Chapter 4
Chaos in Ordinary Differential Equations

Functional analytical methods are presented in this chapter to predict chaos for
ODEs depending on parameters. Several types of ODEs are considered. We also
study multivalued perturbations of ODEs, and coupled infinite-dimensional ODEs
on the lattice Z as well. Moreover, the structure of bifurcation parameters for homo-
clinic orbits is investigated.

4.1 Higher Dimensional ODEs

4.1.1 Parameterized Higher Dimensional ODEs

In this section, we consider ODEs of the form

x= f(x)+h(x,u,1) 4.1.1)
with x € R”, u € R™. We make the following assumptions of (4.1.1):

(i) f and h are C3 in all arguments.

(i) £(0)=0andA(-,0,-)=0.

(iii) The eigenvalues of Df(0) lie off the imaginary axis.

(iv) The unperturbed equation has a homoclinic solution, i.e. there is a nonzero dif-
ferentiable function ¥(¢) so that lim,_, 1. y(t) = 0 and y(z) = f(y(¢)).

V) h(x,u,t+1)=h(x,u,t) forteR .

Let ¥, be the period map of (4.1.1), i.e. ¥, (x) = ¢, (x, 1) where ¢ (x,?) is the solu-
tion of (4.1.1) with the initial condition ¢, (x,0) = x. The purpose of this section is
to find a set of parameters ( for which the period map ¥, of (4.1.1) has a transver-
sal homoclinic orbit. For this reason, higher dimensional Melnikov mappings are
introduced. Simple zero points of those mappings give wedge-shaped regions in R”
for y where ¥, possesses transversal homoclinic orbits. This result is a continuous
version of Section 3.1, where difference equations are studied. Melnikov theory for
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88 4 Chaos in Ordinary Differential Equations

ODE:s is also given in a lot of work [1-7]. This method is usually applied when the
unperturbed equation

x=f(x) 4.1.2)
is integrable [8].

4.1.2 Variational Equations

For (4.1.2) we adopt the standard notations W*, W* for the stable and unstable man-
ifolds, respectively, of the origin and d; = dimW?¥, d, = dimW". Since x =0 is a
hyperbolic equilibrium, ¥ lies on W* N W*. By the variational equation along y we
mean the linear differential equation

i =Df(y(t))u. (4.1.3)

Now, we can repeat the arguments of Section 3.1.2 to (4.1.3), but since it is straight-
forward, we do not go into details, and we refer the readers to [3, Theorem 2] and [9,
Theorem 3.1.2]. Consequently, the following results hold.

Theorem 4.1.1. There exists a fundamental solution U for (4.1.3) along with con-
stants M > 0, Koy > 0 and four projections Py, Py, Py, Py, so that P+ Py, + Pys +
P, =1 and the following hold:

() |Ut)(Ps+Pu)U(s) 7| < K&~ for 0<s<t,
(i) |U(2)(Py+ Pu)U(s) 71| < Koe®MU=9) | for 0 <t <s,
(i) |U (1) (Pss + Pu)U (5) | < Koe*MU), - for 1 <5 <0,
(V) |U (1) (Pus + Pu)U (5) 71 < Ko7, for s <1 <0

Also rank P, = rank P, = d.

In the language of exponential dichotomies we see that Theorem 4.1.1 provides
a two-sided exponential dichotomy. For 1 — —co an exponential dichotomy is given
by the fundamental solution U and the projection P,; + P,, while for # — +o0 such
an exponential dichotomy is given by U and Pys + Py;.

Let u; denote column j of U and assume that these are numbered so that

I, 040 04 04 O
Pu=104 04 01, Ps=10; I 0
0 0O 0 00

Here, I; denotes the d x d identity matrix and 0; denotes the d X d zero matrix.
For each i = 1,...,n we define ui(¢) by (u-(t),u;(t)) = &;, where (-,-) is the

scalar product on R”. The vectors u:- can be computed from the formula U+* = U !

where U denotes the matrix with «; as column j. Differentiating UU* =T we

obtain UU* +UU+* =0 so that U+ = —(U~'UU)* = —Df(y)*U*. Thus, U+
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is the adjoint of U. Note that {u;(¢) | i = 1,2,...,d} is a basis of bounded solutions
on R of the adjoint variational equation w = —Df(y)*w. The function 7 is always a
solution to the variational equation (4.1.3) and we may assume that u,; = 7, since ¥
is a linear combination of columns u, | through u;; of U and a linear transformation
of these columns preserves the projections.

Now we define the following Banach spaces

Z={zeC((=ene)R") |sup[z(r)| <}

Y ={z€C'((—o,=),R") |z,z€ Z},
with the usual supremum norms.

Theorem 4.1.2. The linear equation
u=Df(y{t))u+z, z€Z.

has a solution u = K(z)(t) € Y if and only if
1€Z:= {Z eZ| / PoU(s) 'z(s)ds = 0} )
Moreover, if z € Z then we can take
0 1 ! I
VO] [ P ) ds+ [ (Pt RUG) 206 ds
—/ (PM—I—PW)U(S)flz(s)ds], fort >0,

t

Ur) [_ /0 " PuU(s) " 2(s)ds + /O (Pt Pus)U () 2(s) ds

+/_' (PW+PW)U(S)_1z(s)ds}, fort <0.

Note that z € Z < [ (u(1),2(s))ds = O foralli=1,2,...,d.

—o0

Theorem 4.1.3. Define a projection I1 : Z — Z by
)0 = () [ UOPLUG)'25)ds.

Sfor a smooth function ¢ : R — R satisfying sup, |(p(t)uj(t)‘ < oo for all j and
[=.0(s)ds = 1. Then Z(1—II) = Z.
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4.1.3 Melnikov Mappings

Without loss of generality, we can suppose that f and & as well as all their partial
derivatives up to the order 3 are uniformly bounded on the whole spaces of defini-
tion. We study the equation (cf Theorem 2.2.4)

Fuey(x) =x— f(x) = h(x,pu,t) —€|p|L(x—y) =0,

(4.1.4)
Fey:¥Y —Z,

where L:Y — Z is a linear continuous mapping so that ||L|| <1,y €Y and € € R
is small. It is clear that solutions of (4.1.4) near y with € = 0 are homoclinic ones of
(4.1.1). We make in (4.1.4) the change of variable

x(t) =yt — o) +w(r), (w(0),7"(~0)) =0, 4.1.5)

where @ € .# C R and .# is a given bounded open interval. We note that (4.1.5)
defines a tubular neighbourhood of the manifold {y(t — oc)} wcy 1Y when w is
sufficiently small (cf Section 2.4.3). Hence (4.1.4) has the form

Gapeyw) =w—f(y(t —a)+w))+ (1t - a))
—h(y(t— &) +w 1) — €lu|L(w+y(t — ) —y) =0,
Gopey: Y —Z.

We have
DywGo00y(0)u=u—-Df(y(t—o))u.

By putting
Uat) =U(t — @), Ug(1)=U"(r—a),

Theorem 4.1.1 is valid when U is replaced by Uy and (4.1.3) by
it = Df(y(t — a))u,
respectively, but Ky > 0 should be enlarged. Moreover, we put

Y(l(t):’}/(tia% uj,a:uj(tia)v u#a:u;(tia)'

Consequently, by taking
0= {ve¥ [sup(ly(0)| +15(0)l) < sup (|7(e)| + [7(0)]) +1
teR teR
and by using the same approach as in [3], [, p. 709] and Section 3.1.3 along with

Theorems 4.1.2 and 4.1.3, there are open small neighborhoods 0 € O C R¢~!,0 €
V CR,0 € W C R™ and a mapping
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GeC*(YXOX I XWXV xQ,Z),

so that any solution of (4.1.4) near Yy for 4 € W, € € V, y € Q is determined by the
equation G(z, 3, &, U, €,y) = 0 and this solution has the form

d—1
X=Ya+z, PusUyg'(0)(z(0) = Y Bjttjra.0(0)) =0, (4.1.6)
j=1

where B = (Bi,...,Ba—1). We remark that {u;(0)}_, are linearly independent,
u24,0(0) = 72 (0) = y(—0x), as well as

{veRr" | (n7 (=) =0} = span { {u;a(0) Y1\ {2 a(0)} },
and
0=PyUy ' (0)w = PoUq ™ (0)w <=> (4 4(0),w) =0, Vj1<j<d.

Hence (4.1.5) and (4.1.6) provide a suitable decomposition of any x in (4.1.4) near
the manifold {y(t — &)} yc.». Now by using the Lyapunov-Schmidt procedure (see
again [3, Theorem 8], [5, p. 709] and Section 3.1.3), the study of the equation
G(z,B,a, 1, €,y) =0 can be expressed in the following theorem for z, i, €, B small,
yeEQand o € 4.

Theorem 4.1.4. U and d are the same as in Theorem 4.1.1. Then there exist small
neighborhoods 0 € Oy C R4 0 e W; CR",0€V; C R and a C? function H : Q x
01 x I x Wy x V| — R? denoted (v, B, 0, i, €) — H(y, B, o, W, €) with the following
properties:

(i) The equation H(y,B,a, u,€) = 0 holds if and only if (4.1.4) has a solution near
Yo and each such (y, 3, a, 1L, €) determines only one solution of (4.1.4),
(i) H(y,0,,0,0) =0,

(i) 915(7,0,,0,0) = — [ {u-(1), 32 ((1),0,1 + @) ) d,

(iv) g5 (.0,0,0,0) =0,
V) %(%0,%070) = — [Z. (i (1), D F(¥(1) Juar j(1)ua-i (1)) dt.

We introduce the following notations:

ag(@) = [ (w0 G000+ a) ) ar

bijx = —L <”iLaD2f(7)”d+j”d+k> dt.

Finally, we take the mapping M, : RY — R¢ defined by
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(M# o ﬁ Zal} Z bljkﬁjﬁk

/,k 1

Note that we can take any bases of bounded solutions of the adjoint and adjoint
variational equations (with uo; = ¥) for constructing the Melnikov function M.
Now we can state the main result of this section.

Theorem 4.1.5. Let d > 1. If My, has a simple root (0, o), i.e. (0, o) satisfies
My, (a0, Bo) =0 and D g gyMy, (o, Po) is a regular matrix, then there is a wedge-
shaped region in R™ for | of the form

X = {szﬂ‘ s is from a small open neighborhood of 0 € R and [i is from

a small open neighborhood of ty € R™ satisfying || = |Uo| },

so that for any p € % \ {0}, period map ‘¥, of (4.1.1) possesses a transversal ho-
moclinic orbit.

Proof. Letustake .# = (ap — 1,09+ 1) and let us consider the mapping defined by

3 ~ ~ H(y,SB,a,S2ﬂ7S3é), for S%O,
‘P(y,ﬁ,a,,u,s,s) ==

Mg(a,B), for s=0.
According to (ii)~(v) of Theorem 4.1.4, the mapping @ is C'-smooth near

(y7B7avl17éas):(y7ﬁ07a0u.u07070)7 yEQ
with respect to the variables B , 0. Since
My, (a0, B0) =0 and D p\Myy (0, Bo) is a regular matrix,

we can apply the implicit function theorem to solving locally and uniquely the equa-
tion @ = 0 in the variables 3, ct, where fi is near fig satisfying |fi| = |go|. This gives
for € =0, by (i) of Theorem 4.1.4, the existence of % on which ¥, has a homoclinic
orbit. Moreover, we can suppose that the corresponding solutions of (4.1.4) lie in Q.

To prove the transversality of these homoclinic orbits, we fix u € #Z \ {0} and
take y = ¥, where 7 is the solution of (4.1.4) for which the transversality of the
corresponding homoclinic orbit of ¥, should be proved. Then we vary € = $38
small. Note that s # 0 is also fixed due to 4 = s*fi and || = |uo| as well. Since the
local uniqueness of solutions of (4.1.4) near 7 is satisfied for any € sufficiently small
according to the above application of the implicit function theorem, such equation
(4.1.4) (with the fixed u € Z\ {0}, € = s& where s # 0 is also fixed and the special
y = ¥) has the only solution x = ¥ near ¥ for any € sufficiently small. Hence Theorem
2.2.4 gives the invertibility of DF), o #(7), so the only bounded solution on R of
the equation v = Df(§)v+ D h(¥,u,t)v is v = 0. Then Lemma 2.5.2 implies the
transversality of these homoclinic orbits of ¥, for u € Z\ {0}. O
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Remark 4.1.6. (a) If My, has a simple zero point (Qo,fo), then M,2,, has also a
simple zero point at (o, rfy) for any r € R\ {0}.

(b) If d = 1 then we take the function M, (o) = Y7 ay (o), which is the
usual Melnikov function. So for any simple zero o of My, (ct) = 0, when py is
fixed, there is a two-sided wedge-shaped region in R™ for ut of the form

X = {sﬂ‘ s is from a small open neighborhood of 0 € R and fi is from

a small open neighborhood of py € R™ satisfying |fi]| = | /,10|}

so that for any u € %\ {0}, the period map ¥, of Eq. (4.1.1) possesses a transversal
homoclinic orbit.

Remark 4.1.7. A standard perturbation theory [10-13], which can be verified by
repeating the above arguments, implies the existence of a unique 1-periodic solution
of (4.1.1) for any u small, which is, in addition, hyperbolic. Then the transversal
homoclinic solution of Theorem 4.1.5 is exponentially asymptotic to this periodic
orbit.

Remark 4.1.8. Note that we can take any bases of bounded solutions of the adjoint
variational and variational equations (with uy; = ) for constructing the Melnikov
function My,. Similar observations can be applied to detecting the other continuous
Melnikov functions in this book.

Remark 4.1.9. The above results can be generalized to ODEs possessing hetero-
clinic orbits to semi-hyperbolic equilibria [14].

4.1.4 The Second Order Melnikov Function

When Melnikov function M, is identically zero then we need to compute the second
order Melnikov function. Since in general computations are awkward, we consider
the simplest case given by a C3-equation

i=f(x)+eq(r) (4.1.7)

with 27-periodic ¢(t), and ¥ = f(x) has a homoclinic solution p(z) to 0 with f7(0) >
0. We can suppose p(0) = 0. We are looking for bounded solutions of (4.1.7) near
p(t). We briefly repeat the above arguments, so we shift # < ¢ + o and take x = p+v
in (4.1.7) withv € Yy := {v € Y | v(0) = 0} to obtain

V—f(p)v=r(p+v)—f(p)v—f(p)+eq(t+a).

By introducing the projection IT: X — X as [Tz := [*_z(t)p(t)dt/ [~ p*(t)dt - p,
the Lyapunov-Schmidt method splits (4.1.7) into two equations
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V—f'(p)yv=>U-I){f(p+v)—f(p)v—f(p)+eq(t+ )} (4.1.8)

and
[ 1) +ve) = £ (p0)w(e) - £(p(0) + eqle-+ @)} pe)dr =0. @19

By the implicit function theorem, we can uniquely solve (4.1.8) to getv=v(g,a) €
Yy with v(0, &) = 0, so we put v(g, o) = ew(€, @), and inserting this into (4.1.9), we
get the scalar bifurcation equation

o0

B(e.a) = [ _{f(p(0)+en(e.a)) £ () ew(e.c)(0)

—f(p(t))+eq(t+c) }p(t) dr=0.

Clearly B(0,ct) =0 and B.(0,00) = [*_q(t + a)p(¢t)dt = M(a), where M(ct) is
the Melnikov function for (4.1.7). We have until now repeated arguments of Section
4.1.3 to (4.1.7). When M(a) = 0, then we proceed further to derive

—+oo

Bee(0.0) = [ p(0f" (ple)w(0. (1) dr.

—o0

Note that by (4.1.8), w(0,0) solves w(0,c)(t) = f'(p(t))w(0,x)(t) + q(t + a).
Summarizing the second order Melnikov function is given by

maa) = [ pO )0, @110

—oo

where v (2) is any fixed bounded solution of the equation

i=f'(p(t)x+q(r+a).

This solution exists thanks to the fact that M (o) = 0 (cf Theorem 4.1.2). Note
that any two of these bounded solutions differ for a multiple of p(z), and hence
Vatar(t) =va(t) + Ap(t), for some A € R. On the other hand, M>(a) does not de-
pend on the particular solution v, (¢) we choose. This easily follows from that ji(z)
is a bounded solution of the non homogeneous system

£=f(p(e))x+f"(p(1)p(1)*
and v (¢) is a bounded solution of
i=f(pt)x+f"(p()p(t)va +4(t + ).
Hence:

| s wopra=o

—o0
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and

+oo Foo
PO PE)Pealdr = [ pl)gle+ ) =M (@) = 0.

—oo

Note that M, (o) is 27-periodic since the bifurcation function itself is 27-periodic.

4.1.5 Application to Periodically Perturbed ODEs

We illustrate our theory on the following example. Consider the equation

¥ =x—2xz" +i° + Uy cos ot — Upz,

¥ =y—2yz> 4%y, (4.1.11)

£=2-22 +yy+ i cos o + (ty — )z
This equation is studied in Example 1 of [3]. In the space (x,%,y,y,z,2), the eigen-
values of Df(0) are A} = A = A3 = —1, 44 = A5 = A6 = 1. A homoclinic solution
when u =0is givenby x=0,y=0,z=r,i.e. y=(0,0,0,0,r,7) where r(t) = sechz.

Note that # = r — 7> and 7 = z — z° is the familiar Duffing equation (cf Chapter 1).
The linearization of (4.1.11) at y has the form

i=(1-27)x, y=(1-2¥)y, z=(1-67)z.
Clearly d = 3 and by Remark 4.1.8, it is readily to find
us = (r,7,0,0,0,0), us=(0,0,r,7,0,0), us=(0,0,0,0,7,¥)
uy = (—#,1,0,0,0,0), uy =(0,0,—#r0,0), wuz =(0,0,0,0,—#,7).
Using these results, we easily get
a (o) +2p2 — gﬁ]za

My(et,Bi,B2) = _gﬁ]BZa

2 T
a1 (o) — FH2 gﬁzz’
where
Tw 2 T
aj(a) = —ncosa)asechT, azi(a) = 3~ nwsinwasechT.

There are the following solutions of M, (a, B) = 0 (see Remark 4.1.6 (a))



96 4 Chaos in Ordinary Differential Equations

ﬁ(a)=< i(““H““)’O)’ H(a)=<l7;a31> 4.1.12)

Bla)= (0, ;;(0114—36131)), p(o) = (1,—;@) . (4.1.13)

The linearization D¢ g)My (e, B) at the points (4.1.12) reads

8
a’” —g ;(Clll +3asz;) 0
8
0 0 —% E(a11+3a31)
dy 0 0
and at the points (4.1.13) it has the form
aj, 0 0
T |8
0 ——y/— 3 0
A 3ﬂ(€111+ asi)
T /8
aj 0 1 g(a11+3a31)

Next, we have ay;(a) +3a31(a) > 2 - (3w+1)sech B2 > 0 for > ay, where
@y = 1.95332 is the only positive root of 7 (3wy+ 1) sech@ =2. So for 0 > ay
the points (4.1.12), involving (4.1.13), are simple zero points of My (ct,3) when

a# ) ZkH , A F G zk k¢ 7. Hence for @ > a, there are two small open wedge-
shaped reglons in the U1—Up plane with the limit slopes given by

3 Tw T Tw
1+~ h— 4+ —sech—
27ra)sec > and > sec >

containing parameters for which the period map of (4.1.11) possesses a transversal
homoclinic orbit near y. Since 13 rwsech %2 ~ 1 £370 e /2 and +7sech 22
+me "®/2 for large values of w, i.e. for rapid forcing, these wedge-shaped re-
gions become very narrow as @ — oo. For instance, if @ = 10 then %Tm) sech T2 =
0.0000142033 while J sech &2 =4.73443 x 10~7. Finally note that 1 + 3 5T a)o sech
T = 1.85423, 1 — 3may sech T = Z sech 0 =0.145773 and functions 3 7@ sech

”2‘" , 5 sech B2 are rapidly decreasmg on [(oo, o).
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4.2 ODEs with Nonresonant Center Manifolds

4.2.1 Parameterized Coupled Oscillators

To illustrate the ideas of this section consider the equations
¥ = x — 2x(x* +y%) — 2% + py cos o, (4.2.1a)
¥ = (1—k)y—2y(x* +y*) — 212y + 11 cos pat, (4.2.1b)

where p € N and @ > 0 . This system consists of a radially symmetric Duffing
oscillator with an additional spring of stiffness k in the y equation along with damp-
ing and external forces added as perturbation terms. Let us assume k > 1 in (4.2.1b).
Then, for the unperturbed equation, i.e. when p; = tp =0, the linear part of (4.2.1a)
has a hyperbolic equilibrium and the linear part of (4.2.1b) has a center. Further-
more, for small i, the eigenvalues of j = (1 — k)y — 2,y are complex functions,
A(12), with R(A(U)) = —z so that we have R(A(0)) = 0 and R(A'(0)) = —1.
Thus, for small p, # 0, the equilibrium of (4.2.1b) is weakly hyperbolic.
If we set y =0 in (4.2.1a) we get the standard forced, and damped Duffing equa-
tion
¥=x—2x° —2pX + 1] COS OF . 4.2.2)

Using Melnikov theory of Section 4.1 one can show (see Example 4.2.6 below) that
for small y; # 0 and for u # 0, within a range

Tw
A

3nw
2| < T|u1|sech 2

(4.2.3)
Equation (4.2.2) has a transverse homoclinic orbit and hence exhibits chaos. The
purpose of this section is to show that if p; # 0, tp # 0 are chosen to produce chaos
in (4.2.1a) when y = 0 and if pw # vk—1 then, as a consequence of the weak
hyperbolicity in the y equation, there exists chaos in the full Eq. (4.2.1) which, in
some sense, shadows the chaos obtained in (4.2.1a) with y = 0. Condition p® #
vk — 1 means non-resonance in (4.2.1b). Resonant systems of ODEs are studied in
Section 4.3.
As an abstract version of (4.2.1) we consider differential equations of the form

X = f(xaya.uat) = fO(xay) +.ulf1 (%%NJ) +.u2f2(xaya.I'Lvt)a (4243)
)} = g(xvyauvt) = gO(xvy) + 1181 (X»)’vIJ«at) —l—uzgz(x,y,/.t), (424b)

with x € R”, y € R, u = (u;, i2) € R%. We make the following assumptions of
(4.2.4):

(i)  Each f;, g; is C*-smooth in all arguments.
(1) f1, f» and g are periodic in ¢ with period T .
(i) D2 fo(x,0) = 0.
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(iv) The eigenvalues of D fy(0,0) lie off the imaginary axis.

(v) The equation x = fy(x,0) has a homoclinic solution .

(vi) go(x, 0) =82 (X,O,IJ) =0, Dzlgo(o,()) =0and Dzzgo(0,0) =0.

(vii) The eigenvalues of D,g((0,0) lie on the imaginary axis.

(viii) If a function A () is an eigenvalue of the matrix D,g¢(0,0) + uxD2g2(0,0,0)
then R(A/(0)) < 0.

(ix) D,g1(0,0,0,¢) =0.

Hypothesis (viii) is based on the examples for which the L, perturbation repre-
sents damping which cases all the eigenvalues of (4.2.4b) to move to the left of the
imaginary axis. In fact, it is sufficient to assume that R(A'(0)) # 0. In other words,
(4.2.4b) is weakly hyperbolic. This more general assumption requires a little more
work since it is necessary to include a nontrivial projection in Lemma 4.2.4 below.

4.2.2 Chaotic Dynamics on the Hyperbolic Subspace

In this section we consider the equation

X = f(x70nu7t) = f()()C,O) +Ivllfl (xvoauat) +[J2f2(x,0,/.l,,t) (4.2.5)

obtained by setting y = 0 in (4.2.4a). Equation (4.2.5) will be called the reduced
equation obtained from (4.2.4). We apply to this equation Melnikov theory from
Section 4.1 which we summarize here for the readers’ convenience. By hypothesis,
the equation X = fj(x,0) has a hyperbolic equilibrium and a homoclinic solution
y. Then (4.2.5) has a unique small hyperbolic T-periodic solution py (r) for ||
small (cf [11], Remark 4.1.7). Let {uy,...,uy} denote a basis for the vector space
of bounded solutions to the variational equation & = D fy(y,0)u with u; = ¥ and
let {v1,...,vs} denote a basis for the vector space of bounded solutions to the ad-
joint variational equation v = —D fy(y,0)"v. Now define the functions g;j : R — R,
constants b;j and function M : R* x R x RI~1 — R by

B 0,0 d t=i=d
aii(o) = vilt), fi(y(),0,0,r+x)) dt,
s = [ wi0.£10) hai N
b ) 0 d tsisd 4.2.6)
ik = vi,D ,0)uuy) dt, 2.
= [_tepusar Oy, 8 2 (
,u o ﬁ Za,] Z bukﬁjﬁk, 1 <i<d.

]kl

The function M is our bifurcation function and is used in Theorem 4.2.1 below.
The integer d has a geometric interpretation. Let P = y(0) and let W*, W* denote the
stable, unstable manifolds respectively of the origin for the unperturbed equation
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from (4.2.5). Then the entire orbit of ¥ lies in WS N W*" so that P € W N W" and
7(0) € TpW* NTpW". The vectors {u;(0),...,uy(0)} are a basis for TpW* N TpW"
and d = dim(TpW* N TpW*").

Suppose that W* N W*" has a connected component which is a manifold of di-
mension d and contains the orbit of y. Then in (4.2.6), all b;j; = 0, the hypothe-
ses of Theorem 4.2.1 below cannot be satisfied and an alternate bifurcation func-
tion is required. Let W” denote a homoclinic d-manifold containing 7, let Uy be
an open neighborhood of the origin in RY~!, let 1 : Uy — W” be a differentiable
function-denoted 8 — n(B) with n(0) = P, let 1 — y(¢) be the solution to the
unperturbed equation (4.2.5) satisfying y5(0) = n(f), and assume that 1 is con-
structed so that (B,) — Y5 (t) establishes local coordinates on W". In other words,
the original orbit y is embedded in a (d — 1)-parameter family of homoclinic or-
bits. We suppose that {}'/ﬁ(t),%j(t),i: l,...,d— 1}, B=Bi,-.-,B4_1), is a ba-
sis of bounded solutions of the variational equation v = D fo(¥3,0)v. For each fixed
B we let {vgy,...,vgq} denote a basis for the vector space of bounded solutions
to the adjoint variational equation v = —D; fo(¥g,0)'v. Without loss of generality
we can assume that each vg; depends differentially on . Now define functions
aij: RxUp— Rand M : R? x R x Uy — RY by
- 1<i<d,

ajlo.p)= [

—o0

(vgi(1), fi(15(1),0,0,t +x)) dt, { l<j<2
4.2.7)

2
M[(ﬂ,&,ﬁ)zza[j(a,ﬁ)uj, ]Slgd
j=1

This is our bifurcation function for the homoclinic manifold case. By combining
results from Section 4.1 we now get the following result.

Theorem 4.2.1. M is the same as in (4.2.6) or (4.2.7) and suppose (U, o, Po) are
such that M(po, &, Bo) = 0 and D gyM (Lo, &%, Bo) is nonsingular. Then there ex-
ists & > 0 so that if 0 < & < & the equation % = f(x,0,E Uo,t) has a homoclinic
solution Y to pg,. Furthermore, g (1) — P&y, at an exponential rate as t — oo,
Ye depends continuously on &, limg_ ¥ (t) = y(t — o) (or = Vg, (t — Q0)), uni-
formly in t and the variational equation along Yg has an exponential dichotomy for
the whole line when & # 0.

Following Sections 2.5.2 and 2.5.3, Theorem 4.2.1 establishes chaos for the dif-
ferential equation x = f(x,0, & Lo, ).

We remark that the constant K¢ of the exponential dichotomy for the variational
equation & = D1 f(¥,0,& o, ?)u along ¥ (¢) tends to infinity as & — 0. Indeed, let
ag, Pe, Ug be the corresponding constant, projection and fundamental solution from
the definition of exponential dichotomy from Section 2.5.1, respectively. The rough-
ness result for exponential dichotomies (cf Lemma 2.5.1) implies that we can take
ag = ap > 0 for some constant ag. If supg o Ke < oo, then there is a sequence {&;}7Z
so that & — 0, K¢, — Ko, P, — Py and Ug,(t) — Uy(t) pointwise. Clearly, Py is a
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projection and Uy(t) is the fundamental solution of & = D fy(7y,0)u creating an ex-
ponential dichotomy for this equation on the whole line R with constants (Kp,ap).
This contradicts the existence of a bounded solution 7y for this equation. Conse-
quently, Kz — e0as & — 0.

4.2.3 Chaos in the Full Equation

We construct the bifurcation function M from (4.2.6) or (4.2.7), as in the preceding
section, from the reduced equation (4.2.5). If M satisfies the hypotheses for Theorem
4.2.1 we have a transverse homoclinic solution and hence chaos for (4.2.5) when
w=Eup, 0 <& < &. We now establish a condition for chaos to exist in the full
equation (4.2.4). Since the exponential constant K¢ of it = Dy f (7/5 ,0,€ Lo, t)u tends
to infinity as & — 0, as we showed in previous section, we have to deal with the full
system (4.2.4). For this we consider the modification of (4.2.4) in the form

:f(x7ly7ll'l'7t)7
Y:go(xay)+)“N181(x7y7li>f)+I~L2g2(x7yvl~‘)7 (428)
0<A<I.

The changes x = Y+ X' € B + E%u, y = E2v, p = E2up with o # 0 into (4.2.8)
yield

i = Dy fy(7,0) u+ Z D11 fo(7,0)BiBjuiu;

lj 1
+ 1o.1f1(7,0,0,+ &) + o2 f2(7,0,0,1 4+ ) + O(&), (4.2.92)

v = [Dago(7,0) + &0 2D282(7,0,0)] v
ngo (Y-i-é )y Biui+&u 0) —D2go(7,0)
+ D2 go <7+:§ Z B,u,+§2u O) §2v+0(§4 2)}v+l,u01g1(0 0,0,7+ o)
+/lum{g1 <y+62ﬁ,u,+52 L E2,E%p, t+a> —gl(o,o,o,z+a)}

+ &% {ngz <Y+§ Y Bui+8%u,0,¢ HO) —D282(77070)+0(52V)}V

i=

(4.2.9b)

We consider the Banach spaces
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X, = {x € C(R,R")|sup|x| < oo}7
teR

Y, = {yeX ‘/ )) dt for every solution v € X,, of v = —Dfy(y,0)" }

with the supremum norm ||x|| = sup |x(¢)|. To solve (4.2.9a), we recall Theorems

teR
4.1.2 and 4.1.3.

Lemma 4.2.2. Given h € Y,, the equation it = D fo(y(t),0)u+ h has a unique so-
lution u € X,, satisfying (u(0),u;(0)) =0 for everyi=1,2,...,d.

Lemma 4.2.3. There exists a projection Il : X, — X,, so that Z(1—1I1) =Y,,.

We also need the following lemma.

Lemma 4.2.4. There exist constants b > 0, B > 0 and 50 > 0 5o that given g > 0,
for any 0 < & < & the variational equation

v = [Dago(¥(1),0) + &*1o2Dag2(¥(t),0,0)] v
has an exponential dichotomy on R with constants (B, bE? Ho2)

Proof. Write the given equation in the form v = Rv + S(r)v where

R = Dyg0(0,0) + E? 1y 2D2£2(0,0,0),
S(t) = D2go(¥(),0) — Dago(0,0) + &> o2 [D2g2(¥(1),0,0) — D2£2(0,0,0)]..

Let Vg be the fundamental solution for v = Rv+S(¢)v with V¢ (0) = I. Then for s <t
we have

t
Ve (1) = e =9IRV, (s) + / IR S(1)V (7) d

Using (V11) and (viii) for (4.2.4) we can, for 50 sufficiently small, find K;,b > 0 so
that [e(—9)R| < Ky eb8?H02(5-) when 0 < & < 50 and s < 7. Now define

x(t) = |V5 (t)Vé (5)71 | ebézlJ{Lz(tfs) )

Then from the preceding equation for V;; we get
t
X1 <K+ / Ki|S(7)|x(z) de
s
Hence, from the Gronwall inequality (cf Section 2.5.1),

x(1) < Kp ek KIs@ldr < g

for a constant B > 0. O
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We define the linear map % : Y,, — X, by £’ h = u where h, u are as in Lemma
4.2.2. Using the projection IT and the exponential dichotomy V from Lemma 4.2.4,
where we suppose > > 0 (the case [y < 0 can be handled analogously), we can
rewrite (4.2.9) as the fixed point problem

u=(1- < Z D1 fo(v,0)BiBjuiu;

i,j=1

+ :U'O,lfl (%0707 E+ a) + :u(),ZfZ(’}/aOvOJ + a) + 0(€)> y (42103)

—/_twvg(f)vz;(s)_l{{ng()( +<§zm +¢2<>)

+ D22go ( )+ Z Biui(s +éz (s), ) 52V(s)
— Dago(¥(s),0) + O(E*(5)) | v(5) +A0,181(0.0.0,5+ @)

+ )““0,1 {gl ( +§ Z ﬁlul +§2 (s )7‘52V(S)ﬂ'§2”075+ Ol)
—g1(0,0,07s+oc)}
+ éz.uo,Z{DZgZ ( +§ Z ﬁlul +§2 ( )70752“0)

— D1g2(7(s),0,0) +0(§2v)}v(s)}ds (4.2.10b)

along with the system of bifurcation equations

/_o;< Zano (t),0)BiBjui(t)u;(t) + to,1 f1(¥(t),0,0,1 4 o)

i,j=1
+ o2 f2(¥(),0,0,1 + ) +0(§)>d: -0, i=1,2,....d  (42.11)

where {vi,...,v4} is a basis for the space of bounded solutions to the adjoint equa-
tion. Using (ix) we have

-1 -1
D»go <7+§ Y ﬁiui+€2u70> —D1g0(7,0) + D280 <Y+§ Y 51'“["’&2”’0) &%

i=1 i=1

d—1
=0 (E2l7lIv]) +0 (E*ullv]) + 0 (E*Ylul) + 0 <§ ) ﬁiui> ,

i=1
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g1 ('}’4‘6dzlﬁiui-f—ézmézv,ézuo,l-i-a) —g1(070,0,t+06)
i=1
=0 (E2|yIIv]) + 0 (E*ulv]) + 0 (E*) + 0 (E*v]?)
+0 () + o) +o( zmu,|)

d-1
Dyg> <Y+§ Y ﬁiui+§2u707§2y0> —D2g2(7,0,0)

—0(&? )i+lo(§ 2lu)) +0< Z/ilu:l)

We note that |y(¢)| < ce™l and |u;(z)| < ce=@ll, i =1,2,...,d for constants
¢ >0, a > 0. Moreover, it holds that

-t 1
—bE2 o2 (t—5) g

e , ds = ,

.[oo b&2p»

/l eib§2uo,2(lfs)fa‘s‘ ds S /‘w e*als‘ ds = 2/Cl

Consequently, if we assume that

t

sup sup Vé(t)Vg(s)_lgl(0,0,0,era)ds < oo,
0<a<T &0/~
, (4.2.12)
sup sup Ve (t)Ve (s)"'D4g1(0,0,0,s+ oc)ds‘ < oo
0<a<T &>07—

then we can apply the Banach fixed point theorem 2.2.1 on a ball centered at 0 in
the space X, X X, to solving (4.2.10) for £ > 0 sufficiently small. Substituting this
solution into (4.2.11) yields a system of bifurcation equations of the form

M(.uaa7ﬁ)+0(€):07 (4.2.13)

where M is as in (4.2.6) or (4.2.7). The case for (4.2.7) can be handled like above.
The assumptions of Theorem 4.2.1 imply the solvability of (4.2.13). This gives
a transverse homoclinic orbit I'(A, &% o) (t) = (I3 (4, &% o) (1), I3 (A, &% o) (1)) of
(4.2.8) near ¥ so that I3 (4, &%) (t) = y(t) + O(&). The transversality follows ex-
actly as in Section 4.1.3, so we omit its proof. Moreover, we have I"(0,&2ug) =
(¢,0) for y¢ from Theorem 4.2.1, and I" (1,E%up) is a homoclinic solution for
(4.2.4). The dichotomy constants of the linearized system of (4.2.8) along I ()»,éz o)
(¢) are uniform for 0 < A < 1 and fixed &. This follows from the roughness result of
exponential dichotomies from Lemma 2.5.1. Now we can follow directly a construc-
tion of a Smale horseshoe of Section 3.5.2 [7] along I'(A, &2 y)(¢) for fixed small
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&. Thus we have a continuous family X, of Smale horseshoes for (4.2.8). This gives
us the lifting of the Smale horseshoe of the reduced system to the full one.

The conditions (4.2.12) are, in fact, ones of nonresonance. To see this consider
the equations

v = [D2go(7,0) + &9 2D2g2(7,0,0) v + A,
W = [D280(0,0) + & 19 2D2£2(0,0,0)]w + 1z,

where v,w,h € X,,. Then we get

(v =) = [D20(0,0) + £2102D262(0,0,0)] ()
+ [ngo(% 0) — D2g0(0,0) + &% 1o 2(D2g2(7,0,0) — Daga(7,0,0)) | v.

This gives

1
) = w(e)| < [WlIKr [ e 8aebl g <2y fa

—oo

for constants K; > 0, a > 0. Hence there is a constant K, > 0 so that
[lw=v[[ <K, [lw—v|] < Kl[w]].

These inequalities imply that assumption (4.2.12) is equivalent to the condition that
when & > 0 the only bounded solution, Vge» Of

v = [D2g0(0,0) + &% 1o 2D22(0,0,0)] v+ g1(0,0,0,7 + cx) (4.2.14)

satisfies Supy<q <7 SUPg~|[Va |l < oo. Then also supyy<z SUPe~g|[Ve el < oo.
Hence by the Arzela-Ascoli theorem 2.1.3, there is a sequence {&;}* |, & > 0,
& — 0 so that vy ¢ — vo and vy g — vo uniformly in compact intervals. Conse-
quently, we get

Vo = D2g0(0,0)vo +g1(0,0,0,¢ + ). 4.2.15)

We note that vy, ¢, v are T-periodic. We know [11] that (4.2.15) has a T-periodic
solution if and only if

T
/ (wi(1),21(0,0,0,0))di =0, i=1,2,....d, (4.2.16)
0

where {wy,...,wy, } is a basis of T-periodic solutions of the adjoint variational
equation w = —D;g0(0,0)"w. Hence assumption (4.2.12) implies the validity of
(4.2.16).

Conversely, let (4.2.16) hold. Then (4.2.15) has a T-periodic solution and we put
v =vo+w into (4.2.14) to get

W =[D2g0(0,0) + &2 119 2D222(0,0,0)]w 4 E2 119 2D22(0,0,0)vg.  (4.2.17)
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The above arguments and Lemma 4.2.4 give that the unique solution wy, ¢ € X, of
(4.2.17) satisfies supy< g <7 SUPg - |[Wa £ || < 0. In summary, we see that assumption
(4.2.12) is equivalent to condition (4.2.16).

Now we can state our results in the form of the next theorem.

Theorem 4.2.5. Let (i)-(ix) hold. Let M be the same as in (4.2.6) or (4.2.7) and
suppose (Lo, 0, o) are such that

M(.u'07 Qp, ﬁo) =0and D(a,ﬁ)M(.u'Uv x, ﬁO) is nonsingular.

If condition (4.2.16) holds then there exist 5_0 >0,K>0s0thatif0< & < tfo and if
the parameters in (4.2.4) are given by U = & Ly, then there exists a continuous map
0 : & x[0,1] = R"™™ (¢f Section 2.5.2) and mg € N so that:

i) o) =0(,A): & — R"™™ is a homeomorphism of & onto a compact subset of
R"™™ on which the moth iterate F;L" 0 of the period map Fj, of (4.2.8) is invariant
and satisfies Ffmo o @y = @, o 0 where o is the Bernoulli shift on &.

(i) ¢o = ¢(-,0) : & — R" x {0} and Fy = (Go,0) for the period map Gy of the
reduced equation (4.2.5).

(iii) Fy is the period map of the full system (4.2.4).

(iv) [¢(x, ) — 9(x,0)| < K+\/& forany (x,A) € & x [0,1].

Theorem 4.2.5 roughly states that the Smale horseshoe of the reduced equation

(4.2.5) can be shadowed and continued to the full system (4.2.4).

4.2.4 Applications to Nonlinear ODEs
We now illustrate the above theory with two examples. For convenience in our cal-
culations let us denote r(t) = secht. Note that # = r —2r3 and 7 = (1 — 6r°)F.

Example 4.2.6. As our first example consider the equations (4.2.1) from the intro-
duction. The reduced equation is

F=x—2x —2UpX + Uy cos ot

which we consider as a first order system in the phase space (x,x). Since this system
is in R? we necessarily have d = 1. A bounded solution to the adjoint equation is
v = (—F,F) and from this we compute

oo

10
ap(a) :/ r'cosa)(t+a)dt:nwseChTSinwa,

> 4
an :/_mfo"Zdt: -3

The bifurcation equation obtained from (4.2.6) is
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TO . 4
M(a,p) = (ﬂwseChT smwa) M=z = 0.

We can satisfy this equation by choosing o € [f%, %] and then taking po 1 # 0
and

3rtw Tw
Hoz _ 270 sech — sin w o .
Ho,1 4 2

Since in (4.2.6), d = 1, the transversality condition is

Tw
DM (0, o) = O 1o 1 sech - coswap #0
which is satisfied for ot € (=55, 25 ). Let mg := (37w /4) sechtw/2. By varying
op we see that the reduced equation exhibits chaos for all sufficiently small ||
satisfying —mqo < Moo/ Mo 1 < mo. Theorem 4.2.5 gives another result.

Theorem 4.2.7. If pw # vk — 1 then the full equation (4.2.1) exhibits chaos for all
sufficiently small [y # 0, W satisfying (4.2.3).

Example 4.2.8. As a generalization of the preceding example consider the equations

)’c':x—Zx(x2 +y2+z2) — M2 (X +y) 4 py cos wr,
F=y—29(% +y* +27) — ta (X +), (4.2.18)
= (1—k)z—2z(x> +y* 4+ 2%) — toz + 1 cos pot

where, as before, we assume that £ > 1 and p € N. We consider these equations
as a first order system in the phase space (x,x,y,y,z,Z). The reduced equations of
(4.2.18) are
¥ = x—2x(x* +y?) — W (i +y) 4 w1 cos o,
(4.2.19)
¥=y =20 +y) — (i +).

The unperturbed motion of (4.2.19) has a homoclinic 2-manifold with a family of
homoclinic orbits given by x = r(¢)cos B, y = r(¢) sin 8 (cf [9, p. 133]). Writing out
the adjoint equation in R* we obtain as a basis for the space of bounded solutions

vgi = (—FcosB,icos B, —isinfB,7sin B),

vgy = (—7sin B, rsinf3,7cos B, —rcos fB).

Next we compute

oo

an(e.B) = [

—oo

Tw
7cos Bcos@(t + o) dt = mwsech - sin@occos B,

oo

ap(o,B) = /m—fcosﬁ(icosB—H’sinB)—i’sinB(fcosﬁ + 7sin fB) dt

2 .
= —g(cosﬁ +sinB)?,
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az(a,B) =/

—oo0

0

. o .
rsinfcoso(t+ a)dt = 7tsech7003a)ocsm[37

o

an(a,B) = / —rsinfB(icos B +7sinfB) +rcos B(icos B +isinf)dt = 0.
In (4.2.7), d = 2, B3 is a scalar and the bifurcation equation M (¢, 3, it) = O takes
the form

ari(a, B +an(e, Bz =0, ax(o,B)u =0.

A sufficient condition for a nontrivial solution is ap; = 0 which is satisfied by
wai = £m/2. We then have

Tw
H _a”(agt,ﬁo) - 3ﬂwsech7cosﬁ0

i an(ag,Bo) ~ 2(cosPo+sinfy)?

We see from Figure 4.1 that the range is R of the function H(f) := % as
Belo.2x\ {3 F}.

H

Fig. 4.1 The graph of the function H () over [0, 27].

It remains checking the transversality condition which takes the forms

. . T®
p?m? e (sin By +2cos’ Bo) sin By sech? ——

2
(cos By +sin By)? 70,
(4.2.20)

detD (g gyM(0ty, Bo, ) = —

and
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detD(q gyM(0g , o, 1t) =

T
upm2 @ sech? = (2c0s 2y — 2~ 2sin2fy + 3sindfo) 4.2.21)
0
4(cos By +sin fo)? 70,

and (4.2.20) is satisfied for B € [0,27]\ {0, 2%, 7, ZF, 27}, while (4.2.21) holds for

! 17-1) _1 V1T -1
Bo € [0,27]\ {O,Zarccos <\ﬁ76 > 5 arccos (q) s

1 17-1 —Hr—l A 17-1 +277:3—n7r7—n27r
2arccos 6 R 2arccos 6 SR .

Thus, the reduced equation exhibits chaos for all sufficiently small ¢ in the py-u,
plane except along three lines of slopes m = +myg, o, where my = 3”7“’ sech 2.
From Theorem 4.2.5, if p® # +/k—1 then the full equation exhibits chaos for all
sufficiently small u lying except along three lines of slopes m = +my, c. We obtain
these transversal homoclinic orbits from (066r ,Bo). Moreover, we see from Figure
4.1 that the equation H(fy) = y has two solutions in [0,27) for any y € R. So we

get two different transversal homoclinic orbits. Furthermore excluding also the next

four lines of the slopes £m4 with my = 3oV 69£3VIT Vggﬂ\m sech % we can involve also

the point (¢, , Bo), and consequently we get four different transversal homoclinic
orbits. Note that H( + ) = —H(B), H(0) =1 and H (:F%arccos (@)) =
V694317

16

4.3 ODEs with Resonant Center Manifolds

4.3.1 ODEs with Saddle-Center Parts

We consider differential equations of the form

X = f(xayauvt) :f()(xvy)+u1fl (xaynu'ﬂt)+,u2f2(xayauvt)a (4.3.1a)
y= g(xvyauvt) = gO(xvy) + 1181 (xvyvl’,'at) +‘u2g2(x7y7.u) (431b)

with x € R”, y € R, u = (u;, i) € R%. We make the following assumptions of
(4.3.1):

(i)  Each f;, g; are C*-smooth in all arguments.
(1)  f1, f» and g are periodic in ¢ with period T .
(i) D2 fo(x,0) = 0.
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(iv) The eigenvalues of D fy(0,0) lie off the imaginary axis.

(v) The equation x = fy(x,0) has a homoclinic solution .

(vi) go(x, 0) =82 (X,O,IJ) =0, Dzlgo(o,()) =0and Dzzgo(0,0) =0.

(vii) The eigenvalues of D,g((0,0) lie on the imaginary axis.

(viii) If A(up) is an eigenvalue function of D;g(0,0) + u2D2g2(0,0,0) then
R(A'(0)) < 0.

In the hypothesis (viii), it is sufficient to assume that R(A'(0)) # 0. In other
words, (4.3.1b) is weakly hyperbolic with respect to L. This more general assump-
tion requires a little more work since it is necessary to include a nontrivial projection
in Lemma 4.3.4 below. Consider the reduced equation

%= fo(x,0) 4+ uy f1(x,0,1,1) + 2 f(x,0, ) (4.3.2)

obtained by setting y = 0 in (4.3.1a). By hypothesis, the equation X = fp(x,0) has
a hyperbolic equilibrium and a homoclinic solution y. Melnikov theory is used in
Section 4.1 to obtain a transverse homoclinic solution in the reduced equation. The
problem which naturally arises is showing that a transverse homoclinic solution for
the reduced equation is shadowed by a transverse homoclinic solution for the full
equation (4.3.1). This is done in Section 4.2 when the center equation

Y:go(07Y)+ngl(07y7Hat)+ﬂ282(0a)’au) (433)

is not resonant at y = 0. The purpose of this section is to treat the resonant case
and to detect a transverse homoclinic solution for the full system from a Melnikov
function derived from the reduced and center equations. But the situation in this
section is much more delicate than in Section 4.2.

Finally we note that a related problem is studied also in [15], where a three-
dimensional ODE is considered with slowly varying one-dimensional variable. The
approach in [15] is more geometrical than ours in this section.

4.3.2 Example of Coupled Oscillators at Resonance

We start with the equations

¥ = x—2x(x* + Ey?) — 2 8 + py cos(t + a) 4 pssin(r + o),
(4.3.4)
J=—y— 2y(x2 +2) = 210y + 1 cos(t+ o)+ ussin(t + ).

Here 8, & are positive constants and 1, i = 1,...,5 are small parameters. We put
y(t) = secht, x = y+€%u, y = ev, Wy = 3ay, W = €%, U3 = €%ay, Uy = a3 and
Us = €Zay, with ai,az,as,as € Rinto (4.3.4) to get
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i = (1—6y*)u—28y—2Ep? +azcos(t + ) +agsin(t + a) + O(€?),
V= —(14+29%)v— 2% —4e’yuy (4.3.5)
—2etu?v — 26203 4 €2a; cos(t + a) + 2apsin(t + &) .
First, we look for a 27-periodic solution of the equation

Veaa = —Ve.aa — 26 Ve, — 267y g o+ €71 cOS(t + 1) + E7ap sin(t + ) .

(4.3.6)
Clearly ve o.4(t) = we o(t + &) Where we , is a 27-periodic solution of

Weag = —Weq— ZSZWM — 282W2’a + 82a1 cost + 82a2 sint . 4.3.7)

Consider the operator L: C3_(R) — Coz(R) defined as Lw = v +w. Here C; (R),
r € Z, is the Banach space of C"-smooth and 27-periodic functions endowed with
the maximum norm. We have

AL = span{cost, sint},
2r 2
XL = {heCM(RH h(t)costdr =0, h(r) sintdt:O}.
0 0
Let Q : C2z(R) — ZL be the continuous projection
1 27 1 2
(oOw)(t) =w— —cost/ w(t)costdr — — sint/ w(t)sinz dt.
T Jo T 0
Equation (4.3.7) can now be split into a new differential equation
Ww = Q(—2e*w —2e°w* + £2a; cost + £2ay sint) = Q(—2&%w — 2e*w?)
and a bifurcation equation
(I—Q)(—2&*w —2*w? + €%aj cost + €2ay sint)

1 2w
=¢? {al - E/ (2W+2w3)costdt] cost
0
2 1 21
+e {az - ;/ (2w +2w?) sintdt] sint = 0.
0
The differential equation has a solution w € C3_(R) of the form

w(t) = @(€,c1,¢2) (1) +c1cost + ¢ sint

where ¢, ¢, are arbitrary and ¢ = O(€?). Substituting this into the bifurcation equa-
tion gives
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@ = [2(—cysint 4 ¢y cost) +2(cy cost + casint)* | sint dt + O(€%) =0,
0

1 (2=
a) — E/ [2(—cysint +cpcost) +2(cy cost + ¢ sint)3] costdr +0(e?) =0
0

or
4ey =363 —3cicr = —2ay + O(€%),
(4.3.8)
4ea 43¢t +3c5¢) = 2a; + O(€?).

The determinant of the Jacobian of the left hand side of (4.3.8) is
16427(c2 +¢3)* #0.
Now we have
ldct —3cter —3c3| +|dea 43¢ 4313 > (B(2+3) —4)(|er| +ea]) .
Hence the map
(c1,¢2) — (dey — 363 —3cier, 4er + 3¢ +3c3¢1)

from R? to R? is proper and locally invertible and thus a diffeomorphism by the
Banach-Mazur Theorem 2.2.6. Hence we can use the implicit function theorem to
get solutions ¢ (a,€) and c3(a, €) to (4.3.8) for € small and a = (a;,a2) € R? from
bounded subsets. In summary, we have the following result:

Lemma 4.3.1. For any n € N, there exist &y = & (n) > 0 and a differentiable function
c: (—n,n)? x (—&,&) — R? denoted (a,&) — c(a,€) so that (4.3.6) has a 27-
periodic solution of the form:

Ve.aal(t) = c1(a,€)cos(t+ ) +ca(a, €)sin(t + ) + O(€?). (4.3.9)

We note that the function ¢(a, €) may also depend on n, but when m > n these
two functions ¢(a,€) from Lemma 4.3.1 coincide on the set (—n,n)% x (—&y,&)
with & = min{é&y(n), & (m)}.

‘We now substitute v = w + g o 4 into (4.3.5) to get

i = (1= 67 )u—287—2E7(w+veaalr))’ (4.3.10a)
+ azcos(t + @) +agsin(t + o) + O(¢),
W= —(14+68>v; ;)W — 265 — 27w (4.3.10b)

— 2)/2\15’0,,“ — 482yu(w +Veoa) — 284u2(w + Ve oa)
— 682w2v57a_’a —2e%w’.
To study (4.3.10) we must establish the existence of properties for an exponential

dichotomy for the linear part of (4.3.10b) in three steps.
We first study the equation
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W= —[14+&2¢¢(1)*]w — 2>, (4.3.11)
where ¢ (1) = \@v&a_ya.
Step 1. We put w = e 7 z; to get
21 =22,
(4.3.12)
= —[1+9:(t)* — Yz

By Floquet theory [12,13] (4.3.12) has a solution, Ze, of the form Z, = Uy (t)e'Be
where Ug(0) =1, Ug(r +27) = Ue(t) and

Uo(t) = ( cost sint)

—sint cost

so that ||Up(t)|| = 1. Stability is determined by the matrix B and Z¢ (277) = e*™?¢, so
we are interested in Zg (27). We have Zg (t +27) = Z¢ (t)Z¢ (27) and from Liouville’s
formula (cf Section 2.5.1 and [12]) detZ; (27) = 1. Hence the eigenvalues of Z, (27)
are a complex conjugate pair with norm 1 if and only if |trZ¢ (27)| < 2. To compute
an estimate for Z; we expand

21 = ug+ %y + O(e),
2 = vo+ &% + 0(e*),
0 = ¢O+0(82)-

Substituting these expansions into (4.3.12) we get
o =Vo, Vo= —Uo, iy =vi, Vi =—u—9guo

and Z¢ (0) = I requires u; (0) = v; (0) = 0. By choosing either uy = cost, vo = — sint
or up = sint, vop = cost, we find i, v; and then a computation shows that

1 (2= 2

— [ ®(s)sin2sds 02 (s)sin’ sds
0 0

10 2 2 Jo 0 4
Ze(2m) = 01 +€ . | o +0(g%).

— (7)2 s)cos®sds —= (])2 s)sin2sds

0 2 0
0 0

We have ¢y(t) = V6vo.aa(t) = V6(c1(a,0)cos(t + &) + ca(a,0)sin(t + o).
Thus, as long as a # 0 it follows from (4.3.8) that ¢;(a,0)? + c3(a,0)> # 0 and
we can write

Vo.a,a = ¢s(a)sin(t + o+ ca(a))

where cs(a) = \/c1(a,0)2+c2(a,0)? and c4(a) is defined by the equality. Then
0o(t) = c3(a)sin(t + o+ c4(a)) where c3(a) = V/6cs(a) and
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21 27
03 (s)sin2sds = c3 (a)Z/ sin2ssin®(s+ & +c4(a)) ds
0

_ gc3(a)2sin2(oc+c4(a))»

2 2
03 (s) sin®sds = 63(a)2/ sin ssin” (s + o + c4(a)) ds
0
T T
= ¢3(a)? 7+7cos2(a+64(a))>,
2%
T 2n
03 (s)cos>sds = c3(a)? cos?ssin®(s +a +cq(a))ds
0 Jo

= c3(a Z(g —cos2(a+c4( )))

Hence

22( sin2(o +ca(a)) 2+C052(O‘+C4(a))> +o(e"

Z.(2m) = 1+ €%c3(a)* >
—2+cos2(a+ca(a)) —sin2(a+cq(a))
= ]I—s—.szA‘9

where the second equality defines the 2 x 2 matrix A whose entries we denote are
a;j. If A4 denotes an eigenvalue of A, then we can take

ZAA == trAg + (trAg)z - 4detA£.

A direct computation shows detA, = 16 C3( )*+0(€?). Also, detZ¢ (21) = 1 previ-
ously so that another calculation ylelds detZe(2m) = 1+ €2 trAe +e*detA; = 1 and
we get trA, = —e>detA, = —¢2 3{2 c3(a)* +0(e*). If we denote Ay = 24K +iAk
then

1 37’

2 ztrAg 37C3( )4+0(82),

2
l/{ _ \/detAg_ (;trA€> = \/fn@(a)z—‘rO(e).

Also, an eigenvalue, Az, of Z¢(27) is given by Az = 1+ &?A4. The corresponding
transformation matrix P is

Ay =

an 0 . y l/a122 . 0
Fe = —ay +e2AR Al with Fe " = an—&Ay 1
@ £ A TA mz/k{ /'Lf{

We have A} > 0 for small €, Fc3(a)? < ajp < %63(61)2 and
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RAz 32z )

P 'Z.2m)P. =
PRl (mzsmz

Since |Az| = 1 we can write

Rz SA,
‘ “) = eP  where &, = ( 0 9) with 0 = ArgAz.
—Slz %lz —600

Now, we observe that the operator norm of a 2 x 2 square matrix

= ()

(that is the square root of the greatest eigenvalue of the symmetric matrix A*A) is
given by

lA]I* = % (@ +b*+c +d*) + \/[(a—d)2+(b+c)2}[(a+d)z+ (b—c)?]

and hence ||[A7!|| = WIM‘HAH since

Using these formulas we get

3 4
1Bo]|” = g-e3(a)* [2+cos2(a + ca(a))]
2
detPy = ffg e3(a)* 2+ cos2(0t + ca(a))],
1Poll11By | = V3.

We see that || P;|| and ||P; ! || are both uniformly bounded for € small and a bounded.
Finally, we have

r—
Ze(t)Ze(s) ™" = Ue(t)e" B Ue(s) ™" = Ue(t) exp <27:P8<1>8P;1> Ue(s) ™!

= Ue(t)Pee ™ P P, U (s) !

cos <(t ;;)6) sin <(t ;7?6)

= Ue(t)Pe P U (s) 71

in (1529 e (1529)




4.3 ODEs with Resonant Center Manifolds 115

Taking norms we get || Z (1)Z¢(s)~!|| < v/3+ & where § — 0 as € — 0. This com-
pletes our study of (4.3.12).
Step 2. Next we write (4.3.11) as the system

Wi = wy,

43.13
Wy = —wi (14 €29¢(1)*) —2€%wy. ( )

Then the fundamental solution W, of (4.3.13) is given by

A ( s (1)) Ze(t).

This implies

Wele(s) e 0 (D) zwzo ! (2])
and hence [|We (t)We (s) || < (V3 +8)e (),
Step 3. Finally, we consider
W= —w(l+6eM () +27°) —2e*W
which we write as
Wi = wa,

4.3.14
wzz—w1(1+68 vsaa +2)/2)—282wz. ( )

Let W, be the fundamental solution of (4.3.14). We put

o 5 00
¥(r) = —2y(r) <1 0).

We (£)We (s) ™! = We (1) We (s) +/ We (1)We (z) "W (2)We (2)We (s) "' dz.

Then fort > s we get

By putting U (1) = We (£)We (s) "' e (—) we obtain
ol < (vVi+o) + (va+s) [ @U@l
= (va+8)+2(v3+8) [ PRIV

which gives

U@ < (\/§+ 5) 2(V3+8) [ Pz
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Now if either t > s > 1 or s <t < —1, then ez\ffY Y (@)dz is about 1. So then we

obtain R
[ We (£)We(s) ™| < Kye © 1)

with K; ~ /3 fors <1 e (—o0, —Tp] U [T, oe) for Ty > 1. Since Wy satisfies
Wy = wy,

Wy = —W1(1 +2}’2).

we see that
wo(r) =) g |
01/2 )’
where
cost — sint tanht sint + cost tanht
C(t) = . . 5 . )
—sint —costtanht —sintsech“t  cost —sinttanht + cost sech”t

Then we have
1
|C()|> = 3 (4+ sech*t +sech?r\/8 + sech4t) <4, detC(r)=2
which also imply [|C(¢)~"|| < 1. In summary, we arrive at

[We(£)We(s) 1| < Kye€0=)

with K| ~ V3x2x+v/3=6fors<reRand e > 0 small. This is our exponential
dichotomy for the linear part of (4.3.10b).

Remark 4.3.2. Note that in general the function fe(t) = We(t) /' We(s) "' f(s)ds is
O(1/€?) for f bounded. But if f € L' (R) such an expression is O(1) and we can let
€ — 0. More precisely, set fo := Wo(t) [*.. Wo(s) "' f(s)ds and let T > 0 be large.
Then fe(t) = o(1) and fo(¢) = o(1) uniformly for all ¢ < —T and € small. If 7 €
[ T,T] then Fe(t) =We(t) [* 5 We(s) ' £(s) ds+Wel(t) [~ We(s) ™" £(s)ds. Clearly

(1) [ Wg )" f(s)ds = o(1) and Wy () [~ Wo(s) ' f(s)ds = o(1) uniformly
for allz € [~T,T] and & small. Moreover

/Wg Yds — Wy(t /Wo f(s)ds

uniformly for allz € [~T,T] as &€ — 0. Consequently, we obtain limg o fe (1) = fo()
uniformly in any interval (—eo, a] for f € L'(R). If # > T then

= W, (t / We(s)™ f(s)ds+ We(t )/;:Wg(s)flf(s)ds.
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We again deduce that We (1) [7 We(s) ! f(s) ds = o(1) and Wy () [ Wo(s) ™" f(s)ds =

o(1) uniformly for all # > T and & small. Next

T
Welt) [ Wels) ™ 1(5)ds = We)Wel(T) (),
In summary we obtain || fe|| < (v/3+0(1)) || fol|- Moreover, when

1f|la == sup | f(t)]e™* < eo
1<0
fora >0, || fella < <& 2 flla- Soif

Xa = {f € C(=,0]| | flla < =}

and L f := f, then L, € L(X; ) Finally, we can check that L, — Ly as € — 0 in
L(X) for Lof = Wo(t) [T Wy ' (5).f (s) ds.

Equation (4.3.10a) has the form
=u(1-6Y(t))+h(r),  u(0)=0 (4.3.15)

for h(r) € Cg(R) — the Banach space of bounded and continuous functions on R
endowed with the supremum norm. For this we use the projection

/h
/yzds

From Section 4.1, (4.3.15) has a (unique) bounded solution u = K# if and only if
ITh = 0. We write (4.3.10) in the form

(t).

u(t) = K(I— 1) ( — 287~ 2£¥[w + e qa(t)]? (4.3.162)

+azcos(t+ o) +aasin(t + a)) +0(e),
t
0 = / Wg(t)Wg(s)q{(O,—ZYZV&QJ—4827u(w+vg7a,a) (4.3.16b)
—2e%? (W+vega)— 6£2w2v8.a7a — 282w3) } ds,

/m (— 287 26y [W+ Ve al? (4.3.16¢)

+azcos(t+ o) +aasin(t + Oc)) Y(t)dt+0(g) =0
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for w = (wy,ws). Since ve q4(t) = vo.0.a(t) +O(€) by Lemma 4.3.1 and y € L' (R),
we can consider, according to Remark 4.3.2, (4.3.16b) to be

W)= [ WelWels) (0,27 v0.0,)ds
- 4.3.17)
- / We (1)We(s) ™" (0, 62w ve.q.a — 262w3) ds +o(1).

We note that
2oft) = (an (), 202(6)) = | Wolt)Wo(s) ™! (0,27 als) s

solves

201 = 202,
. 5 5 z20(—e0) =0
Zoo = —201 — 27" (t)z01 — 27 ()v0, 00,05

which is the limiting equation for € — 0 in (4.3.10b). Since v q 4(t) = ¢5(a) sin(z +
o +cq(a)), we see that

e cos(t+ o+ ca(a)) —sin(t + a+cq(a)) '

= (4.3.18)

201(t) = c5(a
Then, with s = a + c4(a) + /4, we have

2 2 2
o]l = max (201 (1)° +z02(1)°)
2¢5(a)? et
ek (1+4e2)4
+2e¥ (1 —sin2(t +5)) +e*]

[1—2sin2(t +s) +4cos? (t +s)

2¢s(a)?et 1029
5( ) - (7+462t+e4t): D2 Cs(ll)z.

<
= TR (1+e¥)

Further, lim . (201 (¢) +202(¢)?) = 2¢5(a)? so that, finally,
V2es(a) < Jlzo| < kies(a)
with k; = /1029/512 = 1.417662. By using Remark 4.3.2 and (4.3.17), we have
1wl < V320l +6(6][ve.aall W]l + 2] wll*) +o(1)
< V3kyes(a) +36¢s(a) [w]* + 12]w]* +o(1).

So if we choose rg > 0 so that
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V3kies(a) 4 36¢s(a)rd 4 12r3 < ro,
(4.3.19)
T2¢s(a)ro+36r3 < 1,

then for £ > 0 small and ||w|| < ryp we can uniquely solve (4.3.16) using the Banach
fixed point theorem 2.2.1 on the ball

{uw) € Co®)? [ lul <R, |l <ro}
for a constant
& = K@= ID)|| (28]17]+ 28 17l[r0 + s (@) + Jas| + [as] ) + 1.
To find the largest ¢5(a) in (4.3.19), we solve
V3kiks +36k3k3 4+ 12k3 = ky,  T2kokz +36k3 =1,

which has a solution

\/—3—3ﬁk1+\@ 3410v/3k; + 9k}
b — =0.136179,
2 oV

5433k —/9+30V/3k + 2783
ks = = 0.0339006.

12\/—6 —6V/3k +2\/9 +30v/3ky +27k3

So we take rop = kp, 0 < ¢5(a) < k3. Then (4.3.19) holds. Consequently, we have a
bounded solution wg 4 ¢ = (Wi.a,0.e,Wi,a,0,e) Of (4.3.10b). Now we study the limit
as € — 0. Let Wo ae, ||[Wa,ael| < ro solve

w(t) = / W) We(s) " (0,2 vo.00) s
- (4.3.20)
_ / We (1)We(s) ™" (0, 62w ve . — 262w ds.

We note that the right-hand side of (4.3.20), denoted Ny 4 ¢ (W), is a contraction on
the ball {w € C(R) | |[w|| < ro}. So by the Banach fixed point theorem 2.2.1, W 4 ¢
exits and satisfies, according to (4.3.17), |[Waae — Waael = 0(1) as € — 0. Since
72 € X; forsome @ > 0, and Ny 4 ¢ : Xz — X; is a contraction on any bounded subset,
by Remark 4.3.2 we see that W 4 ¢ — 20 as € — 0in X5. S0 Wq 4.¢ — 20 uniformly on
(—o0,0]. Now let us fix an interval [—n,n], n € N and take a sequence {wg a¢ }i >
g — 0. By the Arzela-Ascoli theorem 2.1.3, we can suppose that wg 4 ¢ — Z uni-
formly on [—n,n]. But we already know that Z(z) = zo(¢) on [—n,0]. Since Z(z) sat-
isfies the same ODE on [—n,n] as zo(t), we get Z(¢) = zo(¢) also on [0,n]. These
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arguments imply that
waae(t) = 20()

for € — 0 and uniformly in any compact interval on R. Consequently, the limit
bifurcation equation of (4.3.16¢) is given by

M) = [ (=267() ~2£7(0)[zor 1) + es(a)sinle + @+ ca(a))
+azcos(r+ o) +agsin(r + Ot)) Y(t)dt = —%5 + m(azsina —ascos o) sechg =0.

The equation M (o) = 0 has a simple root if and only if

Y3
48 <3m\/d}+a3 sech 2. (4.3.21)

From (4.3.8) we derive
4(a} +a3) = 9cs(a)® + 16¢5(a)?. (4.3.22)

Since cs(a) < k3, we get

\/ 93+ 16
\J a3 +a3 <ks:= fkg =0.0678013. (4.3.23)
So if (4.3.21) holds, then we have a bounded solution for (4.3.4). Using the above
method along with an approach from Section 4.1, we can show that it is a trans-
verse homoclinic solution to a small periodic solution with appropriate shift-type
dynamics. Finally, we obtain another result.

Theorem 4.3.3. For any (aj,az) # (0,0) satisfying (4.3.23) there is a unique pos-
itive cs(a) solving (4.3.22). Then Eq. (4.3.4) has a transverse homoclinic solution
for any € > 0 sufficiently small with ) = a, U = €2, Uz = ay, Wa = €2as,
Us = €%ay, and 8 satisfying condition (4.3.21).

Note that if we suppose g = O(e?) and ps = O(e*) in (4.3.4) then we get
M(a) = ‘3—‘5, so M () # 0 and we do not get solutions of the desired form.

It is interesting to formulate the conditions in Theorem 4.3.3 in terms of the
original parameters as they appear in (4.3.4). The equation M(a) = 0, in place of

(4.3.21), requires
3
0<28uy < Sm\/13 + 42 sechg (4.3.24)

while (4.3.23) becomes
0 < \/uZ+ 13 < k. (43.25)

The condition (4.3.24) is a restriction on the allowed damping relative to forcing
in the first equation of (4.3.4). This result could be obtained by ignoring the center
part of the problem, i.e. by setting y = 0 in the first equation of (4.3.4) and then
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applying classical Melnikov theory. The effect of the center manifold appears in
condition (4.3.25) which imposes a limit on the magnitude of forcing relative to
damping in the second equation of (4.3.4).

In this example, the hyperbolic and center parts of the analysis turn out to be
separated but this is not always so. For example, if we replace —2&xy? in the first
equation with —2&xy?, the Melnikov function M () acquires a contribution from
the second equation. Indeed, it has now the form

8

_4c 2[8 2w
M(@) = =38 =6e5(a)" | 15~ g S 2a +cala))

. T
+7 (a3 sin ¢ — aq cos a¢) sech 5

By using (4.3.19) we study (4.3.16b) locally as a semilinear equation. In Section
4.3.4, we apply a global approach based on the averaging method [16] (cf Section
2.5.7) in order to study (4.3.5). This improves Theorem 4.3.3.

4.3.3 General Equations

To solve (4.3.1), we shift the time r «+— ¢ + o and substitute
d—1

x=y+e) Biui+€u, y=ev,
i=1

=€, po=¢€"oa, Ho#O

where {u,...,uy} is a basis for the vector space of bounded solutions for the linear
system &t = D fo(y(¢),0)u with ug = ¥ and po = (Ho,1, Ho2) is to be determined. We
suppose (o> > 0. Introducing this change of variables into (4.3.1) yields

1 d—1
i = D1 fo(y,0)u+ 3 Y. Diifo(v,0)BiBjuiu; (4.3.262)
i=1

1
+.uv0,2f2</)/70705t + (X) + EDZZfO(Yv O)VV + O<8)7

2
€
v = D1go(7,0)v+ ZDmgo(y,O)v3 (4.3.26b)

+€2110,181(0,0,0,7 + o) + €210 2 D2£>(7,0,0)v
+oo(u,v,e,1) + 82,110,1 o1 (u,v,e,1) + 82u0,2¢2(u, v, €,1)

where
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2

1 -] £
¢0(M,V,87t) = Ego <Y+£ Z Biui +82u78v> _ngo(/%o)v_ €D222g0('}/70)\/3,
i=1

d—1
o1 (u,v,8,0) = g1 <7+ e Y Biui+€u,ev, (o1, o) t + a)
=1

—£1(0,0,0,7 + &),
1 ~ 2 3 2
0 (u,v,€,t) = cor|vte Y Biui+€%u,ev, (70,1, o) | — D2g2(7,0,0)v.
i=1

We note that the functions y and u;,i = 1,...,d — 1 have a norm which is domi-
nated by e~ for some a > 0. Using this fact and assumptions (i)—(viii) we have

do(u,v,e,1) = 0(e) e +0(?),
o1 (u,v,e,t) = O(1) e~ +0(e),
¢ (u,v,€,1) = O(g).

We consider the Banach spaces

X, = {x € C(R,R")

sup [x(1)] <
teR

| _6.v0)d=o,

Y, = {y € X,
for every bounded solution v to v = —Dj fy(7,0)’ v}
with the supremum norm ||x|| = sup|x(¢)|. Now we recall the following results of
1R

Section 4.2.

Lemma 4.3.4. There exist constants b > 0, B > 0 independent of € so that given
Uo 2 > 0 the variational equation

v = [Dago(1(1),0) + > po2D2g2(¥(1),0,0) ] v
has an exponential dichotomy (Ve,I) on R with constants (B,be> 1y >).

Lemma 4.3.5. Given h € Yy, the equation u = D fo(y(t),0)u+ h has a unique so-
lution u € X,, satisfying (u(0),u;(0)) =0 foreveryi=1,2,....d.

Lemma 4.3.6. There exists a continuous projection denoted Il : X, — X, so that
Z(1—1II)=Y,.

We define the linear map %" : Y, — X, by £ h = u where h, u are the same as in
Lemma 4.3.5. Now, we assume the following conditions:
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(ix) For any € > 0 small and @ € R, there is a v¢ o € X, with Ve o € X, satisfying

Vea(t) = (D2go(¥(t),0) + €710 2D2g2(¥(1),0,0)) ve,a (1)
2

£
+€D22280(0, 0)ve,a(r)® +€%10,11(0,0,0, + o)

along with B = sup ||veq| < . Moreover, ve ¢ is Cl'-smooth in € > 0, «
e>0,00

and sup ||wvg,a\| < oo, Furthermore, there is a C'-smooth vy € X, so that

Ve,q — Vo and %vaa — %va as € — 04 uniformly in any compact interval of
R and uniformly for o as well.

(x) There are constants B > 0, b > 0 so that for any € > 0 small and o € R, the
equation

2
(1) = (Dago(1(1).0) €40 D282 (1(1),0,0) + 5 Drrag (0,0) ve.al1)? )it
has an exponential dichotomy (We,T) on R with constants (B, be?).

Let {vi,v2,...,v4} be a basis of bounded solutions of v = —D f(y,0)"v. Using
the projection I and the exponential dichotomy W, from condition (x), we can
rewrite (4.3.26), by changing v = v o +w in (4.3.26b), as the fixed point problem

d—
= (1-m(3 Y. Dufo(r OB + o2 fa(1.0.0.0+ @)

ljl

+ 1DZZ]“O(% 0)(V8 a+t W) (VE,OC + W) + 0(8)) ) (43273)
/w@% 1 D1 (1(5).0) ~ Danaso(0.0) v o)

n Dzzzgo(Y( ),0) [3ve.a(s)w(s)* +w(s)’]

6
2
+ £ [D2220(¥(5),0) — D22280(0,0)] v a(5)w(s)
+ @o(u(s),ve als) +w(s),e,s)+ 82/.10,1 01 (u(s),ve a(s) +w(s),€,s)
+ €2 10202 (u(s), ve.a(s) +w(s),€,5) } ds, (4.3.27b)

/:o< ZD“fO (1),0)BiBjui(t)u;(t) + po2f2(¥(t),0,0,t + o)

711

+ 3D fo(1(0).0)(ve a6) 4 w(t)) (vea6) +w(e)) + O(e) ) di =0,

i=1,2,....d.
(4.3.28)
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We note that |y(r)] < ce™@, |u;(t)] < ce™@, |vi(1)| < ce@l, i=1,2,--- ,d for
constants ¢ > 0, @ > 0. Moreover, it holds that

/t o bE =) go — ;7 /t o be(t=s)=als| g < /00 el gs = 2/a.
—oo b82 —o0 —

Using this we see that (4.3.27b) can be written as

2yt
w(t) = % /_Oo We (t)We (s) "' Dy2280(0,0) (w(s)3 +3W(S)2Vg7a(s)) ds+0(¢).

Using the above assumptions and the Banach fixed point theorem 2.2.1 on a ball
in X,, x X, centered at 0, (4.3.27) has a solution (u,w) € X,, X X,,, for any sufficiently
small & so that w = O(€). Substituting w = O(¢€) and using ve g — Vo, 35 Ve.x —
%va as € — 04 uniformly in any compact interval of R and uniformly for ¢ as
well we can write (4.3.28) as

Mi(uo, @, B)+0(1) =0, i=1,2,....d, (4.3.29)

where

-1 o
Mi(po, @, B) :% Yy bijkﬁj5k+ai(a)ﬂo,2+%/ (vi(1), Do fo(¥(2),0)ve (1)) dt
Jik=1 -

and
ai(a) = /m Wi(t), 2(7(2),0,0,t +a))dt, 1<i<d;

1<i<d,

b;; :/m vi,D ,0)ujuy) dt,
ijk 7w< llfO(y ) J k> {1§J,k§d—1

We note that v (¢) depends on . We put

M(.“O?“aﬁ) = (M]([J(),(X,ﬁ),Mz(,Ll(),O£7ﬁ),...,Md(ﬂo,(x,ﬁ)).

If we suppose (o, Bo) are such that M(uo, o, Bo) = 0 and D 4 g\M (Lo, 0o, Bo) is
nonsingular then we can solve (4.3.29) by using the implicit function theorem. This
gives a bounded solution of (4.3.1). As detected in Section 4.1, we can show that
this solution is transversal, i.e. the linearization of (4.3.1) along that solution has
an exponential dichotomy on the whole line R. In summary, we get the following
result:

Theorem 4.3.7. Assume that conditions (1)—(viii) are satisfied and (ix)—(x) hold. If
there are (Lo, &, Bo) so that po > 0, M (o, &%, Bo) = 0 and D4 gyM (Lo, 0%, Bo) is
nonsingular, then for 1) = 83;1071, U = 82,110,2 with € > 0 small, Equation (4.3.1)
has a transverse bounded solution with the appropriate shift-type irregular dynam-
ics.
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For ¢t > s, and using V; from Lemma 4.3.4, the equation in condition (x) can be
rewritten as

w(t) = Ve(t)Ve(s)™ / Ve (t)Ve(2) "' D22280 (0,0) ve,a(2)*w(z) dz.

This implies

2
€ ~
()] < Be=H0ali=) |yu(s )\+7BBZIIDzzzgo(0,0)H/ e P02 (1) dz

which implies
be? e " be?
[wie)|e?® #027>) < Blw(s)| + - BB IIDzzzgo(O,O)II/ P H02E) [y (2) | dz.
s
The Gronwall inequality (cf Section 2.5.1 and [11]) gives
|W(t)|eb€zﬂo4,2(tﬂ) < B et BB [D22280(0.0)||(1—s)/2 lw(s)].
Consequently, we obtain

w(t)] < Bet (BBID2g000)/2-bio2)(1=5) |y (5) |

Now we see that condition (x) holds provided that

—p 1P22280(0,0)[| < o2
As an application we return to (4.3.4) which we write in the form

i=x— Zx(x2 + éyz) — 2y 0% + azy cost + agllp sint, (4.3.30)
= _y—2y(x2+y2)—2uzy+a1u1 cost +ap g sint o

for which we use the usual first order form x; = x, x; = X, y;1 =y, y» = y. That is,
we make, as at the beginning of Section 4.3.2, the substitutions yu; — aju, Uy —
W, Uz — arlly, U4 — azllp, Us — aallp for some parameters a;, i = 1,2,3,4. Then
(4.3.30) becomes

X1 = x2,

Xy = x1 —2x1 (x% + éy%) + L ( —26xy +azcost +ay sint) ,

Y1 =y2,

Yo = —y1 —2y; (x% —|—y%) —2Upyr + W1 (a1 cost +ay sint)

which is clearly in the form of (4.3.1). We now check the hypotheses of Theorem
4.3.7 for (4.3.30). Conditions (i)—(viii) are easily verified.
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In (ix) we write ve o = (v,v) and then obtain
V4 (1427%)v+2€> 9 2v + 262V = €21 1 [ay cos(t + a) +apsin(r + @)]. (4.3.31)

Note that this is the second equation in (4.3.5) when u = 0 and p| = to = 1.
Setting (o1 = Hp2 = 1 (since we already have parameters a;), using the solution
Ve aa(t) of (4.3.6) and substituting v(t) = w(t) +ve q 4(¢) into (4.3.31), we get

W+ (146825 o, + 27 )W+ 28" W+27 Ve g+ 68 W e o o +26°w =0 (4.3.32)

which is (4.3.10b) when u = 0. Equation (4.3.32) can be rewritten as (4.3.16b) with
u =0 and then as (4.3.17). Taking 0 < ¢s5(a) < k3 the conditions of (4.3.19) are
satisfied and we obtain the unique solvability of (4.3.32) with solution we ¢ ()
satisfying ||we q.q|| < ro. Consequently, condition (ix) is verified for (4.3.30) with
Ve = (v,v) and vy = (¥, V) where

v(t) = veaalt) +Weaalt),
¥(t) =ajcos(t+a)+azsin(t+a) +zo1(¢) -

Concerning condition (x), we see that the equation from this condition has the
form

W+ (142977 4+ 62wy +2€% g iy = 0
with wy =)w;. Again using to,1 = Ho2 = 1 and substituting for v we get
W1+ (1427 + 6627 4 o)W1 + 2671 +6€% (v, qaWe.aia + We g.0)W1 =0,
which for ¢ > s has the form
r
W(t) = We.aa(t) We.a.als)~ w(s) — 6€2 / We o (1)We.qcals) "
—oo (4.3.33)
{(0,Cvea@Wena(@) + weaa@wi(2)) pdz.

Since ||ve,gall < cs5(a) 4+ O(€) and ||we g4l < ro, we get

[(0,-682(2ve.qals)We.aa(s) + We.aals))) | < 26k

for a constant
0: = 6(2¢s(a)ro+ r(2)) +0(¢).

From (4.3.33) we obtain

t
wlo)] < K1 (o) + Kiee, [ &0 ()] dz

which gives
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t
tez_ < Kij|w(s)|+K€°0; ez_ w(z)|dz.
i S(IS)<K K26 S(ZS) d
N
The Gronwall inequality again implies
|W(t)‘ eez(tfs) <K |W(S)‘ eKlszeg(tfx) )
Since ¢5(a) < k3, we see that K16y < 1 and then
w(r)] < Ky e K10 DI=9/2 ()]

Hence we see that condition (x) is satisfied with B = K| and b = (1 — K, 6) /2.
In summary, conditions (ix) and (x) are satisfied for (4.3.4).

Remark 4.3.8. The role of resonance is not clear in this section. But it is essential
and it is hidden in assumptions (ix) and (x). For simplicity, we explain it again
for example (4.3.4) by replacing the forcing terms cost, sint with cosnt, sint,
respectively. So we consider the equations

¥ =x—2x(x? 4 Ey*) — 202 85 + py cos w(t + o) + us sin (s + o),

(4.3.34)
J=—y—2y(x* +y%) — 2y + py cos m(t + &) + pasinw(t + ) .
Certainly, the linear part of the second equation in (4.3.34) is nonresonant. Then in
place of (4.3.6), we get

Veoa = —Ve.aa— 26 Ve 00— 26705 g o+ E7a1 COST(t + ) + Eap sin (1 + 1) .

Applying the method of Section 4.3.2, we obtain Ve ¢ 4(f) = O(€2) and V¢ . 4(t)
is 2-period. Then (4.3.16b) gives We ¢.4(t) = O(€?) without any further restriction,
i.e. aj, ap are arbitrary nonzero. Consequently, the corresponding Melnikov function
is independent of aj,a;. So the hyperbolic and center parts of (4.3.34) are always
separated. This is consistent with the method in Section 4.2 for the nonresonant
case. In summary, in the nonresonant case, the forcing terms in the center part do
not affect the Melnikov function, while in the resonant case the forcing terms in
center part do affect it in general.

4.3.4 Averaging Method

When Eq. (4.3.1) satisfies conditions (i)—(viii) the remaining task is to verify con-
ditions (ix) and (x). We note that the equation in (x) is just the linearization of
equation (ix) along ve ¢(¢). Consequently, we must study the equation of (ix) and
its linearization. For this purpose, we can use also the method of averaging [16]
(cf Section 2.5.7). As a concrete illustration of how this can be done we focus on
(4.3.31). Using the matrix C(¢) from Section 4.3.2, we put
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v(t) = cr()vi(r) + ea(t)nat),

vi(t) = cost —sinttanht, v,(¢) = sint + cost tanh¢

into (4.3.31) and set tp 1 = Up2 = 1. We get the system
¢ = €? {Cl\h(t) +eava(t) 4 (evi(t) +cova(2))?

761721 cos(t+a) — %2 sin(z + a)} va(t),

(4.3.35)
&= & [ =i (1) = e2na(t) — (e (1) + o (1))?
+a—21 cos(t+ o)+ %2 sin + oc)} vi(t),
where as usual we put v(z) = ¢ (t)v1(f) + c2(¢)v2(t). Now we see that
Vi(t) — V,'i(t), i=1,2,
being exponentially fast as t — £oo where
Vi + =costFsint, vp4(f)=sint+cosr.
Consequently, Equation (4.3.35) for ¢ > 0 has the form
¢ = 82{ (01\?1,+(t) +eava 1 (1) + (crvi 4 (£) + cava 1 (1))?
—% cos(t+ o) — a—zz sin(¢ + Oc))vz,gr(t) +hl (c1,c2, Oc,t)},
(4.3.36)
&= { (= e () = eavai () = (v () + v (1)
ai a . 2
+5 cos(t + ) + = sin(t + a))vu(z) 12 (c1, 02, (X,t)}
while Eq. (4.3.35) for t < 0 has the form
é1 :82{ (cm,,(t) Feavn_ () + (cvi— (1) + cava_ (1))
- %cos(r ta)— 122 sin(r + a))m(r) il (e1, e, Ot,t)},
(4.3.37)

& =e2{ (= e (1) = cava (1) = (erv1 (1) + cav2, (1)
+%cos(t+a)—|— “fzzsin(tJra))vL_(r) +h%(c1,C2,a,z)}
where hi’z(cl ,¢2,0,t) — 0, being exponentially fast for # — +oo and uniformly

for c1» on a bounded set. Now we average Eqs. (4.3.36) and (4.3.37) over Ry,
respectively, to get for ¢ > 0 the system
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2
¢l = 7 ( —4c; +6C%C2+6cg — (a1 +az)coso + (a; —az)sina),
: (4.3.38)
€
Gy = Z( 4cz—6clc2 6c1 + (a1 —ay)cosa + (a +a2)sma)
while for # < 0 we obtain the system
&’ 2 3
¢ = 1(7401 +6¢ica+6¢5 + (a) —az)cosa+ (a +a2)sina>,
(4.3.39)

2
¢y = Z<_4c2 —6¢1¢5 — 603 + (a +a2)cosa+(a2—a1)sma)

We put

A+ = —(a1+ax)cosa+ (a; —ar)sina,
A2+ (a1 —az)coso+ (a; +ap)sina,
= (a; —ap)cosa + (a; +ap)sina,

Az, (a1 +az)coso+ (ap —ap)sina.

The systems (4.3.38) and (4.3.39) form one system over R with a discontinuity at
t = 0. By using arguments of Section 4.3.2 (see (4.3.8)), we observe that the systems

—d¢) +6¢icr+ 603 +A L =0,

(4.3.40)
—4cy — 66‘162 66‘1 +A2 +=0

have unique solutions
Ca+ = (Cl.a,iaCZ,a,i)-

Moreover, the eigenvalues of the linearization of (4.3.38), (4.3.39) at ¢, + are

[—4+ 16\/§(C%ﬂ,i + c%,a,i)]82/4 :

Consequently, we see that systems (4.3.38), (4.3.39) have unique weakly exponen-
tially attracting equilibria ¢, +, respectively.

Note that for a = 0 we get co + = 0 and then from (4.3.31) v¢ o = 0 so the case
a = 0 is trivial. On the other hand, we need v¢ o # O for the influence of the center
part to affect the Melnikov function. For this reason, we assume that a # 0.

Now if the point ¢, is in the basin of attraction of ¢, , then we can construct a
solution ¢,(¢) of (4.3.38), (4.3.39) over R as follows:

Cq—, for <0,
Ca(t) = . .
the solution of (4.3.38) starting fromc, - for t>0.

This solution will generate, according to averaging theory [16] (cf Theorems 2.5.12,
2.5.13), a solution of (4.3.31) satisfying conditions (ix) and (x). We note that aver-
aging theory can be applied to (4.3.36) and (4.3.37) since they are sums of periodic
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and exponentially fast decaying terms containing ¢ variable. So (4.3.36) and (4.3.37)
are KBM-vector fields.

To show that ¢, is in the basin of attraction of ¢, 4 consider the function H :
R? — R given by

H(ci,02) =3(ci +63)° —2Ag 1c1 + 241 4.

For further reference we note that

H(ct,e2) <3(2 +2)? +2\/A{+ +A3 3+, 4.3.41)
and if t — (c1(#),c2(2)) is a solution of (4.3.38),
d
—H(ci(t),c2(t)) = —2¢? [6(6‘% + C%)2 —Ay —I—A1"+C2]

dt
< 28/ + 3o+ 4 443, ). (4342)

We define two sets
D={(er.e2)| d+c < (AT +43 )17}
U={(er,c2) [H(er,e2) < 5(a% . +43 )%},

Using (4.3.41) it is easy to verify that D C U. With (4.3.40) we obtain

2 2 2 2 2 2 \2
\/A1,+ +A3 . \/Cl,a,+ + 44 2A24Clatr —AL4C2 a4 = 6(‘71,a,+ +¢3a4)

from which it follows that |c, 1 |* < (§)*3(A7 | +A} )!/3 sothat ¢, € U.
If t — (c1(¢),c2(t)) is an orbit of (4.3.38) in the complement of U then

c1(t) +ea(t) = (A7, + 43 )"

and it follows from (4.3.42) that

S He1(0),e2(0)) < 1082 (4F L +43
Thus, U is an invariant global attractor. Since the divergence of (4.3.38) is —2¢2,
using Bendixson’s criterion 2.5.10, we see that U contains no periodic orbits. Thus
by the Poincare-Bendixson theorem 2.5.9, U is in the basin of attraction for ¢, ¢,
Ca,+ 18 a global attractor and, trivially, ¢, — is in the basin of attraction of ¢, 4.

In summary, we get the Melnikov function M (o) of Section 4.3.2 so that Theo-
rem 4.3.3 holds for any (aj,az) # (0,0) and we have the following improvement of
Theorem 4.3.3.
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Theorem 4.3.9. Equation (4.3.4) has a transverse homoclinic solution for any &,
and any small p;, i =1,...,5 and 8 satisfying condition (4.3.24) and (p;,U3) #
(0,0).

Finally, we note that in spite of the fact that the results of Section 4.3.2 are im-
proved in this section, that part is included here since it contains some useful deriva-
tions/computations such as the existence of periodic solutions and exponential di-
chotomies. We note that for general forms of coupled oscillators only local analysis
as in Section 4.3.2 can be used to verify assumptions (ix) and (x). As our averaging
technique uses the Poincare-Bendixson theorem and Bendixson’s criterion it cannot
be used for higher-dimensional systems. In general, the situation depends on the
form of the averaged equations.

4.4 Singularly Perturbed and Forced ODEs

4.4.1 Forced Singular ODEs

Consider a singular system of ODEs like

eu' = f(u,v)+eh (t,u,v,e), uekR" veR"
“4.4.1)
vV =g(u,v)+em(tu,ve), teR, €€R,

under the following conditions:

(a) f,g,h1,hy are Cg*l-functions in their arguments, r > 2, defined for (¢,u,v,€)
€ RXxR"xR™ x (—&,&) and their (r+ 1)-derivatives are continuous in u uni-
formly with respect to (¢,v,€).

(b) £(0,v) =0 for any v € R™ and there exists § > 0 so that for any v € R™ and
A(v) € 6 (f¢(0,v)) one has |RA(v)| > & > 0.

Then setting € = 0 in Eq. (4.4.1) we obtain the so-called degenerate system
vV =g(0,v), veR™ (4.4.2)

It was shown in [17] that given T > 0 the solutions of (4.4.1) are at a O(¢&)-distance
from the corresponding solutions of (4.4.2), for 7 in any compact subset of (0, T].
This result was improved in [18] leading to a condition similar to the above one
about the eigenvalues of f,(0,v) [19]. Later, a geometric theory of singular sys-
tems was developed in [20]. This theory applies to the autonomous case and states,
under certain hypotheses, the existence of a center manifold for (4.4.1) defined on
compact subsets of R on which system (4.4.1) is a regular perturbation of the de-
generate system (4.4.2). By means of this theory, a previous result given in [21] was
improved in [20], concerning the existence of periodic solutions of (4.4.1). After-
wards geometric theory is used in [22,23] to study the problem of bifurcation from
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a heteroclinic orbit of the degenerate system towards a heteroclinic orbit of the over-
all system (4.4.1). However, since the result of [20] holds in the autonomous case
and with some roughness assumptions on system (4.4.2), conclusions in [22,23] are
given just in the case of a transverse heteroclinic orbit. Later, using different meth-
ods, the non-autonomous case together with the homoclinic case have been handled
in [24,25]. A result in [25], however, does not contain any conclusion of the smooth-
ness of the bifurcating heteroclinic orbit with respect to the parameter €, while four
classes of differentiability (from C"*2 to C"~2) are lost in [24]. Let us mention some
related results in this direction. Attractive invariant manifolds of (4.4.1) are studied
in [26] when hj,h; are independent of ¢ and f,(0,v) has all the eigenvalues with
negative real parts. The same problem as in [26] is investigated in [27] when &y, h)
do depend on ¢.

4.4.2 Center Manifold Reduction

In this section we apply Theorem 2.5.8 to (4.4.1). Let T =t /¢ be the fast time and
denote the derivative with respect to 7. Then (4.4.1) reads:
= f(u,v)+ehi(t,u,v,€),
v=ge{g(u,v)+ehay(t,u,v,€)}, (4.4.3)

I=¢.

Take a C*-function ¢ : R — [0,&] so that ¢(g) = & for € € (—£,%), |%| <2and

supp¢ C [—&,&|. It is clear that ¢ € C;™'(R,R) since it has a compact support.
Then, define x = u,y = (v,¢,€¢9(€)) and consider, instead of (4.4.3), the following
system

X = fu(0,v)x+F(x,y) :=A(y)x+F(x,y),

(4.4.4)
y=G(x,y),

where
F(x,y) =F(x,(v,t,€)) = f(x,v) — fu(0,v)x+ ¢ (&)h (t,x,v,€0(€)),
G(xvy) = G()C, (V,I,E)) = 8¢(8)(g(xvv) +8¢(8)h2(taxa v,8¢(8)), 1a0) .

From the fact that the support of ¢ () is a subset of [—&, ], it follows that A(y),
F(x,y), G(x,y) can be considered as C;-functions in (x,y) € R" x R"™*2 and that
they satisfy the hypothesis (i) of Section 2.5.5. Moreover one has

[F(0,5)|+[F(0,y)| < Cleg(e)| < CE* < o

provided € < 1. In the same way we see that |G(x,y)|,|Gx(x,y)| < ©. As regards
the inequality |Gy (x,y)| < o, this follows also from the fact that supe.p | % [e¢ (€)]]
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< supjg<g [€9/(€)] + |@(€)| < 3. All the hypotheses of Theorem 2.5.8 are then
satisfied and hence the existence of a global center manifold for (4.4.4), satisfying
the conclusions of Theorem 2.5.8, follows. This center manifold can be represented
as:

¢ ={(&n.0e) R xR xRx(~£8) |§ =H(n, @) |

and is invariant under the flow given by (4.4.4). From % = 0 we obtain that € is
tant i e € (—5,5) can be writt £0 (&) that
constant, moreover, since any (—%5,%) can be written as £¢ (%), we see tha

for |e] < g = %, such a manifold is invariant for (4.4.3). Any solution of (4.4.3)
whose u-component is small must then satisfy (see property (P) of Theorem 2.5.8):
u(t) =H(y(t,n, 2 ¢)),

where y(7,1,a,€) = (v(7,n,,€), €T+ a, &) and v(T) = v(T,M, @, €) satisfies
v(t) =e{g(H(v(1),eT+ a,€),v(1)) +eh(eT+ a,H(v(7), €T+ o, €),v(T), €)}
so that v(z) = v(z/€) satisfying
V(t) =gHO(t),t+ o, €),9(t)) +eha(t + o, HV(t),t + 0, €),9(t),€).  (4.4.5)

Finally, note that H(n,o,0) = 0 because of uniqueness. We have then shown the
following.

Theorem 4.4.1. Consider system (4.4.1) and assume (a) and (b) hold. Then there
exist &, p > 0 and a C"-function H : R" x R x (—&, &) — R so that the following
properties hold:

) sup |H(n,o,€)| < p.
(1,00,€) ER™M xR x (—g,8)

(ii) For any € € (—&y, &) and o € R the manifold

Gue={(6m) €R"xR" | =H(n,a.€) |

is invariant for the flow of system (4.4.1), with t + o instead of t, in the sense
that if (u(a),v(Qt)) € Cae then (u(t),v(t)) € Cue foranyt € R.

(iil) Any solution (u(t),v(t)) of (4.4.1), witht + . instead of t, showing that ||ul|e <
p, belongs to €y e.

As an example of application of this result assume that

(c) The degenerate system (4.4.2) has an orbit ¥(¢) homoclinic to a hyperbolic equi-
librium, and the variational system v = g, (0, 7(¢))v has the unique bounded so-
lution Y(¢) (up to a multiplicative constant).

Then the following theorem holds:

Theorem 4.4.2. Assume (a), (b), (¢) and define
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Ala)

= . W*(t){h2(1+0‘7077(f)70) _gu(ovyo‘))fu(ov ’}/(I))ilhl(t*' (X,O,}/(Z‘),O)}dl

—o0

with y*(t) being the unique (up to a multiplicative constant) bounded solution to
the adjoint variational system v = —g,(0,¥(t))*v. Then, if A(o) has a simple zero
at o = oy, there exist p > 0, & > 0 so that for |€| < &y, system (4.4.1) has a unique
solution (u(t,€),v(t,€)) which is C"~" with respect to €, bounded together with its
derivatives (in €), and satisfying also:

lu(t,€)| < p and sup|u(t,€)|+|v(t,€) —y(t — )| — Oas e —0.  (4.4.6)
t€R
Proof. A solution satisfying (4.4.6) must lie in a manifold 6, ¢ owing to property
(iii) of Theorem 4.4.1, hence its v-component must satisfy (4.4.5). The unperturbed
system of (4.4.5) is the degenerate system (4.4.2). From regular perturbation theory
(see Section 4.1) we obtain the Melnikov function

M@ = [y (0 hali+0,0,7(0).0) + 8,0, ¥(0) He (7(1).1 + 0. 0)}

Taking the derivative with respect to € at € =0 of

S%H (v(t,no,a,€),t+ o, €)

= f(H(v(tan()va7£)at+aa£)av(tan07aag))
+£h1(t+(X,H(V(I,T]0,(X,£),l+a,€),v(t,no,06,£),€),

we get (recall H(n, ,0) = 0)

Fu(0,v(z, M0, @, 0))He (v(£, M0, @, 0),7+ 0,0) + hy (r + o, 0,v(z, 1o, ¢,0),0) = 0.
4.4.7)
Now v(z,7(at), ¢, 0) solves (4.4.2) with the condition v(0) = y(), as a consequence
v(t,y(@), a,0) = y(¢) and using (4.4.7) we obtain:

He (v(1),1+0,0) = = £u(0,7(1))” ' (1 +,0,7(1),0) } dr
and hence M(a) = A(a). O

Remark 4.4.3. From regular perturbation theory, it follows that the solution, whose
existence is stated in Theorem 4.4.2, is C"~! in €. This improves previous results
[24,25].

As another application of Theorem 4.4.1, the degenerate system (4.4.2) has an
orbit heteroclinic to semi-hyperbolic equilibria, but we do not go into details and
we refer the readers to [28].
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4.4.3 ODEs with Normal and Slow Variables

Only for the reader information, we note in this part an opposite case to (4.4.1) by
considering a system

X = f(x,y) +eh(x,yt,€),

(4.4.8)
y=¢€(Ay+g(y)+p(x,y,t,€)+eq(yt,€)),

where x € R", y € R™, € > 0 is sufficiently small, A is an m x m matrix, and all
mappings are smooth, 1-periodic in the time variable ¢ € R so that

(i) f(0,0)=0,g(0) =0, g(0) =0, p(0,-,-,-) =0.
(ii) The eigenvalues of A and f(0,0) lie off the imaginary axis.
(iii) There is a homoclinic solution ¥ # 0 so that ) liril v(t) =0and y(¢) = f(y(¢),0).

Here gy, frx mean derivatives of g and f with respect to x, respectively. The second
equation of (4.4.8) has the usual canonical form of the averaging theory (cf Section
2.5.7) in the variable y with x = 0, and it is assumed [29] that its averaged equation
with x = 0 possesses a hyperbolic equilibrium. Hence the homoclinic dynamics of
the first equation of (4.4.8) is combined with the dynamics near the slow hyperbolic
equilibrium of the averaged second equation of (4.4.8) when x = 0. Moreover, the
transversality of bounded solutions on R of (4.4.8) is studied for the sufficiently
small parameter € > 0. Consequently, as a by-product chaotic behavior of (4.4.8)
is shown for such € in [29]. Systems of ODEs with normal and slow variables are
investigated also in [30,31].

Systems like (4.4.8) occur in certain weakly coupled systems. More general
ODEs are studied in [32-37], and we refers the readers for further details to these
papers.

4.4.4 Homoclinic Hopf Bifurcation

Finally we note that the method of Section 4.4.3 can be applied to systems of ODEs
representing an interaction of the homoclinic and Hopf bifurcation, which are given
by

X= fl(x) +h1(x?y7)’) ’

y :fZ(ya/l) +lh2(x,y,k) +h3(x7y)a

where fi :R" = R”, f:R> = R? b : R"™3 S R”, by : R"3 = R?, by : R2 - R?
are smooth so that

(4.4.9)

0 £09=0.0p00= (1)

(ii) f1(0) = 0 and the eigenvalues of Df;(0) lie off the imaginary axis.
(iii) There is a homoclinic solution ¥ # 0 so that [lirin Y() =0and ¥(¢) = f1(y(2)).
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(iv) hy(-,0,0) =0, hy(0,-,-) =0, h3(0,-) = 0, h3(-,0) = 0.

The system (4.4.9) is an autoparametric system [38—40] consisting of two subsys-
tems: Oscillator and Excited System.The Oscillator which is vibrating according to
its nature is given by the second equation of (4.4.9) in the variable y possessing the
Hopf singularity at y = 0 for A = 0, x = 0 [41]. The Excited System is determined
by the first equation of (4.4.9) in the variable x exhibiting a homoclinic structure to
the equilibrium x =0 for A =0, y = 0. (4.4.9) has for A = 0 a semi—trivial solution
x =1, y=0. Either chaotic or at least periodic dynamics of (4.4.9) near y x {0} for
A # 0 sufficiently small is studied in [42], and we refer the readers to this paper for
more details. We note that x = 0, y = 0 is a nonhyperbolic equilibrium of (4.4.9) for
A =0 possessing a homoclinic loop x = ¥, y = 0. Related research work is presented
in [32,34,37,43].

4.5 Bifurcation from Degenerate Homoclinics

4.5.1 Periodically Forced ODEs with Degenerate Homoclinics

In this section, we consider ODEs of the form
x=f(x)+h(x,u,t), xeR" peR™ “4.5.1)
satisfying the following assumptions:

(1) f and h are C™ in all arguments.

(i) f(0)=0and A(-,0,-)=0.

(iii) The eigenvalues of Df(0) lie off the imaginary axis.

(iv) The unperturbed equation has a homoclinic solution y # 0 so that lim,_, 1. Y(¢) =
0and (1) = F((1)).

(V) h(x,u,t+1) = h(x,u,r) forany t € R.

(vi) The variational linear differential equation

i(t) = D (Y1) Ju(t) (4.5.2)
has precisely d, d > 2 linearly independent solutions bounded on R.

For the unperturbed equation

= f(x), (4.5.3)

we adopt the standard notation W, W* for the stable and unstable manifolds, re-
spectively, of the origin and d; = dimW?¥, d, = dimW*. Since x = 0 is a hyperbolic
equilibrium, ¥ must approach the origin along W* as t — +oo and along W* as
t — —oo. Thus, 7y lies on W¥ N W*. The condition (vi) means that the tangent spaces
of W* and W along 7y have a d—dimensional intersection.
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The case when £ is independent of #, m = 3,d = 2 is studied in [44] and it is
shown that the set of small parameters, for which homoclinics of (4.5.1) exist near
7, forms a Whitney umbrella (cf [45] and Figure 4.2).

Fig. 4.2 The Whitney umbrella.

Equation (4.5.1) is considered in [46] with d = 2 and
h(x,u,t) = hy(x,A) +€hy(x,p,1), 1= (A,e) eR>xR,

and it is shown that the set of small parameters, for which homoclinic points of
(4.5.1) exist in a small section transverse to 7, is foliated by Whitney umbrellas. Bi-
furcation results for (4.5.1) are derived from [47] with m = 1 and d = 2. Bifurcation
results in this direction are also established in [1,3-5].

Instead of (4.5.1), we consider

= f(x)+h(xur+a), xeR", peR™, (4.5.4)

where & € S' = R/Z is considered as another global parameter. Here S' is the circle.

In this section, we always mean “generically” in the sense that certain transver-
sality (nondegenerate) conditions are satisfied for the studied problems. Those con-
ditions usually are rather involved formulas and their verification is tedious for a
concrete example. On the other hand, if one of those transversality conditions fails
then we are led to a higher—order degenerate singularity of the studied bifurcation
equation with a vague normal form.

We also remark that we focus our attention in this section on describing the set of
all small parameters of the above types of (4.5.1) for which homoclinics exist near
Y. We do not investigate neither the numbers of those homoclinics nor which kind
of bifurcations takes place. But more careful analysis of the bifurcation equations
could lead to some results in that direction as [48]. However, their description is
outside the scope of this section.

4.5.2 Bifurcation Equation

The bifurcation equation for finding homoclinics of (4.5.4) near 7 is derived from
Section 4.1.3, so we only recall its form:
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H(ﬁ7a>“) = (Hl(ﬁ,oc,u)7...,Hd(ﬁ,a,u)) =0, (4.5.5)

where H : O x & x W, — R? is smooth for small neighborhoods 0 € O C
Rd_l, 0 € W) C R™, a bounded open interval .# C R, and

ﬂ a /.L Zau Z bukﬁjﬁk+ h.o.t,
]k 1
o oh
o) =~ [ 0), 50004 +a)

bijk = */ <u14_7D2f(7)“d+j“d+k>dt-

4.5.3 Bifurcation for 2-Parametric Systems

We investigate (4.5.1) in this section for m = 2 and the condition (vi) holds with
d = 2. Then the bifurcation equation (4.5.5) has the form

an () +apn(o)u, er]ﬁz 4+ hot.=0

) (4.5.6)
any (O!)[J] +(122(06)‘u2 —|—b2ﬁ + h.ot.=0.

Since the codimension is 1 of the set of all noninvertible 2 x 2—matrices in the space
of 2 x 2-matrices (cf Theorem 2.6.2), generically we assume that there is a finite
number of ¢, ...,0, € S! so that

ap () ap(e)
Ala) =
a1 (a) axn(a)
is noninvertible only for & = ¢y,..., 4

1

A1l. First of all, we study (4.5.6) for o near o & {ot1,...,, }. Then by applying
the implicit function theorem, we obtain from (4.5.6)

=i, B), e =p(a,p)
for a near o and B small. Moreover, (4.5.6) implies
pi(e, B) = B* (wn (o) + Bdi(at, B)), i=1,2,

where U1, d;, i = 1,2 are C”—smooth. Generically, we have the following possibil-
ities:

ALL  pn(ao) #0,  poi(og) # 0.
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Theorem 4.5.1. Generically in the case Al.1, the set of parameters (&, U, Up) near
(09,0,0), for which (4.5.4) has a homoclinic near v, is diffeomorphically foliated
along the a—axis by two curves

(a, 7+ Ter(a,7),7%),
where e| € C* satisfies e1(0t,0) # 0 and T € R is small (Figure 4.3).

Proof. We take

©=B/|u21(@) + Bda(a, B)].
Then our set has the form
(o, T3 () + T ds (@, T), T sgn i ()

where (13, ds € C, t13(0) # 0 and generically d3(0p,0) # 0. This set is diffeo-
morphic to

(aa Tz + T3d3(a> T)/.ul?ﬁ(a)v 12) :
The proof is finished. O

12

Ha

Fig. 4.3 p1(00) > 0, pa1(ag) > 0.

We note that generically we cannot avoid in the case A1.1 the following situation:

ALLL Hll(%)#ov “21(“0)#0, el(a()vo):()'

We note that this case generically occurs only in a finite number of og ¢
{o,... 04}

Theorem 4.5.2. Generically in the case Al.1.1, the set of parameters (o, 1, )
near (04,0,0), for which (4.5.4) has a homoclinic near v, is diffeomorphically foli-
ated along the o—axis by two curves

(o, 7+ 7 (00— ap)da (@, 7) +ds(a)T* + Tdg (e, ), T%) (4.5.7)
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where dy, ds, dg € C* satisfy ds(04,0) # 0, ds(,0) # 0 and T € R is small (Figure
4.4).

Proof. The statement of theorem is trivial, since by e (0,0) = 0, we have
er(o, 1) = (ot — o)dy(ct, ) +ds(o0) T+ t°dg(0t, T) .

To show the situation in Figure 4.4, we study the intersection of two curves (4.5.7)
by solving for small T > 0 the equation

2+ 73 (00— ap)da(at, T) +ds () T4+ dg (@, T)
=12 - (a—a)ds(0t, —7) +ds(a)t* — Tdg(at, — 7). (4.5.8)
(a—ap)(da(et, 7) +da(a,— 7)) = =72 (ds(0t, T) + do (0, — 7)) .
By the Whitney theorem 2.6.9, we have
dy(a,t) +ds(a, —7) = dy(a, 1), dy €C~,
ds(a,7) +ds(a,—T) =dg(t,7), dy€C™.
Hence (4.5.8) is equivalent to
(a0 —ap)da(o, ) = —72ds(a, %) (4.5.9)
We can solve 72 from (4.5.9) to obtain

72:7:1(05)7 Tl<a0> =0, Tl((XO) #0.

Now the situation in Figure 4.4 is clear. O

H2 J15] Ha

o< o o =0 o> o
Fig. 4.4 ;1 (ag) >0, w1 (o) >0, 7j () > 0.
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A12. pp(o) =0,

We note that this case generically occurs only in a finite number of o ¢

{OC],...,OC[I}.

Theorem 4.5.3. Generically in the case A1.2, the set of parameters (@, U, lp) near
(09,0,0), for which (4.5.4) has a homoclinic near v, is diffeomorphically foliated

pi(on) #0,  uor (o) #O.

along the a—axis by two curves

where ey € C* satisfies ex(0,0) # 0 and T € R is small (Figure 4.5).

(o0, (@ — 00) + Fen(@,7), 7).

Proof. Like in the above proof, our set is equivalent to

(o, Pz (@) + s (@, 1), T)

where p113, d3 € C*, i3(o) =0, i5(0t0) # 0, d3(0,0) # 0. Hence we have

(o, T (00 = o) pia(@) + Tds(at, 7), %)
where (14 € C”, t14(0p) # 0. Consequently, the set is diffeomorphic to

(Ot, Tz(a - (XO) + T3d3(05, T)/.U'H(a)’ Tz) .

The proof is finished.

H

H2

o <0y

H2

o = 0y o> 0y

Fig. 4.5 pj,(00) > 0, 21 (%) > 0.

Al3. up(on) #0,

pa1(00) =0, wy (a) #O0.

It is clear that this case is the same as A1.2.

H2
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A2. The second case is when « is near ap € {a,...,a;, }. So A(ap) is nonin-
vertible. We can assume

ain(on) #0, axn(a) =0, ay(on)#0, an(a)=0, ay(o)#0.

Then we solve

My :“l(avﬁvlJ'Z)

from the first equation of (4.5.6) for « near o and 3, 1, small. Consequently, by
inserting this solution into the second equation of (4.5.6), the bifurcation equation
now is reduced to

Q(Ol,ﬁ,‘uz) = (Ot - aO)dZI (a)nu'l (a’ﬁhuQ)

(4.5.10)
—l—(OC — 060)522(06)[12 +b2ﬁ2 + h.o.t.=0.

We note

(e, B,0)=0(B%), 0O(a,B,0)=0(B%), 0O(,0,12)=0(u3).

By using the Malgrange Preparation Theorem 2.6.8, generically (4.5.10) is equiva-
lent to
Q1 B, o) = BPA(er, B) + B(0t, B)pa + 113 =0, (45.11)

where A, B € C* satisfy
A,0) #0, B(a,B) = (o —a0)Bi (e, B) +BBa(B),
BlvBZECma Bl((X0,0)?éO

We take
©=BvI|A(e, B)], n=B(aB). (4.5.12)
Then (4.5.11) is equivalent to

2 sgnA(ap,0) + npa +p3 = 0. (4.5.13)
The discriminant of (4.5.13) is as follows:
D(n,7) =n* —47sgnA(0p,0).

We note that
= (n,7,12) = IEM, T, 12) + T°F(n,7),

where E,F € C* generically satisfy E(0,0,0) # 0 and %—E(0,0,0) # 0. Conse-
quently, our set of parameters in the space (1, i, i2) near (0,0,0) has the form

(N, E(M, T, 1) + T2 F(1,7), 1),

T sgnA(c,0) + Np2 + 3 =0,
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where 7 € R is small. We consider the following two possibilities.
A2.1. sgnA(ap,0)=—
In this case, (4.5.13) has the form
= (k2 +1).

Hence
T=+V (L +n),

where eithern >0, tp >0, < —norn <0, up <0, up > —n. Then

qu(nmuz)HzF(n,f)=uz(E(n,i\/uz(uz+n),uz)
+ (e +mF(M, £/ (2 +n ))

- Hj:(nv.uZ)'

We compute

(Hy(n,102) — H-(0,112)) /12 = E(1, /12 (12 + 1), 112)
+ (2 +M)F (N, /i (2 +1))
—E(Th—\/#z .U2+TI 7:“2)
— (H2+n)F(n,—/i2(t2+1n))
= (S5m0, + (e +) 2 (n,0)).

2/ (2 +1m) #0

for any sufficiently small 1) and p, # 0, uy # —1. We also note that Hy (1, 1) =0
for sufficiently small y,, 1 only if up = 0.
In summary, we obtain the following result.

Theorem 4.5.4. Generically in the case A2.1, the set of parameters (, U, Up) near
(00,0,0), for which (4.5.4) has a homoclinic near y (see (4.5.12)), is diffeomorphi-
cally foliated along the n—axis by four curves

(naHi(nth)a,uZ)
where either 1 >0, Uy >0, lp < —norn <0, Uup <0, Up > —n (Figure 4.6).
A22. sgnA(ap,0)=1.
In this case, (4.5.13) has the form

TN+ 5 =0
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M i

n>0

Fig. 4.6 E(0,0) > 0.

Hence
=\~ +1n)
where either n >0, —n <, <0orn <0,0 < up < —n. Then

NzE(naTaH2)+T2F(TTaT) = U2 (E(na:t\/ *,LLZ(.U'Z‘Fn)vIJ'Z)
~(p2 +mF (/=2 1)) )
= Gi(’”l7ﬂz)~

Similarly like the above, we see that G (n, ) # G_(n, ) for any sufficiently
small 1 and  # 0, g, # —n. We also have that G+ (1, p) = 0 for sufficiently
small u,, 1 only if t, = 0. We achieve the following result.

Theorem 4.5.5. Generically in the case A2.2, the set of parameters (o, [, ) near
(00,0,0), for which (4.5.4) has a homoclinic near y (see (4.5.12)), is diffeomorphi-
cally foliated along the N—axis by a closed loop

(n’Hi(nv.uZ)allZ)

where either 1 >0, — <, <00rn <£0,0 < up < —1. We note that for n =0
this is just the point (0,0) (Figure 4.7).

4.5.4 Bifurcation for 4-Parametric Systems

In this section, we consider the case m = 4 and the condition (vi) holds with d = 2.
Then the bifurcation equation (4.5.5) has the form

ar (@)1 +an (o) +aiz (@) s +as(@)pa + b1 g2+ hot. =0,
(4.5.14)

ax (o)) +axn (o) +aiz(a)us + axa(00) s +b2B2 + ho.t.=0.
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wot W 1 H
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Fig. 4.7 E(0,0) > 0.

H2

n>0

Since the codimension is 3 of the set of all 2 x 4—matrices with corank 1 in the space
of 2 x 4—matrices (cf Theorem 2.6.2), generically we may assume the invertibility
of the matrix A(c) for any o € S'. Then by applying the implicit function theorem,

we obtain from (4.5.14)

= (o, By s, pa), 2 = ta(e, B, U3, Ua)

for o € S' and BB, 3, py small. Moreover, (4.5.14) implies

“i(a7ﬁ70’0) = O(ﬁ2)7

Generically we may assume

(

We take the change of parameters

i=1,2.

82IJ«l
2%

(a,0,0,0)>2+ (%2[3 (a,0,0 0))27é0 V,aes

i = Ao +Az2 (o), o —Ax(o)p +A () o,

where
Al(a) = (?;27;(mO,O,O)/((?;‘Z;(a7070,0))2+ (%2‘;2(05 0,0 0))2),
As(a) = ‘;Z“z(a,o,o,O)/((‘;‘;; (,0,0 0)) + (%ZB (@,0,0 0))2).

For these new parameters, we have

9% (

78 ,0,0,0) # 0.

Then we solve for 3 small the equation
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d
T‘E(aaﬂau37“4) =0

to obtain B = f(a, i3, tls), and by replacing B with B + B (ct, i3, 1is), we may as-
sume that

(o, By us, pa) = (0t i3, a) + B2 (0, B, 13, a)

where fi; (e,0,0,0) # 0. Replacing 8 with B+/|fi; (@, B, U3, ta)|, we obtain

.ul(a7ﬁ7“3nu4> :ﬁl(a,ﬂ3,u4)j:ﬁ2.

Now we take the change of parameters

= (= (o, s, ), Mo < p — o (0,0, 1, pa) -

In this way, we arrive at

ul(avﬁvﬂ&,uét) :ﬁ27 .u2(avﬁvu3au4) :Bp(a7ﬂ7u37“4)

where p € C* satisfies p(+,0,0,0) = 0. All the above changes of parameters give a
local diffeomorphism
I; - 5! xﬁ1—>S1 x R*

foliated along S!, where ¢ is an open neighbourhood of 0 € R*. Generically we
may assume that

(2 (0000)" + (Zt@000) 0. vacs.

We take the change of parameters
ps < Di(o) s —Da(@)pa,  Ha < Da(a)ps + Dy () la,

where

Di(a) = aa:;(mO,O,O)/((i’;(a70,0,0))2+ ( J (a,0,0,0))z),

P
dly

_dp ap 2 ap 2
D2(a) - Tm(avoaovo)/<(87‘u}(avo7070)) + (m(a707070)> ) .
For these new parameters, we have

dp
=~ (@,0,0,0) £0.
8#3( ) #

Now we split
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(P(a»ﬁ»N%M) _p(aﬂ07.u37“4))/ﬁ :pl(a7ﬁ27.u37“4)+Bp2(a7ﬁ2hu37“4)7

where p; € C*, i = 1,2. For an open neighbourhood ¢, of 0 € R*, we take a local
diffeomorphism
G:S'x 0, — S' xR

given by

I (A5, A1, 42,43, A4)
= (/15,11712 —Mipi1(As,A1,243,24),p(A5,0,23,A4) +11P2(15,7Ll7/137l4)7l4) ,

which is foliated along S'. In summary, we arrive at the following theorem.

Theorem 4.5.6. Let d =2, m = 4 in (4.5.1). Then generically the set of parameters
(o, iy, Mo, U3, My near (,0,0,0,0), a € S', for which (4.5.4) has a homoclinic
near v, is diffeomorphically foliated along the o—axis by a surface of the Morin
singularity [49] given as follows:

(x1,%2,x3) — (x%,xlxz,xz,)g). (4.5.15)

Proof. 1t is enough to take the composition of all the above changes of parameters
[44, p. 221]. O

Remark 4.5.7. We note that singularity (4.5.15) is just the foliated Whitney umbrella
of [46]. Moreover, the foliation along the a—axis is nontrivial. In each a—section,
the diffeomorphism between the Morin singularity and the set of small parameters
u € R* for which (4.5.4) has a homoclinic solution near ¥, does depend smoothly
on «. This is the main difference between our result and [46]. We do not restrict the
existence of homoclinic solutions of (4.5.1) near Yy by supposing that they cross a
transverse section of y at t = 0. We really investigate all possible homoclinic solu-
tions of (4.5.1) geometrically near y. A similar nontrivial foliation along the oi—axis
holds for the result of Section 4.5.3. Furthermore, the result of Section 4.5.3 does
not follow directly from Section 4.5.4. It is more delicate even form =1, d =2 [47].
It seems that the case m = 3, d = 2 is more sophisticated than the case of Section
4.5.3. Finally, the result of Section 4.5.4 persists under further perturbations, that is,
generically we get the same result for m > 4 with d = 2.

4.5.5 Autonomous Perturbations

In this section, we study the case d > 3 of (4.5.1) with & independent of ¢. Then
the bifurcation equation (4.5.5) is independent of ¢, so we put & = 0 in (4.5.5).
Moreover, we assume that (4.5.3) is decoupled

2= f.j(zj), y=h0),

j:1727"'7d_27 x:(ZhZZv'“azd—Zvy)'

(4.5.16)
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Hence
Y= (')/171a71,2>---a')’l,d72772),
and (4.5.2) has the form

Mj:Dfl.j(’yl.j>uj7 ]:],277d—2, (4517)
v=Df(p)v. (4.5.18)

We suppose the following assumptions:

(H) The variational equations (4.5.17) with j =1,2,...,d —2, respectively (4.5.18),
have precisely 1, respectively 2, linearly independent solutions bounded on R.

Let
Weo = x4 {m0) |1 € R} x { (1) | 1 € R}

be a homoclinic manifold. Theorem 4.1.1 is applicable separately to (4.5.17) and
(4.5.18). Then a small transverse section ¥ at ¥(0) to W, in R” is given, and we
study the existence of homoclinic solutions of (4.5.1) crossing ¥. This leads us to
the bifurcation equation (4.5.5) possessing now the form

Qu+po*+ hot =0, (4.5.19)

where B € R is small, @ € R? is given and Q : R"™ — R? is a matrix. We suppose
that m > 2d — 1. Since the codimension is m — d + 1 of the set of all d x m—matrices
with corank 1 in the space of d x m—matrices (cf Theorem 2.6.2), generically we
may assume that rank Q = d and so by applying the implicit function theorem to
(4.5.19), we obtain

= m(B,12), M2 €R™? issmall,
where p; € C* satisfies 1 (8,0) = O(B?). Consequently our set has the form
{(i(B.p). ) | BER, p2 e R™™ are small .
We introduce a mapping M : & — R™ given by

M(B, p2) = (11 (B, 12), ha) ,

where € is an open neighbourhood of 0 € R”~4*!. The linearization DM (0) has
corank 1. Let J' (R"~4*! R™) be the 1-jet bundle (cf Section 2.6), and let S; be a
submanifold of J!' (R™~4*! R™) defined by

Si={o GJI(R’”_‘]H,R”’) | coranko = 1}.

Since m —d + 1 > d and according to Theorem 2.6.3, the codimension is d of the
set Sy in J! (Rm_d“,Rm), by recalling Theorems 2.6.6 and 2.6.7, we can assume
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that
le intersects transversally S; at O, (4.5.20)

where

is the 1—jet mapping. By applying a result of [49] (see also a proof of [45, Theorem
4.6 on p. 179]), we immediately obtain the following theorem.

Theorem 4.5.8. Let d > 3,m > 2d — 1 in (4.5.1) when h is independent of t. Sup-
pose (4.5.16) and that the assumption (H) holds for (4.5.17), (4.5.18). Then generi-
cally, when rank Q = d and (4.5.20) holds, the set of small parameters u € R™ for
which (4.5.1) has a homoclinic solution crossing WV is diffeomorphic to a surface of
the Morin singularity given by

2
(xl y X2y 7xm—d+1) - (xl yX1X2, X1 X350 oy X1 Xg, X2, X35 - 7xm—d+1) .

Remark 4.5.9. 1. Theorem 4.5.8 is valid also for d = 2, but then we recover the result
of [44] for m = 3. We note that the condition m > 2d — 1 is a principal and not a
technical restriction. Decoupling of (4.5.3) into (4.5.16) is motivated by examples
of [1,10,50]: When several oscillators are weakly coupled then (4.5.16) is naturally
satisfied. On the other hand, we are not able to find a reasonable result for the case
d > 3 in general (4.5.1) without assuming the decoupling condition (4.5.16).

2. We have a cross-cap singularity [45, p. 179] in Theorem 4.5.8 with m =2d — 1.

3. The transversality condition (4.5.20) is the condition on the 2—jet of M at
0[45, p. 179].

4. Under the assumptions of Theorem 4.5.8, there is a family ¥y;) of small trans-
verse sections to Wy at () for any ¢ sufficiently small so that ¥,y = ¥, the family
¥)(.) represents a tubular neighbourhood of Wy, in R" near 7(0) and the statement of
Theorem 4.5.8 holds also for any ¥;).

Finally, we can study more degenerate Morin singularities of M. Let
JERmATLR™) 2<keN
be the k—jet bundle, and let
Mo — JFRN R

be the k—jet mapping. Let Sy, be the contact class in JK (R’"““’l , ]Rm) [45, p. 174].
We know by [49] that S, is a submanifold of Jk (R”’_d+1,R’") with codimension

kd. Let us suppose that j*M(0) € Sy,. Again by recalling Theorems 2.6.6 and 2.6.7,
we can assume that

jkM intersects transversally S;, at O, 4.5.21)

provided thatm—d+1 > kd,i.e.m > d(k-+1) — 1. Results of [49] give the following
theorem.
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Theorem 4.5.10. Let d > 3,m > d(k+1)—1,2 <k € N in (4.5.1) when h is in-
dependent of t. Suppose (4.5.16) and that the assumption (H) holds for (4.5.17),
(4.5.18). If rank Q = d and jkM(O) € 81, holds with (4.5.21) as well, then the set of
small parameters L € R™ for which (4.5.1) has a homoclinic solution crossing V' is
diffeomorphic to a surface of the Morin singularity given by

yi=xj, 1<j<m-d
k
Ym—d+j = Zx(j—l)k+rxrrn—d+17 1<j<d-1
r=1
k—1 ol
= +
Ym = x<d*1)k+rx:nfd+1 X a -

r=1

The proof of Theorem 4.5.10 is outside the scope of this book.

4.6 Inflated ODEs

4.6.1 Inflated Carathéodory Type ODEs

Similar to Section 3.5, when we consider an orbit x(¢), r € R of an e-inflation of a
differential equation X = f(¢,x), then we deal with a differential inclusion

x(t) € f(t,x(t))+ €%PBrn  for almost each (f.a.e.) ¢ € R,

(4.6.1)
x(0) =xp.
Here we suppose that f : R x R” — R”" satisfies Carathéodory type conditions and
it is globally Lipschitz continuous function in x (cf [51-53] and Section 2.5.8). We
are again not interested in the existence of one solution of (4.6.1), but in the set of
all trajectories of (4.6.1). So we consider a single-valued differential equation

x(t) = f(t,x(r)) +€h(t), h(t) € Brn fae.t€R,

4.6.2
x(0) = xo, . :

where h € L (R,R") is considered as a parameter. This orbit of (4.6.2) is denoted
by x(h). Since f is globally Lipschitz continuous function, this orbit is unique and
continuously depends on A. Next, we define an €-inflated orbit of (4.6.1) given by

X (x0) () = {x(h)(t) |he L™ (RR"), h(t) € Bgn fae.1 € R} .
Sets of x(xo)(¢) are contractible into themselves to xo () = x’(xo) () — the solution

of x(t) = f(t,x(¢)) f.a.e. t € R, x(0) = xp. For t # 0, the point xo(¢) is in the interior
of x%(xo)(t). Moreover, x%(xo)(f) are compact.
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This approach of considering parameterized differential equations (4.6.2) instead
of differential inclusions (4.6.1) is used in [53] for investigation of an €-inflated
dynamics near to a hyperbolic equilibrium of a differential equation. More precisely,
we construct analogues of the stable and unstable manifolds, which are typical of
a single-valued hyperbolic dynamics; moreover, we construct the maximal weakly
invariant bounded set and prove that all such sets are graphs of Lipschitz maps.

4.6.2 Inflated Periodic ODEs

In this section we extend the results of Section 3.5.2 to continuous time case, i.e. we
start from ODE
x=h(t,x), (4.6.3)

where 7 € C! (R x R", R") satisfies the following hypotheses:

(H1) his 1-periodic in t € R. Moreover, (4.6.3) possesses a nonconstant hyperbolic 1-
periodic solution ¥ (#) along with a homoclinic one ¥(¢) so that lim,_, 1o |Y(¢) —
10(t)| = 0. Furthermore, the variational equation v = Dh(z,¥(t))v has an expo-
nential dichotomy on R.

Let ¢(t,x), ¢(0,x) = x be the evolution operator of (4.6.3). By introducing the
Poincaré map f(x) = ¢(1,x) of (4.6.3), diffeomorphism f has a hyperbolic fixed
point xo = ¥(0) along with a transversal homoclinic orbit {x) } ez x) = y(k). So
Theorem 2.5.4 can be applied to (4.6.3).

Next, we consider a differential inclusion in R” of the form

X € h(t,x)+q(t,x, Brn), (4.6.4)

where ¢ € C (R x R" x R",R") is a 1-periodic mapping in ¢ € R, satisfying the fol-
lowing hypotheses:

(H2) There are positive constants A, A so that
lq(t,x,p) —q(t,%,p)| < Alx—%|+Alp—p| and ¢(t,x,0)=0
forallt e R,x,x € R", p, p € Bpn.

We put £ = L”(R,R") with usual supremum norm ||u|| = ess sup,cp |u(f)| and
take u € B := {u € Z|||ull« < 1}. We remark (see Section 3.5.2) that (4.6.4) is
equivalent, i.e. it has the same solution set, to the family of ODE

X =h(t,x)+q(t,x,u(t)), uecA. (4.6.5)

Now we can repeat the arguments of Section 3.5.2. We sketch main steps for
the readers’ convenience. First we note that (4.6.5) is a continuous time analogy of
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(3.5.6). Then we fix @ € N large and for any § € &, & = {e;} jez define a pseudo-
orbit x5 € .Z as follows for 7 € [2jw,...,2(j+ 1)o), j € Z:

{y(t(2j+1)(u), fore; =1,

() =
W(—(2j+1)w), fore;=0.

Following the proof of Lemma 3.5.1 (cf Theorem 4.1.2), we have another result.

Lemma 4.6.1. There exist @y € N and a constant ¢ > 0 so that forany E € &, u e &,
there is a unique solution w € W' (R,R") of the linear system

W = Dyh(t,x5(1))w+u.

Moreover, w is linear in u and it holds ||w||e < ¢||tt||s-

Following Theorems 3.5.2 and 3.5.3, we get

Theorem 4.6.2. Assume A and A are sufficiently small. Then there are ®; > @y,
po>0andz>0s0 that for any N > @ > @y but fixed and for any £ € &, u €
B, there is a unique solution x(u,§) € £ of (4.6.5) so that ||x(u,§) — x5 | < po.
Moreover, ||x(u1,&) — x(u2,&) || < L|jus — uz||eo for any & € & and uy,uy € B.
Furthermore, mapping x : 8 x & — L7 (R,R") is continuous, where L’ (R,R") is
the usual topological vector space endowed with a metric

[l — u2]]x 0

d(ul,uz) = s
kg\T 2R (L + Jluy = 2 |xce0)

where || - || - are the supremum norms on [—k,k|, k € N.
Next, it is easy to verify
) (1) =x5(t+20).

Then by the 1-periodicity of (4.6.4) in  and the uniqueness of x(u, &), from Theorem
4.6.2, we get
x(u,0(8)) (1) =x(u,8)(t +20), ViER

for u(t) := u(t +2w), i.e. it holds
x(u, &) (2kw) = x (a'k(u), ak(g)) (0), VkeZ (4.6.6)

for a shift homeomorphism G : 8 — % defined as 6 (u) := u.

Let ¢,(t,s,y) be the evolution operator of (4.6.5) for ¢t,s € R, y € R". Here for
simplicity we suppose a technical condition that # is also globally Lipschitz contin-
uous function in x. Then clearly

X, &) 2(k+ 1)) = @, 20k + 1)0,2ko, x(1, ) (2ko)), VKkeZ. (4.6.7)
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So (4.6.6) and (4.6.7) yield
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€841 011()) 0= g (2014 Do 2kanx (3. 04(9)) (0)) - ke,

that is,

x (6k+1(u), c(g)) (0) = ¢ (z(k+ 1, 2ko,x (6’((@,5;) (0)) . VkeZ.

Now, introducing the following mappings
EBXEXLr— BXEXL
X (u,€,k) = (u,0(&),k+1),
D BXEXL— BxR"XZ
D(u, k) = (1.5 (3 (w),€) (0).%) ,
F**: BXR"XZ+— BxR"XZL
F2(u,x,k) := (u, 0, 2(k+ 1) 0,2k, x) ,k+ 1),

and using (4.6.8), we obtain the following analogy of Theorem 3.5.5.

BXxE XL z BXEXL

FZa)
A A

Fig. 4.8 Commutative diagram of inflated deterministic chaos.

Theorem 4.6.3. The diagram of Figure 4.8 is commutative for the set
A=P(BXxEXL).

Moreover, mappings X and @ are homeomorphisms.

(4.6.8)

For u =0, diagram of Figure 4.8 is again reduced to diagram of Figure 2.1 in Section
2.5.2 with f(x) = ¢@o(1,0,x) for the 1-time, Poincaré map of (4.6.3). Finally, we can
extend very similarly Theorem 3.5.6 to (4.6.4), but we do not write it since that

extension is almost identical to Theorem 3.5.6.
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4.6.3 Inflated Autonomous ODEs

In general, the situation is different when (4.6.3) is autonomous. Let us consider an
ODE
x=h(x), (4.6.9)

where h € C? (R”,R") satisfies the following assumption:

(A1) (4.6.9) possesses a solution ¥(¢) homoclinic to a hyperbolic equilibrium 0. More-
over, the variational equation v = Dh(7(t))v has the only bounded solution ¥(z)
on R up to constant multiplies.

Assumption (A1) means that y is nondegenerate in the sense that the stable and
unstable manifolds of 0 transversally intersect along ¥ (cf Section 2.5.4 and [7,54]).
Moreover, we know from Section 4.1.2 that (A1) implies that the adjoint variational
equation v = —Dh(7¥(¢))*v has the only bounded solution y/(¢) on R up to constant
multiplies.

Next, we consider a differential inclusion in R” of the form

X € h(x)+eq(x, Brn) (4.6.10)
where 0 # € € Ris small and ¢ € C (R" x R",R") satisfies the following assumption:
(A2) There are positive constants A, i so that
l9(x,p) —q(%, )| < Alx—%[+p|p—pl
forall x, ¥ e R",p, p € PBrn.
Again (4.6.10) is equivalent to the family of ODEs
x = h(x)+eq(x,u(?)), ue . (4.6.11)

For any fixed u € 4, (4.6.11) is the standard bifurcation problem studied in Section
4.1.3. Consequently, we can state the following result.

Theorem 4.6.4. There is an €° > 0 so that for any |e| < €° and u € B there is a
unique bounded solution x,, of (4.6.11) with a small amplitude. Next, let us set

Ma(a) = /_ Z W+ Q)q(y(t + a),u(t))dr (4.6.12)

Then there is an €° > & = &y(u) > 0 so that for any 0 < |€| < & it holds

(1) Ifthereis an gy € R so that M, (ay) = 0 and M, is strictly monotone at o, then
there is a unique bounded solution x of (4.6.11) so that

[lx—=7(-+ &)« — 0
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as € — 0, and x is asymptotic to x, as |t| — . Moreover there is a Smale
horseshoe type chaos when u is almost periodic.

(i) If M, is changing the sign over R, then there is a bounded solution x of (4.6.11)
orbitally near to 'y and x is asymptotic to x, as |[t| — e. Moreover there is a
Smale semi-horseshoe type chaos when u is almost periodic.

(iii) If infg |M,,| > O then there is no bounded solution of (4.6.11) near y and asymp-
fotic to x, as |t| — oo.

Remark 4.6.5. % contains two disjoint (possible empty) open subsets % and %,
which are satisfied either of (ii) or (iii) of Theorem 4.6.4.

Example 4.6.6. Let us consider an €-inflated weakly damped Duffing equation
¥ex—20 +e(—8x+[-1,1])

for a § > 0. Then y(r) = (y(¢),7(t)), ¥ = secht, y(r) = (—¥(¢),7(z)), and thus
(4.6.12) has the form

Mu@) = [ 3e+a) (~831-+ @)+ u(e)) di = —§5+/:7(z+ a)u(t)dr.

Using

oo

2 . 2
Mu(0)| > 38~ alle [ [7(e-+ @) dr = 58~ 2ull.

—oo

we see that if ||u]|. < min { g, 1} then u € %,. Particularly, for 6 > 3 we get # =
P If 0 < & < 3, then we take u(r) = —sgnr. Hence

2 © 2
M_gon(a) = —§5—/7 7(t+ o) sgnt dt = —§8+2SGChOC.

We see that if 6 = 3 then —sgnt € B\ (%1 UH,) andif 0 < § < 3 then —sgnr € A.
Finally we take u(t) = 6 cost for 0 < 6 < 1. Hence

2 i 2
Mycos(@) = —55—1—9[ ¥(t + a)cost dt = —55—n95echgsina.

Ifo<é< %nsech% = 1.87806 then B cost € %, for 0 < 6 < %cosh%, Ocost €
Py for1 > 6 > %%cosh% and %—icosh%cost € B\ (%1U%B). 1f § = 3mwsechZ
then O cosr € %, for 0 < 6 < 1 and cost € B\ (H1U%,). If 6 > %nsech% then

0 cost € %, for 0 < 0 < 1. These inequalities are balance between the damping and
forcing to either get chaos, or exclude it near the homoclinic solution.

Finally we remark that the inflated chaos could be extended also to the autonomous
case (4.6.10) under the assumption

(A3) (4.6.9) possesses a hyperbolic nonconstant periodic solution xy(¢) with a transver-
sal homoclinic point z € W*(xo) "W (xg), i.e. T,W* (xo) NT;W"(x¢) = span{h(z)}.
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The method of [55] could be used together with our parameterized approach but
this is outside scope of this book.

4.7 Nonlinear Diatomic Lattices

4.7.1 Forced and Coupled Nonlinear Lattices

We end this chapter with infinite dimensional ODEs [56, 57]. Let us consider a
model of two one-dimensional interacting sublattices of harmonically coupled pro-
tons and heavy ions [58-61]. It represents the Bernal-Flower filaments in ice or
more complex biological macromolecules in membranes, in which only the degrees
of freedom that contribute predominantly to proton mobility have been conserved.
In these systems, each proton lies between a pair of “oxygens”. The proton part of
the Hamiltonian is
vl 1 r 2
H), = ; Emun +U (un) + D) (U1 —un)™,
where u,, denotes the displacement of the nth proton with respect to the center of
the oxygen pair and k; is the coupling between neighboring protons. Furthermore,
U(u) = & (1 —u?/d})? is the double-well potential with the potential barrier &), and
2dy is the distance between its two minima. Finally, m is the mass of protons.
Similarly, the oxygen part of the Hamiltonian is

15 1 1
Hp :ZEMp’%—FEMQ(%p,%-F EK] (Pn+1 _pn)z’
n

where p, is the displacement between two oxygens, M is the mass of oxygens,
£ is the frequency of the optical mode and K is the harmonic coupling between
neighboring oxygens.

The last part in the Hamiltonian of the model arises from the dynamical interac-
tion between two sublattices and it is given by

Hip = prn("‘i - d(%) )

where ¥ measures the strength of the coupling. The Hamiltonian of the model is the
sum of these three contributions H = Hy, + Hop + Hip;.

We are also interested in the influence of external field and damping. For the
model studied here, since a spatially homogeneous field is not coupled to the optical
motion p, of the oxygens, a force term has to be considered only in the equation of
motion of the protons.
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In summary, we consider in this section the following coupled infinite chain of
oscillators

k 4 ; F
iy + 1, = *l(unﬂ —2uy, ""unfl) + iOzun(l - %) _lenun‘F —
m md; dy m m @7.1)
N . K
pn"'l—épn = Ml(prﬁl —2Pn+Pn—1) _'Qgpn - %(”3 —d%)7

where F is the external force on the protons and I, I; are the damping coefficients
for the proton and oxygen motions.

We are interested in the existence of homoclinic and chaotic spatially localized
solutions of (4.7.1). The existence of time periodic spatially localized solutions, the
so-called breathers are studied in [62-68].

4.7.2 Spatially Localized Chaos

We assume in this section that I] = €0y, I3 = €6, F/m = €f(t), ki /m = euy,
Ki/M =g, —2x/m=€eus, —x /M = €y for a small parameter € > 0, constants
8, >0,8 >0,u,i=1,2,3,4and a C'-smooth T-periodic function f(¢). Putting

4
md;

(4.7.1) has the form

lin + €811y + aPuy (u3 — df) = €y (up1 — 20y + 1) + EU3 Pty + € (1)

) _ T (47.2)
P+ €820+ 25 Pn = €12 (Pt — 2+ Pu—1) + EUa (Ul — d) .
We first consider the system
i+ €8+ d*u(u® —d3) = euspu+ef(r),
1 ( 0) H3p f(t) 47.3)

P+edp+Q5p = e’ —dj).

The equation
i=v, v=a*(d}—u*)u

has a hyperbolic equilibrium u# = v = 0 and centers u = +dj, v = 0 [35]. Further-

more, there are two symmetric homoclinic solutions (y(¢),7(¢)) and (—y(¢), —7(¢))

8[.L4d§ .
o

for y(t) = v/2dysechadyt. Now we make the change of variable p < p —

(4.7.3) to get

£u4d§
Q5
P+edp+Q3p =eugu®.

ii+edi+atu(u? —df) = eps (p— >u+£f(t),
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To study a small T-periodic solution of the above system, we take its equivalent
form

i+ €81+ a*u(u* —d3) =
(4.7.4)

. 2
el (‘?;4/ e 20792 6in Q¢ (1 — 5)u>(s) ds — 8‘3?) u+ef(t)
e J oo 0

252
where Q; = 1/ Qg — % and 0 < € < 20/ 5,. Now it is not difficult to prove for

(4.7.4) by using the implicit function theorem the existence of a unique small 7-
periodic solution ug (1) = O(€), pe(t) = O(¢€) of (4.7.3) . Then we make in (4.7.2)
the change of variables u,, < u, + ue, p, <> Pn + Pe to get the chain

Uy = Vp,
v, + €01V, — azundg + azufl + 3a2uﬁu8 + 3a2unu§
=& (uthl - 214;1 + unfl) + EU3 (pnun + Pnlte + psun) 5 (475)
pn = Yn,

Vi + €63 Wn + Q5 Pn = €12 (Pust — 2P0+ Pu1) + EMa (10, + 2ucuty)
We consider (4.7.5) as an ODE on the Hilbert space

nez

H:= {Z_ {(Mn»Vn»pann)}nEZ | Z (uﬁ—f—vﬁ—i—p,%—i—l]/,%) < Oo}

withthe norm ||z||= | ¥ (42 +v2+ pZ + y;?). The non-homogeneous linearization
nez

of (4.7.5) at z = 0 has the form
Uy =V +hn1 (1),
Vy + €81V, + un(3a2u§ — azdg — EU3Pe ),
—ety (Un1 — 2up + tn_1), —EU3Ptte = hya (1) (4.7.6)
Pn = Wn+8n (1),
Vi + €8 + Q3P — €12 (Puit — 2Pn + Pu1) — 26 Hattetty = 2 (1),

with w(t) = {(hn1 (1), hna (1), 8n1 (1), 8n2(t)) }, o5, € Cp(R, H) — the Banach space of
all bounded continuous functions from R to H with the norm |w| = sup ||w(¢)||. We
R

look for a solution z € C,(R,H) of (4.7.5) for € > 0 small. For this reason, we
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consider the Hilbert spaces H, := H; x H; and
Hy == {untnez | Z u% < oo
nez

with the corresponding standard norms and scalar products. We first study the equa-
tion
P=V+g, V+ehY+Aep =g 4.7.7)
on H, for (g1,82) € Cp(R,H,) and
Acp = { Q30— €12 (Pns1 — 200+ Pu-1)} -

Clearly A, : H — H) is symmetrically and positively definite for £ small. Then for
any small €, there is a symmetrically and positively definite B, : H; — Hj so that

252
£°0
ﬁ:&—j%.

We take the operators cos Bt and sin B¢t from Hj to H;. For any p € Hy, we consider
the function
0 (t) :=|cosBetp|* + | sinBetp|? .

Then we have
@(t) = —2(cos Betp,Be sin Betp) +2(sin Betp, Be cos Betp) = 0.

Hence
|cos Betp|? +|sinBetp|* = p,

and then || cos Bet|| < 1 and ||sin Bgt|| < 1. Now, the equation
P=Vv, Y+ehy+A,p=0 (4.7.8)
has the form p + €6, + A¢p = 0 which has the general solution
e €%/ | cos Betpy + sinttpz]
for p1 2 € H;. Consequently, the fundamental solution of (4.7.8) has the form
Ve(r) = e 21 2W, (1)

with uniformly bounded W, (¢) for € > 0 small. Thus, the only bounded solution of
(4.7.7) has the form

(0 w0) = [ e B2 5) (g1(5),206)) s (4.79)

J —oo

Hence
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(o, w)| < Ki|(g1,82)|/¢

for a constant K; > 0 independent of € > 0 small. Furthermore, it is not difficult to
see that the linear system

iy = VIt (1), Vp+€8v, — a*ddu, = ha (1)
has a unique solution {(u,(1),v,(t)) }nez € Cp(R, Ha) so that

H(“n(t)avn(t))}nez‘ < K2|{(hnl(t)ahn2(t))}nez|

for a constant K, > 0 independent of € > 0 small. Now we turn back to (4.7.6). Sum-
marizing the above arguments, we see, by using the Banach contraction mapping
principle 2.2.1 for € > 0 small, that (4.7.6) has for any w(z) € Cp(R,H) a unique
solution z € Cp(R,H) so that |z| < K3|w|/¢€ for a constant K3 > 0 independent of
€ > 0 small. Since the system (4.7.6) is T-periodic, we get from Lemma 2.5.5 that
(4.7.6) has an exponential dichotomy on R in the space H for any € > 0 sufficiently
small. Consequently, we get another result.

Theorem 4.7.1. The T-periodic solution u,(t) = ug(t), pn(t) = pe(t) Yn € Z of
(4.7.2) is hyperbolic in H for any € > 0 sufficiently small, i.e. the zero equilibrium
of (4.7.5) in H is hyperbolic.

Now we look for more complicated solutions of (4.7.2). For this reason, we shift
in (4.7.5) the time r <~ f 4 & to get the system
Uy = vy
Vi + €81V, — dPu,d} + a* il + 3% uPue (1 + o) + 3’ uul (t 4 )
=€ (Mn+1 —2u, + Mn—l) +EW (Pnun + Pntte (t + 00) + et + (X)Mn) )
Pn =V
Vi + €8 + Q3 Py = €12 (Pns1 — 2P0+ Pa1)
+ ey (u? 4 2ue (t 4 a)uy,) .

(4.7.10)

We look for a solution of (4.7.10) for € > 0 small so that u, ~ 0, v, ~ 0 forn # 0
and up ~ 7y, vo ~ 7. Let (po, wo) = {(p2, w?)},.cz be the unique bounded solution
of (4.7.7) for g1 = 0 and g = {gu }nez With g2 = 0 for n # 0 and gor = eus(y* +
2ue(t + a)y). Let us put u =19 =0 for n # 0 and u) = 7, v} = 7. Now we make
in (4.7.10) the change of variables u, < u, + ug, V<V +v2, Pn < Pn +p,?, Yy,
v, + w? to get for n # 0 the system

I/ln = Vna
Vp+E8V, — azu,,dg +a?u} +3a21ue (t 4+ o) + 3dunul(t + o)
=&l (un+1 + ”2+1 —2uy + Uy, + MS,I)
+ el ((Pn + Py )un + (Pn +pyute (t +0) +pe(t+ )un) s (4.7.11)
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Pn = Yn,
Y+ €W + Q2P = €2 (Pus1 — 2P0+ Put)
ety (u2 4+ 2ue (t + @)uy) .

For the mode n = 0, we first note that the system

up =vo, Vo +a2(372 —dg)uo = h(t)
for h(t) € C,(R,R) has a solution (ug,vo) € Cp(R,R?) (see Section 4.1) if and only
if [*_h(¢)7(t)dr = 0 and such a solution is unique if [*_uo(z)y(¢)dt = 0. Conse-

quently, for the mode n = 0 we get from (4.7.10) the equations

o = vo,
i+ @GP —duo = o)~ 10) [ nopwar/ [ voPar,

/_muo(t)j/(t)dt:o;

(4.7.12)
Po=Wo
Vo -+ e&H W0 + Q5 p0 = ez (p1 —2p0 + p-1)
ety (U3 + 2u0 Y+ 2ue (1 + )ug)

and N

/_ _h(O)1(e)dr =0 (4.7.13)
for
h(t) = —a®(ug +3udy) — €817 — 3a® (uo +7)*ue (t + &) — €8y vo

— 3a*(uo + Y)uz(t+ o) + e (uy —2(uo +y) +u_p) (4.7.14)

+ et ((Po+p8) (o + ) + (o + p0)ue (1 + 00) + pe(t + ) (ug + 7)) -

Now for € > 0 small, we can solve (4.7.12) and (4.7.12) to get the solution
2= { (1) 1), pale). 1))
so that z = O(€). Then we put this z into (4.7.15) to get the function /¢ o € Cp(R,R).

We note he o(t) = O(€) uniformly for € > 0 small and ¢, € R. Clearly he o(¢) is
T-periodic in . Then from (4.7.13) we get the bifurcation equation

R.H
ZGCb( H),

ne

0(e,a) = %[ihs7a(t)7(t)dt 0.
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If we put
limug(t)/e =w(t), limpe(r)/e=1{(t),

£—0 e—0

then from (4.7.3) we get
w—dldiw=f(t), {+Q5¢=—1ud;.
Hence § = —4d} /93 and

_ 1 ! —ady(t—s) _ 1
W) =54 ./,we flo)ds =54

Clearly w(r) is T-periodic. Furthermore, since y(#) — 0 as t — too exponentially,

from formula (4.7.9) we see that liII(l)(po, vo)/€ = {(Pon, Won) }nez With po, = Yo, =
E—

0 for n # 0 and

/ Tewdt-9) f(5yds.  (47.15)
t

Poo + 25 poo = pay(t)?,

ie. poo(t) = %1 ["..sinQy(t — 5)y(s)*ds. In summary, from (4.7.15) we get

M(e) = 00,00 = [ [~ 8i710) = 3ayo)wle + @) — 24u (o) o) dr
4.7.16
- —ﬂ5]ad3—|—a2/w y(t)*v(t + @) dr . | )
3700 oo

Clearly M(o) is T-periodic. We note that similarly we can prove that

. d /
lim >~ 0(e, o) /e = M'(a)

uniformly for o € R. In summary, we get another result.

Theorem 4.7.2. Let M be given by (4.7.16). If there is a simple zero 0 of M, i.e.
M(ap) =0and M'(a) # 0, then (4.7.2) has for any € > 0 small a bounded solution
z(t) with small uy,, py, for n # 0 and (ug, po) near (y(t — o), 0).

Now, it is not difficult to prove like in the finite-dimensional case (cf Section 4.1)

that
(2) = { e 1) tte 1) pe 1), pe0))} ) =0

is exponentially fast as t — oo in H. Moreover, near z(f) we can construct the Smale
horseshoe. Consequently, we get in this case the chaos in (4.7.2) with corresponding
infinitely many periodic orbits with arbitrarily large periods. This Smale horseshoe
of (4.7.2) is spatially localized but not exponentially like in breathers.

To be more concrete, we take

f(t) =T cos ot

for T’ > 0. Then (4.7.15) gives
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w(t) = —m cos 0t ,
and the formula (4.7.16) has now the form
4 olrtyv?2 0]
M(a) = —géladg + n\[sech ZaZ;o sinwo.

Consequently, if
doTc+/
8v/28, &y < 3moY wdysech 20TV 47.17)

4/&

then M(a) has a simple zero, so (4.7.2) is chaotic for any € > 0 small. We note
that the inequality (4.7.17) gives sufficient conditions between the magnitude of the
forcing 1" and the damping &, in order to get chaos in (4.7.2) for € > 0 small. So
chaos is generated by the proton part of (4.7.2). If 6; = O then (4.7.2) is always
chaotic for f(t) = Y cos t. Furthermore, if I] > 0, I3 > 0 and F =0, i.e. there is no
forcing but damping then it is not difficult to prove that (4.7.1) has no nonconstant
periodic solutions in the space H.

Finally, we note that similarly we can study the case when more than one modes
are excited. We do not carry out here such computations [64].
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