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Abstract. The goal of image denoising is to remove unwanted noise from an
image. There are various methods for image denoising. The proposed algorithm
is a variation of the nonlocal means (NLM) image denoising algorithm that uses
principal component analysis (PCA) to achieve a higher accuracy while reduc-
ing computational load. Image neighborhood vectors are first projected onto a
lower dimensional subspace using PCA. For color images RGB image
neighborhood vectors are formed by concatenating image neighborhoods in the
three color channels into a single vector. The dimensionality of this subspace is
chosen automatically using parallel analysis. Consequently, neighborhood simi-
larity weights for denoising are computed using distances in this subspace
rather than the full space. The accuracy of NLM and the proposed algorithm are
examined with respect to the choice of image neighborhood and search window
sizes. Finally, we present a quantitative and qualitative comparison of the pro-
posed algorithm versus NLM image denoising algorithm.

Keywords: Image denoising, nonlocal means (NLM), parallel analysis, principal
component analysis, principal neighborhood.

1 Introduction

The goal of image denoising methods is to recover the original image from a noisy
image. The best simple way to model the effect of noise on a digital image is to add a
gaussian white noise. Several methods have been proposed to remove the noise and
recover the true image. In most of them, denoising is achieved by averaging. This
averaging may be performed locally (eg: the Gaussian smoothing model, the anisot-
ropic filtering and the neighborhood filtering), by the calculus of variations (eg: the
Total Variation minimization), or in the frequency domain (eg: the empirical Wiener
filters and wavelet thresholding methods).

The denoising methods should not alter the original image . Now, most denoising
methods degrade or remove the fine details and texture of the original method. Many
models used in denoising applications have been based on the assumption of piece-
wise smoothness [2],[3] and [4]. This type of model is too simple to capture the
textures present in a large percentage of real images. This drawback has limited the
performance of such models, and motivated data driven representations. One data-
driven strategy is to use image neighborhoods or patches as a feature vector for repre-
senting local structure. Image neighborhoods are rich enough to capture the local
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structures of real images. This representation has been used as a basis for image de-
noising , for texture synthesis , and for texture segmentation. The image neighborhood
feature vector is typically high dimensional. For instance, it is 49 dimensional if 7x7
neighborhoods are used. Hence, the computation of similarities between feature vec-
tors incurs a large computational cost. By projecting image neighborhood vectors into
a lower dimensional subspace using Principal Component Analysis(PCA) we can
reduce the computational complexity of methods that rely on image neighborhood
information.

Principal Neighborhood Dictionaries for Non Local Means imade denoising algo-
rithm (PND) [1] is a variation of the nonlocal means (NLM) image denoising algo-
rithm that uses principal component analysis (PCA) to achieve a higher accuracy
while reducing computational load. We extend this method by applying it for color
images .The nonlocal means (NLM) image denoising algorithm averages pixel inten-
sities using a weighting scheme based on the similarity of image neighborhoods [6].
The nonlocal means (NLM) image denoising algorithm using PCA is a very similar
approach in which image neighborhood vectors are projected to a lower dimensional
subspace using principal component analysis (PCA). For color images, RGB image
neighborhood vectors are formed by concatenating image neighborhoods in the three
color channels into a single vector. Then, the neighborhood similarity weights for
denoising are computed from distances in this subspace resulting in significant com-
putational savings. More importantly, this approach results in increased accuracy over
using the fulldimensional ambient space [9], [10].

One disadvantage of the approach in [10] is the introduction of a new free parame-
ter to the algorithm—the dimensionality of the PCA subspace. This approach pro-
poses an automatic dimensionality selection criteria using parallel analysis [15] that
eliminates this free parameter. The parallel analysis method compares the eigen val-
ues of the data covariance matrix to eigen values of the covariance matrix of an artifi-
cial data set. The method for creating artificial data set is described in section 3. The
detailed discussion of the related works are provided in the next section. We provide a
detailed discussion of the proposed method in section 3. Finally in section 4 we pro-
vide the results and analysis. In this section we compare the proposed method and the
NLM algorithm for color images.

2 Related Work

Buades et al. introduced the NLM image denoising algorithm which averages pixel
intensities weighted by the similarity of image neighborhoods [6]. Image neighbor-
hoods are typically defined as 5 x5, 7x 7, or 9x 9 square patches of pixels which can
be seen as 25, 49 or 81 dimensional feature vectors, respectively. Then, the similarity
of any two image neighborhoods is computed using an isotropic Gaussian kernel in
this high-dimensional space. Finally, intensities of pixels in a search-window centered
around each pixel in the image are averaged using these neighborhood similarities as
the weighting function.

Mahmoudi and Sapiro have proposed a method to improve the computational effi-
ciency of the NLM algorithm [28]. Their patch selection method removes unrelated
neighborhoods from the search-window using responses to a small set of predetermined
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filters such as local averages of gray value and gradients. Unlike [28] the lower dimen-
sional vectors computed in [9], [10] and [11] are data-driven. Additionally, in [9] and
[10], the lower dimensional vectors are used for distance computation rather than patch
selection.

In the above methods, the computational complexity is very high because of high
dimensionality image neighborhoods. In Principal Neighborhood Dictionaries for Non
Local Means Image Denoising Algorithm (PND) [1], this computational complexity
is reduced by projecting image neighborhood vectors into a lower dimensional sub-
space using Principal Component Analysis (PCA). We extend this method by apply-
ing it for color images.

Principal component analysis of neighborhoods have previously been used for vari-
ous image processing tasks. PCA of image neighborhoods was used for denoising [5].
However, in that work, PCA is computed for local collections of image neighborhood
samples and denoising is achieved by direct modification of the projection coefficients.

In this algorithm, PCA is computed once, globally rather than locally. This results
in a computationally more efficient algorithm. Furthermore, a nonlocal means averag-
ing scheme is used rather than direct modification of projection coefficients.

There are various methods for determining the number of components to retain in
data analysis. Parallel Analysis, originally proposed by Horn [15], is one of the most
successful methods for determining the number of true principal components. Im-
provements to the original parallel analysis method have also been proposed. In this
algorithm, the method used in [1] is used for subspace dimensionality selection.

3 Proposed Method

The proposed method is a variation of the nonlocal means (NLM) image denoising
algorithm. The nonlocal means (NLM) image denoising algorithm averages pixel in-
tensities using a weighting scheme based on the similarity of image neighborhoods.
The computational complexity of NLM is very high because of high dimensionality
image neighborhoods. The proposed method and PND [1] are very similar approaches
in which image neighborhood vectors are projected to a lower dimensional subspace
using principal component analysis (PCA). For color images, RGB image neighbor-
hood vectors are formed by concatenating image neighborhoods in the three color
channels into a single vector. Then, the neighborhood similarity weights for denoising
are computed from distances in this subspace resulting in significant computational
savings. More importantly, this approach results in increased accuracy over using the
full-dimensional ambient space [9], [10].

The nonlocal means (NLM) image denoising algorithm is discussed in section 3.1.
In section 3.2, the proposed method is given. The method for determining the sub-
space dimensionality is given in section 3.3. Finally, section 3.4 describes how we
select the size of search window.

3.1 Non Local Means Algorithm

Starting from a discrete image u, a noisy observation of u at pixel i is defined as
v(i) =u(i)+n(i). Let N; denote a r x r square neighborhood centered around pixel
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i. Also, let y(i) denote the vector whose elements are the gray level values of v at pix-
els in N;. Finally, S; is a square search-window centered around pixel i. Then, the
NLM algorithm [6] defines an estimator for u(i) as

: L ryGlP e,
NLG) =Y — e P00 ) m
= Z(i)
-y
where Z(i)= z,‘ese a is a normalizing term. The smoothing kernel

width parameter h controls the extent of averaging. For true nonlocal means, the
search window S; needs to be the entire image for all i , which would give rise to
global weighted averaging. However, for computational feasibility, S; has tradition-
ally been limited to a square window of modest size centered around pixel i. This is
the limited-range implementation of the NLM algorithm as proposed in the pioneering
work by [6]. For instance, a 21 x 21 window is used in [6] whereas a 7 x 7 window is
used in [9].

3.2 Nonlocal Means Image Denoising for Color Images Using PCA

For color images, y(i)’s (image neighborhood vectors) are formed by concatenating
image neighborhoods in the three color channels into a single vector. Also in this ap-

. N
proach, the distances ”y(l) —y( ])” in equation (1) are replaced by distances com-

puted from projections of y onto a lower dimensional subspace determined by PCA.
Let Q denote the entire set of pixels in the image. Also, let ¥ be a randomly chosen
subset of Q. Treating y(i) as observations drawn from a multivariate random process,
we can estimate their covariance matrix as

C, = () - Py -)" @
4

where ; = %y Z y(i) is the sample mean and |W| is the number of elements in
ey
the set I/ . A small subset W C €2 is typically sufficient to accurately estimate the

covariance matrix and results in computational savings. The dimensionality of a rxr
neighborhood vector is r* . For simplicity of notation, let M= r*. Then Cy is a MxM

matrix. Let {b D= 1:M } be the eigenvectors of Cy, i.e., the principal neighbor-
hoods, sorted in order of descending eigen values. Let the d-dimensional PCA sub-
space be the space spanned by {bp :p=1:d } Then the projections of the image

neighborhood vectors onto this subspace is given by

m@=i@@@%p 3)
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where <y(i ), bp> denotes the inner product of the two vectors.

Let f,(i)= [<y(i),b1 >...<y(i),bd >]T be the d-dimensional vector of projection
coefficients. Then, due to the orthonormality of the basis functions
. |12 . N
RAOESHE) I VAOENA®) )

Finally, define a new family of estimators for de[1,M]
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where  Z,()=> e ¥ is the new normalizing term.
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3.3 Automatic Subspace Dimensionality Selection

The original parallel analysis method [15] compares the eigen values of the data co-
variance matrix to eigen values of the covariance matrix of an artificial data set. This
artificial data set is generated by drawing samples from a multivariate normal distri-

bution with the same dimensionality M, the same number of observations |l//| , and

the same marginal standard deviations as the actual data. Let Ap for 1 < p < M denote
the eigen values of Cy sorted in descending order. Similarly, let ap denote the sorted
eigen values of the artificial data covariance matrix. Parallel analysis estimates data
dimensionality as

d =max({lSpSM/1p Zap}) (8)

The intuition is that the P3 is a threshold for /?,p below which the p™ component is

judged to have occurred due to chance.

An improvement to parallel analysis is to use Monte Carlo simulations to generate
the artificial data which removes the assumption of normal distribution. This algorithm
generates the artificial data by randomly permuting each element of the neighborhood
vector across the sample . Let y; denote the k™ element of the neighborhood vector
y(i). For each k generate a random permutation j(i) of the sequence i= 1 : ['¥l and let
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Wik = Yji.k Lhen, the random vectors w(i) are composed from the elements w;,. The
artificial eigen values a are computed from the covariance matrix of w. This method for
computing the artificial covariance matrix keeps the marginal distributions intact while
breaking any interdependencies between them.

Several researchers have previously discussed that parallel analysis has a strong ten-
dency to underestimate the number of components in data where the first component is
much more significant than the rest of the components (oblique structure). This is the case
with image neighborhoods where the first component, which is always approximately the
average intensity in the neighborhood, has a much larger eigen value than the rest of the
components. Therefore, this algorithm removes the effect of the first component. Here we

H; :%4 Z)’i,k

compute the average intensity of the neighborhood ken; and generate a
’ —_—
) Yie =Yk — M .
new set of neighborhood vectors whose elements are . Finally, the
’
Yik = yj(i),k.

artificial data are generated from the permutations

3.4 Smoothing Kernel Width Selection

The optimal choice of the parameter h in equations (5), (6) and (7) varies significantly
with the image neighborhood size and choice of subspace dimensionality. We empiri-
cally find the optimal h for each combination of d and N for the set of test images
used in this paper. This is repeated at various noise standard deviations added to the
images. The optimal value of h behaves in a very predictable manner as a function of
the noise level and PCA subspace dimensionality .

4 Results and Analysis

In this section, we present detailed experimental results studying the behavior of the
proposed algorithm with respect to subspace dimensionality and search-window size
selections. We also present quantitative and qualitative comparisons with the original
NLM algorithm applied for color images. We study the performance of the proposed
approach using images corrupted with additive, independent Gaussian noise with zero
mean and standard deviations 10, 15 and 20.

In section 4.1. we present the comparison across various image neighborhood
sizes. In section 4.2, we will compare the performance of the full proposed algorithm
to the NLM algorithm for color images.

4.1 Subspace Dimensionality and Image Neighborhood Size

Comparison across various image neighborhood sizes are given in Table 1. For each
test image, Table 1 includes three rows, one for each input noise level. Each row
gives the best PSNR values at the optimal choice of d for different neighborhood
sizes. Results for image neighborhoods ranging from 5x5 to 9x9 are provided.. Fi-
nally, the overall best PSNR across the various neighborhood sizes for a particular
image and noise level is shown in boldface.
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Table 1. Psnr values at the optimal subspace dimensionality for three noise levels (o= 10, 15,
20) shown in column 3. Columns 4-6 show the results at the best for neighborhood sizes from

5%5 to 9x9.

Input Noise PSNR of 5%5 <7 9x9
Image Variances the noisy NLMP NLMP NLMP
image CA CA CA
10 32.05 34.40 34.45 34.45
Lena 15 30.17 33.04 33.04 33.03
20 29.30 32.13 32.03 32.13
10 32.05 3347 33.49 33.52
Baloon 15 30.21 32.18 32.19 32.17
20 29.33 31.32 3145 31.47
10 32.13 32.81 32.80 32.79
Island 15 30.27 31.34 31.32 31.32
20 29.38 30.65 30.66 30.61
10 32.05 33.81 33.83 33.87
House 15 30.18 32.59 32.59 32.61
20 29.29 31.81 31.85 31.85
10 32.04 32.34 32.38 32.25
Tree 15 30.19 31.09 31.12 31.18
20 29.29 30.37 30.35 30.37
10 32.01 35.31 35.31 35.27
Girl 15 30.17 33.80 33.80 33.80
20 29.31 33.00 33.00 33.00

As the noise level increases, weight reliability becomes increasingly important;

hence, larger image neighborhoods are preferred.

Table 2. PCA subspace dimensionality selected by parallel analysis

Input
Image

Noise
Variances

5%5
NLMP
CA

TX7
NLMP
CA

9%x9
NLMP
CA

Lena

10
15
20

Baloon

10
15
20

Island

10
15
20

House

10
15
20

Tree

10
15
20

Girl

10
15
20
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4.2 Comparison with NLM Algorithm for Color Images

Table 2 shows the values selected by parallel analysis for various neighborhood sizes
and noise levels. Table 3 compares the results of the proposed algorithm with these
automatically chosen and values to the results of the NLM algorithm for color images.
Table 4 shows the time taken for denoising using the proposed algorithm and NLM.

Table 3. Psnr values for images denoised with the proposed algorithm and NLM for color images

Noise 5%5 77 9x9

Input Variances | NLMP | NLM NLMP NLM NLMP NLM

Image CA CA CA
10 34.38 33.62 34.42 33.61 3442 33.62
Lena 15 32.31 3142 3231 3142 32.31 3142
20 30.96 30.21 30.92 30.20 30.92 30.20
10 33.45 33.10 33.18 33.09 33.52 33.09
Baloon 15 31.62 31.17 3142 31.16 31.63 31.16
20 30.68 30.08 30.14 30.08 30.62 30.08
10 32.82 32.55 32.82 32.56 32.78 32.56
Island 15 31.26 30.99 3147 30.98 31.44 30.99
20 30.38 30.07 30.57 30.07 30.42 30.07
10 33.83 33.49 33.83 33.50 33.85 33.50
House 15 31.78 31.39 31.81 31.38 32.02 31.39
20 30.46 30.22 30.79 30.21 30.73 30.20
10 3234 | 3245 32.38 3245 32.25 32.45
Tree 15 31.09 30.96 31.12 30.96 31.18 30.95
20 30.32 30.00 30.35 30.00 30.33 30.00
10 34.75 33.88 34.78 33.89 3441 33.87
Girl 15 31.84 31.54 32.20 31.55 3191 31.53
20 30.58 30.22 30.97 30.22 30.98 30.22

Table 4. Time for denoising using the proposed algorithm and NLM for color images of noise
variance 10. Image neighborhood size is 7x7.

Input Size Time in seconds
Image NLMPCA NLM
Lena 256x256x3 42.765 76.328
Baloon 171x256%3 28.266 51.329
Island 192x256x3 31.594 57.375
House 256x256x3 41.984 76.735
Tree 256x256%3 43.391 76.578
Girl 256%x256%3 43.454 76.781
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5 Conclusion

The proposed algorithm is a variation of the nonlocal means (NLM) image denoising
algorithm that uses principal component analysis (PCA) to achieve a higher accuracy
while reducing computational load. The accuracy and computational cost of the NLM
image denoising algorithm is improved by computing neighborhood similarities, i.e.,
averaging weights, after a PCA projection to a lower dimensional subspace. We
showed that parallel analysis can be used to automatically determine a subspace di-
mensionality that yields good results. Consequently, neighborhood similarity weights
for denoising are computed using distances in this subspace rather than the full space.
Then accuracy of NLM and the proposed algorithm are examined with respect to the
choice of image neighborhood and search window sizes. Also the proposed algorithm
is compared with NLM image denoising algorithm. This approach can also be easily
applied to other denoising and segmentation algorithms that use similarity measures
based on image neighborhood vectors.
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