Ultrafilter Extensions of Models*

Denis I. Saveliev

Moscow State University, Russia

Dedication
To V.A. Uspensky on the 80th anniversary of his birth

Abstract. We show that any model 2 can be extended, in a canonical
way, to a model 52l consisting of ultrafilters over it. The extension proce-
dure preserves homomorphisms: any homomorphism of 2 into B extends
to a continuous homomorphism of 52 into 8%. Moreover, if a model 5
carries a compact Hausdorff topology which is (in a certain sense) com-
patible, then any homomorphism of 2 into B extends to a continuous
homomorphism of 2 into 9. This is also true for embeddings instead
of homomorphisms.

We present a result in general model theory. We show that any model can be
extended, in a canonical way, to the model (of the same language) consisting
of ultrafilters over it such that the extended model inherits the universality
property of the largest compactification.

Recall standard facts concerning topology of ultrafilters. The set X of ultra-
filters over a set X carries a natural topology generated by elementary (cl)open
sets of form

S={uepX:Scu}

for all S C X. The space 8X is compact Hausdorff, extremally disconnected (the
closure of any open set is open), and in fact, the Stone—Cech (and also Wallman)
compactification of the discrete space X, i.e. its largest compactification. This
means that X is dense in X (one lets X C X by identifying each z € X
with the principal ultrafilter ), and any continuous mapping h of X into any
compact space Y can be uniquely extended to a continuous mapping h of 6X
into Y. There is a one-to-one correspondence between filters over X and closed
subsets of X (a filter D corresponds to {u € X : D C u} while a closed
C C BX corresponds to (| C); in fact, the compactness of SX is equivalent to
the claim that {u € SX : D C u} is nonempty for each D and thus unprovable
in ZF alone (see [3]).

We show thatif F),..., P,...areoperations and relations on X, there is a canon-
ical way to extend them to operations and relations F,...,P,...on X, thus ex-
tending the model 24 = (X, F,...,P,...) to the model g2 = (BX,F,...,
P, .. .). We show that the extension procedure preserves homomorphisms: if & is
a homomorphism of % into 8, then hisa homomorphism of 82 into 8. Moreover,
if B carries a compact Hausdorff topology which is compatible in a certain sense,
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and £ is a homomorphism of 2 into B, then h is a homomorphism of 32l into B;
thus extended models inherit the universality property of the Stone—Cech (or Wall-
man) compactification. We note also that both facts remain true if one replaces
homomorphisms by embeddings or some other relationships between models.

The construction, although it looks old and should be known, did not ap-
pear before, except one very particular case when models are semigroups [1]
The reader can also consult on semigroups of ultrafilters and their applications
in various areas (number theory, algebra, dynamics, ergodic theory) in [2]; an
analogous technique for non-associative groupoids and some infinitary general-
izations are discussed in [3].

Definition of extensions. The first main theorem

Here we define the extensions of models by ultrafilters. Then we establish our first
main result showing that the extension procedure preserves homomorphisms.
To extend a model 2 = (X, F,..., P,...), we extend operations F,... on X,
i.e. mappings of Cartesian products of X into X itself, and relations P, ... on X,
i.e. subsets of such products. Let us provide a slightly more general definition
involving m-ary mappings of X; X ... x X, into Y, and n-ary relations that
are subsets of X7 x ... x X,,. We shall use it e.g. when we shall show that any
mapping h of a certain type between models extends to h of the same type.

Definition 1. Given an n-ary mapping F : X3 X ... x X,, = Y let F:BX; x
... X X, — BY be defined as follows:

F(ul,...,un):
{SQY:{ml €X1:...{mneXn:F(ml,...,xn)ES}Eun...}Eul}
for every u; € fXy,...,u, € BX,.
Lemma 2. For all z1 € X1 and us € Xs,...,uy € fX,,
{oy:{oz:.. {zn: F(1,32,...,2,) €S} Eup...} €Eus} € 4
iff {xg:...{xn:F(zl,xg,...,xn)ES}Gun...}Guz.
Proof. Clear.

Proposition 3. If F': Xy x ... x X;,, =Y, then F:pBX:) x...x X, — BY.
Moreover, the restriction of F' on dom (F) is F.

Proof. By definition, dom (F) = fX1 x ... x $X,, and a standard argument
shows that values of F' are ultrafilters. It follows from Lemma [2] that for all
21 €X17-~-7zn EXTH

{x1:...{xn:F(xl,...,xn)GS}Eén...}621 — F(z1,...,2,) €5,

and therefore,
F(%1,...,%2,) =3 whenever F(z1,...,2,) =y,
and thus F extends F up to identification of z and Z.

1 See also Remark at the end of the paper.
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Let us discuss the construction. ~
First, in the unary case, an F': X — Y extends to F': X — GY by

Fu)={SCY:{zeX:F(zx) € S}eu}.

This gives the standard unique continuous extension of F. Indeed, it is easy to
see that F is continuous, and continuous extensions agreeing on a dense subset
coincide.

Next, consider the binary case. F': X1 x X5 — Y extends to F : X1 x X5 —
pY by

F(Ul,uz) = {SQY:{$1 e Xy {xz GXQ:F(xl,xg) S S} EUQ} Eul}.

This can be considered as the extension fulfilled in two steps: first one extends
left translations, then right ones. In the extended F', all right translations are
continuous; in other words, the groupoid (58X, F ) is right topological. Moreover,
all left translations by principal ultrafilters are continuous, and such an extension
is unique.

The extensions of mappings of arbitrary arity have analogous topological prop-
erties: If F': X1 x...xX,, =Y and 1 <i¢ <n,thenforeveryz; € Xy,...,2,_1 €
X;—1 and ujy1 € fXi41,. .., Uy € BX,, the mapping

U'_>F(xla"'7xiflauaui+17"'aun)

of BX; into BY is continuous, moreover, F is a unique such extension of F.
A proof of this fact will be done in the next section (Lemma [[3).

Definition 4. Given P C X X ... x X,,, let P be defined as follows:
(u,...,u,) € P iff
{xl eXy:...{zn€ X, (x1,...,2n) € P} Eun} € uy
for every uy € BXq,...,u, € BX,.

Proposition 5. If P C X; x ... x X, then P C BXy % ...x 3X,. Moreover,
PNn(X;x...xX,)is P.

Proof. By Lemma

Let us discuss the construction.
If P is a unary relation on X, P C X, one has

wueP iff Peu.

(The definition involves n-tuples; a 1-tuple (z) is just 2.) Thus P is an elementary
open set of BX; the extensions of all unary relations on X form the standard
open basis of the topology of SX. As we noted, the P are in fact clopen.

If P is a binary relation, P C X; X X5, one has

<7.L1,7.L2> € }5 iff {$1 e Xy {(ﬂz € Xy <$1,x2> S P} S UQ} € uj.
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There is an easier way to say the same. Let ()~ denote the extension of the pairing
function () (cf. Definition 11.1 in Hindman—Strauss’ book, there () is denoted
by ® and referred as a “tensor product”; another name that is used is a “Fubini
product”). Then .

<U1,UQ> epP iff Pe <7.L1,7.L2>~.

This formula displays a similarity to the formula with unary P explicitly.

As for topological properties of extended binary relations, it is easy to see
that for any z1 € X7 and ug € 8X5, the set {u; € fX71 : (u1,uz) € ]5} is clopen
in 8X1, and the set {uy € 3X5 : (&1,us) € P} is clopen in 8X.

Likewise, if ()~ denotes the extension of taking n-tuples, one gets the following
redefinition:

Proposition 6. Let P C Xy X ...x X,,. Then for all uy; € 8X1,...,u, € BX,,
(ui,...,up) € P iff Pe(up,... u,).
Proof. Clear.

The extensions of relations of arbitrary arity have analogous topological prop-
erties: If P C X7 x ... x X, and 1 < ¢ < n, then for every 1 € X1,...,x,_1 €
X,—1 and u;q1 € BXi41,. .., un € BX,,, the subset

{u € 6X;: (551,...,i‘i_hu,uiﬂ,...,un) S P}

of BX; is clopen. A proof of this fact is also postponed to the next section

(Lemma [I7)).

Remark. It is worth to note that, strictly speaking, the symbol ~ carries an ambi-
guity (although the context usually leaves no doubts). First, given a relation P,
one gets distinct extensions P depends on its implicit arity. Say, let P C X x X.
If P is regarded as a binary relation on X, then P is a binary relation on X,
while if P is considered as a unary relation on X x X, then P is a unary relation
on (X x X). Similarly for extensions of mappings. Second, the same object can
have distinct extensions when regarded as a function or as a relation. Say, let
P be a binary relation that is a function, and let F'p denote this unary function.
If Fp is an injection, then P and ﬁ'p do not coincide: P = P, while Fp #+ Fp
whenever gX # X.

This case near characterizes relations coinciding with their extensions. Let us
say that a relation P is almost injective iff for any ¢ and all fixed x1,...,x;—1,
Tig1,---,Tn, the set

Pfrl’~~~11i71’mi+11~wmn = {xl : <$1, s >xn> € P}

is finite. Note that a unary relation is almost injective iff it is finite. Then it
can be shown that P = P iff P is almost injective. The ‘only if’ part assumes
that any infinite set carries a non-principal ultrafilter, which is weaker than the
compactness of SX but still unprovable in ZF. The result can be restated in
ZF alone if we redefine almost injective relations by replacing “is finite” with
“carries no ultrafilter” (in ZFC the definitions coincide, while in any model
without ultrafilters all relations are almost injective).
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Lemma 7. Let hy : X1 - Y1,...,h, : X, 2 Y,, and G : Y1 x ... XY, — Z.
For all S C Z and uy € BX1,...,u, € BX,,, the following are equivalent:

S e G(il/l(ul)7 ces Bn(un)) )

{yi €Yi:o AYyn €Yn: Gy, yn) € S} € hn(un) ...} € ha(u1),
{Q'Jl e Xy {l’n EXnG(hl(Il),,hn(l’n)) € S} €un...} € uy.
Proof. The first and the second formulas are equivalent by definition of F'.

That the second and the third formulas are equivalent can be proved by
a straightforward induction on n. First one gets

{yr:  Ayn: G, yn) € S} € ha(un)...} € hu(ur)
iff {z1:hi(@) €{yi:.. {yn:Gyr,...,yn) €S} € Bn(un)}} € up
iff {21 {y2 1. {yn : G(ha(21), Y20, Yn) € SYEhA(un) .. JEha(ua)} €y .

Then similarly

{yo i A{yn : G(ha(z1),92,...,yn) €S} € B () .- e ha(us)
iff {1‘2 I {yn : G(h1($1),h2(.’172),. . ,yn) € S} S iLn(un) .. } € U,

etc. After n steps we obtain the required equivalence.

Corollary 8. The following are equivalent:

(hi(u1), ..., ho(uy)) € P,

P e (hi(u1),. ., hn(un)),
{z1: . Axn (@1, ... 2) € P} € hylun) ...} € hi(ur),
{z1: .. A{xn : (h1(z1),..., hn(zn)) € P} Eup ...} € uy.

Proof. The first and the second formulas are equivalent by Proposition [, while
the second and two last formulas are equivalent by Lemma [7] with () as G.

Definition 9. Given amodel 2 = (X, F,..., P,...), let 32 denote the extended
model (BX,F,...,P,...).

As a corollary of Lemmal[fl we get that continuous extensions of homomorphisms
are homomorphisms.

Theorem 10 (The First Main Theorem). Let 2 and B be two models. If
h is a homomorphism of 2 into B, then h is a homomorphism of B2 into 3°5.

Proof. Let A= (X, F,...,P,...)and B = (Y,G,...,Q,...).
Operations. As h is a homomorphism of (X, F) into (Y, G), we have for all
T1,...,Tn € X,

h(F(xla LR xn)) = G(h(xl)a cey h(xn))
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Then by Lemma [7 for all uy,...,u, € 86X,

h(F(u1,...,up))
={S:{z1:...{zn  h(F(21,...,20)) €S} EUp...} Eur}
={S {21 :...{zn: G(h(x1),...,h(zn)) € S} Eup ...} € ur}
- é(ﬁ(ul)a vy ﬁ(un))a
thus % is a homomorphism of (68X, F) into (B8Y, C?)
Relations. As h is a homomorphism of (X, P) into (Y,Q), we have for all
T1yeee, Ty EX,

(1,...,xn) € P implies (h(x1),...,h(x,)) € Q.

We must verify that for all uq,...,u, € X,

(uy,...,un) € P implies (h(uy),...,h(un)) € Q,

thus {xl coo Ay (1, x,) € PYE un}} € w; implies

{z1 .. {zn s (@1, 20) € Q) € h(uy) ...} € h(w).

By Corollary B the latter formula is equivalent to

{z1:.. A{zn: (B(z1),... . h(zn)) € QY Eup ...} € us.

That h is a homomorphism means just P C {(z1,...,2n) : (h(z1),..., h(2n)) €
Q}. Therefore, the implication holds since uy, ..., u, are filters, thus h is a ho-
momorphism of (58X, P) into (8Y, Q).

Topological properties of extensions. The second main theorem

Here we describe specific topological structure of our extensions. Then we es-
tablish our second main result showing that the extensions are universal in the
class of models carrying a topology with similar properties.

We start from an explicit description of extensions of (unary) mappings to
arbitrary compact Hausdorff spaces.

Definition 11. If F' : X — Y where Y is a compact Hausdorff topological
space, let F': BX — Y be defined as follows:

F(u)=v iff {v}=[)cly(F“A).

Acu

It is routine to check that the intersection consists of a single point, so the
definition is correct, and that F is a continuous extension of F, unique since
Y is Hausdorff.

If the compact space is §Y, the ultrafilter F(u) can be rewritten in a form
closer to that we known already.
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Lemma 12. If F: X — (Y, then
Fu)={SCY:{zreX:F(zx) € S}eu}.
Proof. Tt easily follows from the definition that
Fu)={SCY:(VAcu) 3z e A) F(z)c S}
It remains to verify
(VAcu) Bz e A) Fz)e§ iff {zeX:F(zx)eS}cu.
‘If” uses the fact that u is a filter, while ‘only if’ uses that u is ultra.

In particular, if F': X — Y C BY with Y discrete, then F in the sense of the
first definition coincide with F' in the sense of this new definition, thus witnessing
we do not abuse notation.

Lemma 13. Let F : X; X ... x X, — Y. For each i, 1 < i < n, and for
every r1 € X1,..., ¥i—1 € Xj—1 and u;y1 € BXit1,...,un € BX,, the mapping
Foioomiiuissyeun Of BX; into BY defined by

u— F(Z‘l, ey Lj—1, Uy U1,y - - .,un)
is continuous. Moreover, F' is the only such extension of F'.

Proof. We shall show that F can be constructed by fixing successively all but one
arguments and extending resulting unary functions. First we describe the con-
struction and verify that the constructed extension has the required continuity
properties. Then we verify that it coincides with F.

Step 1. Fix all but the last arguments: z; € X1,...,x,-1 € X,,—1, and put

fxla---vxn—l(m) = F(x17 sy Tn—1, m)

Thus fz,,.. 2, . Xn — Y. We extend it to fmlpuﬂfn—l : X, — Y and put

Fl (.’IJ17 ey xn_1,u) = th---,’»@n,fl(u)‘

Thus F; : X1 X...xX,_1 XX, — Y. It is obvious from the construction that
F is continuous in its last argument (since then it coincides with fxl,___@nfl).
And it is continuous in any other of its arguments (since then its domain is
discrete).

Step 2. Fix all but the (n — 1)th arguments: 1 € Xi,..., 2,2 € X,,_o,
Uy, € Xy, and put

fxl,...,xn,g,un (LIJ) = Fl (1‘1, ey Tpn—2,T, un)~

Thus fo,...wn o, : Xn_1 — BY. We extend it to fo,. 2n pun : BXn_1 — BY
and put R
F2(xla sy Tp—2,U, un) = fm17~~~11‘n727un (u)
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Thus Fy : Xj x ... x 8X,_2 x 8X,, — BY. The mapping F» is continuous in
its (n — 1)th argument (since then it coincides with fz, . 4. ,u.). Moreover,
it is continuous in its nth argument whenever the fixed (n — 1)th argument is
in X,,_1 (since then it coincides with F}).

Arguing so, after n—1 steps we get F,,_1 : X1 XX X...x (X, — Y, which
is continuous in its ith argument whenever any jth fixed argument is in X, for
all i, 1 <i¢<n,and all j <1.

Step n. Fix all but the first arguments: us € 8Xo, ..., u, € BX,, and put

fuz,...,u" (fﬂ) == anl(xa U2, ..., un)-

Thus fu,...u, : X1 — BY. We extend it to fu,. ., : X1 — BY and put

Fn(u7u27 AR Un) = fuz,...,un (u)

Thus F, : X1 x ... x X, — Y. The mapping F, is continuous in its first
argument (since then it coincides with quuL) Moreover, it is continuous in
its 7th argument whenever any jth fixed argument is in X, for all 7, 1 < ¢ < n,
and all j < i.

The uniqueness of such an extension follows from the uniquiness of continuous
extensions of unary mappings by induction.

It remains to verify that F), coincides with F. We have:

F1(331, sy Tn—1, un) = f$1,~~~,1n71(un)

={S {2 far, w1 (2) €S} Eun}

= F(i‘h e ,i‘n_hun).
Then

Fo(x1,. ., T2, Up—1,Upn) = fxl,...,xn,Q,un (Un—1)
= {S ATn—1 forzn sun (Tn-1) € 5} S un_1}
={S :{zn_1: Fi(21,...,Tn—2,Tp_1,Un) € St e Un—1}
= {S Az f‘tl,---,iﬁn,fl(un) € S*} € un_l}
={S {xn1 : {T {2 for,.zp . (¥) €T} Eup} € S} € up_1}
={S:{zn1:Se{T:{a: fo,pn(x) ET} Eunt} € up_r}
= {S Azn—1 A{xn : for, oz (Tn) €S} Eupt € un_1}

= F(.’Bh ey mn_g,un_1,un).
Likewise we get Fy,(ui,...,un) = F(u1,...,uy), as required.

Remark. This description of continuity of extended mappings cannot be im-
proved. If some of wi,...,u;—1 is non-principal, then the mapping
Furyoouiiuig,un Of BX; into BY defined by

U'_>F(Ula"'7uiflau7ui+17"'7un)
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is not necessarily continuous. E.g. let F' be a usual (binary) addition of natural
numbers; then the mapping u — u;+u is discontinuous. Also for fixed only x; €
X1,...,2i—1 € X;_1, the (n — i+ 1)-ary mapping le,__”x%l of BX; x...x 3X,
into BY defined by

(Wiy oo vy Up) HF(m17...,xi_17ui7...,un)

is not necessarily continuous. E.g. let F(x1, x2,23) = 22+x3 and use the previous
observation.

To name shortly the established topological property of F, let us introduce
a terminology.

Definition 14. Let X;,...,X,,Y be topological spaces, andlet C; C Xy,...,C,
C X,,. We shall say that an n-ary function F' : X1 x...xX,, — Y is right continu-

ous w.r.t. Cy,...,Cy iff foreach i, 1 <i<mn,andeveryc; € Cq,...,¢c;—1 € Ci_1
and x;41 € Xi41,..., 2y € X,,, the mapping
T — F(Cl7 s CGi—1, T, Tt 1y - - - ,.’I}n)

of X; into Y is continuous. If all the C; coincide with, say C, we shall say that
F is right continuous w.r.t. C'.

In particular, F is right continuous w.r.t. the empty set iff for any x5 € X5, ...
z, € X,, the mapping

9

x— F(x,ze,...,x,)

of X7 into Y is continuous. Clearly, a unary F' is right continuous iff it is contin-
uous. If the operation is binary, the right continuity w.r.t. the empty set means
that all right translations are continuous, and usually referred as “right continu-
ity”, see e.g. [2]. If F is right continuous w.r.t. the whole X1, ..., X, it is called
separately continuous.

The following proposition notes obvious properties of compositions of right
continuous functions.

Proposition 15. (i) Let F: X3 x...x X, — Y be right continuous w.r.t. C,
..., Cn, and let g: Y — Z be continuous. Then H : X1 X ... X X,, — Z defined
by
H(xy,...,2n) = g(F(x1,...,20))

1s right continuous w.r.t. C1,...,Ch.
(ii) Letall f1: X1 —Y1,..., fn: Xn — Vs be continuous, and let G : Y1 X ... X
Y, — Z be right continuous w.r.t. Dy,...,D,. Then H : X1 x ... x X,, —» Z
defined by

H(mla ceey xn) = F(hl(xl)v sy hn(mn))

s right continuous w.r.t. fl_lDl, ey f1Dy,. O

Proof. Clear.
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Definition 16. We shall say that an algebra is right topological with C a topo-
logical center iff all its operations are strongly right continuous w.r.t. C.

In this terms, Lemma [[3states that for any algebra 2 = (X, F;...), its extension
O0A = (X, F,...) is right topological with X a topological center.

Lemma 17. Let P C X1 X ... x X,,. For every i, 1 < i < n, and for any
21 € X1y...,x-1 € Xi—1 and w1 € BXiy1,.. ., Uy € Xy, the subset

Primiv iy, = {0 € BXG  (T1, .. o1, Uy Uiy 1, - - ., Up) € P}
of BX; is clopen.
Proof. Let
Jarooi i (W) = (T15 0oy D1, Uy Ui 1y - -5 Up) -

The mapping fu, ...z 1,uis1,....un of BX; into B(X7 x ... x X,,) is continuous by
the previous lemma. Hence

]3“7“,7%.717ui+17,“7un ={u € fBX; : (Z1,...,&i—1,U, Ujit1,...,Upn) € ]3}
={uefX;: P (X1, ..., Ti—1,U Uit1y.-.,Un) }
={u€PXi:PE for  aiiwiir, . u (W)}
={u € BXi: far o wi s imiir,un (u) € QY
where @ is P considered as a unary relation on X; X ... X X,, thus Q is
a unary relation on B(X; x ... x X,). Since @ is clopen, so is its preimage

Py i1 uist,...u, under the continuous mapping fu, ..z, 1 i1, un-

To name shortly the established topological property of 157 let us introduce
a terminology.

Definition 18. Let X3,..., X, be topological spaces, and let C; C X;,...,C), C
X,. We shall say that an n-ary relation P C X; X ... x X, is right open
w.r.t. Cp,...,Cy iff for each i, 1 < i < n, and every ¢; € Cq,...,¢c-1 € Ci_1
and x;41 € Xi41,..., 2, € X, the subset

PCl,~~~,Cz‘71’51?i+1,m,513n = {$ € X;: <Cl, ey G 1, Ty Ty 1y e ,$n> S P}

of X; is open. That a relation is right closed (or right clopen, etc.) is defined
likewise.

In particular, P is right open w.r.t. the empty set iff for every z» € Xs,...,
T, € X,, the subset

Py own ={v€X1:(x,29,...,2,) € P}

of X is open. Clearly, a unary P is right open iff it is open. Likewise for right
closed (right clopen, etc.) relations.

The following proposition notes an obvious interplay of right open (right
closed, right clopen, etc.) relations and right continuous functions.
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Proposition 19. (i) Let F: X;x...xX,, =Y be right continuous w.r.t. Cy, . . .,
Chr, and let Q CY be open. Then

P={{z1,...,2n) € X1 X ... x Xp: F(x1,...,2,) € Q}

1s right open w.r.t. Cq,...,Ch.
(ii) Let oll Fy : X1 — Y1,...,F, : X,, — Y, be continuous, and let Q@ C
Y1 x ... xY, be right open w.r.t. Dy,...,D,. Then

P:{<xla~--axn>EXIX~-~XXn:<F1(x1)v~'-aFn(xn)>GQ}

s right open w.r.t. Flel, .o, F7ID,.
Both clauses also hold for right closed (right clopen, etc.) relations.

Proof. Clear.

Definition 20. Let A = (X, F,..., P,...) be a model equipped with a topology,
and C C X. We shall say that 2 is right open, and C' is its topological center
iff all its operations are right continuous w.r.t. C' and all its relations are right
open w.r.t. C. Likewise for right closed (right clopen, etc.) models.

Note that if the model is an algebra (i.e. does not have relations), each of these
properties means that the algebra is right topological with C' a topological center.
In this terms, two last lemmas state the following.

Corollary 21. For any model 2, its extension B2 is right clopen with 2 a topo-
logical center.

Proof. Lemmas [[3] and [T

The following theorem concerns rather arbitrary right open and right closed
models with dense topological centers than ultrafilter extensions.

Theorem 22. Let A be a right open model, B a Hausdorff right closed model,
and € C 2 a dense submodel and a topological center of 2. Let h be a continuous
mapping of A into B such that

(i) h | € is a homomorphism, and
(ii) h“ € is a topological center of B.

Then h is a homomorphism of A into B.

Proof. Let A= (X,F,...,P,...) and B = (Y,G,...,Q,...).
Operations. We argue by induction on arity of F' (and G).
Step 1. Fix ¢1,...,cp—1 € Cand put forallz € X andy €Y,

f017---70n71(x) = F(Clv <oy Cn—1, l‘),

gh(cl),m,h(cnfﬂ(y) = G(h(01)7 sy h(cn—l)7 y)
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The functions fe, ., , and gn(cy),... .h(c,_,) are continuous (since €1, ..., Cn1

5.

are in C, C is a topological center of 2, and h“C' is a topological center of 9B).
Therefore the functions ho fe, . . , and gx(c,),...h(c,_,) 0P (both of X to V') are

5o

continuous too (as compositions of continuous functions). Moreover, they agree
on the dense subset C of X (since € is a subalgebra and h | C' is a homomor-
phism), i.e. for all ¢ € C,

h(ferien1(€)) = Gh(er),...h(en) (R(C)).

Hence (as Y is Hausdorff) they coincide, i.e. for all z € X,

h(f61,~~~,cnf1 ($)) = gh(cl),...,h(cn,l)(h(x))-

Thus we proved that for all ¢,...,¢,—1 € C and z,, € X,
h(F(c1y... cn—1,24)) = G(h(c1),..., h(cn—1), h(zn)).

Step 2. Fix ¢1,...,cp—2 € C'and z,, € X, and put for all z € X and y € Y,

fcl,...,cn,,g,wn(x) F(Cl7~-~7cn—27xvxn)7

Ih(cr)soh(en—2)h(za)(y) = G(h(c1), ... s h(en—2),y, h(zn)).

Again, the functions f¢,, .. c, 2.z, a0d gr(c,),....h(cn_s),h(zn) aT€ continuous (since
c1,...,cn—o arein C, C is a topological center of 2, and h“ C' is a topological cen-
ter of B). Therefore the compositions ho fe, .. e, s.c, a0d Gh(ey),....h(cn_2),h(zn)ON
(both of X to Y") are continuous too. Moreover, they agree on the dense subset C

of X (by Step 1), i.e. for all ¢ € C,

h(fclw--ndvat‘n, (C)) = Gh(c1),...,h(cn—2),h(zn) (h(c))

Hence they coincide, i.e. for all x € X,

B(fer,en—2.20(T)) = Gher),.h(ens),h(zn) (R(T)).

Thus we proved that for all ¢1,...,¢, 0 € C and x,, 1,2, € X,
h(F(c1y. - yCn-2,Tn-1,2n)) = G(h(c1),...,h(cn—2), h(zn-1), h(z,)).

After n steps, we get h(F(x1,...,2,)) = G(h(z1),...,h(x,)) for all zq,...,
x, € X, thus showing that h is a homomorphism of (X, F) into (Y,G), as
required.

Relations. Assuming (z1,...,z,) € P, we shall show (h(z1),...,h(z,)) € Q
by induction on n.

Step 1. First we suppose c1,...,c,—1 € C. Pick arbitrary neighborhood V'
of h(z,). Since h is continuous, there exists a neighborhood U of x,, such that
h“U CV.Theset UNPe,, . ¢, , is open (P, ¢, , isopenascy,...,cp—1 are
in the topological center C') and nonempty (z, belongs to it), and so there is
ce CNUNP,,,. ., , (since C is dense). Therefore, we have (c1,...,¢cnh—1,¢) € P,
and so (h(c1),...,h(cn-1),h(c)) € Q (since h|C is a homomorphism).
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So we see that any neighborhood of h(z,) has a point y with (h(c1),...,
h(cn-1),y) € Q. Since the set

Qh(cl),m,h(cnfl) = {y : <h(cl)7 EERE) h(cn—1)7 y> € Q}

is closed (as h(cy),...,h(ch—1) are in the topological center h“C), it has the
point h(zy). Thus we proved that whenever ¢1,...,¢,—1 € C and {(c1,...,Cn_1,
Zn) € P, then

<h(01), ey h(cnfl)v h(xn» € Q

Step 2. Now we suppose ci,...,cp—2 € C and z, € X. Pick arbitrary neigh-
borhood V' of h(z,—1). Since h is continuous, there exists a neighborhood U
of x,_; such that h“U C V. Again, the set U N P, ¢, _,,z, 1S open and
nonempty, so there is c € CNUNP,, ... c, 5z, Hence, (¢1,...,¢p_2,¢,2n) € P,
and so (h(c1), ..., h(cn—2),h(c), h(zy)) € Q (by Step 1).

So any neighborhood of h(z,—1) has a point y with (h(c1),...,h(ch-2),y,
h(x,)) € Q. Since the set

Qh(cl),m,h(cn,g),h(zn) ={y: (h(c1),..., h(cn-2),y, h(zn)) € Q}

is closed, it has the point h(z,—1). Thus we proved that whenever ¢1,...,¢,—2 €
C and {(c1,...,Cn—2,Tn—-1,%n) € P, then

(h(er)y .. h(cn—2), h(@n_1),h(xs)) € Q.

After n steps, we conclude that whenever (z1,...,z,) € P, then (h(x1),...,
h(z,)) € Q, thus h is a homomorphism of (X, P) into (Y, Q), as required.

The following theorem states the universal property of 2 completely analogous
to that of the Stone—Cech (or Wallman) compactification.

Theorem 23 (The Second Main Theorem). Let 2 and B be two models,
and let B be compact Hausdorff right closed. Let h be a_homomorphism of 2
into B such that h“A is a topological center of B. Then h is a homomorphism

of P into B.
Proof. By Corollary 2Tl and Theorem

Note that the First Main Theorem (Theorem [I0]) follows from this one.

Generalizations

Here we note that the results establishing universality of ultrafilter extensions
of models w.r.t. homomorphisms remain true if one replaces homomorphisms by
more general relationships between models.

The concepts of homotopy and isotopy are customarily used for groupoids,
especially, in quasigroup theory. Let us give a general definition of homotopy
and isotopy between arbitrary models.
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Definition 24. Let F and G be n-ary operations on X and Y resp. Mappings
hyhi,..., hy of X into Y form a homotopy of (X, F') into (Y, G) iff

h(F(.’IJh PN 7xn)) = G(h1(.’1)1)7 R hn(l’n))

for all z1,...,x, € X. The homotopy is an isotopy iff all the h, hy,..., h, are
bijective.

Definition 25. Let P and @) be n-ary relations on X and Y resp. Mappings
hi,...,hy, of X into Y are a homotopy of (X, P) into (Y, Q) iff

P(z1,...,2,) implies Q(hi(x1),...,hn(2n))

for all x1,...,z, € X. The homotopy is an isotopy iff all the hq,...,h, are
bijective and
P(zy,...,z,) iff Q(hi(z1),..., hn(zn)).

Note that when all the h, hq, ..., h, coincide, then the homotopy is an homomor-
phism (and the isotopy is an isomorphism). In particular, homotopies of unary
relations are homomorphisms.

If 2 and B have more than one operation or relation, there are various ways
to define homotopies (and isotopies) between them, the weakest of which is as
follows.

Definition 26. A family H of mappings of X into Y form a homotopy of
into ‘B iff for any m-ary operation F' in % there are mappings h, hy, ...,y in H
forming a homotopy of (X, F) into (Y, G) with the corresponding operation G
in B, and for any n-ary relation P in % there are mappings hi,...,h, in H
forming a homotopy of (X, P) into (Y, Q) with the corresponding relation @
in 8. The homotopy H is an isotopy iff all mappings in H are bijective.

Obviously, a homotopy H is a homomorphism iff |[H| = 1. In general, the size
of H can be regarded as a degree of its dissimilarity to a homomorphism.

Proposition 27. Let F': X — Y.
(i) If F is surjective, then so is F.
(i) If F is injective, then so is . Moreover, (F)~' = (F~')".
(iii) If F is bijective, then F is a homeomorphism of BX onto GY.

Proof. (i) We must show that for any v € 3Y there is u € 8X such that F(u) =
v, i.e.

Sev iff {z:F(x)eS}teu
for all S C Y. Given v, let
D={{z:F(z) e S}:S€v}.

D has the finite intersection property: Given S’,S” € v, we have {z : F(z) €
SYn{z: F(z) e 8"} ={z: F(z) € 8N S"}, so this set is in D (since S’ N S”

is in v).
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Let u be any ultrafilter that extends D. Then u is as required: The ‘only if’
part holds by definition of u. To verify the ‘if” part, notice that if S ¢ v then
Y\ S €wv,and so {z: F(x) € Y \ S} € u, whence it follows {z : F(x) € S} ¢ u
(as preimages of disjoint sets are disjoint).

(ii) We must show that if v/, u” € 3X are distinct, then so are F'(u'), F(u") €
BY,ie.thereis T € F(u')\ F(u"), and thus {z : F(z) € T} € u'\u". Asu' # u",
there is S € w’ \ w”. Since F is injective, we have {z : F((x) € F“S} =5, so we
can put T = F“S.

The equality (F)~' = (F~1) follows immediately.

(iii) This follows from (i) and (ii).

Remark. Clause (i) uses the assumption that any filter extends to an ultrafilter,
which is, as we mentioned above, equivalent to the compactness of 3X.

By using Lemma [[] and Proposition 27 and modifying arguments of the proofs
of our main results, one gets the following generalization (we leave details for
the reader).

Theorem 28. Both Main Theorems (Theorems [Il and [23), as well as Theo-
rem [23, remain true by replacing homomorphisms with homotopies, isotopies,
and embeddings. |

Question. Characterize relationships between models such that both theorems
remain true by replacing homomorphisms with these relationships.

Another interesting question is about theories of extended models.
Question. Characterize formulas that are preserved under .

In [4] we answer the question for the case when the formulas are identities and
the models are groupoids.

Finally, let us mention that certain types of ultrafilters form submodels of
extended models. In particular, so are x-complete ultrafilters, for any given k.
A proof generalizes the proof in [5] given for groupoids.

Remark. When I prepared the paper for publishing, I recognized V. Goranko’s
unpublished manuscript Filter and Ultrafilter FExtensions of Structures:
Universal-algebraic Aspects, 2007 (the author said me the first version was writ-
ten ten years before). Goranko extends models by arbitrary filters. However his
filter extension of operations does not work for ultrafilters, so he defines this case
separately, in the same way that in Definition [I] here. His extension of relations
differs from that given in Definition @l Goranko proved a theorem analogous
to the First Main Theorem, both theorems coincide for ultrafilter extension of
operations. He asks whether there is another ultrafilter extension of operations
that would be “better”. Perhaps the Second Main Theorem can be considered
as the negative answer.
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