We prove that a positive constant ¢ exists so that
max {|x; |, |x_|} <élxy +x-| V(xp,x_) € NPy x ZP_(t").  (6.1.10)

Since it is clear that |x; +x_| < 2max {|x|,|x—|} we get, then, that the two norms
|x+ 4+ x_| and max{|x;|,|x_|} are equivalent. To prove the statement (6.1.10) take
0<v<1/2andfix T > T so that for any ¢, > T > T we have

[P —Pr()[<v, [|B—P-(")][<v.
Next consider a linear mapping A, : R"” — R” given by
Apz:i= I —P.(t"))z+P-(t")z.

Note that
Avz=z—[(Pi(f) = Ry) + (Py—P_(1")] z.

Since ||(Py (') — Py) + (Py— P_(¢")|| <2v < 1, Ay is invertible and
Ao <1420, [A'] < 1/(1-20).
So for any x € R” there is a unique z € R" so that
x=Apz=x4+x_

where xy = (I—Py(¢'))z € A Pr(¢') and x_ = P_(t")z € ZP_(¢"). Then

- |T—Pol| + v
| S I=Pr(E) |zl < 11— P14 1] < W'x‘a
_ [| Pol| + v
< 1P < [P g b < PR

This proves (6.1.10) with, for example,

»_ max{|[I-All+v [|B]+ol} _ L+[|A]+v
1-2v - 1-2v

<2(1+(Al)

L+[|Py| 1

fOrv§W<§
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6.1.3 Geometric Interpretation of Nondegeneracy Condition

Now we present a geometric meaning of condition (H3). For any x € Q near y(—T)
we consider the solution ¢_(¢,x) of x = f_(x) and the solution @ (7,x) of x = f (x)
so that ¢_(—T,x) = ¢o(—T,x) = x, respectively. Similarly, for any X € Q) near y(T)
we take a solution ¢ (,X) of x = f_(x) so that ¢, (T,X) = X.

By the implicit function theorem, for any x € € near xq := y(—T) there is a
unique time 7(x) so that

G(9o(t(x),x)) =0, T(xo)=T. 6.1.11)

In summary, for any x € € near x(, we have constructed a solution ¢ (¢,x) of x =
fx(x) defined as

o_(1,x), fort < -T,
o(t,x) =< ¢o(t,x), for =T <t <1t(x),
O (t—7(x)+T,90(t(x),x)), for 7(x) <t.
We recall the following properties of the function ¢ (¢,x):
¢-(t,y(=T)) =v-(t), for t < -T,
¢0(I’Y(_T)):y0(t)v for —-T<t<T,
) _

o+ (t,¥(T)) =y (1), for 1 >T,
do(7(x),x) € Qo, forany x € Qq (near y(—T))

(6.1.12)

and note that from (6.1.12) we get, for any n € 4G’ (y(T)):

%(T’x‘))*‘i’o(im)f/(}‘o) neNG(UT))=%Ro. (6.1.13)

We are interested in the linearization ¢ (r) := g—f(z,xo)n of ¢(t,x) at x = xp
along 1 € NG (Y(~T)) = Ty_7)€ that is using ¢+ (£T,x) = x, ¢o(~T,x) = x
and (6.1.12):

X -(t)n, t<-T,
0() =14 Xo()yn, -T<t<T,
X+(t)77= <

(6.1.14)
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Next, differentiating (6.1.11) we get G'(y(T)) [a% (T,x0) + @0 (T, x0)7'(x0)| =0,
that is,
&/ (1(T)) [Xo(T) +(T)7'(x0) | =0

)
As a consequence, we have, for any n € 4G (y(—T)):

oy G T)X(T)n
0N =~ T @)

Plugging everything together and using the definition of Ry, we finally arrive at:

Iy

= (T:x0) +90(T,%0)7' (x0) | 1 = [Xo(T) +70(T) ' (x0)]n = RoXo(T)n

and
X (1)1 = X (0)[RoXo(T)0 — 74 (T (x0) 1.

Now, if ¢ (¢) is bounded on R we need n € A4 P_and hence, being € 4G (y(-T)),
we need 1) € %", Moreover, since 7. (T I') € ZP,. we see that X, (¢)7 is bounded on
Ry if and only if so is X (t)RoXo(T)n, i.e. RoXo(T)n € ZP;. But RoXo(T)n €
RoXo(T)”" C #Ry. Hence assumption (H3) implies that RoXo(T)n € (ZRyN
ZP.)NRoXo(T) =."N." = {0} as we proved in Lemma 6.1.2. In summary
we derive the following result.

Theorem 6.1.4. Condition (H3) is equivalent to, say, that ¢(t) is bounded if and
only if it is equal to zero. This corresponds to some nondegenerate condition on Y(t)
with respect to x = f(x).

For the smooth case, i.e. when f_(x) = f(x) = f(x) € C" (), we have (T) =
7, (T) and hence ¢ () = X (r)n where X(7) is the fundamental matrix of the varia-
tional equation x = f'(y(t))x along ¥(t) with X (—T) = I. Note that n € Ty _7)Qo
and 7,7 is a transversal section to the homoclinic solution ¥(r) at y(—T). So in
the smooth case, Theorem 6.1.4 states that condition (H3) is equivalent to the prop-
erty that the only bounded solutions of the variational equation X = f’(y())x are
multiples of 7(¢). Hence in the smooth case, condition (H3) is just the well-known
nondegeneracy condition of y(t) (cf [35]).

Finally, we observe that (6.1.14) can be written as

X (1) = X, (0)[L+ )Xo (T)
where S is the so called transition matrix S [8, 13, 14,19] and is given by

M ((Ro—H)V_V’Yo(T))
G'(v(T))w(T) 170 (T)|I?

with the last equality following easily from the definition of Ry, where (-,-) is a
scalar product on R”" with the corresponding norm || - ||.

sw= (1) (1) & = (1) —n(D))
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6.1.4 Orbits Close to the Lower Homoclinic Branches

Let p > 0 be sufficiently small, o, 8 € R so that | — ot| < min{1,27}, and /3 (RR) be
the space of doubly infinite sequences {7, } ez so that T, 11 — T,, > T + 1 where T
is chosen so that (6.1.9) holds. Note that T,,, — Tp > mT if m is positive and T,, — Ty <
mT if m is negative.

In this section we show how to construct solutions z,,(¢) and z}, (¢) of (6.1.1) in
the intervals [Toy—1 + 0 — 1,5 — T + o] and [Toy, + T + B, Toms1 + B + 1] respec-
tively, in such a way that

SuptE[sz,l —1.T2m—T] |Z;1 (t + a) - /Y* (t - sz)| < p’

N (6.1.15)
SUPte [Ty +T Doy 1 +1] |z (t+B) =¥+ (t —Tom)| < p.

Note that B,y 1+ 0 — 1 < Doy — T+ A < Doy +T + B < o1 + B + 1. We show
how to construct 7, (¢) for ¢ € [To—1 + @ — 1, Ta,, — T + @], the construction of 7} (¢)
fort € [T +T + B, Tams1 + B + 1] is similar. Let

I, = [Tmel_l;TZm_T}a Irjl- = [T2m+T7T2m+l+1}a

Lyo:=[Dm1+a—1,T—T+a], (6.1.16)
1,;/3 = [Tom+T + B, Toms1 + B +1]

and set, forr €1,

x(t) =z, (t+a)—y-(t — Tom)
and
h,;(Lx,OC,S) = f—(x+Y—<t_ sz)) —f_(’J/_(t—sz)> 6.1.17)
—fL(y=(t = Tom))x +€8(t + 0, x + Y- (t — Tom), €). h

Then z,,(¢) satisfies Eq. (6.1.1) for ¢ € I, ,, together with (6.1.15) if and only if x(¢)
is a solution, in ,;, of the equation

X Lyt = Tam))x = Iy, (2,x, 01, €), (6.1.18)

so that sup, - [x(z)[ < p.

Remark 6.1.5. According to Remark 6.1.1, we see that up to the r-th order all
derivatives of &, (t,x,a,€) with respect to (x,o,€) are bounded and uniformly
continuous in (x,@,€) uniformly with respect to ¢t € I,, and m € Z. This state-
ment easily follows from the fact that for r < —T, one has h,, (t + Topm,x, 0, €) =
S (A 0) — £ (7)) = S~ (7 1))+ €8{t + Ton+ &, ¥+ ¥. (1), €) and the con-
clusion holds as far as f(x) and g(¢t 4+ To;m + ¢, x+ y_(2), €) are concerned.

We will need the following Lemma [37,38]:
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Lemma 6.1.6. Let the linear system x = A(t)x have an exponential dichotomy on
(—oo, —T| with projection P, and let X (t) be its fundamental matrix so that X (—T) =
I Set P(t) := X (t)PX~\(t). Then for any continuous function h(t) € C°([~T,—T]),
E_e NPand ¢ € ZP(—T), the linear non homogeneous system

x=A(t)x+h(t) (6.1.19)
has a unique solution x(t) so that
(I-P)x(-T)=§&., P(-T)x(-T)=¢_ (6.1.20)

and this solution satisfies
x(0) = X0 +XOPX ' (-T)g+ [ X(0PX ()h(5)ds
7 -T

7 (6.1.21)

_ / X(6) (1= P)X " (s)h(s)ds.

t

Proof. We can directly verify that (6.1.21) solves (6.1.19) and it satisfies (6.1.20)
as well. Next, if =0, £_ = 0 and ¢_ = 0, then (6.1.19) implies x(¢) = X (¢)xo for
some xo, while (6.1.20) gives (I — P)xo = 0 and X (—T)Pxp = 0. Since X(—T) is
invertible, we obtain xo = 0, which yields to the uniqueness of x(¢). The proof is
finished. O

Remark 6.1.7. From (6.1.2) and (6.1.21) we immediately obtain the following esti-
mate for |x()]:

sup  |x(t)| <k |[|E-|+|p-|+287" sup |h(t)|] . (6.1.22)

—T<t<-T —T<t<-T

We apply Lemma 6.1.6 and Remark 6.1.7 with A(¢) = f” (y—(t — Tam)) in the
interval I, (instead of [—7,—T]). Note that the fundamental matrix X (¢) and the
projection P of the dichotomy on (—oo, T3, — T of the linear system x = f” (y_(f —
To))x are X_(t — Tpy,) and P, respectively. Thus, in the notation of (6.1.8) and
Lemma 6.1.6 we have

Py =P(Dy1—1)=X_(Tom1— Do — 1)P-X"" (Toy—1 — Do — 1)
= Pf(TZm - Tmel + 1) .

Set:

%[l = sup [x(z)[.
1€ly

Then a trivial application of Lemma 6.1.6 and (6.1.22) gives the following

Corollary 6.1.8. Let h(t) € C°(1,,), & € AP and ¢_ € RP- . Then the linear
nonhomogeneous system
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5= £ (7=t = Tam) 4 A1)
has a unique solution x(t) € C'(I,,) so that
([P )x(Tom—T)=&_, P_px(Top—1—1)=0_. (6.1.23)
Moreover this solution satisfies (see (6.1.22))
()]l <k|IE-|+ -] +267" ||h(t)||1,;j| (6.1.24)

and

x(t)=X_ (tt— Do) +X_(t —Top)P- X" (Top1 — 1 — Do) @
+ X_(t — Tom)P-X"" (s — Tam)h(s)ds

Toy—1—1

Tom—T
_ / X (t = Tom) (I — P_)X " (5 — T )(5)ds.

(6.1.25)

Using Corollary 6.1.8 we define a map from C°(I,) x A P_ x ZP_ ,, x R? into
C%(I,) as
(x(1), 8-, 0, a, &) — £(1) (6.1.26)

where y(r) = £(¢) is the unique solution given by Corollary 6.1.8 of the equation
V() = FL(v=(t = Tom))y(1) = by (2,x(2), 00, €)
that satisfies conditions (6.1.23). We observe that the map
(x(2),0t,€) = hyy (2,x(2), 0, €)

is a C" map from C°(I,) x R? into C°(I;,) [39] and hence, from (6.1.25) we see that
so is the map (6.1.26) from C%(I,,) x A P_ x ZP_ ,, x R? into C°(I,,). Next, from
(6.1.17) we obtain immediately:

(1A (5%, 00, €) || < A (|x])[x[ 4 Nl (6.1.27)

where
A_(r)=sup{[fL(x+71-(1) = fL(r-(0)| |1 < =T, x| <}

is an increasing function so that A_(0) = 0 and
N =sup{lg(t,z€)| | (1,z,€) e R""}

and hence, using (6.1.24) we get:

||£H1,; <k “64 +[o-| +25_1A7(|IXI|1,;)||XH1; +25_1N|8|} . (6.1.28)
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Similarly, for fixed (&_,¢_, &) € NP x BP_ ,, x R? and x; (t),x2(t) € C°(I,,)
we see that
122 — %1~ <2k67 [A_(F)+N'|e]] |lx2— x| - (6.1.29)

where 7 = max{||x ||1’;, ||x2||1,;} and

N :sup{’gi(t,z,s) | (t,z,€) € R"“} .

Thus if p > 0, |&_|, |@_]| and |g]| are sufficiently small, the map (6.1.26) is a
C"—contraction in the ball of center x(¢) = 0 and radius p in C(I,), which is uni-
form with respect to the other parameters (&_, @_, o, €) and m € Z. Hence we obtain
the following:

Theorem 6.1.9. Take on (H1), (H2) and let (§—,¢_, 0, €) € NP x ZP_,, x R?,

p > 0 be such that 2k [|E_| + |@_| + 28 'N|e|] < p and 4k6~' [A_(p) + N'|e|] < L.
Then, fort € I, Eq. (6.1.18) has a unique bounded solution x,, (t) = x,, (t,6_, ¢_, ¢, €)
which is C" in the parameters (_,¢_, o, €) and m € Z, and satisfies

6 (6, 0 0t €) | < 2Kk [|E- |+ |- +28 'Nlel] <p (6.1.30)
together with
(TP ) (o —T) =&, P Xy (Tom—1 — 1) = @_.

Moreover the derivatives of x,,(t,E_,¢_,a,€) with respect to (E_,¢_,a,€) are
also bounded in I, uniformly with respect to (—,¢_, o, €) and m € Z and they are
uniformly continuous in (E—,@_, &, €) uniformly with respect to m and t € I,

Proof. Only the last part of the statement needs to be proved. We know that
x,(t,E_,@_,a,€) is the unique fixed point of the map given by the right-hand side
of Eq. (6.1.25) with h,,(¢,x(t),a,€) instead of A(t). Since &_ € A P_ we have
Xt — Tom)E-| = [X(t — Tom) (1~ P_)X_(~T)&_| < ked0-Bn—T) & | < KIE_|
for any ¢t € I;. A similar argument shows that |X_(r — sz)P,X:I(sz,] —1-
Tom)@—| < k|o_| for any ¢ € I,. As a consequence, the right-hand side of (6.1.25)
consists of a bounded linear map in (&, ¢_), with bound independent of m € Z,
and the nonlinear map from CJ(I,,) x R x R:

t
(x(+), 0, €) — X_(t— Tgm)P,X:1 (s — Tam) by, (s,x(s5), 00, €)ds
Toy—1—-1

Tym—T
- /l Xt — Tom) (L — P_)X =" (5 — Tam) - (s,x(s), o0, €)ds

whose derivatives up to the r-th order are bounded and uniformly continuous in
(x, o, €) uniformly with respect to m because of the properties of &, (z,x, a, €) (see
Remark 6.1.5 and 6.1.2). The proof is complete. a

We are now ready to prove the main result of this section:
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Theorem 6.1.10. Take on (H1), (H2) and let (_,@_,at,€) € N P_ x ZP_ ,, x R?,
p > 0 be such that 2k [|E_| + |@_| + 28 'N|e|] < p and 4k6~' [A_(p) + N'|e|] < 1.
Then, fort € I, ,, equation 7z = f_(z) + €g(t,2,€) has a unique bounded solution
2,(1) =2, (t,E_, @_, &, €) which is C" in the parameters (E_, ¢_, o, €) and satisfies

”Zr;( + a’§—7¢—?a7£) - Y—( - sz)”I,; < 2k [|§—| + |(P—| +2671N|£|] < P
(6.1.31)
together with

(I—=P)zy(Tom =T + ) =y (-T)| =&,
Pl (D1 +0=1) =y (Tom1—Tom—1)] = ¢_.

Moreover x,,(t) =z, (t + o, &_,@_, 00, &) — Y_(t — Tam) is the unique fixed point
of the map (6.1.25) and z,,(t,&_,Q_,0,€) and its derivatives with respect to
(E_,9_,a,€) are also bounded in I, uniformly with respect to (E_,¢_,a,€) and
m € Z, uniformly continuous in (E_, o_, &, €) uniformly with respect to (t,m) with

t€l,, meZ and satisfy:

dz,,

9E_

(t+0,0,0,0,0) = X_(t — To) (I~ P_),

g(;r;([+ (X,0,0,a,O)(Pf :X*(t_ TZm)P*X:l(T2m71 - T2m - 1)(P7

P)
%(hLa,O,O,a,O) (6.1.32)

r
= X (= Tan) P-X_1 (5 = Tom )85+ 0, V- (5= Tam) 0)ds
Tom—1—

Tm_T
—/2 X_(t = Tom) (T P) X~ (s — Tom)@(s+ @, 7 (s — Tom), 0)ds
t

Proof. Setting x(t) := z,,(t + o) — y—(t — Toy) the existence of z,,(t,&_,0_, o, €)
satisfying (6.1.31) follows from Theorem 6.1.9. Thus we only need to prove (6.1.32).
From (6.1.28) we see that x;,(¢,0,0,,0) = 0 and then differentiating equation
(6.1.25) with x,, (t,&_, ¢_, o, €) instead of x(¢) and h,, (t,x,,(t,é—, 0,0, €),Q, €)
instead of h(f) we see that

daz, ox,,
%(r +0,0,0,0,0)&- = a’gj (1,0,0,0,0)6_ = X_(1 — Ton)E_.
Similarly we obtain the rest of (6.1.32). O

Remark 6.1.11. The function z,(¢) = z,,(¢t,€-,¢_,a,€) is a bounded solution of
Eq. (6.1.1) in the interval 1, , as long as it remains in Q_ for 7 € /,, ;. and sat-
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isfies (6.1.31). However in order that z, (1) € Q_ for t € I, , it is sufficient that
G(z,,(Tom — T + @)) = 0. This follows directly from (H2) and (6.1.31).

Next, let
Ac(r) = sup {| £ (e 22 (0) — - (e ()| | T <.l < 7}
Py =Py (Toms1 —Tom+1)
=X, (Dyms1 — Do+ VP Xy (Dopps1 — Do +1)71, (6.1.33)
Iy (1,3, B,€) = f- (x+ ¥ (t = Tom)) = [~ (¥ (t = Tom))
Sy (0 = Tom))x+ €8(t + B, x+ 74 (1 = Tam), €).
By an almost identical argument we show the following:

Theorem 6.1.12. Take on (H1), (H2) and let (&, @+, B,€) € BPy X N Py x R
and p > 0 be such that 2k [|& |+ |@+| + 28 "' N|e|] < p and 4k6~ ' [AL(p) + N'|e|] <
1. Then, fort € Izﬁ’ equation z = f(z) +€g(t,z, €) has a unique bounded solution

() =75 (t,Ex, 04, B,€) which is C" in the parameters (&4, @, B,€) and satisfies

e -+ B &1, 0. Bo€) = V(- = Tom) I < 2K [1E| + 4| +287'Nlel] < p

(6.1.34)
together with
Pilzy (Tom +T +B) — v (T)] = &4,
(]I_Pme)[Z)Jnr(TmeLl +ﬁ + 1) - ’Y+(T2m+l — D+ 1)} =@+
Moreover x} (1) := 24 (t + B, &+, 0+, B,€) — Vi (t — Tam) is the unique fixed point of

the map

(x(t)7§+a(P+a ﬁae) =
X+(’ - T2m)€+ +X+(t - T2m) (H _P+)X;1(T2m+1 —Tom + 1)(P+

t

[ Xe(— TP X5 (5= Tan ) (5,2(5), B €)ds
Tom+T

Tom+1+1
- / Xyt — Tom) (I— Py) X7 (5 — Tom) Ik (5, x(s), B €)ds,

' (6.1.35)
and 7} (t,E+, 04, B,€) and its derivatives with respect to (Ey, @, ,B,€) are also
bounded in I uniformly with respect to (€., @4, B,€) and m € Z, uniformly con-
tinuous in (4,94, B, €) uniformly with respect to (t,m) with t € I}, m € Z and
satisfy:

ot
9, " (t+,0,0,B,0) =X, (t — Tom) Py
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ozt
90, " (14 8,0,0,8,0)@4 =Xy (t — Ton) (1= PL)XT (Tami1 — Tom + 1) 94

Iz,

=2 (1+8.0,0,B.0)

t
:/T +TX+(I_Tz’")PJrX;l(S_T2m>g(s+ﬁa7’+(5—sz),O)ds
2m

TZm-H‘H
- / X (t = Tan) (L= P )X; (5= Ton)g(s+ B ¥ (5 — Tom), 0)ds.
(6.1.36)

Remark 6.1.13. Note that z,,(t,&_, ¢_, @, €) (resp. z,,(t,E+, 9., 0, €)) depends on
m by means of Tr,_; and T», (resp. Tp, and Tp,4+1). Consequently, we may
also write x~ (t7 5,’ O, 0, & Do, Tom—1 )’ Xt (t7 nga O+, 0,8 Do, Tomt 1 ) instead of
x,;(t,é,, ¢, (X,E), x;;(tvéJra (er,(X,S) and say that x_(ta(é*v ¢, a>£7T2m3T2m71)’
xT(t,E, @4, a,€ Doy, Tome1), respectively, is uniformly continuous with respect
to (&-,9_,0,¢), resp. (&4, @+,B,€), uniformly with respect to Tay, Tom—1, TESP.
Tom, Tom+1, and 1 € I, (resp. t € I)).

6.1.5 Orbits Close to the Upper Homoclinic Branch

Theorem 6.1.14. Take on (H1), (H2). Then there exist posztzve constants ¢, & and
Do so that for any o ﬂ ecRand & cR"
and |& — y(=T)| < Po, there exists a unique solution 70,(t) = zm( E a [3 8) of
equation z = f (z) + €g(t,z,€), fort € [Tom — T + 0, Ty + T + B] so that

D (P —T+a)=E
and

zm(®) = 100t = Tom = )lliz,,, 70,748 < €lIE = W(=T)| +2N8 " e]].
(6.1.37)
Moreover 20, (t,€ o, B, €) and its derivatives with respect to (€, o, B, €) are bounded
in [Ty — T + 0, To + T + B] uniformly with respect to m € Z, uniformly continuous
in (E,a,B,€), uniformly with respect to t € [Ty — T 4 0, To + T + B], m € Z, and
have the following properties:

i) 0=+, & a,B,e)—1(t — o) is a fixed point of the map

x(t) = Xo(t = Tom) [ —0(=T)]

' (6.1.38)
+ . TXo(t—sz)Xo_ (s — Tom) 12, (5, X(s), @, €)dss
2m—
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where
hi(1,x,0,€) = fo(x+ (1 = Tom)) = f (W (1 = Tom)) — f1- (0 (t — Tom) )x
+eg(t+o,x+ 0t —Tom), €).
(i) The following equalities hold:

%o 1 (7). .8.0) = ~io(t - o~ ),

% (7). 5.0) =0,

8zm
¢

Iz,

o€ (l—i—OC,’)/o(—T),OC,ﬁ,O)

t,0(=T),0,B8,0) =Xo(t — o — @), (6.1.39)

t

= . TX( Tom)Xy (S_T2m) (s+ 0, 10(s — Tom),0) ds.
2m—

Proof. The statement concerning the existence of the solution 20, (t) = 20 (1, &, o, B, €)
from which (6.1.37) holds, follows from the continuous dependence on the data.
Moreover the fact that x) () is a fixed point of the map (6.1.38) follows from
the variation of constants formula. The boundedness and continuity properties of
2(t,&, ., B, €) follow from the similar properties of 40, (¢,x, &, €) as in Theorems
6.1.10, 6.1.12. Then, because of uniqueness of fixed points we also get:

an(t,0(=T), 0, ,0) = Y (t — Tom — 0t)

from which the first two equalities of point (ii) easily follow. Differentiating (6.1.38)
with respect to &, € respectively and using the fact that h?n(t,x, o,0) is of the second
order in x, we derive the other two equalities in (ii). a

Note that if
c[po+2N8 ) < p

from (6.1.37) we obtain:
SUp{|, ¢+ @) — 10t — To)| | 1 € [Tom— T, Tom+ T+ B— ]} <p.  (6.140)

Remark 6.1.15. Note that z9,(t, t,E,a,B,€)) depends on m by means of T»,,. Thus
we may also write 2(1,&, a,,€,Toy) instead of z5,(z, t,€,a,B,€) and say that

2(t,E, 0, B,€,Ts,) is uniformly continuous in (&, &, B, &) uniformly with respect
t0 Doy and t € [Toyy — T + &, Top + T + B].
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6.1.6 Bifurcation Equation

Let & > 0, pg > 0 and ¢ > 0 be constants as in Theorem 6.1.14, C := max{c,2k},
x < 1 a positive constant that will be specified and fixed below and py < cpy be the
largest positive number satisfying

N'6
-1
4ké {Ai(poﬂ—ZNcpo} <1.

Next, let 0 < p < pp and &y := min{z”c—?\,,&‘o}. For any o = {04, } ez € £°(R) and
€€ (—gp, &) we set

Gae={0:={(0n: 0 & & 6B}y € 7R
((pt;7(p1:1ra€r;7§;{a§m7ﬁm) S %P—,m X r/VP_Hm x N P_ X%P+ % RnJrl ,
2k 1651+ 1@ +287'Nel] <. cll&n—n(=T)| +2N8"[e]] <p,

w1 Bl < 1)

mez

and
05 ={(6.0,8) € 500 X "(R) x (~5p.6p) 1 € 55 }

where

ﬁ;; = {(X EZM(R) : Sl;l%“xm_am—l' <X}

Note that because of the choice of p, &, €7 , ¢, {5 and £ are open nonempty
subsets of

O(BP- g X N Py oy X N P_ X BPy xR" X R),
O(RBP— g X N Py X N P_ X P xR" xR) x £7(R) X (—&p,&p)

and £~ (IR), respectively. In £7 , . we take the norm

1611 = [[{(@ur @+ &+ &+ s B) ez |
= su%maX{l%? Q| A& 1161 1Eml 1Bl } -
me

Let 7 = {T,y}mez be given as in Section 6.1.4 and take (6, a,€) € £7. In this
section we want to find such conditions that system (6.1.1) has a solution z(z) de-
fined on R so that any m € Z satisfies:

l2(t) ~ 7t = Tan — o). < p.
||Z(I) - YO(I —Tom — am)”]j(')? <p,
l2(t) = v (¢ = Tom = Bu)ll iz <P
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where I, = [Tom—1 4 0 — 1, Tom — T + 0], I3, = [Tom — T + O, T + T + Bu] and
It;t = [T2m + T +ﬁm; T2m+1 + ﬁm}

We note that for any (0,0, ¢€) € 5 assumptions of Theorems 6.1.10, 6.1.12 and
6.1.14 are satisfied. Indeed we have

N'S
4k67 ' [As(p) +N'le|] <4k8™' [AL(p)+N'ep] < 4k&™! [Ai(po) + 2Ncp0] <1

along with |e| < & and
£ 0
E-n(-T) <2 <2 <pp.

So according to the previous sections and because of uniqueness of the solutions
o (6, E 0 By €), 2 (6,E,) s Opr s O, €) and 20, (¢, €, O, B, €) We see that such a
solution can be found if and only if we are able to solve the infinite set of equations
(me 7).

o (Tams1 By 6t s Pon s B €) = 2yt (ot + Bins & 15 P 15 Ot 1,€) = 0,
2O (T — T + Qo Emny Oy By €) — 2y (o — T A+ Gy &7, 0 s Oy €) = 0,

2 (Tom + T + B &y Oy B €) — zm(sz+T+Bm, o P B, €) =0,
G2 (Tom =T + G, &5y, P O, €)) =

G (20, (Tom + T + Brs Ems O, B, €)) =0,

Gz (Tom +T + By &y O s B €)) =

(6.1.41)
Since Tomt1+ i1 — 1 < Doyt + B> system (6.1.41) is well posed. Note that from
Theorem 6.1.14, the second of the above equations reads:

Em = Zy;(T2m - T+am7€n;7q)r;7am7£)

and gives the sequence {&, } ez in terms of the sequences {& } ez, {0 Ymezs
{0} mez. and €. Moreover, if p is sufficiently small, 20 (T2, + T + B, Em, O, By €)
is close to (T 4 Bu — Ow), While 2} (Tom + T + B, &, @, B, €) is close to
Y+ (T) = w(T). So there is a positive constant ¥ < min{1,27} so that the 5th and
the 6th equations in (6.1.41) imply that the 3rd equation is equivalent to

R [Z&(T2m+T"’ﬁmaérmamuﬁm,g) —Z:;(sz+T+ﬁm,€,:;7(}),;r,ﬁm,€)] =0

where Ry : R” — R” is the projection defined in Section 6.1.2. From now on, we fix
such a y. Here we use the fact |3, — a,,| < 2 for any m € Z, s0 (T + B — Qn)
and ¥ (T) are sufficiently close for x is small enough uniformly for any m € Z.
Let
7= R"<xR"x ZRy x Rx R xR)

with the norm
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sup max {|aml, [bml, [cm|; |dm|, |em], [ fn| }
me

for {(am,bm,Cm,dm,em; fin) } ez, € €. We define amap Y5 € C” (é;;,ﬁ‘f) as

gy(@,(x,S) = gy({((p,;,(p,j,é,;, 11J1F7Emaﬁm)}m€Za{am}m€Zv£) =

o (Do 1 4+ By Eot s O s Bins €) = 2t (Do 1 + By §pp 15 Py 15 Ot 1, €)
& =27 (Tom =T+ 0, & @ Ol €)
Ro[2% (Tom + T + B, Ems O, B €) — 2 (Tom + T + B 5, 03, B €))]
Gz (Tom =T + O, &y Oy 5 O, €))
G (25, (Tom + T + By &y O, B, €))
Gz (Tom +T + B, &t s O s Bns €))

meZ
so that Eq. (6.1.41) reads
Y7(0,a,e)=0. (6.1.42)

Before giving our main result we state few properties of the map ¥+ . First, from
[39] it follows that ¥+ is C" and has bounded derivatives. More precisely, from
the continuity properties of the solutions z;\ (t,&X, oF, B, €), 2, (t, &, @ O, €),
and 2 (t, E s Oy, Brns €) we see that ¥ (0, a, €) and its derivatives are bounded and
uniformly continuous in (8, @, €) uniformly with respect to .7 € ¢ (R). Next, for
any o € ¢35, we set:

0 = {(0;070707 YO(_T)’ am)}mEZ :
From (6.1.31), (6.1.34), (6.1.37), and G(y=(+T)) = 0, 1 (+T) = 0 (+T), we get

Yo (Tomt1 — Tom) — V= (Toms1 — Tams2 + Gy — Qly 1)
0

%7(9067(170) =

0
0
0
0

meZ

Now, for ¢t > T we have

O [ 1Olds< [ ke 20T g (T)lds = k6~ e 20D 1T,

and similarly i
FAGIES R VA C 5]
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for any t < —T. Thus

‘V+(T2m+l - T2m) - ’)L(TZerl - T2m+2+am - am+])‘
< k& e 8 Tomet=Tow=T) |97, (T)| 4+ kS~ e3Tome1 ~Toms2tT+1) |y (_T)]
< 2k6~ e T max{|y_ (=T)|, |7, (T)|},
that is,
G (0. 0,0)| < 2k6~ e dT=T) v (=), |7 (T 6.1.43
|97 (6a, 0, 0)[| < e max{|7-(=T), |7 (T)|}- (6.1.43)

Similarly we get:

V- (Toms1 — Tams2 + O — Oyi1) (O 1 — Oty
0
17 (00, 0,0)] = ’
da 0
0
0 mez
and hence
”L[%(ea,a,())]H <2k e 8 T-T) |y (=T)|. (6.1.44)

Next, from Theorems 6.1.10, 6.1.12, 6.1.14, the equality Ry (7) = 0 and the
identities

P X" (Tt = Tom— 1)@y =X (Tom—1 — Tom— 1)@y,
(6.1.45)
(1= P)X: (Tomi1 — D+ 1)@ = X5 (Tomir — Tom + 1) @)

(that follow from @,, € ZP_ ., @,; € N Py ), we see that the derivative D19 of
97 with respect to 6 € £ , . at the point (6, ,0) is given by
ZLou( Pyt (Pr—n~_7ér;+l7€rjl_7§m7ﬁm)

En = X" (Tt = Ton — 1)
Ro[Xo(T)én — & — X (D1 — Tom + 1) @]
G'(0(=T))[& + X (Tam-1 = Tom = 1),]
G (0(T)) - [Xo(T)&n + %0(T) Bl
G (1e(D)) - [&F + X7 (Tomr = T+ 1) 03] ) 0

D197 (04, 0,0)0 =

where, we recall 0= {((p); ) (P}Ia 5}’;7 );7 Eﬂﬂﬁm)}mGZ’ and
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L s 1> Pors Gt ot Ems B)
=X (Dms1 — Tam)&,n
X (Tmt1 — Tama + O — 1) &, — V- (Tamt1 — Toms2 + Oy — Cii1) B
X1 (Tt = Tom) (L= P)X (Tt — Tom + 1)@
X (Toms1 — Toms2 + O — O 1 )P- X" (Tomst — Tomiz — 1)@, -

Then, using again (6.1.45) we obtain:
X (Bt — P + 1) | < ke 0Tt == TH) | oot < e =0T =T42) |

X (Dot — Tom — 1)@, | < ke 0T Tt H D) g ) < gm0 TH2) ).
(6.1.46)
Moreover,

X (Tt — Tom) | = X (Tt — Tom) Pe X7 (T)ES| < ke 0T TH gk
(6.1.47)
and, since |, — 04y11| < 1 implies that T2 — Toms1 — Oy + Oy > T > T
‘X— (T2m+1 - T2m+2 + 0y — O‘m—‘rl)ér;r] ‘
= |X_(Toms1 — Toms+2 + Oy — Qg 1) (I— P)X ! (=T)&, 1l

_ 6.1.48
< ke 8(T-T) |€ ( )

it |
7= (Toms1 — Tome2 + O — Gyt | < ke 2D |y (—T)|

for any m € Z. Next,
X_(Tams1 — Toms2 + Om — O 1 ) P-X (Do 1 — Doz — 1)@
€ AP_(Toms2r — Toms1 — O + Oy 1),

Xi (Toms1 — Do) U= PO)X; (T — Tom + 1))}
€ NPy (Tomy1 — Tom),

and (see (6.1.9))
NP (Toms1 — Tom) & ZP—(Tomsr — Toms1 — O + Q1) = R™.
Hence the linear map
L @i 1:0m) = Xo (Tt = Do) U= P )X (Dot = Tom + 1)@
—X_(Toms1 — Toms2 + O — O 1) P-X " (Tomit — Tomiz — 1)@,

is a linear isomorphism from ZP_ 1.1 ® A Py ,, = R" into A Py (Doms1 — Tom) B
RBP_(Tams2 — Tom+1 — O + O4y1) = R” whose inverse is given by:
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Lot (@i, @) = X (Tt — T+ 1) (L= PO)X T (o1 — Tom) By
~X_(Tomi1 — Toms2 — DP-XZ (Toms1 — Tomiz + O — X 1) Py -
Note that (see (6.1.3)):
X_(Tomr1 — Tamsz — DP-X=" (D1 — Tomr2 + O — Qs 1) Py |
< keS(1+0m—01) |¢m7+1| < ked(+x) |¢r;+1

|X+(T2m+1 - TZm + 1)(H _P+)X;1(T2m+l - T2m)¢n;+]‘ S kes ‘(pn;Jr]‘

and

0 _
%vfa,m(‘l’mﬂ,q’g)a = —fL (Y- (Toam1 — Tami2 + Oy — Oy 1)) -

X_(Tams1 — Toms2 + Op — O 1)) P-X " (Dot — Tomsz — 1)@ 1 (G — Olp1) -

Thus we obtain (see also (6.1.10)):

|$a,m(¢;;+1a¢$)| S k676 |(pnt| +kei5(17){) |(pr;+1| S ka(P;; =+ (py;+1|7
Lo (B @) < kel @y | + ke |G, | <kce® [y + 9,4,
d _ _
‘aaga7m(¢m+1a(p$) < 2N—k|(pm+l

for N_ := sup,cpn | f—(x)|. So, using also aa,i” V=L ho famoafi}n:

ocm Jdo

| Lom|l <k¢ and |.ZLy Ll < kce?d,

9
Jda

Next, using (6.1.47), (6.1.48):

fa,mHSZN,k and ’

2 7 1H<2Nk3246

|$€X (Per]’(pmvgy;Jrlv maélmﬁm) ga’m((pn;+l’(p’:;)‘

O (6.1.49)
< ke @+lr-T)Dlie]

(recall 8 = {(¢5, 05 &+ &+ s Bin) hmez). We define oy : €5, o — £ s

Lom( Py 15O
Em - é;;

Ro[Xo(T)&m — &,

Ho =
G'(nw(-T))n
[

G'(w(T)) - [Xo(T)Gm + 10(T) B]
G'(r(T))-&m ez
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Clearly

90 7ta0 =

and so

d
Haa%

Next, note that

0

0
0
0
0

2 Loam( P 1> O

<2N_k.

[D197(0g,a,0) — 4]0

0

Hence, from (6.1.46) and (6.1.49), we get

G (v (THX: (T — Tom + 1)@

mez

Lo @i 1O i1 6t s &ms Bn) = L (91, 0ot
X (D1 — Do — 1)@y,

—RoX:(Toms1 — Tom + 1)@

G (W(=T)X" (Tom-1— Tom— 1),

D197 (8, @, 0) — || < Tske 0T-T)

where

meZ
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(6.1.50)

(6.1.51)

(6.1.52)

& 1= max {2+ |7 (=), [IRolle 72,16 (o(~T))| e, |G/ (v (T)) | e }

Next, given {(@m,bm,Cm;dm,€m, fn) } mez € €7 We want to solve the linear equa-

tion

Hp0 =

that is the set of equations:

am
b
Cm
dm
€m

Jm

meZ

(6.1.53)
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ga,m((P,;H ) (P;;D = dm,

&n— & = b,

Ro[Xo(T)&n— &1 = cm,
G'(W(=T))&y = dm,

G (0(T)) - Xo(T)&m +10(T) Bl = €m,
(v (T)) &y = fon-

To solve (6.1.54) we write:

(6.1.54)

Q

& =My + - (=T),
Ef=Chruiv(T), mez, (6.1.55)
{nrﬂz_}mez € goo(‘y/)» {Crﬂz_}mEZ € goo(y//)v {Mrf}mez € ew(R) )
and plug (6.1.55) into (6.1.54). We obtain
((p;;+17 (pnt) = "E/ﬂo?,;zam 9

- dm
m = G0ty -1)

+ Jm
S AGIAGE (6.1.56)

En =N+ U V- (=T) + b,

ﬁ — em*G,(VO(T))XO{
" ™)@

RoXo(T )Moy — Cor = €m — My RoXo(T) V- (—=T) — RoXo(T )b + s Ro74 (T) .

Now we denote by IT : ZRy — /" & " C ZR, the orthogonal projection onto
" @ " along span{y} (recall that y € ZRy = A G'(y(T)) is a unitary vector
so that (6.1.4) and (6.1.5) hold). In other words:

([—Mw = (y,w)y (6.1.57)
for any w € ZRy. Assumption (H3) implies that the linear mapping . & ." —

" @S = RI defined as ({+,n+) — —C*+ + RoXo(T)n* is invertible. So in
order to solve (6.1.56), we need to suppose

{(amab/mcmadmaemafm)}mez S K""(,S”’”) ,
where

P = {(a,b,c,d,e,f) ERY x ZRy x R : (I— M)L(a,b,c,d,e, f) = 0}
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and L: R" X R" X ZRy Xx R x R x R — ZRy is the linear map given by:

Labed.e.f) = e Gt RXo (7)1 (-T)

7R0X()(T)b +

(6.1.58)

Note that . is a codimension 1 linear subspace of R** x ZR, x R3. Hence ¥ €
R?" x ZRy x R3 exists so that

span { Y} ©.7" = R* x %Ry x R>.

Of course, to be more precisely, we can take ¥ so that (y,v) = 0 for any v € .7,
where (-, -) is the usual scalar product on R***3. To construct such a ¥ we note that
from (6.1.57), it follows that (I—IT)Lv = (y,Lv)y = (L*y,v)y, where we take
the natural restriction of (-,-) onto ZRy C R". Thus v = (a,b,c,d, e, f) € /" if and
only if (L*y,v) =0 or v € {L*y}* and we can take

v =Ly/|Lyl.

Let IT : R x #Ry x R® — .V be the orthogonal projection onto .%"" along
span{y}. Then

(L'y,v) . (y,Lv) -

[—)y=(y)y= = )
( v =(y,vy ‘L*ww |L*W|w

We set
£y = 0=(span{y}) C £7.
Let ITy : £7 — £=(.”") be the projection onto £~ (.#") along {5, given by

Hllf ({(amvbmacmvdmaemvfm)}mGZ) - {ﬁ(amabmacmadmaemvfm)}mez .

In summary, we see from (6.1.56) that there is a continuous inverse 7, ! : (= (S")
03, where

é; = {{((plg’(p;:’é';’&;’Em’ﬁ’”)}mez c Vis (RSnJrl) :
((pi;7(pr:lra€n:a nf7‘§m7ﬁm) G%P,Jn XJVP+7n1 X N P_ X%PJr XR"+1,Vm€ Z}
Note that from (6.1.56) it easily follows that H%ﬁ;' || and H%%ﬂ H < H%%

|5, 1||? are uniformly bounded with respect to c.
Finally, we define projections onto ZG’(y(T)) and ZG'(y(—T)), respectively,

as
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R Gy(Mw . =

(I—-R;) G/(é(,(T )( ﬂT()T)) o (6.1.59)
- . y_— woo

(I-R_) G =TV (=T V- (=T)

)
Note that R, is the projection onto 4G’ (( I')) along 7. (T) whereas R_ is the
projection onto A4 G (y(—T)) along 7-(— T). First, we observe that for any w € R”
we have [[— P, R, P, =0, since ¥, (T) € ZP;. So R, Py = PR, P, and then for
any w € R" we have R, P,w € ZP, NZR, = .". As a consequence, we see that
Y*R Prw =0 for any w € R" (see (6.1.4)). Similarly we see that P_R_[I—P_] =0,
hence R_[I—P_lw € /' P-NZAR_ = N P_NNG (y(-T)) =" for any w €
R". As a consequence, we get Y*RoXo(T)R_[I— P_]w = 0 for any w € R" since
RoXo(T)R_(I—P+)w € RoXo(T ). Consequently we arrive at

PRy =0, (I-P)R'Xo(T)Ryy=0. (6.1.60)
Next we set:
X" OR Xo(T)'Ryy, ift<-T,
v(t) =< Xy " (0)Xo(T) RSy, if -T<t<T, (6.1.61)
X (R v, ift>T,
and -
_ /_ Y08+ (), 0)dr (6.1.62)

Using (6.1.60), we easily obtain:

O] < IX2 () M= POXE(T)||RLw| < k||Ry [e 3T ifr > T,
()] < X2 () I=POXT) IRy < kR | 6.1.63)

lw(t)| < k||RoXo(T)R_| e3¢+T) ifr < —T.

Thus .#(c) is a well defined C? function because of Lebesgue theorem. We are
now ready to state the following result.

Theorem 6.1.16. Assume that f1(z) and g(t,z,€) are C"—functions with bounded
derivatives and that their r-order derivatives are uniformly continuous. Assume,
moreover, that conditions (H1), (H2) and (H3) hold.

Then given co > 0 there exist constants py > 0, ¥ > 0 and ¢y > 0 so that for
any 0 < p < po, there is € > 0 so thatfor any €, 0 < |e| < &, for any increasing
sequence T = {Tyy}mez C Rwith Ty — Ty > T +1—28""In|g| so that

M (Ton+ 04) = 0m € Z and inf |.4" (Ton + 04,) | > co (6.1.64)
me

for some oy = {02} ez € 3, there exist unique sequences {0 bmez = {&m(§7
&)} ez € 5 (R) and {Bu}tmez = {Bn(T &) Ymez € L= (R) with |0 (T ,€) — 09| <
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cile| and |Bn(T ,€) — add| < c1|e| Vm € Z, and a unique bounded solution z(t) =
(7 ,€)(t) of system (6.1.1) so that

SUP €Ty 1+ Bt Tam— T+ |2(8) = Y- (t = Tom — &) | < P,

SUB €[y~ T+ 4, Ty + T+ i) |2(t) = W (t — Tom — Gm)| < p,

Supte[T2m+T+B/n7T2m+l+Bm] |Z(t) - y+ (t - sz - ﬂm)‘ < p

for any m € Z (c¢f (6.1.7)). Hence z(t) is orbitally close to y(t) in the sense that
dist(z(1),I") < p where I = {y(t) | t € R} is the orbit of ¥(t).

Proof. 1f p and &, < &, are sufficiently small then, for ¢t € I, ,, the solution z(z)
we look for must satisfy z(¢) = z,,(¢,€—, ¢—, o, €) for some value of the parameters
(E_,9_,a,¢) and similarly in the other intervals [T, — T + o, To,, + T + B] and
I;,ﬁ' So, we solve Eq. (6.1.42) for (0,a) € €5, . x {3 in terms of 7 and € €
(—&p,&). Set
F7(0,a€)
= %9(61 a?‘c:) - %(6 - 906)
= gj(ea, aa 0)
+ [g7(97 auo) - g{?(eaa a70) —D1%7(9a7 a70)(6 - 606)]

1
+ (D1% 7 (8, 0, 0) — Hay) (6 — 6g) +g/ D:%5(0,a, 7€) dt
0

where D39+ (0, a, €) denotes the derivative of ¢ with respect to €. It is easy to
see that

F7(0q,0,8) =97(0q,00,8), D|.F7(0,a,6)=D957(0,a,€)— Hy,

Dlyy(elaa7£)_Dlyy(62aa7£) :Dlgy(elaaas)_Dlgg(ebaag)a

0., 90y
D)7 7(0,a,€) =Dy¥97(0,0,€) — P (60 —6q) — %W'
(6.1.65)
For simplicity we also set: i
= -1
From the definition of % (6, a, €) we see that Eq. (6.1.42) has the form
0 — 0y + 7, ' 1y F7(8,a,€) =0, (6.1.66)
and
(I-II,) Z7(6,a,€) =0. (6.1.67)

We denote with c;), resp. cgj ), upper bounds for the norms of the first order, resp.

second order, derivatives of ¥+ (0, a,€), in £3. Thus for example,
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)= sup {ID1%7(0,a.€)|,|D:%7(6,0.8)||,|D:%7 (6,0, ]}

(0,a,8)ely

2

and ¢y’ is similar. Then
%7(97 a70) _%7(906’ a,O) _D1%7(9a7 a70)(6 - 906)

= /01 (D197 (10 4+ (1 —1)60y,,0) — D195 (04, ,0)) dT(0 — O4)
=1(0,00,x)(0 —6q),

where )
11(8, 60, )] < ][0 — 04]l.

Hence, since

j? (9,(1,8) 79\&7(9&;“38)

_ /Ol[Dlyy(reﬂl — 7)04, 0, €)]dT(6 — 6)

1

+Dlj9(60ha78)(676a)
1
= / [Dlg7(10+(1 71)9(17“58) 7D1g7(9a7a78)]d1(9700)
0

+[D197(6q,0,€) — H5| (6 — 0gy)

(see also (6.1.65)) we derive, using also (6.1.52) (recall u = e~ -7))

1 ~
| 77(0.008) = Z7 (6, €| < 5610 — O + (Tt + ¢l €]} |0 — O
(6.1.69)
and (see also (6.1.43), (6.1.65))

@)
17:7(8,08)[| < “2-16 = Bal* + (ks + 5 [€])[16 — 6a +¢iy €] + cyu
(6.1.70)
where ¢y = 2k max{|7_(=T)|,|7-(T)|}. Note that ¢, cé,p, c{(;) and ¢3 do not
depend on (o, 7 ,€) € 7 x 0% (R) x R. Next, from (6.1.50), (6.1.52) and (6.1.65)
we get

|D1.Z 7 (04, @,0)|| < ke,
1D1.757(0, 0.€) = D1.7 7 (8, 0,8) | < |0 = Ol 6.171)

D27 7(8,0t,€) — Dr.F 7 (04, 01, €)|| < (cg) +2kN_) 16 — 64l
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From (6.1.70) and (6.1.71) we conclude that

li F7(0,a,e) =0, li D\ Z7(0,a,6) =0
st Mop00 > 7 (8 %E) st o 00 177 (6 %)

uniformly with respect to &. Thus, if po > 0, tp > 0 and 0 < & < g, are sufficiently
small and 0 < 1 < U, €| < &), from the implicit function theorem the existence
follows of a unique solution 8 = 07 (o, €) of (6.1.66) which is defined for any
a€ly, el <&,0<u<pand T = {Ty}mez so that Ty — Ty > T + 1 where
T —T = —&""Inu. Moreover 87 (, €) satisfies

sup [|07(a,€) — 6l < Po (6.1.72)

a,7 €

with the sup being taken over all @, .7 and & satisfying the above conditions. Next,
using (6.1.66) with 87 (o, €) instead of 6 and (6.1.70), we see that:

167 (o, 8) = Bl < || ' Ty ||| 77 (67 (2, €), 0t €) ]| <

2

_ Cq ~ 2
Ez m( 21107 (a,€) — B2 + (kT3pt +cif e[| 0.7 (o, ) — Oa|

+c§(¢1)|£| —|—cyu>.

Hence if pg, 1o and &y are so small that

1, Ty |2 (Po + 2¢0) + 2k 0] < 1 (6.1.73)

we obtain: |
167 (er,€) — 6| < 2|75 " Ty | (cypt +ci[e]). (6.1.74)

Note that since IT is an orthogonal projection, it is enough to choose p, & and py in

such a way that Cg) (Po+28&0) + 2k < || 7 1||~!. Moreover, plugging (6.1.74)

into (6.1.69) we obtain
|77 (67(a,€),0,€) = F7(6a, 0, €|
<2 || Iy P ey + )2 (6.1.75)
+2(kE3 1+ e [e]) | A Ty | (eqp + ) le]) < Ar(u+ Je])?
where A} > 0 is independent of (.7, a, 11, €). For example:
Ay =201 Ty || max{ey,clf) e ke ) (1 Ty e +1]

Next, differentiating the equality
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—1
07 (0, €)= 0q+ 7y IIyF7(07(a,€),0,€) =0

with respect to @ we obtain:

0
@[6{7(&,8) - 906] = _%7IHW£2<7(9<7((178)7(Xu8)

da

= ot "Iy { L1757 (07(0.6),0,8) - F 7 (60,0, )]

- [ J %;;lnw} F7(07(c€), t¢)

d d
7[32:7(905,(1,8) _ﬁy(eaaaao)} +aag<7(60t7aa0)}

+
o
d
- %% HW 'g.{?(a?(aag)aaﬂs)'

(6.1.76)
Then note that

% [ Z7(07(0,€),0,€) —F7(0q,0,€)]

1
_ %/0 D\F 7 (107 (at,€) + (1 — 7)60, t,€) dT(0.7 (@, €) — B)
1 P
—{ [ D705 (0e) + (1~ D6u,0.0) 5 07 ,6) ~ Buleae
0
1 d
+/ D%fg(rey(a,s)Jr(lff)ea,a,e)%eadr
0
1
+ [ D12 (505 (,0) + (1000, )7 | (O (a) - 6u)

1
4 [ D1F (207 (06) 4 (1~ 0000, ) de 0 0 (t.6) — O]
0 da
(6.1.77)

First we derive

1
| [ 0175005 (@) + (1= )00, 0.6) 52 [0 (,6) — ulas
0

Jda
1 ) 0 1 o 0
g/o e zdz|| 107 () 0l | = 3¢ | [0 (@0.2) ~ 6] |

Next, from (6.1.71) we obtain
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1
H [ D175 (205 (@) + (1~ )0 .07 2 [05(@,e) - 6

1
S (/ “Dlg\y(reg(aﬂg)_'_(l _T)GOHaaS)_Dlgzy(eoha7£)]”dr
0
D177 (8a, 0,€) = D1.F 7 (66,0, 0)| + D1 F 7 (8, 0,0 )

5 [07(a,€) = 6q]

0
Ja

! d
(2) (2) ~
< (/0 cy |07 (0, &) — Oyl TdT+ 0y |£|+kC3u) Haa[eg(a,s)—ea]

1 ~ d
< (e (310 e —0ull +lel )+ ) | 1 10 (cre) 0

Finally, using (6.1.50), (6.1.72) and (6.1.74), the identity

dy
e I 6.1.78
o (0,0,0,0,0,1) ( )
and D1D, % #(0,a,¢) =D1D,9#(0,a,¢€) — 9550; , we conclude
d
@[yy(e?(aa8)7a>g) _yg(eaaavg)]
_ ~ d
< [ (Po + £0) + k3 o] H 5407(ct.€) 6] (6.1.79)
2 _ 1
4 () kN ) 1 Ty | (e + i lel)
Similarly, we obtain
a ar a
%[JY(G(M(Xag)_‘/y(O(ha?O)] = |€|
(6.1.80)

i/1D§ (6g,,tE)dT <2c<2>\£|
oo 0 377 \Ya, K, % .

Now, since

d _ _ _
Sy Ty || < || Ty ||| 5 Ha || < 2kN-|| A Ty |,
do Jo

|

we derive, using also (6.1.75), (6.1.43):



6 Chaos in Discontinuous Differential Equations

H[ A 11,] 7507 (000

< 2kN_|| Ay 'y |?

(6.1.81)
{17767 (@.6), 0.8) = (8, 0,8)|| + G5 (8 t,)]| }

< 2N Ty | A (1 + el + cqpa ¢l el

Plugging (6.1.79), (6.1.80), (6.1.81) into (6.1.76) and assuming, instead of (6.1.73),
that

2|| Ay Iy | [05(42)(!30 + &) +kczpo) < 1

we obtain

|07 (@)= 60

< 20|ty Ty lI{4 () + N- ) 12 Ty | (eyp+ el

2 — 1
+265) ]+ eyt -+ 2kN- |7 Ty | [ A (e + [e)? + g +-cly el | |

< Ag(u+lel),
(6.1.82)
where A; is a positive constant that does not depend on (7, &, i, €). We now take

u=¢
thatis T =T — 28~ !In|¢|. Note that from (6.1.74), we get:
167 (at, €) — || < 21|75 Ty (cyle] +c))) e (6.1.83)

Then, if we can solve the equation (I—1ITy).%7(07(c,€),0t,€) =0 for o0 =
a?(e) = {am,,7(£)}m€Z and deﬁne Z;,S“q(tvg)a Z&)y(tag) as Zm( m 7(pmaﬁma )
2 (1,650 @ O, €) and 25, (1, &, O, B, €), with

07(e)=07(az(€),€)

instead of 0 = {(¢,,, 0,0, &, &0 &msBn) },;, and with 1 = €2, we see that condi-
tion (6.1.7) follows from (6.1.31), (6.1.34) and (6.1.40) provided |¢| < €p, taking &
smaller if necessary. Thus to complete the proof of Theorem 6.1.16 we only need to
show that the equation

(I-IIy)Z#7(67(a,€),0,€) =0

can be solved for « in terms of € € (—€p,&p) and .7 satisfying the conditions of
Theorem 6.1.16. Now, from (6.1.83) we see that
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lin%)(]I—Hu,)ﬁg(eg(a,s),ms) = lin}](H—Hw)%g(Ga,a,O) =0
€ £—

uniformly with respect to (@, .7) (recall that, see (6.1.43), |97 (04, o, 0)|| < cyp =
cy€?). Hence we are led to prove that the bifurcation function

é(]lfﬂl,,)ﬁy(eg(a,s),a,e) —0 (6.1.84)

can be solved for « in terms of € € (—&p, &), € # 0, and .7 satisfying the conditions
of Theorem 6.1.16. We observe that, with y = €2, (6.1.75) reads:

| 77(67(a.€), 0. 8) = F7 (6 0, €) || < Ar (1 + [e]) €.

Hence, using also (6.1.65) and (6.1.43) with u = e O0(T-T) — g2,

Bg(a7£) = é (]I—Hy/) {ﬂiq(@a,aﬂi)—‘rO(ez)}

= é (I-11y) [97(0a. t,€) = F7 (6a, a,0)] + O(€)

= (I-11y) D397 (04, ,0) + O(¢)

where O(¢€) is uniform with respect to (.7, o). Now we look at:

1 d
DBy (a,€) = E(]I - Hw)ﬁﬁy(ey((x, €),a,¢€). (6.1.85)

Subtracting

do
(0177 (00 .0/ 52 D107 (00, 0.0)) (0 ()~ )

d
= %[Dlﬁy(ea,(x,())}(@y(a,&‘) - 905)
from both sides of (6.1.77) and using the uniform continuity of D%f 7(0,a,¢),
D\D,Z7(0,a,€)in (0, ,€), uniformly with respect to .7 we see that:
Hiﬁ (67 (a,e),a £)—i9 (B, t,€)
aa T T ) y Ay aa T oy My

do,
— (D%Eg(ea,a,o)d;‘ +D1D2§y(6a,a,0)> (07 (a,€)—6y)

- d
< ((c5'167(c8) — 8u +[e]) +keze?) Haawy(a,e)— 6c)

(/|67 (e, €) — Oal| +|€]) |67 (o, €) — Bc |
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where 11(r) — 0 as r — 0, uniformly with respect to (7, @, €), So, using (6.1.83)
and (6.1.82) with u = £ we obtain:

ai y9(6§<a7£>7a78) - aiyg(et)haag)
* ] * (6.1.86)
_@[Dly7(ea7avo)](ey(a78) - 00!) :0(8)

uniformly with respect to (a, ?) So, plugging (6.1.86) into (6.1.85), using (6.1.65)
and (6.1.44) with p = e 9(T=T) = £2 we obtain:
a 9(7(906’ (X,S) - yg7(6067a70)

D\B7(a,€) = (H—Hv)w s

+(I—-1I1y) {e‘ldcfx[Dlﬂy(ea,a,o)][eg(a,s) - Ga]} +o(1)

_ 4

ey (I—ITy)D397 (64, @,0)

0= 11y) {7 2L 1017 (00,0.0) ~ il [0 (c0)— 0]
+o(1)

with o(1) being uniform with respect to . But, differentiating (6.1.51) we see that

d
@ (Dlgy(ea,(x,()) _‘%) = {(fn‘f,O,O,O,O,O)}meZ

where
L(@)(0) = L (@) (@1 O3t G- or S B)
= [X_(Tamt1 — Toms2 + O — O 1) (Comgt — On) | &y
[V (Toms1 = Tomsa + O — Og 1) (O 1 — Cin) | B
< ANk (8 + |- (=T))ul6] ol = o)l «|
and hence

d
@[Dlgﬁ(em a,0) — || = 0(82).

In summary, we obtain:

i[(11 —IIy)D397 (04, ,0)] +o(1) (6.1.87)

uniformly with respect to @ and 7. We have then
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gig(l)By(%E) = (I-I1y)D397 (84,0, 0) = (W,LD39 7 (64, ,0))y,

b
IL*

hleBq((x €)= (W,LD39 7 (6q,,0))y,

do |L*y|

uniformly with respect to o and .7 (recall that L has been defined in (6.1.58)). To
conclude the proof of Theorem 6.1.16 we evaluate (y, LD397 (04, ¢,0)). We have:

D3gy(90ha70) =

92y, 911
T(TZm-&-l + am,0,0, anuo) - 7(T2m+1 + (Xm30707 am+170)
€ de
_ai:(TZIn_T‘f'am?O;OyanuO)
70 _ - Fon _
Ro | 5 (Tom +T + 0, 0(=T), G, O, 0) =72 (Tom + T + 0n, 0,0, 04, 0)
— 817 -
G/(Y(_T))TZ(TZm_T+amao70a amvo)
9
G/(Y(T))X(Bm“'T‘F(XmaYO( ) Olm,Otm,O)
_ . dzf -
G/ ((T)) 52 (Tan+ T + 0, 0,0, 4, 0)
S mez
Thus:

LD 8%7(6067 (X,O)

810
=Ro{a (Tam + T + s Y0(=T), Gy, 0, 0)

_%(TZm'i‘T"'amyO O (Xm,())

G H-T) 2 (T~ T +0,0.0.0,0)
- 2 X(T)7- (~T)
+Xo(T )aa—’;( Tom — T + 04,,,0,0, 0, 0)

_ a7t

G'(y(T)) 8;:” (T + T + 04, 0,0, 04y, 0) o

" TN (T) (0}
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920
:RO{ az (Tom+ T + 04, Yo(—T), O, A, 0)

_ 9z _
+X0(T)R* a;:n (T2m -T+ ama0707 am70)

dz) _
_R+ aZ (sz—i—T—i-OC,mO 0 > O )Y+(T)}
0

d
= Ro{ G2 (T + T+ 04, 10 (—T), G, 4,0)

FXo(TIR- 228 (T~ T4 ,0,0,0,0) )

oz, )
—Rio (Tom + T + 0, 0,0, 0, 0) 74 (T)

since ZR 1 C #Ry. Next from Egs. (6.1.32), (6.1.36), (6.1.39) we get:

0

9z,
(T2m+T+am;'y0( ) (Xm,OCm,O)

En

—/ Xo )&(t + Topm + 0w, Y0(2),0)dt

92

(9 (T2m T+azn70707ama0)

-T
= P_X:l(t)g(t+T2m+anY—(t)ao)dt7
Tom—1—Tom—1
Iz
e

T2m+l T2m+1 1
:7/ (I—=Pp)X 7 (2)g(t + Tom + O, Y4 (1),0)dt .

T

(T + T + 04, 0,0, 04, 0)

As a consequence, using also (6.1.60), we get:

<W,LD3%7(00“ a70)>

-T
=y [/T RoXo(T)R_P_X~'(t)g(t + Top + G, 7 (2),0

2m—1—Tom—1

—|—/ RoXo T)X ()g(t+T2m+(Xm,7’0() )dt

T2m+| T2m+1 _
+/T R (T—Po)X; ! (0)g(t + Tom + Gy 12 (1), 0)dt
T2m+ 1 7T2m +1

Y (1)8(t + Tom + o4, (1), 0)dt
Dom—1—Tom—1

7/ V(1) g(t + Tom + G, ¥(t),0)dt + O(e 2T HD)

—/ W (1)g(t + T + 04, ¥(2),0)dt + O(£?)

(6.1.88)

(6.1.89)
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where y(¢) has been defined in (6.1.61). Thus we prove that

Bz(a,e) =

\L* ‘{‘///(aM"‘Tan)W}mez-i-O( ),

DBy (a,€) = {//(am+T2m)‘l/}meZ +o(1),

IL* |

where O(¢€) and o(1) are uniform with respect to o and .7. Now assume that .7 =
{Tu}mez and o = {a®},,c7 satisfy the assumptions of Theorem 6.1.16. We have:

lim B 7 (ao,€) =0,
£—0

lim D1 B 7 (a0, €) = { ' (o) + Do) W men,

IL* |
uniformly with respect to .7. That is |D1B# (., €)|| > zle‘ provided |g| is suf-
ficiently small. From the implicit function theorem we deduce the existence of
0 < & < g so that for any 0 # € € (—&,,&p) and any sequence .7 = {T;} ez
that satisfy the assumption of Theorem 6.1.16 there exists a unique sequence
(7€) ={tn(T,€)}men € {3 so that a(7,0) = ap and

Bz (a(7,¢e),e)=0.

Taking 07 (¢) = 05 (a(.7,€),€) and

Zm.’y(tae)a ifte [Tmel +ﬁmfl,,?(8)aT2m T+ am,y(g)]v
20)=4 D ,(t,€), ift€[Dm—T+ 7€), Tom+T+Bunr(€),

m,.

Z;-;ﬁ(t’g)’ ifr e [T2m +T +ﬁm,9(8>7T2m+1 +Bm,y(£>]7

we see that z(¢) satisfies the conclusion of Theorem 6.1.16 with &,, = &,(.7, €) and
B = B (0t (7 ,€),€). The proof is complete. O

Remark 6.1.17. Functions .# ,.#" : R — R are bounded.

Remark 6.1.18. Following the above arguments, we can consider also cases when
m € Z exists so that either Tj = —o Vj <2 —1 or Tj = o Vj > 2in+ 1. Then
Theorem 6.1.16 is obviously modlﬁed (see (6.1.97), (6.1. 98) and (6.1.99) below).

Remark 6.1.19. Here we emphasize that during the proof of Theorem 6.1.16, we
only use the fact that f and g are C> with bounded and uniformly continuous deriva-
tives. We should need higher derivatives if o is a degenerate root of .#Z4(at) =
{A (T + 04)},,c7» When condition (6.1.64) fails.

We are now able to give the proof of Theorem 6.1.3. First we show the following
preparatory results.

Lemma 6.1.20. For any € # 0 there exists |€| > Ve > 0 so that if a sequence T =
{Tn}mez, satisfies (6.1.6) then also it holds
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‘Dlg(t+T2m,Z70)_Dlg(f,Z,O)| < |£| (6.1.90)
for any (t,z,m) € R"! x 7.

Proof. Let € # 0. Take ne € Nand v > 0 as
D
n8—2{” 18|l

le]
and let 7 = {T,, }nez be a sequence satisfying (6.1.6). Then we derive [40]:
|Dlg(t + szaz70) _Dlg(t,Z7O)‘

1
< ‘D1g(t+sz,z,0) —ne [g <t+T2m + n7z,0) —g(t+sz7z,0)} ‘
£

lel

1, Ve:=
}Jr’ 7 dn,

(6.1.91)

1
+‘D1g(tazao)n8 |:g <t+ nazao> g(tvzao):H
t3

1 1
g (t+T2m+,z,O) -8 (t+ ,Z,O) ’
Ng Nge

+ne ‘g(t+T2rn7ZaO) _g(t,Z,O)‘

+n5

1/ng
< ng/o D1 (4 Tam+1,2,0) — D1t + Tam, 2,0)| d

1/ne
+n£/0 |D18(H‘TI,Z»O)—Dlg(fyZao)‘dTH‘znevs

_ IDug|

+2ngve < €|
ng
The proof of Lemma 6.1.20 is complete. O

Lemma 6.1.21. If € # 0 is sufficiently small then for any given sequence {Ty,}mez
with the properties of Lemma 6.1.20, a sequence {00 },.cz € 03 exists satisfying
(6.1.64) for some co > 0.

Proof. Let |.#'(a®)| = 4cy. We have:
M (Do + ) = +/ v ()[g(t+ Tom + 0, ¥(1),0) — g(t + @, ¥(2),0)]dt

and hence:

|t (T + ) — ()] < |g|/ (1)]dr < 2K6 e

since |y*(1)] < Ke %l for some K > 1 (see (6.1.63)). Similarly, from (6.1.90) we
get

M (Do + ) — A (@) < 2KS ! e].
Let /2 > 8 > 0 be so small that .7 (a® — &) ).# (a® + ;) <0 and |.#" ()| > 2c
for o € [® — &1, + &;]. Then, there is an & > 0 so that for 0 < || < & and for
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any m € 7 the equation .# (T», + o) = 0 has a unique solution o) = &(Th,) €
(OCO — 61,060 + 01) along with |%/(T2m + OC)‘ >co fora € [OCO — 0y, al + 61] The
proof of Lemma 6.1.20 is complete. O

Now we proceed with the proof of Theorem 6.1.3. Using Lemma 6.1.21, as-
sumptions of Theorem 6.1.16 are verified and consequently, we obtain sequences
{Gn.7(€)}, {Bn.7(€)}, and a unique solution z(¢) of Eq. (6.1.1) that satisfies
(6.1.7). To prove that sup,,c7, |6, 7 (€) — @°| < c||¢| and sup,,c7, B, 7 (€) — 0| <
c1|€| assume for simplicity that .#’(a®) = 4cg (a similar argument applies when
M'(a®) = —4cp). Then we have, since .# (Ta,, + &) > co for any & € [0t — 81, ot +
51]:

2K el >

o
[, B+ 0)dx) > ol — o],
o

hence

N N 2K|e ~
|6, 7 (&) — °| < |04n (T ,€) — Q|+ |l — a®| < c1e] + 6c| | =2clle].

Similarly we get (possibly changing cp): |3m’y(8) —aP| < ¢le|. The proof of
Theorem 6.1.3 is complete.

Remark 6.1.22. By (6.1.91), we get vg ~ €2 in Theorem 6.1.3.

6.1.7 Chaotic Behaviour

Set (cf Section 2.5.2)
E:={ec&|inf{lmcZ|ey=1}=—oo,sup{mecZ]|e,=1}=oco},
Ep:={ec&|inflmecZ|e,=1}>—co,sup{mecZ|e,=1}=oo},
& ={ec&|inf{imeZ|eny=1}=—co,sup{mEZ| ey =1} <oo},
&y:={ec&|inflmecZ|ey=1}>—co,sup{mEZ | ey =1} <oo}.

Note that & , &, &, & are invariant under the Bernoulli shift. In this section we
suppose for simplicity that assumptions of Theorem 6.1.16 are satisfied with a tech-
nical condition ||ap|| < x/2, i.e the following holds:

(C) For any € # 0 sufficiently small there is a sequence .7 = {T,,} ez so that
Tpni1 — T > T +1—28""In|e| along with the existence of an ap = {00 },ez €
€7 with ||| < x /2, satistying (6.1.64).

Let 7 = {Ty},,cz be as in assumption (C). Assume, first, that e € &. Let
né }nez be a fixed increasing doubly-infinite sequence of integers so that ¢, = 1 if
m g y q g
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and only if k = n¢,. We define sequences 7¢ = {T¢ }nez and af = {a0¢} ez as

Toe, if m=2k,
TS = . (6.1.92)
TZn,‘:,—la ifm=2k— 1,

and similarly

o = ol . (6.1.93)
Note that T¢, | — T;¢ > T + 1 —28"'In|e| for any m € Z and .# () has a simple
zero o, i.e. (6.1.64) holds with exchanges ¢ <~ 7 and of§ < 0. Since \a,?ljl -
a%| < x for any m € Z, assumptions of Theorem 6.1.16 are satisfied by .# (),

¢ and of. Let z(t) = z(t, 7€) be the corresponding solution of Eq. (6.1.1) whose
existence is stated in Theorem 6.1.16. Then z(¢) satisfies
- _ _ Te _ e
SUPyeire  +pe_ 15, Trag) [2(0) = v- (1 =Ty, — o) < p,
SUPrc(re Trag1g +T+pg) 1) = Wt — Ty, — 0)| < p, (6.1.94)
SUPye(re 7+ 75, +Be) 1200 — Vet = T3, = Ba)l < p,
where the sequences a¢ = {a } ez and B¢ = {B¢ } ez are determined as in Theo-

rem 6.1.16 (note here we remove hats for notational simplicity).
Now, consider the sequence 7y, := n, 4 instead of n¢, and denote with .7°¢, o,

B¢ and of§ the corresponding sequences:

Te __ e ~e __ e pe _ pe ~0e __ .,0e
Tm — Im+2» am - (Xerlﬂ :Bm - ﬁm+17 am - Ym+1- (6195)

Then .# Fe (o) has a simple zero & and Theorem 6.1.16 is applicable. But clearly
Z(t) == z(t, 7°) satisfies the same set of estimates (6.1.94) and hence, because of

uniqueness, z(f, 7¢) = z(t,.7¢) depends only on e and .7 (and not on the choice of
n,). So we will write z(¢, .7, e) instead of z(¢, 7°).

Now, assume that ¢; = 1. Then j = n;, for some m € Z and (6.1.94) gives, pro-
vided |g] is sufficiently small,

[2(T2)) = 0(= )| < [2(Ta) = w(—o5)| +W(—0) = ()|
< p+sup|io(t)| [, — off|
t€R

. 3
<pteilelsup[h()] < 5p
teR

since Ty, = T;. On the other hand, if e; = 0, let m € Z be such that n;, < j < nan.
Thennan—l > j>ng,+1andso
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Taj—Tong, — T — B = Tane 42— Tone — T — || a0]| — c1|€]
>T+2—45""Inle| — ||| —c1e]
>0

and
Tiir B =T 2 Tong, o1 = T, -2 = [l —cue]
>T+1-26 " Inje| — el —cile]
>0
for 0 < |e| < 1. Consequently, we have Ty; € [T5,, + T + B, T, | + By,] . and using
(6.1.94), we get

e e 3
12(T2))| < |2(Taj) = V4 (Taj — Tang, — Bp) | + ¥4 (T2j — Tang, — Byy)| < 2P

since T — Dong, — Bt > Dong,+2 — Tone, — ool — cile| > 2T+2745_11n|8| —
||| — ci]e] > 1 for 0 < |e] < 1, and thus |y (Taj — Taue, — B2)| < p/2. So
z(t,7 , e) has the following property

3 .
|2(T2)) = W(—0af)| < Fp.ifej=1,
3 (6.1.96)
eTs3)] < 3P, ife; =0,

Next, assume that e € & and let again {n¢, },,cz be a fixed increasing sequence of
integers so that ¢; = 1 if and only if k = n¢, and lim n;, = co. Corresponding to this

sequence, we define 7¢ as in (6.1.92) and then we obtain ¢ and ¢ as in (6.1.94)
with the difference that 7, = —oc and o, = B, = 0 for any m < 2/ where m is such

thate,c =1 and e; = 0 for any j < nj;. According to this choice, by Remark 6.1.18,
we obtain a solution z(r) = z(r, 7¢) of Eq. (6.1.1) that satisfies (6.1.94) when m > m
whereas for m = m it satisfies:

SUDs (oo 1 Tyag) [2(1) = V- (1 =Ty — o) [ < p,
SUPse(re Trog1g +7+pe) 1) = Wt — To — 03)| < p, (6.1.97)

SUP (1, +T+Bg T +BG)] |2(t) — ys (t — Tyn— Bl <p.

Note, then, that if we take, as in the previous case, n;, = ny, ; and J°¢, al, B¢ as

in (6.1.95), then (6.1.94) holds with 7°¢ instead 7 ¢, provided m > m — 1 whereas
(6.1.97) holds with Tz"(mil) and T5;,_, instead of T3, and T3, respectively. So
in this case we can also see that z(¢,.7¢) = z(t,.7,e) depends only on (.7 ,e) and
not on the choice of the sequence n;,. Moreover, (6.1.96) holds also in this case.
In fact if either e; = 1 or e; = 0 and there exists m € Z so that nj, < j <nj | the

same proof as before goes through. If, instead, e; = 0 and j < ny;, then the estimate
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l2(T2))| < %p follows from the first estimate in (6.1.97) since 2j < 2n§, —2 and then
T5; — Tg — 0, < Tie 5 — Tong, + || +c1|e] < =27 —2— 48" "Infe| + [ o] +
c1le] < 0for0 < |e] < 1.

Similarly, if e € &_ then by Remark 6.1.18, we obtain a solution z(¢) = z(t, 7°¢)
of Eq. (6.1.1) that satisfies (6.1.94) when m < m whereas for m = m it satisfies

SUPre(1g, | TS~ T+og) |2(t) = y-(t = T3 — o3)| < p,
SUPse(re Tros,1g, +7+pe) 1) = Wt — T — 03)| < p, (6.1.98)

SUP; (15, +T+B8 ) |2(1) = v (t = T3 — BR)| < p-

m

From an argument similar to the previous one (in this case, we can take, for example,
ng, =n¢,_,) we see that z(t,.7¢) = z(t, .7 ,e) depends only on (.7, e) and not on the
choice of the sequence n¢, and (6.1.96) holds.

Next, assume that e € &y with e # 0. Then there are m_ < my so that ¢z =0
if either k < ny, or k > ny, and Eq. (6.1.1) has a unique solution z(t, 7¢) so that
(6.1.94) holds when m_ < m < m, whereas when either m = m_ or m = m_ it
satisfies

Je(@) =y-(t = T3 —og )| <p,
SUDreire Trag 15, +T4ps | 120 — W —Th —og)[ <p,
SUPre(rg, +T+py 15 o +Bs 1120 — vt = T3 =B )l <p,
- Trag 20 = v (= T35, — o )l <,

SUPre(r5,,, —T+of, , \T5,, +T+BS, ] 2(t) =Wt — T35, —og, )| <p,

SUP e (oo, 15, —T+af

m_

(6.1.99)

Sup’E(Tzerh+—1 T
"l+

SUPrefry, 4745, o) [20) = Vet = T3, — Bi )l <p-

Moreover z(t,.7¢) = z(t,7 ,e) depends only on (.7, e) and not on the choice of r,
and (6.1.96) holds.

Finally, if e = 0, that is ¢, = 0 for any k € Z, by we define z(¢,.7,0) = u(t) as
the unique bounded solution of (6.1.1) so that

sup|u(t)| < p. (6.1.100)

teR

The existence and uniqueness of u(z) follow from the standard regular perturba-
tion theory (see [41-44], Remark 4.1.7). Now we are able to prove the following
theorem:

Theorem 6.1.23. Let assumptions (HI1), (H2), (H3) and (C) be satisfied. Then there
exists p > 0 so that for any 0 < p < p there exists & > 0 so that for any € # 0, |€| <
& and for any e € &, Eq. (6.1.1) has a unique solution z(t, 7 ,e, €) that satisfies one
among (6.1.94), (6.1.97), (6.1.98) or (6.1.99) and consequently (6.1.96). Moreover,
setting T7®) = {T;, 1o }nez, we have
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2, 7% o(e),e) =z(t,T7W e,¢) (6.1.101)

foranyt e Rande € &.

Proof. We only need to prove that (6.1.101) holds. Since z(¢, 7, e, €) does not de-
pend on the choice of {n¢,},,cz we see that we can take g

setting 7' = {Tu42 hmez, We have, if m = 2k:

=n;, — | and then,

16(e) _ _ _
Ty " =Tyo,, = Tong = Ty
and, if m =2k—1:
1o(e) _ _
Dot = Ty, = Tong—1 = Ty

that is
o) = e, (6.1.102)

Hence we see that, for any r € R and any e € &, the following holds
2(t,T',0(e),€) =z(t, 7 ,e,€). (6.1.103)

Now, from the definition of .7 ®) we see that 7*+1) = 7K thus (6.1.101) follows
from (6.1.103). The proof is complete. a

Now, we define F; : R" — R" so that F;(&) is the value at time 75 ) of the
solution z(#) of Eq. (6.1.1) so that z(Ty) = &:

i= fu(z) +eglt,z,€), z(Tu)=¢& (6.1.104)
and let @y (e) := z(Tu, §<k),e,£). Then we have:

¢k+100(€): Z(TZ(kJr])vg(k-i-l)vG(e)ve) :Z(TZ(kJrl)ay(k)»evS)

(6.1.105)
= Fi(2(Tox, W e,€)) = Fi o Dy (e).

Note that (6.1.105) can be stated in the following way. Let
S = {(Z(Tmﬂ(k),ae) |ee @@}, keZ.

Although F; may not be defined in the whole R”, for sure it is defined in the set
- It is standard to prove (see [36], Section 3.5) that .%} are compact in R” and
Dy . & +— S are continuous and clearly onto. Moreover, by (6.1.105), all Fj, : %} —
Z%+1 are homeomorphisms.

Remark 6.1.24. Here we silently suppose that F; are defined. We can do that since
we can modify (6.1.1) outside of a neighbourhood of the homoclinic orbit.

Next, let e,e’ € & be two different sequences in &. Then there exists j € Z so
that, for example, ¢/; = 0 and e; = 1. From [~ /2, x/2] C [T, T] and (6.1.96) we
see that
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‘Z(T2ja yae7£) _Z(sz,9,€/78)‘
Z ’YO(_aJO)‘ - ‘Z(TZja t?7678) - YO(_aJO)‘ - |Z(T2j7 y76/78)‘
> |w(—op)|—3p > min_|y(1)]-3p >0
te[-T,T]
provided p is sufficiently small. As a consequence, z(T»j,.7 ,e,€) # z2(T»j, 7, € ,€)
and, since both are solutions of the same Eq. (6.1.1):
(t,T ,e,€) #z(t,T € €) (6.1.106)

for any ¢ € R. Thus we have proved that the map e — z(r, 7, e, €) is one-to-one.
Hence if @y (e) = Pi(€’) then e = ¢’ since otherwise:

Dile) = 2(To, 70, e,€) # 2(Toy, TW € €) = Dy (€).

So @, : & — /% is one-to-one and a homeomorphism for any £ € Z. In summary,
we get another result.

Theorem 6.1.25. Assume that (H1), (H2), (H3) and (C) hold. Then for any € # 0
sufficiently small, the following diagrams commute:

& 2 &
‘t‘ki l‘karl
k 7 1

forall k € Z. Moreover, all &y are homeomorphisms.
Sequences of 2-dimensional maps are also studied in [45].

Remark 6.1.26. We improve (6.1.94) as follows. First, assume that e; = 1, and
ejr1 =0. The cases e; =0, e;;1 = 1 and e; = e, = 1 can be similarly handled.
Then, if j = nf, we have ni+1 > ng + 1 and then if

2niy—1)
te[TZni+l+Bk67T2ni+lfl+.Bke]: U [Tj+Bke7Ti+l+ﬁk6]7
j=2ng+1
we have t € [T5, + T + B¢, T, + B¢] and
t = T3 = B € [Taue 11— Tons, Tone -1 — Toue) C (T +1-28""In e, e0)

and hence if € is small enough that |y_(t)| < p forany t > T +1—-25"'In|e
(6.1.94) we get:

, by

sup |2(t) —u(1)] <3p
t€[Tj+B¢ T 1 +Bf]
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forany j € {2nf +1,...,2(ng, | — 1)}. On the other hand,

SUPte(Ty 0 +B Tang +T-+5¢] |2(t) = ¥(t — T — )| < p,

SUPL€ [Ty, +T+ B Tope 1 +55] |2(1) = ¥(t = Tang = BO) < p-

In summary, we can roughly state that for # € [T5;_1,7>1] the solution z() is close
either to the homoclinic orbit ¥(¢) or to the bounded solution according to e; = 1 or
ej =0.

6.1.8 Almost and Quasiperiodic Cases

In this section we assume that g(#,x, €) is almost periodic in ¢ uniformly in (x, €),
that is, the following holds:

(H4) For any v > 0 there exists L, > 0 so that in any interval of a length greater
than Ly there exists 7, which is an almost period for v satisfying:

lg(t+Ty,x,€) —g(t,x,€)| <V
for any (¢,x,€) € R"2,

Note that under (H4), function .# () is almost periodic in o. In this section we
suppose the existence of a simple zero a of .# (). Then following the arguments
of the proof of Theorem 6.1.3 we see that for any € # 0 sufficiently small there is a
sequence 7€ = {T,t} ez sothat TS, | —T% > T+ 1+4|a’| — 28 In|e| along with
the existence of af = {@f } ez € £~ with ||af|| < 2|a’|, satisfying .# (T, + &f) =
0 for any m € Z and inf,cz | 4" (T5, + 0f)| > co for some ¢o > 0. Then taking
Do =Ty, + 0y, Tom—1 =Ty, and o9 = 0, assumption (C) is satisfied. So applying
Theorem 6.1.25, system (6.1.1) is chaotic for any € # 0 small. In summary we obtain
the following theorem.

Theorem 6.1.27. Assume that (HI)—(H4) hold and that the almost periodic Mel-
nikov function # () has a simple zero. Then system (6.1.1) is chaotic for any € # 0
sufficiently small.

Next, it is well known (see [41-44], Remark 4.1.7) that near the hyperbolic equi-
librium x = 0 of the equation X = f_ (x) there exists a unique almost periodic solu-
tion of x = f_ (x) + €g(z,x, ). More precisely, given p > 0 there exists € > 0 so that
for any |e| < & equation x = f_(x) + €g(t,x,€) has a solution u(r) = u(t,€) so that
|u(t)] < p for any 7 € R and it is almost periodic with common almost periods as
g(t,x,€), i.e. assumption (H4) holds in addition with

lu(t+Ty) —u(t)| < év VteR
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for a positive constant ¢. Note that u(¢) is a bounded solution of X = f_(x) 4+
€g(t,x,€) mentioned in (6.1.100). Thus the conclusion of Remark 6.1.26 holds with
the further property that u(z) is almost periodic.

Results of this section generalize the deterministic chaos of [42-44,46] to the
discontinuous almost periodic system (6.1.1).

Finally, if g(,x, €) is quasiperiodic in 7 the following holds:

(H5) g(t,x,€) =q(mnt,...,ont,x,€) for @,..., 0, € R with g € C;(R" 1 R")
and ¢(0y,...,0,,x,€) is l-periodic in each 6;, i = 1,2,...,m. Moreover, ®;,
i=1,2,...,m are linearly independent of Z, i.e. if ¥ i =0, € Z, i =
1,2,...,m,then; =0,i=1,2,---,m

Then g(z,x, €) satisfies assumption (H4) [40,42] and hence the conclusion of Theo-
rem 6.1.27 holds.

6.1.9 Periodic Case

Here we assume that g(¢ + p,z,€) = g(t,z,€) that is g(z,z,€) is p-periodic. Then
(@) is also p-periodic. We suppose the existence of a simple zero a® of .Z ().
Then Theorem 6.1.3 is applicable with 7, = mT and 2T = rp forr > 1, r € N. So

. 2m(T, if m =2k,
|l erg-DT, ifm=2k—1.
Since we can take ng,(e) =n;, — 1 we see that
Joe _ [ 2T 2T, tm=2k |,
" (2n¢ —1)T —2T, if m=2k—1 "

for any m € Z. Again we denote with z(¢t) = z(t, .7, e) the solution of equation (6.1.1)
corresponding to the sequence .7¢. Then Z(t) := z(¢ + 2T satisfies the equation

¢= f+(z) +eglt,z,€)

together with the estimates:

SUD, o) L pe o0 g e |20) — 1 (1= T — ) <,
Sup [ () T+OC,$7 T2m( +T+B ] ‘Z(t) B YO([ B sz( ) B ae )| < p’ (61107)
sup, |Z( )= 1i(t =Ty 2m =Bl <p-

[ +T+Bm 2m 1+ﬁ

Thus, because of uniqueness:

a(7¢e)=a(T°C e)c*(R), PB(T¢e)=PB(T7° g)ecR)
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and z(t + 2T, 7 ,e,€) = z(t,7,0(e),€). Thus, using (6.1.101) and recalling that
T = kT:

ATaprr), T N e,8) = 2Ty, 78V [0 (e), €) = 2(Tot, TH e €),

that is, we see that

Pi(e) = Ple), Fr=T

are independent of k. Similarly, because of uniqueness and periodicity, the value at
the time T5(4.1) = 2(k+ 1)T of the solution of (6.1.104) is the same as the value at
time 27 of the solution of

t=fe(2) +egltz€), 2(0) =,
that is, also Fi(&) = F (&) are independent of k and we have:
DPoo=Fod.
In summary we arrive at the following result.

Theorem 6.1.28. Assume that g(t+p,z,€) =g(t,z,€), that is, g(t,z,€) is p-periodic.
If € # 0 is sufficiently small and there is a simple zero o° of .4 (o) then the follow-
ing diagram commutes:

& &
o] |o
52 . 32

forany N> r > 1. Here F = Q] = Qg 0...0 Qg (r times) is the rth iterate of the
p-period map Qg of (6.1.1).

Theorem 6.1.28 generalizes the deterministic chaos of Section 2.5.2 [36,47] to
the discontinuous periodic system (6.1.1).

6.1.10 Piecewise Smooth Planar Systems
In this section we apply the theory developed in the previous parts to a two—
dimensional system (x,y € R)

&= P=(x,),

y=0%(xy),

where + holds if (x,y) € Q; = {(x,y) | G(x,y) > 0} and — when (x,y) € Q_ =
{(x,y) | G(x,y) < 0}. We will construct an explicit expression for .# (ct) showing

(6.1.108)
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that it extends to the discontinuous case, the usual Melnikov function, thus vali-
dating the name of Melnikov function we have given to .# (). Let us write the
homoclinic orbit

as

Ye(t) = (ui(t)> €eQ , w)= <u0(t)) €Q,.

Vi(l‘)

Then let
ax(t) = P (us (1), v+ (1)) + Oy (ux(2),v4(2)),

ao(t) = P (uo(t),vo(t)) + Qyf (uo(t),vo (1))

be the trace of the Jacobian matrix of the linearization of (6.1.108) along (u4 (¢),v+(¢))
and (ug(t),vo(t)) respectively, and

a_(t), ifr<-T,
a(t):=< ap(t), if =T

ai(t), ifr>

Then ( v}j(t()t )) e~ Jerax(Ddr satisfy the adjoint variational system:
—y

and similarly (_vz(t) ) e L1047 Gatisfies the adjoint system:

o(t)

X = =P (0(1)x—0f (1)),
y=—Pf (w(t)x—0F (w(t))y.

Asa consequence,

£\ e _ e e Ve (£T)
(—uﬂz))e =X:() iy (£T)

VO(t) — [ gap(v)dT _ yrx (1 VO(_T)
<llo(t)> ) — —ig(-T) )

Next, since the system is two-dimensional, we have

and
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Gy(y(T
span{y} = ZRy = span{ ( G(Y( ) > } .

g Gy(Y(T))
=i\ ey )

Let {e},e2} be the canonical basis of R2. According to the definition of R+, Ry we
have

So we take:

Rt =61 G 7y D
e == Gy
Roer=e- G/(y%—(zgﬂ)—T) =,
= G/(yG<y—(;(>wT)<)—T> T,
Roer =e1 = G@E%(ﬁii 7y o0
Rae =2 g ey oD

and then (here .#; denotes the matrix of the linear map L with respect to the basis
{e1,e2} of R?)

My = . . (@) (Gy(YT)) —G(Y(T)))
G )y (T) \ iy (T) y !
e ——— (DN (6 ey —ar-T)
-G\ —a(-T) ) ’
M 1 (@) (Gy(YT)) —G(y(T)))
O GT))0(T) \ —ig(T) y !
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and

ot AGCWINL ( 50) \ e (o
XL R = G T (—L(t))ef o

for t > T. Putting everything together we obtain

G'(v(T))0(T)
G D 1) R Jra(t)dT
{G'(y(T))y(T) /_m <_u_(t)>g(t+a ¥(1),0)e dt
/T V(.)(t) >g(l+a,}/(t) O)e fTaO(T)d’L'dt
=T \ —ug l‘)
G'(V(T)(T) [=( v+() s ey
+G’(y(T))y+(_)/T (_u+(t)> g(t+a,y(t),0)e dt
that can be written as:
___le'(n(1))
) = =G o)
G/(}/(_T))YO(_T) - — Jfa(t)dr
{G’(Y(T))y(T) /_m F-(v(®)) Ag(t+a,y(t),0)e d
+/TTf+(Y(t))/\g(l+a7y(t),0) e Jraldr g (6.1.109)

n G/(Y(]_T:))YO(Y;) /Toof—('Y(t)) /\g(H— Ol,’)/(l‘)70) ej}a(r)d’rdt} ,

where

Note that we can write:
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M) =— |G’(GEy7lef(]ao {/ Flr) Aglt + o, (), )e_fé“(f)drdt—ﬁ—é,—ﬁ—&r}
where
_ G'(y(=T))1(— )_ -7 — Jta(t)dt
o = (ST ) [ st a0 b
_ (G M) N\ [ Ha(yde
.= (LD 1) [ ) mste+ a0, 0) e B,

Remark that the extra terms 8+ vanish in cases Jo(—7) = 7. (—=T) and }%(T) =
7+ (T). Thus .# () extends the usual Melnikov function (cf Section 4.1) to the
discontinuous case.

6.1.11 3D Quasiperiodic Piecewise Linear Systems

In in section, we consider the example

Ax+€(gisinwit + gasinapt), fora-x<d,
;= (6.1.110)

Ax+b+e(grsinwir+gysinawpt), fora-x>d

of a quasiperiodically perturbed piecewise linear 3-dimensional differential equa-
tion. Hered > 0, w; 2 > 0, a,x,812 € R3, @- x is the scalar product in R3. Moreover,
we consider system (6.1.110) under the following assumptions

(i) Ais a3 x 3-matrix with semi-simple eigenvalues, A;,4; > 0 > A3 and with the
corresponding eigenvectors, e, ez, e3.

(i) Let b = Zf’zlbiei and a; :=a-e;, i = 1,2,3. Then a;,b3 > 0, ar,az > 0 and
bi1,b; <O0.

Remark 6.1.29. Certainly we can study more general systems

m
Ax+82gksinwkt, fora-x <d,
k=1
m
Ax+b+e¢ ngsina)kt, fora-x>d
k=1

but for simplicity we concentrate on (6.1.110) in this section.

If either g1 = 0, g» = O or the ratio 2L is rational, then we get the periodic case
studied in [34]. Theorem 6.1.28, however, improves the result in [34] in the sense
that here we obtain chaotic behaviour of the solutions. Thus, we focus here on the
case

(iii) g1 # 0, g2 # 0 and @; /@, is irrational.
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Given the vectors in R3: x = Y3, x;e; and y = Y3, y;e; we define

3
<x,y> = ZXiYi~
i=1

Then (x,y) is a scalar product in R?® that makes {e1,e,e3} an orthonormal basis
of R3. From now on we will write also (x1,x2,x3) for the vector x = Z?zl x;e; and
hence we identify e}, ey, e3 with (1,0,0),(0,1,0),(0,0,1) respectively.

Writing x =Y | x;e; and g; = Y3, gjiei, j = 1,2, (6.1.110) has the form

Aixi + € (g1;Sin @17 + go; sin wyt) , for (a,x) <d,
Xi = (6.1.111)

l;xi—&—bi+£(g1isina)1t+g2,'sina)zt), for (a,x> >d,
i=1,2,3, where a = Y'}_, aje;. Hence G(x) = (a,x) —d = 25:1 ajxj—d and thus
3
Q_ = {(xl,xzpcg) S R3 | Za;x; < d},
i=1
3
Q = {(xl,xz,X3) eR3| Zaix,- > d}.
i=1
Theorem 6.1.30. If conditions (1)—(ii) and the next ones

2
- b -
wby(@BT —1)=dxs, Y %(e*”ﬂ—l) —d (6.1.112)
=1

hold, then system

ll' iy ) <da
'~={ ! for - {a,3) (6.1.113)

Aixi+bi,  for {a,x)>d,

i=1,2,3, has a homoclinic orbit to x = 0:

where
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and conditions (H1), (H2) and (H3) are satisfied.

Proof. With a view to constructing the homoclinic solution y(¢) of system (6.1.113),
we describe the local stable and unstable manifolds of the fixed point (x,x;,x3) =
(0,0,0) € Q_: the local unstable manifold of the origin is

$ (0) = {(X17X2,0) ‘Xl,xz ER, aixi+arxr < d}

loc

and the local stable manifold is

u (0) = {(0,0,)63) |X3 ER, azx3 < d}.

loc

Thus it must be:

cqeM! 0
()= | ce® |, n@)=| 0
0 c3 ehst

as long as y_(2),y+(t) € Q_. Note that, if ¢|,c2,c3 > 0 then, because of (ii), the
scalar product {a, y_(t)) (resp. {a, ¥4 (¢))) is increasing (resp. decreasing) and hence
Y- () € Q_fort < —T and v, (1) € Q_ for ¢t > T together with y_(—T),y+(T) €
0Q_ifand only if {a,y_(—T)) = {(a, v, (T)) = d, that is, if the following conditions
on the non-negative numbers T,d,c1, ca, c3 hold

AT

arcre M tapere T =d, azezelT =4, (6.1.114)

Next we have to choose ¢; > 0, ¢c; > 0 and ¢3 > 0 in such a way that the solution
%(t) of system (6.1.113) with y(—7) = y_(—T) belongs to Q, for —T <t < T
and satisfies 1(7) = ¥+ (T). Now, it is easy to see that if the solution of (6.1.113)
belongs to 2 and satisfies yy(—7) = y_(—T), then it must be

A eM (b eMT e dy) — by
w(t) = | A eR (bremT +erdy) — b
b3z”;1 (elg(l‘-‘rf) 71)
Hence the condition (7)) = v, (T) is equivalent to:
Clxl = —2b1 sinh(llf),
Ay = —2by Sinh(lzT), (6.1.115)
03}13 = 2193 Sinh(ﬂ,gT) .

Plugging these values of ¢y, c,c3 into (6.1.114) (note that ¢, c2,c3 > 0) we obtain
(6.1.112) on T, d. We assume that conditions (6.1.112) are satisfied and show that
in this case, % (1) € Q forany ¢ € (—T,T). To this end we consider the function:
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2 _
010 1= G = X G 1) G 1)

We derive 5
=Y ajpjrieritD pazbydy e+
j=1
From assumptions (ii) and (6.1.112) we see that

o(-T)=¢(T)=0, ¢"(1)<0 forany reR.
Hence we obtain
o(t)>0 on (-T,T)

that gives 3 (7) € Q. for —T < < T. Moreover, from ¢(

—T)=0and ¢"(t) <0
we also get ¢'(—T) > 0 and similarly ¢'(7T) < 0, that is,

_ 2 _
Y ajbje T tazby >0, Y ajb;+azbse*sT <0. (6.1.116)
j=1 j=1

Condition (H1) is verified. Now we verify (H2) by checking the inequalities
G'(v(=T))fe(v(—

that in this case read:

7))>0 and G'(Y(T))f=((T)) <0

_ 2 _
Y appieT-1)>0, Y abje M7 +azby >0,
=1 =

2

Y ajbj+asbye?T <0, dls; <0.
j=1

(6.1.117)

The first and the fourth inequalities come immediately from assumptions (i)—(ii)

the second and the third ones from (6.1.116). So (H2) also holds. Next we verify
condition (H3). First we note that VG(x) = a, for any x € R3, and

000
P,=P.=[00 0 (6.1.118)
001

Then, since A [G'(Y(T))] = {a}* and a3 > 0, we get

S = NG (AT %P, = {0}
Similarly, since .4 P_ = span{e,e2} and A G (y(—T)) = {a}*, we obtain

" = span{(az,—a1,0)}.
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Next, from (6.1.113), we see that

eh+T) 0
Xo(t)=X_(1) = 0 ehT) g (6.1.119)
0 0 eh+T)
and B
eh=T) o 0
X, (1) = 0 eht-T) ¢ ) (6.1.120)
0 0 el
Hence
ap T
Xo(T)7" =span{wy} with wp:= | —q e2®T |. (6.1.121)
0
Since VG(x) = a, we have:
R <= )
R+wwm7+(]_‘), (6.1.122)
Rowmwe ()
As a consequence,
Rowg =W0—<:2)VEOT>)>70(T) #0 (6.1.123)

since from (ii) it follows that wy is not parallel to j(T) = (b1 b, b3 eMﬁ)*.

Thus we get ."" = RoXo(T)”’ # {0} that is dim."” = 1 and condition (H3) is
satisfied. The proof is completed. O

We start with construction of y(t): Since . = {0}, we see that y is such that
{y}*+ = span{a,Rywo}. From (6.1.123) it is easy to see that (a,Rowo) = 0, hence
we can take:

Y =aARowo,

where A denotes the cross product.

First we construct W(t) fort < —T: Since: (I— P*)R* X;(T)Rjy = 0, we can
compute P* R* X5 (T )R;;y instead of R* X;; (TR, with the first one being simpler.
We recall that Ryw = w for any w € {a}* and RoJo(T) = 0. Thus the eigenvalues
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of Ry are 0 (simple) and 1 (double). The same conclusion holds for R1. As a conse-
quence, we obtain:

trace Ry = trace Ry = traceR_ = 2. (6.1.124)
We also remark that
by 0 b](éiz}llf—l)
o - 0 . - .
W)= b |, w(l)= , Y-(=T)=| by(e 2T 1)
b% 62137: LAS 0
3 0

Hence we get:

0 0 O
PRX(TR;=[ 0 0 0 |,
A3 A2z A3
where
A3 = (A13,A23,A33)* = RoXo(T)R_63 (6.1.125)

is the third column of the matrix RyXo(7)R_. Thus

0
PRX(TDRw=| o
<A37 lll>

Since y = a A Rywg we get, using (6.1.61) and (6.1.119):
W(l) = eil3([+f) <A3,a/\ROW0>e3
for t < —T. Note that
A3 ar (Rowo)i
<A3, l[/> =det| A3 ay (R()Wo)z = det(A3 a ROWO)
Azz a3 (Rowo)s

where (Rowo); is the j-th component of Rowo and that A3 = Ro[Xo(T)R_e3] €
ZRo = {a}* so both A3 and Rywy belong to span{a}, but of course this does
not mean they are parallel. The computation of the vector A3 is really messy even in
an example as simple as this, so we don’t proceed further with its computation now,
but will do it later when we fix some particular values of the parameters.
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Next, we look at the expression of ¥(t) for —T <t < T: Since the linear system
X% = Ax is autonomous, and Xo(—T') = I, we have X, ()X (T) = X (—1). Next, to
compute Ry we make use of the following identity.

Lemma 6.1.31. For a given 3 x 3—matrix M, it holds
(Mu) A\v+un (Mv)— (traceM)uAv=—M"(uAv) (6.1.126)
for any u,v € R3.

Proof. Indeed, taking the scalar product with a vector w € R?, (6.1.126) is equiva-
lent to

det(Mw,u,v) + det(w,Mu,v) + det(w,u, Mv) = (trace M) det(w,u,v). (6.1.127)

To prove (6.1.127), we note that the map from R? x R® x R? to R given by
(w,u,v) — det(Mw,u,v) + det(w,Mu,v) + det(w,u, Mv) € R is multilinear and al-
ternating. Thus there exists k¥ € R so that

det(Mw,u,v) + det(w, Mu,v) + det(w,u, Mv) = kdet(w,u,v).

Taking w = e, u = ep and v = e3 we see that k¥ = trace M and (6.1.127) is proved.
The proof of Lemma 6.1.31 is completed. O

We apply (6.1.126) with M = Ry, u = a and v = Rywy. We get, since trace Ry = 2:

—Rjy = —Rj [@a A Rywo] = Roa A Rowo + a A [RoRowo| — 2a A Rowo

2
= Roa A\ Rywo —a A Rowy = —(]I—R())a/\R()W() = _<LZ,;(1)|(T)>YO(T) A Rowo
and then | ‘2
a —
v(r) R) o(=1)[10(T) A Rowo]

for =T <t <T, since X (1) = Xo(t).
Finally we compute y(t) when t > T: Applying again (6.1.126) with M = R,
u = a and v = Rywy. We get:

—Ril/l = —Ri (aARowo) = (Rra) A (Rowo) +a A (RLRowo) — 2a A Rowo
since trace R, = 2. Now, we have:

2
a e
(R+6l) A (R()W()) =a /\R()W() - <a7|/+(]—_‘)>'y+ (T) /\R()W(), R+ROW0 = R()W()

since Rywg € ZQ = ZR, and R, is a projection. Thus:

2 2
|a| ’}/Jr(T) ARowgy = ﬂeg A Rowp

Ry =RilanRowo) = 2 7y .
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and

jal? -1
= ——X\ (1)[es ARowo]

y(t)

fors > T, since X} (1) = X (¢). In summary, we conclude with the following result.

as

Theorem 6.1.32. Let assumptions (1)—(ii) hold and suppose (6.1.112) is satisfied.
Then the function y(t) of (6.1.61) for the system (6.1.113) reads

(3713(I+T)<A3,61/\R()W()>e37 ift < —T,
ol Xo(—1)[i6(T) ARowo), if T <t<T
E e A 0 owo|, - >~ 1,
y(t) = ¢ (a, (7)) (6.1.128)
|a|2 —1 . -
—X (t)[e3 /\R()WQ]7 ift>T
as

where Xo(1), X4 (t), wo, Ro, A3 are given by (6.1.119), (6.1.120), (6.1.121), (6.1.122),
(6.1.125), respectively.

So we are in position to apply Theorem 6.1.16. Writing g; = (g;1,8/2,8j3)
j=1,2, we get the Melnikov function (6.1.62)

M (a) = / [sin @1 (7 + o)y (1) g1 + sin s (¢ + &)y (1)ga] dr

2=} oo

_ sin(aor) / cos(@17)W* (t)g1 d +cos(aon) / sin(@0)y (1)g1 di

J —oo —
oo oo

+sin(aw) / cos(@) (1)gadi + cos( ) / sin(@0)y (g2 ds

= A ((1)1 ) sin(a)] o+ W ((1)1 )) +A2((02) Sil’l((lh(x =+ @'2((1)2))

where

Ai@r) = \/(/O;coswitl//*(t)gidt>2+ (/O; Sina)itl//*(t)g,-dt>2

for i = 1,2. Now we consider the following two possibilities:

1. Either A (C()[) 75 0, AQ(C()z) =Q0orA; (C()[) =0, Az(a)z) 75 0. Then .//(OC) has the
simple zero oy = —@;(®;)/ ®;, i = 1,2, respectively.
2. Aj(m) # 0 and Az() # 0. Let s; := sgnA;(a;) € {—1,1}, i = 1,2. Then

l—S,'

S1MA] ((1)1) +S2(1)2A2((1)2) = |A1 (0)1)| +(D2|A2((l)2)| > (. Since cos T =35;
and sin %n =0fori=1,2, and @, / @, is irrational, from [40] the existence fol-
lows from @ (as a matter of fact infinitely many o exists) so that ;0 + @;( ®;)

are near to IES" 7 modulo 27, i = 1,2, and .# (o) = 0 while

s10A1 (@) + 520A2 (@)

M (o) > 5

>0.
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Hence also in this case we have a simple zero of .Z ().

Consequently if Aj(@;) and A;(®;) do not vanish simultaneously, Theorem
6.1.27 applies and we conclude that (6.1.110) behaves chaotically for any € # 0
sufficiently small. Next, we note that A;(®;) # 0 if and only if

& (ay) = / ey (1) gidt # 0. (6.1.129)
Since y(¢) # 0, Plancherel Theorem (cf Section 2.1) ensures that
V()= / ey (t)di #0. (6.1.130)

Note that &;(®) = V(®)*g;. So condition (6.1.129) is equivalent to the non-
orthogonality of V() to g;. Furthermore, it is not difficult to observe that &;(®) are
analytic for @ > 0. Indeed, we have |y(z)| < ke~ °l, for some positive constants k
and J, and for @,n € R we have: sin((®+11)x) = sin(wx)e™ M +1e 7" sinhnx.
Thus the function

| _sintan)y” (g

is holomorphic in the strip {@ +:m € C | [n| < 8}. A similar argument works with
cos(zt) instead of sin(zt). Consequently, when functions @;(®) are not identically
zero, they have at most countable many positive zeroes with possible accumulations
at +oo (cf Section 2.6.5). In summary, we get the following result.

Theorem 6.1.33. Let assumptions (1)-(iii) hold and suppose (6.1.112) holds. When
both ®@1(®) and P2(w) are not identically zero, there is at most a countable set
{®;} C (0,00) with possible accumulating point at +oo so that if ®;,® € (0,00) \
{@;} then system (6.1.110) is chaotic for any € # 0 sufficiently small.

Since in general, the above formulas are rather difficult to find the solution, now
we consider the following concrete examples.

Example 6.1.34. We take

=0, m=az=1, M=2, Ah=1 NA3=-1,
(6.1.131)
bi=by=-1, by=1, d=3/4.

Then (6.1.112) is satisfied with T = In2. With these parameters values we have:
s 1
ROW():WU: 16817 Y()(T):_e] _62+Ze3'

Thus,
YO(T) ARowo = 4e) + 16e3

and we get
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64
——[eTer+ees], for —In2 <t <In2,

vi)=q 3
64e ey, for t > 1n2,
since
4¢2 0 0 %ezt 0 0
XO=x@0= 0 2 0 | x@o=|, 1. ,
0 0 %e_' 0 0 2e

Finally we compute y/(¢) for t < —In2. First we need to know A3 which is the third
column of RyXo(T)R-_ that is

A3 = ROX0<T)R_e3.

We have R_e3 = —%el — ey +e3, then Xo(T)R_e3 = —20e; — 4es + £e3 and thus
A3 = —15e; + ey — e3. As a consequence,

—15 0 16
(A3,a A Rowg) = det 1 1 0] =32
-1 1 0

and y(t) = 64¢’ e3 for t < —In2. We conclude that (see (6.1.128))

64¢' es, for t < —1In2,
_ 64 _
y(r) = f?[e "eytees], for —In2 <t <lIn2,
64e " e, for ¢t >1n2.

Putting this formula of y(z) into (6.1.130), we finally obtain

256sin(@w1n2)

V(io)=— 30 1) [@(e2+e3)+1(ex—e3)].

Then from &;(®w) =V (w)*g;, we have:

256sin(@w1n2)

P0) =2

((D(giz +gi3)+l(gi2_gi3))- (6.1.132)
So for the parameters (6.1.131), &;(w) is identically zero if and only if g;» = g3 =0.
Otherwise, it has only the simple positive zeroes ®; = 7;j/In2, j € N. In conse-
quence of Theorem 6.1.33 we get the following.

Corollary 6.1.35. Consider (6.1.110) with parameters (6.1.131) and (iii) holds. If
either gin # 0 or g # 0 for some i € {1,2} and w,,0, # ©j/In2, Vj € N then
system (6.1.110) is chaotic for any € # 0 small.
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Example 6.1.36. On the other hand, for the following set of parameters

aq =a2=a3=1, b] szz—l7 b3=13/87

(6.1.133)
M=2, h=1 A=-1, d=39/32,
we get T = 1n2 and (see (6.1.128))
1344
7 € e3, for 1< -—In2,
16
v(t) = —ﬁ(13e’2’e1+26e”e2+206’e3), for —In2<t<In2,
48 B
ﬁ(496 Te1 +18e " ey), for ¢>In2.
Then
Di(w) =

2671013419 — 10) (g1 + 2802 + g1 @0 + g @ — 2853 + W*gin — (g +38i3) ®)
17(0—1)(0 —21)(1 —10)

for i = 1,2. Clearly, for the parameters (6.1.133), ®;(®) is not identically zero. If

gi2 # —3gi3 then &;(®) has no positive roots. If g;, = —3g;3 then &;(®) has the only
positive root @; = ,/% provided % > 0. In consequence of Theorem
6.1.33 we obtain the following.

Corollary 6.1.37. Consider (6.1.110) with parameters (6.1.133) and (iii) holds. If
one of the following conditions is satisfied

gin # —38i,

gn = —38i3, &1 =283 #0, q
| — 821

gin = —38i3, 81l # 283, iligl <0,
8i3 — &il

i1 — 8 i3 i1 — 8 i3
gin = —38i3, 81 # 283, 8117985 - 0 and ; 7 4/ u,
2gi3 — gi1 2gi3 — &l

Sor some i € {1,2} then system (6.1.110) is chaotic for any € # 0 small.

Remark 6.1.38. Parameters (6.1.131) and (6.1.133) give Examples 6.1.34 and 6.1.36
for which &;(w) is either identically zero, or has infinitely many positive roots, or
has no positive roots, or has finitely many positive roots.

Remark 6.1.39. If @1(w;) =0 and ®,(w;) = 0 then .# () is identically zero and
a second-order Melnikov function must be derived as in Section 4.1.4. But those
computations should be very awkward for (6.1.110), so we omit them.

Finally when g; # 0, g2 # 0 and m; /o, is rational, we get a different situation.
For instance, consider Example 6.1.34 with @ = 1, o =3 and gpp = gi3, i = 1,2.
Thus (6.1.110) is 27w-periodic and
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1 4
A (a) = Pi(1)sino+ P,(3)sin30 = sinor — gsin3(x = gsin3(x

provided @ (1) = 1 and ®,(3) = —3. From (6.1.132) we derive

3 5

$2 80 =~ ogangy 82T T gy

Then the Melnikov function is .Z (o) = %‘sin3 o and it has only the zero op = 0 in
[— 7, 7] which is not simple but has Brouwer index 1 (cf Section 2.2.4). So Theorem
6.1.27 is not applicable, but we still get a chaos for (6.1.110) with € # 0 small as in
Remark 3.1.9 [15].

6.1.12 Multiple Transversal Crossings

The above results can be extended to cases when homoclinics are transversally
passing through several discontinuity manifolds. More precisely, let 2 C R" be a
bounded open set in R” and G(z), j = 1,..., p be C"—functions on £, with r > 2.
Weset S; ={z€ Q| Gj(z) =0}, and

p q
.Q\ U Sj = U .Q,'
j=1 i=0

with €; being the connected components of Q \ U?ZIS j. Let fi(z) € Cj(R") and
gi(t,z,€) € Cj(R"2), i.e. fi(z) and g;(t,z,€) have uniformly bounded derivatives
up to the r-th order on R” and R"*2, respectively. We also assume that the r-th order
derivatives of f;(z) and g;(z,z, €) are uniformly continuous. We set

fz):=fi(z),  glt,z,€) :=gi(t,z,€) ifz€

and
G(z) =1I"_,G;(2).

Definition 6.1.40. We say that a piecewise C'—function z(t) is a solution of the
equation i
= f(z) +eglt,z€), 7€, (6.1.134)

if it satisfies Eq. (6.1.134) when z(¢) € £;, and moreover, the following holds: if
for some 7, we have z(t.) € S}, then z(z,) ¢ S; for any [ # j and there exists r > 0
so that for any ¢ € (t, — r,t, +r) with 1 # 1,, we have z(r) € UJ_ €;. Moreover,
if, for example, z(t) € Q; for any ¢ € (t, —r,1), then the left derivative of z(¢) at
t =t satisfies: 2(¢; ) = fi(z(t.)) + €gi(t+,2(t), €); similarly, if z(¢) € €; for any
(€ (torty 1), then 2(17) = i(2(0.)) +Egi(20,2(1.), ).
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Remark 6.1.41. Since z(t) € U!_€; for any t € (t, —r,t, +r) \ {t.} there exist

two indices i = i};,i] so that z(¢) € ; when t € (t. —r,t,) and z(t) € Q for 1 €
J J

(t«,t« + r). Moreover, since z(r) ¢ UleSj, for any t € (t. — rty) U (t, 8 + 1),

z(t) € UleSj only for 7 in a discrete increasing subset {t;} of R with possible

accumulation points at 4-e0. Moreover z(#) € C"HH(R\ {#;}).

We assume (Figure 6.2) that:

(H1) For € = 0 Eq. (6.1.134) has the hyperbolic equilibrium x = 0 € y and a
continuous, piecewise C'-solution ¥(¢) € Q which is homoclinic to x = 0 and
consists of three branches

y(t) =< w(), if-T<t<T,
Y+(t)v lftZT,

where 4 (1) € Qo for |t| > T, y(t) € Q for |¢| < T and
r-(-T)=n(-T)€9Q. ¥ (T)=n(T)<c .
(H2) Atany point#, € R so that y(,) € S;, we have

G (V(t) fiy (v(t)) - G (v(:)) fir (v(8)) > 0,

where i’j, i’j’ are the two indices defined in Remark 6.1.41.

Let , be such that y(.) € S; for some j. Then (H2) means that both ¥(z;") and
¥(t;) are transverse to S; at the point ¥(z.). Next, since ¥(t) € € for || > T, it
follows that }p(¢) intersect UleS,- only a finite number of times denoted by —T =
fo<t; <---<ty_i <ty =T.Insummary y(t) € U_S;if and only if r € {—T =
to<t) <--<ty_1 <ty =T} and ¥(t) is continuous, piecewise C' in R and has
left and right derivatives at the points ¢t =t;, i =0,...,N. Next for [ =0,...,N—1,
we define i;, j; so that ’]/o(t) S ‘Qil for any t € (tl7tl+1) and ’)/()(t[) S Sjl’ }/o(t]v) S SjN'
Thus, with reference to the notation of Remark 6.1.41, we have i/jz =1i;_; and i’j’[

Forl=1,...,Nlet X;(t), t € [t;_1,1] be the fundamental matrix solution of x =
i, (W())x with X;(t;1) = L. The transition matrix .7 : R" — R" is defined as

=i

G'(w(n)w
G'((u) ()
forl=1,...,N—1. It is easy to see that all .7 are invertible. Finally we define

the fundamental matrix solution of the variational equation of (6.1.1) along () at
€ =0 as follows:

Sw=w+ () — )] (6.1.135)

Xo(t) :==X,(1) 121 X1 (t1=1) L2 - L1 X (n)  for t€[t_y,1y)
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Fig. 6.2 Homoclinic orbit y(¢) transversally crosses discontinuity manifolds S; and S,. It may
cross Sy > several but finite times before eventually getting in £2;.

and / =2,...,N, where we have Xy(¢) = X;(¢) on [fy,#1). Note that Xo(¢) solves the
following impulsive linear matrix differential Cauchy problem

Xo(1) = Df (W(1))Xo(1),
Xo(t") =S Xo(t;), 1=1,....,N=1, Xo(-T)=1I
fort € [-T,T]. Now we can repeat the above arguments over (6.1.134) by intro-

ducing (6.1.61), (6.1.62) and then restate Theorem 6.1.16 and the other above re-
sults [48].

6.2 Sliding Homoclinic Bifurcation

6.2.1 Higher Dimensional Sliding Homoclinics

In [34] the problem of bifurcations from homoclinic orbits is studied whereas in Sec-
tion 6.1 chaotic behaviour of solutions is proved for time perturbed discontinuous
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differential equations in a finite dimensional space, when the homoclinic orbits of
the unperturbed problem crosses transversally the discontinuity manifold. Thus, it is
natural to argue if a similar behaviour arises also when sliding homoclinic orbits are
concerned. The purpose of this section is to give an affirmative answer to this ques-
tion. It has been observed in Section 6.1 that one of the problems we have to face
studying discontinuous differential equations, is the loss of smoothness of invari-
ant manifolds, a problem persisting also in the sliding case. Moreover in the sliding
case the additional problem arises, that is, during the sliding time the system should
be considered only on the discontinuity manifold, thus reducing the dimension of
the system. However, we show in this section that the method used in Section 6.1
to prove chaotic behavior can be arranged to handle the case of sliding homoclinic
orbits, leading to a similar conclusion.

Typical examples of sliding motions are in relay controllers, impact oscillators
and stick-slip friction systems where the stick motion corresponds to sliding. Many
non-smooth models can be found in [6,7,11, 14,27,28,49-54]. Sliding homoclinic
solutions to pseudo-saddles (saddles lying on discontinuity curves/lines) of planar
DDE:s are studied in [6,51] both numerically and analytically. A theoretical discus-
sion on sliding homoclinic solutions to saddles of planar DDEs is presented in [6].
However, we have not found any concrete example in literature with a sliding ho-
moclinic orbit to a saddle, except in [28] where an example is given with two dis-
continuity lines. In our opinion the reason why it is so difficult to find examples is
because when the discontinuity manifold is linear, the DDE must be nonlinear in the
open subset the equilibrium point belongs to and this makes computations harder.
Of course, one can imagine a linear system of ODE with a sliding homoclinic orbit
to a nonlinear discontinuity manifold. But one can reduce to the linear discontinuity
manifold (and then to a nonlinear equation) by a simple change of variables, and for
computational reasons, it is better to work with linear discontinuity manifolds. For
this reason we investigate examples of DDEs exhibiting sliding chaotic behaviour
in consequence of Theorem 6.2.5 in Sections 6.2.2 and 6.2.3.

Now we go into details. Let R” = R x R"~! with corresponding projections P, :
R" — R and P, : R" — R"~!. For x € R" we write x = (z,y) € R x R"~!. Consider
a discontinuous system in R” with a small parameter such as:

x=f(x)+eg(t,x,e), 6.2.1)

where
f+(zay) fOI', Z>0)

f-(z,y) for, z<O0,

with f1 : Q = R", fL € () and g: Rx Q2 xR = R", g € C}(R x 2 x R),
with © being a bounded open subset of R” that has nonempty intersection with
the hyperplane z = 0. Note that we allow the possibility that f,(0,y) # f_(0,y).
We also assume that the r-th order derivatives of fi (x) and g(,x, €) are uniformly
continuous. We set

() =
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i:{X:(Z,y)EQ‘:tZ>0}7 Qoz{x:(zuy)€Q|Z:O}‘

By putting
fi = (hx(z,y),kx(2,y)),
where iy : Q — Rand kg : Q — R" !, we assume that

(H1) For any (0,y) € € it results:
h_(0,y) —h.(0,y) > 0. (6.2.2)
Then we set (see [8, Eq. (2.12)]))

kJr(O’y) _k*(ovy) + k+(07y) +k*(0’y)

H(y):=V(y) 3 5

where
h+(07y) +h— (07y)

VO = 0y —ha(0)”

and for (0,y) € Qp, we consider the equation

y=H(y). (6.2.3)
Note that H(y) has the following symmetric form with respect to indices +:

h— (O>y)k+(07y) B h+(07y)k— (an) .

H(y) = h_(0,y) — h.(0,y)

We suppose that

(H2) The unperturbed equation x = f_(x) has a hyperbolic fixed point xg € Q_
and two solutions 7y, (¢), defined respectively for > T and t < —T, so that
llirin ’)/i(t) = xp and ’)/:t(iT) € Q.

(H3) Equation (6.2.3) has a solution yg(t), (0,y0(t)) € Qo for —=T <t < T so that

v-(=T)=w(-T), v(T)=n(T)

where 1(#) = (0,y0(t)), and the following hold:
hy(w(t)) <Oforanyt € [-T,T];
—(w(r)) >0 foranyr € [— T T);
h-(y(T)) =0 and k_(y(T)) is not orthogonal to Vyh_((T)) # 0. Here
(w(T)) is the gradient of &_(0,y) at the point % (T) € €.

Remark 6.2.1. 1. Note that the assumption that system (6.2.1) has a discontinuity on
the hyperplane z = 0 is made only for sake of simplicity. We could have assumed,
instead, that the singularity was at a hypersurface x; = @(xz,...,x,) since we can
reduce to our hypothesis by the simple change of variables:

y:(x27-~-axn), z:xl—(p(xz,...,xn).
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2. It will result from the argument given in the next sections that we may as well
consider the case
g+(t,z,y), for z>0,
8(x) =
g—(t,z,y), for z<O0,
with g1 :Rx Q2 xR —R", g1 € C;(R x 2 x R). However, for simplicity, we will
continue to assume that g € C; (R x  x R).

Remark 6.2.2. From (H3) it follows that h! (0) is a submanifold " of Qg of codi-
mension 1 near the point % (7) (here we consider the restriction 2_ : Q5 — R).
Moreover, since V (yo(T)) = —1, we get

H(yo(T)) = k-(n(T)),
s0 (T) = (0,H(yo(T))) = (0,k_(1(T))) = f-(y(T)). Thus condition (H3) means
that 7o ( _) is transverse to £~ in €y. Next, from (H3) it follows immediately that
Yy (0,0(T)o(T) < 0.

Note that Vyh_(0,yo(7))yo(t) = H_(y(2))¥(t) for t € [~T,T). Finally, for the va-
lidity of the results of this section, it is enough that condition (H1) holds for y in a
neigbourhood of yo(t), —T <t <T.

We set: _
y-(¢), ift<-T,
Y(t) =X w(), if-T<t<T,
ve(t), ift>T

and will refer to y(¢) as the sliding homoclinic solution of (6.2.1) when € = 0 (Figure
6.3).

We note that ¥(¢) is C'-smooth also at r = T. In fact from h_(0,yo(T)) =
h_(y(T)) = 0 we obtain V(yo(T)) = —1 and then:

@ —r - (TN 0 N0 )
STy ) T ey ) T \ageay ) T

Recalling x = (z,y) € R x R"™!, we set

f:t(x) +8g(l,x,£) = (hi(EZ,Ya 8)7ki(f’1,y78))-

and

h—(t707ya €)k+(ta03y7£) _h+(l707y7£)k—(t707y38)

H(t,y€):=
(7)’7 ) hi([’07y’8)—l’l+(t707ya8)
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Fig. 6.3 A homoclinic sliding orbit () of (6.2.1) with € = 0 to the hyperbolic equilibrium x = xo.

Note that i_(,0,y,€) — hy(¢,0,y,€) = h_(0,y) — h; (0,y) > 0 for any y € Qo by
(6.2.2). So H(t,y,€) is well defined. We are interested in the chaotic dynamics of
(6.2.1) near y(t) for € # 0 small.

Definition 6.2.3. By a sliding solution x(¢) of (6.2.1) we mean a function x : R — R”
for which the following hold:

There exists an increasing sequence {T } (possibly finite or with m < mg € Z, or
m > my € Z, with mg € Z, or m € Z) so that x(¢) is C'-smooth for any 7 € R \ (D}
and possesses right and left derivatives att = T»,,. If € (sz 1, T2m) then x(r) € Q_
and satisfies the equation % = f_(x) + £g(t,x,€). If t € (Tam, Tom+1) then x(1) =
(0,y(1)) € Qo and y(¢) satisfies the equation y = H (t,y, €). Att = Ty, the equation
h,(ﬁmH,O,y(fzmH),e) =0 is satisfied.

Since xg is a hyperbolic fixed point of & = f_ (x), the linear system x = f* (y, (¢))x
has an exponential dichotomy on [T',e0) with projection Py, and denotes by X (¢)
its fundamental matrix with X, (7) = I. Similarly the equation x = f’ (y_(t))x has
an exponential dichotomy on (—oo, —T] with projection P_, and denotes by X_(¢)
its fundamental matrix with X_(—7) = L. Let

S = NP (PRR)={yeR" | (0,y)e #P_} CR" .

Note that dim.’ = dim .4 "P_ — 1. Next we define projections Q and R as follows:

Q:R" — R" is the projection on R" with ZQ = {0} x R and A4Q =
span{y-(=T)},



6.2 Sliding Homoclinic Bifurcation 317

R: %P, — ZP, is the projection on ZP, so that ZR = A'Vyh_(0,yo(T)) and
AR = span {3o(T)}.

Let Yy(¢) be the fundamental solution of y = H(yo(t))y, with Y5(—T) = L. Since

dim.’ = dim.4#"P_ — 1, it is obvious that dim< > <dimAP_ —1.

Then

0
0 < dim ) NP,
RYy(T).7”

= dim _ +dimZP; —dim _ + %P,
RYy(T).7" RYy(T).7"

0
+ %P,

RYy(T)."
0
=n—1—dim ) +ZPy
RYy(T)."

since dimZP;. +dim .4 P_ = n. As a consequence,

i) +.] <.

Our next assumption is as follows:

0
RY,y(T)."

—~~

o
o

(6.2.4)
<dim A P_ — 1 +dimZP, — dim

0 o
(H4) < RYo(T) y,) + %P, has codimension 1 in R”.

It follows from (H4) that a unitary vector y € R” exists so that

0
v = (Ryom(f')) AR

Using this vector we define the function
XYy pr Q" P Yo(T [)*R*Pyy, fort < T,
ByYy (1) Yo(T) P,

YO =9 ke (0,00(0)) +5-(0,50(1)) povt /ey s ) ]
he (0,y0(2)) — h7(07y0(,))PzYo () Yo(T)*Pyy, for—T <t<T,

XN ) (1- Py, fort > T.

Set

= [ v s+ ay).0a
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Remark 6.2.4. (i) Since yo(T) = Yo(T )yo(—T), we get RYy(T )yo(—T) = 0. But (H4)
and (6.2.4) imply that dimRYy (7).’ = dim A'P- — 1 = dimYy(T)”’ = dim.&".
Then RYy(T) : %" — RYy(T).”" is an isomorphism and hence yo(—T) ¢ .. This
means that J(—7) transversally crosses the unstable manifold W' of x = f_(x) at
7% (—T). Consequently recalling also (6.2.4), assumption (H4) is a kind of nonde-
generacy and transversality condition as well.

(i) Ifdim A P-=n—1andyo(—T) ¢ .7’, then ZP; = span{ 7, (T)} = span{j(T)}
and RYy(T) : ' — RYy(T).#"is 1 : 1. As a consequence, (RYO((%)Y/) NRAP, =
{0} and all the inequalities in (6.2.4) are equalities. Consequently, if dim.4/"P_ =
n—1 then yo(—T) ¢ ' if and only if (H4) holds. Moreover, we get ¥ = e =
(1,0,...,0) and P,y = 0. Hence

0, fort <T,

= 6.2.5
V) {XQ(r)*(H—Pj)yg fort>T ( )

and

(@) = /T v (D)t + o, y(t),0)dt. (6.2.6)

Formula (6.2.6) corresponds to formula [27, (2.45)] for the planar case, that is, the
Melnikov function contains only the ¥4 () part of ¥(¢).

We recall that g(z,x, €) is quasiperiodic in ¢, if hypothesis (H5) of Section 6.1.8
holds. Now we can directly follow the method of Section 6.1 so we omit details and
we refer the readers to [55]. Here we state the following result:

Theorem 6.2.5. Assume that (H1)—(H4) and (HS) of Section 6.1.8 hold. If .# has
a simple zero @, i.e. M () =0 and ' () # 0, then for any € # 0 sufficiently
small, there are sequences {T;f }rez, C R, {7 brez, { P} brez so that

(a) infrez (T, —Tf) — o ase—0,

(b) & CR" are compact,

(c) ®f : & — S f are homeomorphisms,

(d) Let FE : R" — R" be defined so that FE(&) is the value at time Tz‘g(kﬂ) of the

solution of Eq. (6.2.1) so that z(T5,) = &. Then the following diagrams commute:

o

& &
@f i \L‘plfﬂ
%{8 Fe LSﬂk‘:—l

k

forall k € Z.. If, in addition, g(t,z,€) is p-periodic int then F€ = Qf = @z0...0Q =
F§ (re times) is the reth iterate of the p-period map Q¢ of (6.2.1) for some large
re €N, % = S and O = @, that is, in the periodic case the above diagram is
independent of k.
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Here we recall Remark 6.1.24. Finally, Theorem 6.2.5 generalizes results of [43,
44,46,47] to the DDE (6.2.1) (cf Section 4.1).

6.2.2 Planar Sliding Homoclinics

First, we apply our theory to the planar discontinuous system

2= fi(z) +eg(z,t,e) for y>1,

6.2.7)
z=f_(z)+eg(zt,e) for y<l1

where z = (x,y) € R?, fy, g are C*>-smooth and g is 1-periodic in . Here we set

qi(z,tv‘g) = fi(Z) +8g(zat’8) .
Ony =1 (cf (6.2.3)), we consider the system

. q+2()€,1,t,8)
x= 1(x,1,2,€
Q+2(x7latvg)_q—Z(x717t7£)q+ ( )
g-2(x,1,t,€)

(,]72()(,1,178) 7q+2(xa 17ta8

)q—l(xa 17ta8)7

where g+ = (g+1,¢+2). We suppose the following conditions hold:

2= fi(2)

NN N N NN

P A A A A e o

¥+

Fig. 6.4 A planar homoclinic sliding on the line of discontinuity.

(i) f-(0) =0 and Df_(0) has no eigenvalues on the imaginary axis.

(ii) There are two solutions y_(s), 74+(s) of = f_(z), y < 1 defined on R_ =
(—e0,0], Ry = [0,4o0), respectively, so that SErjIElw Y (s) =0and yi (s) = (x+(s),
34(5)) with y2.(0) = 1, x_(0) < x. (0). Moreover, £ (2) = (f11(z), foa (2)) with
fr1(x,1) >0, fi2(x,1) < 0 for x_(0) < x < x4(0). Furthermore, f_»(x,1) >0
for x_(0) < x < x4(0), f_2(x4+(0),1) =0 and d,f—2(x+(0),1) < 0.
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Assumptions (i) and (ii) mean that (6.2.7) for € = 0 has a sliding homoclinic solution
7, created by 7., to a hyperbolic equilibrium O (Figure 6.4). Now we have a case of
Remark 6.2.4-(ii), so we can use the formulas (6.2.5)—(6.2.6) to derive:

~+oo

(o) = A w(s) g(vi(s),t+s,0)ds (6.2.8)

where () is a basis of a space of bounded solutions on R ;. of the adjoint variational
system w = —Df”* (4 (s))w. By Theorem 6.2.5, we arrive at the following result.

Theorem 6.2.6. If there is a simple root of M given by (6.2.8), then (6.2.7) is
chaotic with € # 0 small.

As a concrete example we consider

. . 1 5 _4/3z
Y=z 2=yo 5y Ay forz<e "9,

1 i (6.2.9)
y=gz, Z:y*§y3+(yfq)z for z>e 9

that have a sliding homoclinic orbit to a saddle (0,0) for any g > 6.947. Indeed,
we start from (6.2.12) with B = 1/2. Note the phase portrait of (6.2.9) looks like

Figure 6.4. Then we get T = \ﬁ/Z (cf (6.2.16)), Q; = e’@ (cf (6.2.18)) and

y(T)=V2+2e" e (cf (6.2.19)). The segment
V3n _
{(re) er o<y <y

is attractive from above for (6.2.9), if

2= fr(2)
NONN N N NN

P4 P A A A =

Fig. 6.5 A planar homoclinic sliding on the line of discontinuity with transversal crossing of an-
other discontinuity line.
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1 15 2V/6 32 .
> max — (y—=y +Quy | = 1+9:)*% = 6.94609.
17 ey @ (y 2’ Ty) 90, 1)

Hence we could take g > 6.947. Next we may also add its periodic perturbation

. . 1 5 _4/3n
Y=z, zzy—iy + yz+ €cos o, forz<e "9

1 i (6.2.10)
y=z, Z:y—§y3+(y—q)z+ecoswt forz>e 9

Then the Melnikov function is the same as in Section 6.2.3, and we could apply
Theorem 6.2.8 with F(1/2) = 0.00228 and D(1/2) = 25.3974. Consequently, if
either 0 < @ < 0.0022 or ® > 25.3975 then (6.2.10) is chaotic.

The above approach to (6.2.7) can be generalized [28,48] to cases when homo-
clinic orbit y(s) transversally crosses another curves of discontinuity. For simplicity,
we suppose that such a discontinuity in (6.2.7) occurs at the level y = 1/2, i.e. we
deal with the system

= fi(z) +eg(z,t,e), fory>1,
z=f_(z) +eglz,t,e), forl/2<y<]l, (6.2.11)
:=F(z)+eglz,t,e), fory<1/2

where z = (x,y) € R?, fi, F, g are C3-smooth and g is 1-periodic in . We suppose
the following conditions hold:

(a) F(0) = 0 and DF(0) has no eigenvalues on the imaginary axis.

(b) There are two solutions 1_, N+ of z= f_(z), 1/2 <y < 1 defined on [a_,0],
[0,a+],a— <0< a,respectively, so that Ny (s) = (X1 (s), ¥+ (s)) with y1 (0) =1,
Filas) = 1/2, 7 (0) < %,(0), ¥-(a_) < ¥, (a;). Moreover, f1.(2) = (f11(2),
fa2(z)) with fi1(x,1) >0, fia(x,1) <0 for x_(0) < x < x;(0). Furthermore,
S2(x,1) >0 for x_(0) < x < x4(0), f—2(x1:(0),1) =0 and dyf_»(x(0),1)
< 0. Finally, we suppose that f_»(1—(a—)) > 0and f_»(n4+(as)) <O.

(c) There are two solutions 7_(s), ¥+ (s) of z = F(z), y < 1/2 defined on R_ =
(—o0,0], R = [0, +o0), respectively, so that Jim Ye(s)=0and 7+ (0) =N (ay).

Moreover, F(z) = (Fi(z),F2(z)) with F>(y-(0)) > 0 and (7, (0)) <O.

Again, assumptions (a), (b) and (c) imply that (6.2.11) for € = 0 has a sliding homo-
clinic solution ¥, created by N+ and 74, to a hyperbolic equilibrium 0 (Figure 6.5).
We do not make further computations for (6.2.11), instead, we refer to [28,48] for
more details.

6.2.3 Three-Dimensional Sliding Homoclinics

This section is devoted to a construction of a concrete example (cf (6.2.20), (6.2.21),
(6.2.23)) of (6.2.1) to which the above theory is applied. Then we proceed with a
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more particular perturbation (cf Theorems 6.2.8, 6.2.9). In order to construct our
example, we start from [56]

. 3
i=y— By +yz,

p (6.2.12)
y=z

for B > 1/8. Then (0,0) is hyperbolic and (1/1/f,0) is an unstable focus. Since
(0,0) is hyperbolic it has one-dimensional stable and unstable manifolds. In the fol-
lowing we first show that these two manifolds have the structure depicted in Figure
6.6 where the stable manifold is tangent (and the unstable manifold is transverse) to
the horizontal straight line. Performing the transformation u = 1 — By, y > 0,v=z

we get
Jisu
VB
JiTu
VB

Note that (0,0) corresponds to (1,0) and (1/1/8,0) to (0,0). Let’ d9 and con-
sider the linear system

=-208v

(6.2.13)

= (ut)

' =—2Bv,
V=u+v, (6.2.14)

whose solution has the form

ur(0) =e?2cos(10) — L e/2sin(10),
| 21 (6.2.15)
v(0) = s e%/25in(70)

with
\/8B —1
= % , (6.2.16)

and so B = 4% 4l Note that

u-(8) = —2Bv.(0) = —Zﬁ%ee/z sin(76)

has the opposite sign to sin(78) thus u;(0) < u;(0) =1 for any 6 € (—%,%). On
the other hand, if 760 < —7 we have

x VATZ+ 1 x 1\?
ur(e)ﬁe_ﬂ%ze_? l+<> <1



6.2 Sliding Homoclinic Bifurcation 323

since €™ > v/1+s2 for any s > 0. As a consequence, (uz(0),v¢(0)) is tangent to
the line u = 1 from the left at 6 = 0 for 6 € (—e0,0;). Here 6 > 0 is the least
positive value so that u;(0) = 1. Next, let 8, be the greatest negative value for
which v,(6) =0 and v¢(6) > 0. Then 8; solves the following system:

1
cos(10; )+ Esin(reg) =0, sin(t6;)>0

so
70, = —arctan2T— 7.

Given T > 0 (we will fix it later) we consider the solution 8~ (¢) of the equation:

o= 1240 g7 o (6.2.17)
B
Separating variables we see that
07 () do t—T
/9; JI-u:(8) B

or

ot (=T _ 6 de
0 (1) = O- (\/B> 0_(6) /m

From (6.2.14) we easily see that
1—u(6) = BO*>+0(6%)

as O — 0. As a consequence, ®_(0) is an increasing function that tends to +oo as
0 — 0. Thus 6 (¢) is increasing and tends to 0 as t — co. Moreover, since u(0) <
1 for 6 < 0 we also see that 6(f) — —oo as t — —co. Summarizing 6~ () is an
increasing function defined on (—oo, ), taking values on (—,0), 8~ (T) = 6, .
Setting

a0 = [ =)

we see that (z4(¢),y4(r)) is a solution of Eq. (6.2.12) so that

lim(z. (1).34 (1) = lim (me), 1‘[3“")> ~(0,0),

tEIPm(Z+(t),y+(t)) = elirgm (vr(e), 1_';;(9)> = (0, \/g> ,
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that is, (z+(7),y+(¢)) is a heteroclinic connection from (0, \/%) to (0,0). Next, we

know that 6 is the greatest negative value so that v/(6) = 0 and v(0) > 0. This
means that at 7 = T we have

2o () = ve(67) = Qe >0, 2,(T) =0

and these two conditions are not satisfied when ¢ > T. Note that:

_ Yooy —neti 2 /L e |1
Q= 17e sin(70; ) =2e Trae =e 3B (6.2.18)

moreover:

y+<T):\/1—ul§(er):\/1+vl§(91):\/1297. 62.19)

Now we consider the solution (z_(¢),y—(¢)) of Eq. (6.2.12) that belongs to the unsta-
ble manifold of the saddle (0,0). Since (z_(¢),y—(¢)) — (0,0) as t — —eoo it follows
that we have to look for a solution (u(t),v(¢)) of (6.2.13) so that (u(z),v(¢)) — (1,0)
as t — —oo. Thus we consider again Eq. (6.2.14) with 6 € (0,6;"). Thus 8 = 67 (r)
is again a solution of

1—uc(0)
B

with the initial condition 6(0) = 6;". So we obtain:

6=

/"”‘19:1
o7  /1-u(6) /B

that is
0" (t)=

o' ). o (a)—/9 L

TA\VB) T 67 /T—u(0)
Obviously O, (0) is an increasing function and since 6 € (0,0;), ©.(0) < 0
for 0 < 0 < 6. Arguing as before we see that limg_,o©,(0) = —oo and hence
lim, o 87 () = 0. For t € (—oo,0] (and hence 67 (1) € (0,0;]) we set:

0=\ [ =)

and note that the following hold:
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. . 1- ut(e)
1 —(),y-() =1 0),y/—=——=]=1(0,0).
Jlim (e (1),y (1) (gg(w()7 o) =00
Now, since u(0) < 1 for 6 € (0,0;), we see that u,(6;) > 0 and then z_(0) =
vz(0;7) < 0. But it must be z_(0) = v¢(6;) < 0 otherwise (z—(0),y_(0)) = (0,0)
because of uniqueness. Next (z—(¢),y—_(¢)) belongs to the unstable manifold of the
equilibrium (0,0) and y_(¢) > O for any ¢ € (—e,0), thus

(y-()
P -0

ast — —oo, with v_ being the eigenvector of the positive eigenvalue of the lineariza-
tion of Equation (6.2.12) at (0,0), i.e.

=y,

y=z

having a positive second component. Hence z_ () = y_(¢) is eventually positive
for t — —oo. Thus the curve (z_(z),y_(¢)) has to pass from the first quadrant to the
fourth one and this can be realized only by passing above the line z =z (T') because
otherwise it would intersect the curve (z4(¢),y4(¢)). As a consequence, fo < 0 must
exist so that z_(fo) = z4-(T) = Q¢ and z_(¢) < Q. for any 7 < fy. We set

1 uc(6 (1))
Vri= B .

Shifting time we can suppose without loss of generality that fo = —7T. Thus we have
found solutions ¥ (f) = (z4(¢),y+(#)) of (6.2.12) so that

¥-(t) — (0,0), ast — —oo,
’}7+([)*>(070)7 aSt*)+°°a

2 (-T)=z2:(T)=Q .

The graphs of the above-mentioned invariant manifolds of (6.2.12) and the line z =
Q in the right half-plane for B =37/8, i.e. T = 3, are given in Figure 6.6.
We are now able to construct our example. We take

z=y1—By; +21+3,
y1 =2, (6.2.20)
y2=y2(1+2z)

for z < Q; and
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0.4+

0.2

AL

0.2 0.4 .6 0.8

Fig. 6.6 The stable and unstable manifolds of system (6.2.12).

y1 =0, (6.2.21)
when z > Q;, that is, we take:

f+(zvy17y2): 0 fOI'Z>QT,
0
(6.2.22)
yi—Byi+1+y;
ff(Zv)’h)’z): Z fOI'Z<QﬂL-.
»2(1+z)

Then

ho(Qe,91,52) =y1 — By + Qovi +¥3, hi(Qe,y1,32) = — Q¢

and

Hiyiy2) = & ( @ )
’ yi =By + Qi+ 1) +y3 \02(1+82:) )
We note that

ho(Q¢,31,y2) = hie (Qe,y1,32) = y1(1 = Byt + Qc) + 3+ 2 >0
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ifo0<y < Hﬁﬁ Then we take the solution ¥ (z) of

Q7
yi—Byi+Qc(y1+1)

yi=
so that y;(0) = y; and let T be such that y;(T) = , /HTQT. Note that according to

the previous remark, i_(Q¢,y1,y2) — hy (27, ¥1,y2) > 0 in a neighborhood of 7 (
0 <t < T. Thus we are in position to apply Remark 6.2.2. Now we define T =
and set

1),
7
2

W0(t) = (Qe,51(t+T7),0), (1) =(7-(1),0), re(t)=(7:(:),0)

and -
y-(¢), ift<-T,
Yt)=q w@), if -T<t<T,
ve(t), ift>T

is a sliding homoclinic orbit for the system (6.2.20), (6.2.21).
For concrete values of T > 0, we take f§ = % + %2, compute 2; and we solve

(6.2.12) with initial values z,(7) = 4/ HﬁQf ,ys(T) = Q¢ to get 7, (¢) and v, ().

We now verify that system (6.2.20), (6.2.21) and y(¢) satisfy conditions (H1)-
(H4) of this section. We have already seen that (H1) is satisfied (see also Remark
6.2.2). Condition (H2) is also satisfied with xo = (z°,y7,9) = (0,0,0). Note that
in this example the discontinuity level is at z = £2; and not at z = 0 but we have
observed that this fact does not make any difference. Now we verify (H3). It is
trivial to verify that A, (y(r)) < 0for =T <t <T,h_(y(t)) >0for —T <t < T and
h-(y(T)) = y+(T)(1 = By+(T)*>+ Q) = 0. So we check the last condition in (H3).
We have:

v n=-2(1 %) e k= ()

from which we obtain
Vyh—(YO(T)k—<YO(T))* =—2Q:(14+Q2;) #0.

Finally, we check (H4). By Remark 6.2.4 it is enough to prove that (y; (—7),0)* ¢
<" or, equivalently, that (1,0)* ¢ .. Now, the variational system of (6.2.20) along
Y- (2) is given by:

z=y_()z+(1=3By_(t)>+z-(t))y1,
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Since this system has the bounded solution at —oo: (0, 0,e - (t)> ,and dim.¥’ =1

it follows that ./ = span{(0, 1)} and hence (1,0) ¢ .#’. Thus (H4) holds.
Finally we add a perturbation

eg)=¢e| 0 (6.2.23)
q1(ont)

to (6.2.20), (6.2.21) and compute the Melnikov function. Here @, ®; are positive
constants and g1, g are almost periodic C>—functions with bounded derivatives and
their second order derivatives are uniformly continuous. To this end, we need to
compute the solution y(¢) of the adjoint variational system:

i=—yi(t)z—y
yi=—(1=3By(1)*+z4(t))z (6.2.24)
y2=—(14+2z+(t))y2

with y(0) = (1,0,0) (see (6.2.5)). Since y, = 0 is invariant for system (6.2.24)

Wig?tw(f) (W1(1), ¥ (1),0) where (z,y) = (w1 (1), ya(r)) is a bounded (at +=°)
solution o

= -y (l‘)Z—)’la
o . (6.2.25)
Yr=—(1=3By(t)" +z+(1))z
that is
y+(t)
y(n) = | —2elo) el
0
and the Melnikov function is
M) = / Yo (1) e OB g (or + )t
T
Since -
lim (@) = a(@) [ "3+(0)e P00 ar,
w—0 T
lim (o)) =/ (0) [ il O,
w—0 T
we see that if (o) has a simple zero at some @ = ¢ and
/ o ()e B g 2o, (6.2.26)
JT

then .# (o) will have a simple zero at some « near to o for @ > 0 small. To check
condition (6.2.26) we recall that
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ol = [ o
‘ T:t y+(s)ds=0"(t)—0 (T)=0"(t)—6; . (6.2.27)
Now, let Y(0) = F"TT(G). Then:
y+(t)=Y(0" (1))
and

vy () =Y'(07(1))0 (1). (6.2.28)
Plugging (6.2.27), (6.2.28) into (6.2.26) we obtain:

)

/_my+(t)e—f%>’+<f>d3dt:eer‘ / e Y0 (1))6 (1)dr
T T

_ 10 ,
=¥ /7e_eY'(9)d9:eef {Y(B)e_e

67

0 0
+/ e_eY(O)dG}
[ 0;

0; 0 0
= et /7e7 Y(6)d6 —Y(6;) (6.2.29)

67

0, 1+Q
— [ et ty(g)a0— |2
o B

_ \/13 (/eoeﬂrﬂ \/l—uT(G)dG—\/H--Qr)-

We prove now that the expression (6.2.29) is negative for any 7 > 0. Using Cauchy-
Schwarz-Bunyakovsky inequality we get

0 0 0
[ e 1_uf<e>deg\//e6r6dewe9r9<1—uf<9)>d6-
) 0; 67

T
Next, we integrate

0o _
/ e¥ 040 =1-¢%
0;

and

/90 e% 0 (1 — uy(6))d6 — /0

_ 1
b 9 (1 —e%2cos(10) + Eee/z sin(re)) do
Jor

_ _ 1 _
=1—e% 428 /2 a2 —1-—e% +Q..
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Consequently:

0
/ e% 0 \/1—u.(0)do < \/17e9f\/17e6€ +Q: <1+,
o

hence the expression (6.2.29) is negative for any value of 7 > 0. In summary, we
obtain the following result.

Theorem 6.2.7. Let q(t) have a simple zero. Then there exist @ > 0 and & > 0 so
that for 0 < |@| < @y and 0 < |€| < &, system

X = fi(x)+egt), xcQu (6.2.30)

where x = (z,y1,y2) € R3, fi(x) is as in (6.2.22) and g(t) as in (6.2.23), is chaotic.
For example, if ¢(7) = cost we get
M) = /:y;(t)e*f%y*(s)dscos(a)t +o)dt
and then
Q) — 1 () = “ (o), / V() e frre s gor gy

As a consequence if ¥ (@) # 0 then .# (@) has a simple zero. Since ¥;(0) # 0,
¥ (w) is a nonzero analytical function. From Theorem 6.2.7 we know that (6.2.30)
behaves chaotically for |@| < wp (and |€| < &) sufficiently small. However, for this
particular example (g(¢) = cos?), (6.2.30) behaves chaotically also when o is large.
As a matter of fact, we have the following:

Theorem 6.2.8. There exist continuous functions F(B),D(B) : (§,50) — (0,0) s0
that for any given constants B > 1/8, w; >0, ® € (0,0) \ [F(B),D(B)] and an
almost periodic C>—function qi (t) with bounded derivatives so that its second order
derivative is uniformly continuous, there exists €y = €(f, 0, ®1,q1(+)) so that for
0<|e| < g and

cos(t)
g(r) = 0

qi (@)
system (6.2.20), (6.2.21) is chaotic. Moreover, it holds
2v/2

lim F(B)=0, limF(B)= L =0.235166,
T—1/8, oo T(2v24+1)
3\f7r

lim D(B)=c, limD(B)= +4—V2=925011.

B—1/8+ B—soo
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Proof. We omit the proof of this theorem, since it is rather technical and refer the
readers to [55] for more details. a

Here we only mention that

D(B):=B(V8p=1/2),

where
8(14+7-le %)
B —
(%) 47211
Va+12 (32
+ J;T ( {”(r—2+4r1+4)+(2+r1)(2— 1/2))
and the graph of D(f) in interval (1/8,20] looks like
D
o ¥
10}
s
0 5 10 15 %"

Furthermore, we have

F(B)=c(V8B=1/2)

where
(e = 22t I+ —V1—eb% /1—eb 10,
RRVZEZ a3
l4+e 27
2arctan2t\| ———— + w —arctan27
1+Q;

and the graph of F(f) in interval (1/8,20] looks like

F
0.12r

0.10t
0.08
0.06
0.04r
0.02r
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For instance, a numerical evaluation shows that for § = 25: D(25) = 0.1337
and F(25) = 10.6489, so for @ € (0,0) \ [0.13,10.65], system (6.2.20), (6.2.21) is
chaotic for € # 0.

Furthermore, since W; () is analytical (cf Section 2.6.5), there is at most a finite
number of @1, ..., @, € [F(B),D(B)] so that forany @ >0 and @ ¢ {@1,..., W, },
there is a chaos like in Theorem 6.2.8. An open problem remains to estimate ng. On
the other hand, the statement of Theorem 6.2.8 can be extended as follows.

Theorem 6.2.9. There exists a continuous function G(®) : (0,00) — [§,0) so that
for any given constants @ € (0,00), B > G(w), @; > 0 and an almost periodic
C*—function q1(t) with bounded derivatives so that its second order derivative is
uniformly continuous, there exists & = €(,®,®1,q1(+)) so that for 0 < || < &

and
cos(t)

system (6.2.20), (6.2.21) is chaotic.

We again refer the readers to [55] for more details. A lower bound G(®) for 8 could
be numerically estimated, but we do not carry out these awkward computations in
this section. By Theorem 6.2.8, it would be enough to estimate G(®) in the interval
[0.2,9.3].

6.3 Outlook

The above results could be extended to other types of discontinuous homoclinics.
First we could study impact systems like in [17, 18,20, 21, 49]. Second we could
develop Melnikov theory for grazing homoclinics which has not yet been done.
Discontinuous systems with grazing orbits are investigated in [6,22,24,57,58].
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