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Abstract. Grammar-based compression is to find a small grammar that
generates a given data and has been well-studied in text compression.
In this paper, we apply this methodology to compression of rectangular
image data. We first define a context-free rectangular image grammar
(CFRIG) by extending the context-free grammar. Then we propose a
quadsection type algorithm by extending a bisection type algorithm for
grammar-based compression of text data. We show that our proposed
algorithm approximates in polynomial time the smallest CFRIG within
a factor of O(n4/3), where an input image data is of size O(n) × O(n).
We also present results on computational experiments on the proposed
algorithm.
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1 Introduction

Image compression is one of well-studied problems in data compression and
image processing. Extensive studies have been done on image compression, and
several methods and/or formats such as JPEG, GIF, PNG have been widely
used.

Various techniques are employed in these widely used methods. JPEG was
named after Joint Photographic Experts Group, and is usually lossy compres-
sion for photographic still images. Each block of size 8× 8 pixels is transformed
using two-dimensional DCT (Discrete Cosine Transform). The higher frequency
components are more coarsely reduced by quantization. Finally, the image is
compressed using Huffman coding [4]. GIF stands for Graphics Interchange For-
mat, and is lossless compression for images with less than or equal to 256 distinct
colors, based on the Lempel-Ziv algorithm [10], which is a dictionary coder that
reads a sequence, constructs a dictionary dynamically, and replaces the sequence
with words of the dictionary. PNG stands for Portable Network Graphics, and
has been developed to replace GIF. PNG uses filtering and Deflate algorithm
that is the combination of the Lempel-Ziv algorithm [10] based method and
Huffman coding [4]. The compression rate of PNG is often higher than that of
GIF.
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Though compression ratios of these methods are very high for most image
data, there are cases where some of these methods fail to achieve high com-
pression ratios. Furthermore, in many existing methods, compressed data are
difficult to interpret. That is, it is difficult to extract some patterns, which exist
in the original image, from compressed data.

On the other hand, in text compression, extensive studies have been done on
grammar-based compression [2,6,8], which is to find a small grammar generating
a given string. It is useful not only for data compression but also for extraction
of repetitive patterns. Therefore, it is reasonable to try to study grammar-based
compression for image data. Various grammars have been proposed for producing
image data [3,9]. However, to our knowledge, there was no grammar-based image
compression algorithm with a guaranteed approximation ratio. Therefore, in this
paper, we extend grammar-based compression for text data to image data com-
pression. In particular, we present QUADSECTION algorithm that is obtained
by extending BISECTION algorithm for text data compression [2,6]. Further-
more, we show that QUADSECTION computes in polynomial time a grammar
of size O(g∗n4/3) for a given image of size O(n) × O(n), where g∗ is the size of
a minimum grammar generating the given image.

The organization of the paper is as follows. In Section 2, we define a context-
free rectangular image grammar by extending the context-free grammar, formal-
ize the smallest grammar problem for image data, and prove the NP-hardness of
the problem. Next, we present QUADSECTION in Section 3, analyze its approxi-
mation ratio in Section 4, and extend it to higher dimensions in Section 5. Then,
we present results on some computational experiments in Section 6. Finally, we
conclude with future work.

2 Context-Free Rectangular Image Grammar

Here, we define CFRIG (Context-Free Rectangular Image Grammar). A CFRIG
is defined by a 4-tuple (Σ, Γ, S, Δ) where Σ, Γ , S ∈ Γ and Δ are a set of terminal
symbols, a set of nonterminal symbols, the start symbol and a set of production
rules, respectively. Each terminal symbol corresponds to a label of a pixel, and is
denoted by a lower-case letter. Each nonterminal symbol corresponds to a rect-
angular region, and is denoted by an upper-case letter. Since each nonterminal
symbol is associated with a rectangular region, each nonterminal symbol is rep-
resented as An,m, which means that this symbol generates an image with n×m
pixels (i.e., an image composed of n rows and m columns). Then, we consider
the following two types of production rules

(R1) A1,1 → a,
(R2) An,m → [Bn1,m1 , Cn1,m2 ; Dn2,m1 , En2,m2 ],

where n1 + n2 = n and m1 + m2 = m.

The meanings of these rules are clear from Fig. 1. For a rule of type (R2), we allow
subcase (R2’) of n2 = 0 (i.e., Dn2,m1 and En2,m2 are empty) and subcase (R2”)
of m2 = 0 (i.e., Cn1,m2 and En2,m2 are empty). We write An,m → [Bn,m1 , Cn,m2 ]
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and An,m → [Bn1,m; Dn2,m] for the former case and latter case, respectively (see
also Fig. 1 (R2’) and (R2”)).

(R1)
a

(R2)

A1,1

A1,1 a

(R2’)

An,m [ Bn1,m1 Cn1,m2, ; Dn2,m1 , En2,m2 ]

An,m
Bn1,m1 Cn1,m2

Dn2,m1 En2,m2

(R2’’)

An,m
Bn1,m

Dn2,m

An,m [ Bn1,m ; ]Dn2,m

An,m [ Bn,m1 Cn,m2, ]

An,m Bn,m1 Cn,m2

Fig. 1. Production rules for CFRIG

The size of a grammar is defined as the total number of symbols appearing in
the right hand sides (RHSs) of production rules. From the definition of CFRIG,
it is seen that only acyclic grammars are allowed in CFRIG. Furthermore, when
we discuss compression algorithms, as in [2], we only consider non-ambiguous
CFRIGs, that is, each nonterminal symbol appears in the left hand side (LHS)
of exactly one rule.

Though we restricted the form of rules to (R1) and (R2), more general rules
can be represented by using multiple rules of type (R1) and (R2), as shown in
Fig. 2. We can show that such a transformation increases the size of the grammar
only by a constant factor though we omit the proof here.

Based on the above definitions, we define the smallest grammar problem for
image data is to find a smallest CFRIG which uniquely generates a given image
of size n × m. We can show that the smallest grammar problem for image data
is NP-hard.
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An,m

c
e

Cn2,m2

Bn1,m1

Dn2,m3

a
b a

c

Fig. 2. This kind of rules can be transformed into CFRIG with a constant factor
increase of the size

Theorem 1. Finding the smallest CFRIG for a given image data is NP-hard.

Proof. Since a string of length m is regarded as an image of size 1 × m, we can
use almost the same reduction as in [2]. However, since we can only use rules of
types of (R1) and (R2), we need to slightly modify the reduction.

Let G(V, E) be an instance of the vertex cover problem. Let N = |V | and
M = |E|. Recall that the vertex cover problem asks whether or not there exists
W ⊆ V of size k such that for any edge {u, v} ∈ E, u ∈ W or v ∈ W holds.

From G and k, we construct an instance of CFRIG as follows. We map G to
an image I of size 1 × m by

I =
∏

vi∈V

(#vi|vi#|)2
∏

{vi,vj}∈E

(#vi#vj#|),

where vi denotes a distinct terminal corresponding to each vertex, each ‘|’ denotes
a distinct terminal (delimiter), and xy means a concatenation of x and y. Let
W be a vertex cover of size k. Then, we will have the following rules.

Dj → |j ,
H → #,

A0
i → vi,

AL
i → A0

i H,

AR
i → HA0

i ,

Ai → AR
i H, if vi ∈ W

where |j ’s are introduced since each ‘|’ denotes a distinct delimiter. It is straight-
forward to verify that the total size of these production rules is

4N + M + 1 + N + 2N + 2N + 2k = 9N + M + 2k + 1.

If a production rule with long RHS were allowed, we would have such a rule as

S → AR
1 D1A

L
1 D2A

R
1 D3A

L
1 D4 · · ·

A1A
L
2 D4N+1A1A

L
3 D4N+2 · · · ,
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for the start symbol S. It is to be noted that for each edge {vi, vj} ∈ E, a
subsequence ‘AiA

L
j D4N+l’ or ‘AR

i AjD4N+l’ appears in this rule. If vi ∈ W , the
former appears. Otherwise, the latter appears. It is straight-forward to see that
the size of this rule is

8N + 3M.

In order to represent this rule by CFRIG, we need

8N + 3M − 1

rules of type (R2’), where each rule is of size 2. Summing up all, the total size
of a grammar corresponding to W is

25N + 7M + 2k − 1.

Therefore, there exists a grammar of size 25N + 7M + 2k − 1 that generates
image I if there exists a vertex cover of size k.

On the other hand, suppose that there exists a grammar of size at most
25N +7M +2k−1 which generates image I. Then, as in the proof of Theorem 1
in [2], we need only consider grammars having the above mentioned form. Then,
we can construct a vertex cover of size k from the set of nonterminals each of
which has an expansion of the form #vi#. Therefore, the theorem holds. ��

We can prove that CFRIG remains NP-hard even if n × n images are given,
where the details are omitted in this paper.

3 Compression Algorithm

Our compression algorithm for image data is based on BISECTION [2,6] and
is denoted by QUADSECTION here. BISECTION takes a string, and recursively
decomposes the string into two smaller substrings. QUADSECTION recursively
decomposes a given rectangular image In,m into smaller rectangular images until
each image consists of one pixel, where the same nonterminal symbol is assigned
to identical rectangular images. Let h(i) be 2j for the largest integer j such that
2j < i, where we let h(1) = 1. For example, h(2i) = 2i−1, h(2i + 1) = 2i. For a
rectangular image In,m of size n × m, I[i1:i2],[j1:j2] denotes the sub-rectangular
image composed of i1th - i2th rows and j1th - j2th columns. The following
is a pseudocode of QUADSECTION, where it is invoked with the input image
In,m and an empty grammar G. QUADSECTION returns the start symbol that
generates In,m.

procedure QUADSECTION(In,m)
var

In,m: an image of size n × m;
An,m: a nonterminal symbol uniquely assigned to In,m;
n, m, h, n1, n2, m1, m2: Integer;
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begin
if the same image I ′n,m as In,m has already appeared then return A′

n,m;
if n = 1 and m = 1 then

add A1,1 → a to G where In,m = a;
return A1,1;

endif;
h := max{h(n), h(m)}; n1 := min{n, h}; m1 := min{m, h};
n2 := n − n1; m2 := m − m1;
if n1 = n then

Bn,m1 := QUADSECTION(I[1:n],[1:m1]);
Cn,m2 := QUADSECTION(I[1:n],[m1+1:m]);
add An,m → [Bn,m1 , Cn,m2 ] to G;

else if m1 = m then
Bn1,m := QUADSECTION(I[1:n1],[1:m]);
Dn2,m := QUADSECTION(I[n1+1:n],[1:m]);
add An,m → [Bn1,m; Dn2,m] to G;

else
Bn1,m1 := QUADSECTION(I[1:n1],[1:m1]);
Cn1,m2 := QUADSECTION(I[1:n1],[m1+1:m]);
Dn2,m1 := QUADSECTION(I[n1+1:n],[1:m1]);
En2,m2 := QUADSECTION(I[n1+1:n],[m1+1:m]);
add An,m → [Bn1,m1 , Cn1,m2 ; Dn2,m1 , En2,m2 ] to G;

endif;
return An,m;

end.

It is straight-forward to see that QUADSECTION works in polynomial time.

4 Analysis

In the following, we assume without loss of generality (w.l.o.g.) that n ≥ m. If
we consider images with n× 1 pixels, CFRIG corresponds to CFG and thus the
lower bounds on the approximation ratio on compression in [2] holds for CFRIG.
In the same way, the lower bound for BISECTION (Theorem 5 in [2]) holds also
for QUADSECTION.

Proposition 1. The approximation ratio of QUADSECTION is Ω(
√

n/ log n).

Similarly, we obtain the following proposition.

Proposition 2. The smallest CFRIG that generates an image of size n×m has
size Ω(log n).

In order to analyze the upper bound of QUADSECTION, we first establish mk
Lemma [2] for CFRIG, where we use g instead of m to denote the size of a
grammar here.
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Lemma 1. If the input image data In,m is generated by an CFRIG of size g,
In,m contains at most 2ngk distinct sub-images of size k × h, where we assume
w.l.o.g. that k ≥ h.

Proof. Let Hk,h be a sub-image of size k×h of In,m. If k = h = 1, H1,1 is repre-
sented by RHS of a rule of type (R1). Otherwise, since CFRIG is an acyclic gram-
mar, there exists a rule of type (R2), An′,m′ → [Bn1,m1 , Cn1,m2 ; Dn2,m1 , En2,m2 ],
that IAn′,m′ contains Hk,h and none of IBn1,m1

, ICn1,m2
, IDn2,m1

and IEn2,m2

contains Hk,h, where IA for a nonterminal A denotes the expansion image of A.
(See Fig. 3.) We assume w.l.o.g that a part of Hk,h is included in IBn1,m1

. Hk,h

is one of at most km1 +hn1 ≤ 2nk sub-images. Therefore, In,m contains at most
2ngk distinct sub-images of size k × h. ��

An,m

Cn1,m2

Dn2,m1 En2,m2

Hk,h

h

k

Bn1,m1

Fig. 3. Proof of Lemma 1

Theorem 2. QUADSECTION computes in polynomial time an CFRIG of size
O(g∗n4/3) for a given image In,m of size n×m (n ≥ m), where g∗ is the size of
the smallest CFRIG generating In,m.

Proof. We prove the theorem only for the case that n = m = 2l holds for some
integer l. Modification of the proof for the other cases is straight-forward.

The number of sub-images that are generated by recursive calls of depth at
most k is bounded by

1 + 4 + 42 + · · · + 4k.

On the other hand, the number of distinct sub-images that are generated by
recursive calls of depth at least k + 1 is bounded by

2
h∑

i=0

g∗n2i
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from Lemma 1, where h = log n − k. Therefore, the number of production rules
generated by QUADSECTION is

O(4k + g∗n2log n−k).

By letting 4k = n2log n−k, we have

k =
2
3

log n.

Therefore, the number of production rules generated by QUADSECTION is

O(n4/3 + g∗n4/3) = O(g∗n4/3). ��
It is to be noted that the grammar may have size O(n2) in the worst case and
thus the above approximation ratio is meaningful.

5 Extension to d-Dimensional Volume Data

Although we have defined a grammar for two-dimensional image data, we can
define another grammar, d-CFRVG (Context-Free d-dimensional Rectangular
Volume Grammar), for d-dimensional volume data (d ≥ 3) in a similar way.
A d-CFRVG is defined by a 4-tuple (Σ, Γ, S, Δ) where Σ, Γ , S ∈ Γ and Δ
are a set of terminal symbols, a set of nonterminal symbols, the start sym-
bol and a set of production rules, respectively. Each terminal symbol corre-
sponds to a label of a d-dimensional voxel, and is denoted by a lower-case letter.
Each nonterminal symbol corresponds to a d-dimensional rectangular region,
and is denoted by an upper-case letter. Since each nonterminal symbol is asso-
ciated with a d-dimensional rectangular region, each nonterminal symbol is rep-
resented as An(1),···,n(d) , which means that this symbol generates a volume with
n(1) × · · · × n(d) units. Then, production rules are as follows.

(R1) A1, · · · , 1︸ ︷︷ ︸
d

→ a,

(R2) An(1),···,n(d) →
[
B

n
(1)
1 ,n

(2)
j2

,···,n(d)
jd

, C
n

(1)
2 ,n

(2)
j2

,···,n(d)
jd

]

(j2,···,jd)∈{1,2}d−1

,

where n
(i)
1 + n

(i)
2 = n(i) for i = 1, · · · , d.

It should be noted that d-CFRVG is also an acyclic grammar. For d-CFRVG,
the following lemma holds as well as CFRIG.

Lemma 2. If the input volume data Vn(1),···,n(d) ,where n = n(1) ≥ · · · ≥ n(d),
is generated by an d-CFRVG of size g, Vn(1),···,n(d) contains at most dkgnd−1

distinct sub-images of size k(1) × · · · × k(d), where we assume w.l.o.g that k =
k(1) ≥ · · · ≥ k(d).

QUADSECTION can be extended in a straight-manner to compression of d-
dimensional volumes, and is called HYPERSECTION.
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Theorem 3. HYPERSECTION computes in polynomial time a d-CFRVG of size
O(g∗nd2/(d+1)) for a given volume Vn(1),···,n(d) of size n(1) × · · · × n(d), where g∗

is the size of the smallest d-CFRVG generating Vn(1),···,n(d) .

Proof. We prove the theorem only for the case that n = n(1) = · · · = n(d) = 2l

holds for some integer l as well as Theorem 2.
The number of sub-volumes that are generated by recursive calls of depth at

most k is bounded by

1 + 2d + 22d + · · · + 2kd.

On the other hand,the number of distinct sub-volumes that are generated by
recursive calls of depth at least k + 1 is bounded by

d

h∑

i=0

g∗nd−12i

from Lemma 2, where h = log n − k. Therefore, the number of production rules
generated by HYPERSECTION is

O(2kd + g∗nd−12log n−k).

By letting 2kd = nd−12log n−k, we have

k =
d

d + 1
log n.

Therefore, the number of production rules generated by HYPERSECTION is

O(nd2/(d+1) + g∗nd2/(d+1)) = O(g∗nd2/(d+1)).

��
It is to be noted that the grammar may have size O(nd) in the worst case and
thus the above approximation ratio is meaningful.

6 Computational Experiments

We implemented QUADSECTION and applied it to several images. In our imple-
mentation, input raw images are given in PGM (Portable GrayMap) format or
PPM (Portable PixMap) format. An image in PGM and PPM format consists of
the format type, width, height, maximum pixel value, and pixel values in raster
scan order. Each pixel value is represented either by ascii codes or by binary
values according to the format type. Since the file size in ascii format depends
on the pixel values, we used only binary format. A pixel value in PGM format is
stored in 8 bits, and that in PPM format is stored in 24 bits, where each color
of red, green and blue is represented in 8 bits.
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The implemented version of QUADSECTION generates CFRIG (Σ, Γ, S, Δ)
from a given image in PGM or PPM format, and the grammar is stored in newly
introduced QSN format as follows (see Table 1). The set of rules Δ is divided into
four sets of rules, Δ(R2), Δ(R2’), Δ(R2”) and Δ(R1), corresponding to the types
of rules, (R2), (R2’), (R2”) and (R1) respectively. Let Δi denote the i-th rule of

Δ. Then, Δ1 = Δ
(R2)
1 , Δ

|Δ(R2)|+1
= Δ

(R2’)
1 and Δ|Δ| = Δ

(R1)
|Δ(R1)|

. In particu-

lar, we suppose that LHS of either Δ
(R2)
1 , Δ

(R2’)
1 , Δ

(R2”)
1 or Δ

(R1)
1 is the start

symbol S. The nonterminal symbol of LHS of Δi is replaced with the number
i− 1. Thus, each nonterminal symbol is represented with 
log |Δ|� bits number.
Each terminal symbol, that is a pixel value, is represented with 8 bits for PGM
format and 24 bits for PPM format. In Table 1, RHS(Δi) denotes the nontermi-
nal and terminal symbols appeared in RHS of Δi. In QSN format, the numbers
corresponding to symbols contained in RHS(Δi) are stored sequentially in order.
In the case of the black-color image of size 512 × 512, QUADSECTION gener-
ates the following 10 rules: S = A512,512 → [A256,256, A256,256; A256,256, A256,256],
· · ·, A2,2 → [A1,1, A1,1; A1,1, A1,1], A1,1 → 0. Since 
log |Δ|� = 
log 10� = 4,
|Δ(R2)| = 9 and |Δ(R1)| = 1, the compressed file size in QSN format is
8 + 1 + 8 + 2 + 
log 10� · (3 + 4 · 9) + 8 · 1 = 183 bits. It should be noted that
the actual file size is 
183/8� = 23 bytes because files are created in a storage in
terms of bytes.

Table 1. QSN format for CFRIG (Σ, Γ, S, Δ)

# bits contents

8 maximum pixel value
1 0 if PGM, 1 if PPM
8 |Δ|
2 rule type including the start symbol

�log |Δ|� |Δ(R2)|
�log |Δ|� |Δ(R2’)|
�log |Δ|� |Δ(R2”)|

4�log |Δ|� /rule RHS(Δ
(R2)
i ) (i = 1, · · · , |Δ(R2)|)

2�log |Δ|� /rule RHS(Δ
(R2’)
i ) (i = 1, · · · , |Δ(R2’)|)

2�log |Δ|� /rule RHS(Δ
(R2”)
i ) (i = 1, · · · , |Δ(R2”)|)

8 (or 24) /rule RHS(Δ
(R1)
i ) (i = 1, · · · , |Δ(R1)|)

In order to evaluate the compression ability of QUADSECTION, we com-
pared the following image file formats, PNG (Portable Network Graphics), GIF
(Graphics Interchange Format), JPEG (Joint Photographic Experts Group) and
IFS (Iterated Function Systems) [7]. Both of GIF and PNG use lossless compres-
sion algorithms as well as QUADSECTION. It should be noted that GIF is not
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able to deal with more than 256 distinct colors. If an image has more than 256
distinct colors, GIF ignores less frequently used colors. In order to enhance com-
pression rates, PNG firstly employs filtering, which replaces the color of each
pixel with the difference of colors between adjacent pixels. It makes use of the
characteristics that colors of adjacent pixels are often very close in images. IFS
is a quadtree-based fractal image coder/decoder, and the software called Mars
implemented by Polvere [7] is available from http://inls.ucsd.edu/~fisher/
Fractals/Mars-1.0.tar.gz.

We examined the following images, ‘black’, ‘cross’ (Fig. 4), ‘cross2’ (Fig. 5),
‘hilbert’ (Fig. 6), ‘lena’ (Fig. 7), and ‘lena2’ (Fig. 8). The image of black is
considered before, consists of black color pixels, and the size is 512 × 512. The
image of cross consists of 3 distinct colors, and the size is 512× 512. The image
of cross2 is the left-top part of that of cross, and the size is 234 × 345. The
image of hilbert is a 6-th order Hilbert curve. The Hilbert curve is known as
one of fractal diagrams, can be formed using the following rules. S → A, A →
LBFRAFARFBL, B → RAFLBFBLFAR, where S is the start symbol, L
means ‘turn left at a right angle’, R means ‘turn right at a right angle’, and F
means ‘draw forward’ [3]. The image of lena was transformed from the full color
image file ‘4.2.04.tiff’ provided on the USC-SIPI Image Database (http://sipi.
usc.edu/database/) to PGM format using a tool of ImageMagick (http://
www.imagemagick.org/), ‘convert’, and the size is the same as the original one,
512 × 512. The image of lena2 was transformed from ‘4.2.04.tiff’ to the binary
image in PGM format using ‘-colors 2’ option of the tool ‘convert’. We also used
the tool ‘convert’ in order to transform the above images from PGM format to
PNG, GIF or JPEG format.

Table 2. Results on the compression sizes (byte) in QSN, PNG, GIF, JPEG and IFS
formats for several images

image QSN PNG GIF JPEG IFS

black 23 265 828 1185 1544
cross 57 1688 8645 2392 1544
cross2 146 1031 2797 885 1114
hilbert 181 1196 11083 99172 40582
lena 697387 223614 264340 65338 15825
lena2 33524 17859 15501 22888 2868

Table 2 shows the results on the compression sizes (byte) in QSN, PNG, GIF,
JPEG, and IFS formats for the images. The uncompressed size of black, cross,
hilbert, lena, and lena2, in PGM format is 262159 bytes, and that of cross2
is 80745 bytes, respectively. For the images having symmetric and geometric
patterns, that is black, cross, and hilbert, QUADSECTION was able to compress
them better than other image compression methods. However, for the image
of cross2, the compression size in QSN format was larger than that of cross

http://inls.ucsd.edu/~fisher/Fractals/Mars-1.0.tar.gz
http://inls.ucsd.edu/~fisher/Fractals/Mars-1.0.tar.gz
http://sipi.usc.edu/database/
http://sipi.usc.edu/database/
http://www.imagemagick.org/
http://www.imagemagick.org/
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Fig. 4. Image of cross with size 512 × 512 and 3 distinct colors

Fig. 5. Image of cross2 with size 234 × 345. cross2 is the left-top part of cross

Fig. 6. Binary image of hilbert with size 512 × 512



246 M. Hayashida, P. Ruan, and T. Akutsu

Fig. 7. Gray-scale image of lena with size 512 × 512

Fig. 8. Binary image of lena2 with size 512 × 512

although the image size of cross2 is smaller than cross, and the compression
sizes of cross2 in other formats were smaller than those of cross. It is considered
that the image size of cross2, 234× 345, is not a power of two, some sub-images
corresponding to nonterminal symbols had various sizes, and it increased the
number of rules. It should be noted that IFS did not compress the hilbert image
well. It is considered because fractal image compression methods find sub-images
whose contraction image is similar to a sub-image. In contrast, the results of IFS
for the photographic images, lena and lena2, were good. For the image of lena,
which is a gray-scale photographic image, the compression size in QSN format
was larger than the size of the raw image and the compression sizes in other
image formats. It is considered that QUADSECTION could not compress it well
because the image is not symmetric and has many colors. The compression size
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of lena2 in QSN format was smaller than that of lena and the size of lena2 in
PGM format. The rate of the compression size in QSN format to that in PNG
or GIF format decreased from about 3 for lena to about 2 for lena2. This result
suggests that QUADSECTION is still useful for compression of non-symmetric
binary image data.

7 Conclusion

We have proposed a grammar-based image compression algorithm, QUADSEC-
TION, by extending the BISECTION algorithm for text data compression. For
that purpose, we defined CFRIG, which is an extension of the context-free gram-
mar for strings. Since QUADSECTION is quite simple, there may exist the same
or similar methods. However, the most important contribution of this paper is
that it gives a guaranteed approximation ratio to the smallest grammar, which
might stimulate further studies of improvements and extensions of grammar-
based image compression.

Our proposed method has some similarity with fractal image compression
[1,5]. Fractal image compression is based on a fact that parts of an image are
often similar to other parts of the same image, and makes extensive use of these
similarities. However, fractal image compression is usually computationally ex-
pensive. Furthermore, fractal image compression is usually lossy (i.e., it discards
some information in the original image data). Different from fractal image com-
pression, our proposed method is lossless and efficient, and has a guaranteed
approximation ratio.

In this paper, we proposed a direct approach for grammar-based compression
of image data. However, we can consider an indirect approach to compress image
data in which a given image is first transformed into a string by means of raster
scan and then is compressed using grammar-based compression algorithms for
text data. Though it is difficult to extract patterns by such an approach, it
might lead to better compression performances or better approximation ratios.
Therefore, such an approach should be studied.

As shown in Section 6, for some types of binary or ternary image data,
QUADSECTION had better performances than other standard image compres-
sion methods. However, in general, it is not better than those methods. In partic-
ular, QUADSECTION is not very useful for compression of gray-scale images or
color images because QUADSECTION makes use of exactly repetitive patterns.
Therefore, development of grammar-based compression methods for gray-scale
images and color images is left as future work.

Acknowledgments. This work was partially supported by Grants-in-Aid
#19650053 and #21700323 from the Ministry of Education, Culture, Sports,
Science and Technology, Japan.



248 M. Hayashida, P. Ruan, and T. Akutsu

References

1. Bamsley, M.F., Demko, S.: Iterated function systems and the global construction
of fractals. Proc. of Royal Society of London A399, 243–275 (1985)

2. Charikar, M., Lehman, E., Liu, D., Panigrahy, R., Prabhakaran, M., Sahai, A.,
Shelat, A.: The smallest grammar problem. IEEE Transactions on Information
Theory 51, 2554–2576 (2005)

3. Drewes, F.: Grammatical picture generation: A tree-based approach. Springer, Hei-
delberg (2006)

4. Huffman, D.A.: A method for the construction of minimum-redundancy codes. In:
Proceedings of the Institute of Radio Engineers, vol. 40, pp. 1098–1101 (1952)

5. Jacquin, A.E.: Image coding based on a fractal theory of iterated contractive image
transformations. IEEE Transactions on Image Processing 1, 18–30 (1992)

6. Kieffer, J.C., Yang, E.H.: Grammar-based codes: A new class of universal lossless
source codes. IEEE Transactions on Information Theory 46, 737–754 (2000)

7. Polvere, M., Nappi, M.: A feature vector technique for fast fractal image coding.
Tech. rep., University of Salerno (1998)

8. Rytter, W.: Application of lempel-ziv factorization to the approximation of
grammar-based compression. Theoretical Computer Science 302, 211–222 (2003)

9. Subramanian, K.G., Ali, R.M., Geethalakshmi, M., Nagar, A.K.: Pure 2d picture
grammars and languages. Discrete Applied Mathematics 157, 3401–3411 (2009)

10. Ziv, J., Lempel, A.: Compression of individual sequences via variable-rate coding.
IEEE Transactions on Information Theory 24, 530–536 (1978)


	A Quadsection Algorithm for Grammar-Based Image Compression
	Introduction
	Context-Free Rectangular Image Grammar
	Compression Algorithm
	Analysis
	Extension to d-Dimensional Volume Data
	Computational Experiments
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




