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Abstract. The present paper focuses on sharpness enhancement and
noise removal in two dimensional gray scale images. In the grid smooth-
ing approach, the image is represented by a graph in which the nodes
represent the pixels and the edges reflect the connectivity. A cost func-
tion is defined using the spatial coordinates of the nodes and the gray
levels present in the image. The minimisation of the cost function leads
to new spatial coordinates for each node. Using an adequate cost func-
tion, the grid is compressed in the regions with large gradient values and
relaxed in the other regions. The result is a grid which fits accurately the
objects in the image. In the presented framework, the noise in the initial
image is removed using a mesh smoothing approach. The edges are then
enhanced using the grid smoothing. If the level of noise is low, the grid
smoothing is applied directly to the image. The mathematical framework
of the method is introduced in the paper. The processing chain is tested
on natural images.

Keywords: Grid smoothing, Sharpness enhancement, Mesh smoothing,
Non-linear optimisation, Graph-based image.

1 Introduction

Image enhancement techniques seek at improving the appearance of an image
without referring to a specific model for the degradation process, while image
restauration relies on the knowledge of a degradation model [1]. The framework
presented in the paper belongs to the image enhancement domain. The two main
forms of image quality degradation are blur (loss of sharpness) and noise. Meth-
ods have been developed and address both types of degradation, either in a pixel-
representation of the image or a mesh-representation. The pixel-representation
considers an image to be a matrix of pixels. The edge enhancement methods
modify the gray level of the pixels to improve the quality of the image. In a mesh
representation, the image is represented by nodes (or vertices) and edges. Using
the pixel-representation of an image, adaptive bilateral filters and quadratic-
weighted median filters were applied with success for edge enhancement [1],[2].
These methods are based on filtering and may induce overshooting of the edges.
Moreover, the parameters of the filters, in the case of the adaptive bilateral filter,
are tuned according to a training dataset, narrowing the scalability to various
applications. In any case, the performance of these methods is bounded by the
use of the pixel-representation of the image. In low resolution images, the shape
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of the object does not systematically match the matrix and may lead to severe
distortion of the original shape. For example, a clear straight line whose orien-
tation is 45 degrees is represented by a staircase-like line. Image enhancement
techniques, such as super-resolution ([3]) tackle the issue of the misrepresenta-
tion of an image. However, the square (even with a smaller size than the original
pixel) is used as the construction brick of the image leading to the same mis-
representation of a shape ([3],[4] and [5]). The paradigm image and matrix may
be overcome by the use of a mesh or graph-based representation of an image.
The mesh defined on the image may be feature-sensitive or insensitive. In the
feature-insensitive mesh, the definition of the mesh does not take into account
the gray levels. The edge enhancement relies on the filtering of the gray levels in
the image [6] which may lead to the same issues as in the pixel-representation
(overshooting,...). In the feature-sensitive mesh, the graph is defined according
to the distribution of the gray levels in the image and the position of the mesh is
adjusted to the objects present in the image to enhance the image [7]. The usual
problems of this class of techniques are the computation cost (interpolation) and
the large number of edges in the graph. Mesh creation techniques may be found
in [8], [9] and [10]. The present paper presents a novel combination of feature-
insensitive and feature-sensitive mesh approaches, which reduces the complexity
of the definition of the mesh and improves the representation of the information
in the image. In the presented framework, an image is represented by a graph
in which the nodes represent the pixels and the edges reflect the connectivity.
The original graph (or grid) is a uniform grid composed by squares or triangles,
depending on the connectivity chosen. The grid smoothing process modifies the
coordinates of the nodes in the (x,y) plane while keeping the gray scale levels
associated to the node unchanged. The grid smoothing relies on the minimisa-
tion of a cost function leading to a compression of the grid in the regions with
large gradient values and a relaxation in the other regions. As a consequence,
the new grid fits the objects in the image. The grid smoothing enhances the
edges in the original image and does not modify the number of nodes. Noise
removal techniques may be applied before the grid smoothing, depending on the
properties of the original images. A new type of mesh smoothing is being used
[11]. The mesh smoothing approach in [11] modifies the gray levels of the image
while preserving the (x,y) coordinates of the nodes.

Section 2 of this paper presents the graph-based representation of an image
while section 3 exposes the mathematical framework of the grid smoothing as well
as the convergence properties. Noise removal using mesh smoothing is presented
in section 4 and adapted to the grid smoothing context. Simulation results and
examples of grid smoothing on real images may be found in Section 5. Conclusion
and recommendations are underlined in section 6.

2 Graph-Based Image Representation

Our input data is a graph G = (V, E), embedded in the 3D Euclidian space.
Each edge e in E is an ordered pair (s, r) of vertices, where s (resp. r) is the
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sending (resp. receiving) end vertex of e [11]. To each vertex v is associated a
triplet of real coordinates xv, yv, zv. Let Cve be the node-edge incidence matrix
of the graph G, defined as:

Cve =

⎧
⎨

⎩

1 if v is the sending end of edge e
−1 if v is the receiving end of edge e
0 otherwise

(1)

In the rest of the paper, the node-edge matrix Cve will also be denoted C.

Table 1. Number of connections according to the connectivity

Number of points Number of connections Number of connections
Connectivity 4 Connectivity 8

2500 4900 9702
10000 19800 39402
90000 179400 358202

Table 2. Computation time according to the connectivity (θ = 0.005)

Computation time (s)
Connectivity 4 Connectivity 8

Per edge Image Per edge Image

2500 points 1.2 × 10−5 5.9 × 10−2 1.5 × 10−5 1.5 × 10−1

10000 points 1.6 × 10−5 3.3 × 10−1 2.2 × 10−5 8.9 × 10−1

90000 points 2.8 × 10−5 5.0 3.3 × 10−5 1.2 × 101

Considering an image with M pixels, X , Y and Z repectively represent
[x1, ..., xM ]t, [y1, ..., yM ]t and [z1, ..., zM ]t. X and Y are at first uniformely dis-
tributed (coordinates of the pixels in the plane), while Z represents the gray
level of the pixels. Each pixel in the image is numbered according to its col-
umn and then its rows. We define L as the number of edges in the graph. C is
consequently a matrice with L rows and M columns.

The number of edges depends on the choice of the connectivity for the pixel. If
the connectivity is equal to four, each pixel is connected to its four closest pixels.
The initial grid is then composed of squares. If the connectivity is equal to eight,
each pixel is connected to its eight closest pixels. The initial grid is then composed
of triangles. The choice of the connectivity is important as it increases the size
of the matrix C and consequently the computation time required for the grid
smoothing (Table 1,2). An evaluation of L may be derived using the dimensions
of the image. If Lx and Ly represent respectively the number of pixels along
the x axis and y axis, we have M = Lx × Ly. For a connectivity equals to 4,
L = 2M − Lx − Ly and L = 4M − 3Lx − 2Ly − 2 if the connectivity equals 8.
Using the notation introduced before, it may be observed that the complexity
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Fig. 1. Computation time per edge in seconds

of the algorithm is L × log(L)(Fig.1). It may be explained by the complexity of
the conjugate gradient with a stopping criterion ε in which the maximal number
of iteration is bounded by αlog(L/ε), α being a constant. When using the high
connectivity, the number of connections doubles as well as the computation time.
The choice should be made according to the applications and the characteristics
of the images. If an image includes thin lines which have to be preserved, the
high connectivity should be used. For the other cases, the low connectivity gives
satisfactory results.
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Fig. 2. Result of the grid smoothing according to the connectivity

3 Optimisation-Based Approach to Grid Smoothing

The present section introduces the framework for the grid smoothing. An exten-
sive study of the convergence of the method as well as its application to satellite
images may be found in [12], [14].
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3.1 General Framework

A cost function is introduced to fit the content of the image with the grid.
The main idea is that the regions where the variance is small (low gradient)
require less points than the regions with a large variance (large gradient). The
grid smoothing techniques will move the points of the grid from small variance
regions to large variance regions. To achieve this goal, a cost function J is defined
as follows:

J = JX + JY (2)

where

JX =
1
2

[(
X − X̂

)t

Q
(
X − X̂

)
+ θ

(
XtAX

)
]

(3)

and

JY =
1
2

[(
Y − Ŷ

)t

Q
(
Y − Ŷ

)
+ θ

(
Y tAY

)
]

(4)

with A = CtΩC and X̂ (resp. Ŷ ) represents the initial coordinates of X (resp.
Y ). Ω is a diagonal matrix. The first term in the expression of the cost function
is called the attachment as it penalises the value of the cost function if the
coordinates are too far from the original values. It is introduced to avoid large
movement in the grid [11]. θ is a real number and acts as a weighing factor
between the terms of the cost function. The matrix Ω is defined as follows:

Ωk,k = (zi − zj)
2 (5)

where node i is the sending end of the vertex k and node j the receiving end.
Ω and Q are square diagonal matrices which dimensions are respectively L × L
and M × M .

As a result of the definition of Ω, the minimisation of J leads to the reduction
of the areas of the triangle formed by two connected points and the projection
of one of the point on the Z-axis. The edges in the image act as attractors for
the points in the grid. As a consequence, the edges are better defined in terms
of location and steepness in the smoothed grid.

3.2 Convergence of the Cost Function with Fixed Points and
Attachment

The cost function with attachment results in a grid whose size might differ
from the original grid size. A solution to conserve the original size is to fix the
coordinates of the outer points of the grid. Let the X coordinates be partitioned
into two parts, variable coordinates ’x’ and fixed coordinates ’a’ giving

X =
[
x
a

]

(6)

Then the first order cost function without attachment is

Jx =
1
2

(
[
(x − x̂)t 0

]
Q

[
(x − x̂)

0

]

+ θ
[
xt at

]
[
Ct

x

Ct
a

]

Ω
[
Cx Ca

]
[
x
a

])

(7)
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Expanding the above equation gives

Jx =
1
2

[
(x − x̂)t Qx (x − x̂) + θxtCt

xΩCxx + 2θxtCt
xΩCaa + θatCt

aΩCaa
]

(8)

The gradient of Jx with respect to x is

∇xJx = Qx (x − x̂) + θCt
xΩCxx + θCt

xΩCaa (9)

Setting the gradient to zero gives

x = − [
Qx + θCt

xΩCx

]−1 [
Qxx̂ − θCt

xΩCaa
]

(10)

This gives the exact solution for the coordinates x.
Let xn+1 and xn be x at iteration n + 1 and n then

xn+1 = xn − αn∇xJx (11)

The gradient of Jx at the point xn+1 is equal to

∇xJxn+1 = ∇xnJx − αnQx∇xJxn − αnθCt
xΩCx∇xJxn (12)

The optimal step condition may by expressed by ∇xJ t
xn

.∇xJxn+1 = 0
This leads to:

αn =
∇J t∇J

∇J t (Qx + θCt
xΩCx)∇J

(13)

The experience shows that the convergence is quicker using the conjugate gra-
dient descent with optimal step. A quadratic function may be expressed by:

J(x) =
1
2
xtAx + btx + c (14)

where A is a definite positive matrix [13]. At each iteration, xn+1 = xn − αndn,
where αn is the step and dn is the direction of descent. The direction and the step
are calculated at each iteration. By assimilation with the cost function with fixed
points and attachment, we have A = Qxx+θCt

xΩCx and b = x̂tQx−θatCt
aΩCx.

The step at the iteration n may be computed by:

αn =
(b − Qxx̂)t (b − Qxx̂)

dt
nQxdn

(15)

and the direction at iteration n + 1 is equal to:

dn+1 = en+1 +
et

n+1en+1

et
nen

dn (16)

where en+1 = en − αnQxdn and e1 = b − Qxx̂.
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3.3 Stopping Criterion

As mentionned earlier, for large scale problem, the minimisation uses a gradient
descent algorithm as it is computationally expensive to inverse very large ma-
trices. Three gradient methods are used for the simulation, namely the steepest
descent gradient with fixed step, the steepest descent gradient with optimal step
and the conjugate gradient with optimal step. The descent gradient methods are
iterative process and require a stopping criterion ε to stop the iterations. The
chosen criterion is the simulation is the norm of the gradient ∇J . The iterative
process continues while ∇J t∇J ≥ ε. When it is possible, the comparison be-
tween the exact coordinates given by the inversion of the matrix and the result
of the gradient descent algorithm is small and is of the order of ε. For example,
if ε = 10−3, the difference between the exact coordinates (matrix inversion) and
the coordinates obtained through the gradient descent is 10−3 of the width of a
pixel. The conjugate gradient descent is faster for any ε.

4 Noise Removal Using Mesh Smoothing

As mentionned in the sections above, the noise removal process is unrelated to
the edge enhancement method in the grid smoothing framework. As there is no
link between the two operations, the connectivity may be chosen differently. The
following paragraph presents the noise removal process using a connectivity equal
to four. The same operations may easily be derived for another connectivity.
If the connectivity is equal to four, the grid on which the image is composed
by quadrilaterals. Let’s denote the quadrilateral Qijkl, the direct quadrilateral
composed by the points i,j,k and l. Without noise removal, each quadrilateral
represents a facet and the color of the facet is chosen equal to the graylevel of
one point of the quadrilateral.

In the mesh smoothing framework, the image is represented using the matrix
Cve introduced in second section [11].The mesh smoothing techniques rely on
the minimisation of a cost function JZ , Z being the gray levels of the vertices.
The result is a new vector Z̄ containing the filtered gray levels of the image. The
general form of the cost function is:

JZ =
1
2

[(
Z − Ẑ

)t

Q
(
Z − Ẑ

)
+ θ0Z

tZ + θ1Z
tĀZ + θ2Z

tĀ2Z

]

(17)

The cost function is composed of various terms whose respective weigths might
be tuned by the values of the θi. The first term represents an attachment to the
initial coordinates of the point to avoid large variations in graylevels [11]. The
minimisation of the other terms of the cost function brings each point to the
center of gravity of its neighbourhood. It may be shown that the second order
term (θ2Z

tĀ2Z) smoothes the curve of the objects. For more information and
the notations, please refer to [11]. The mesh smoothing used in the simulation
takes into acount the attachment term and the second order term. It is refered
as SOWA (Second Order With Attach) in [11].
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5 Simulations

The simulations were performed using a standard laptop (1.87 GHz processor,
2GB RAM and Windows Vista SP1 as operating system) and Matlab R14 Ser-
vice Pack 2. Figure 2 shows the results of the grid smoothing process on a
detail of the original image (Fig. 4(a)). Figure 2(b) shows the results of the grid
smoothing with a connectivity is equal to 4 while Figure 2(c) presents the result
when the connectivity is equal to 8. The results where obtained with a conjugate
gradient descent. The regions with high variations in the graylevels needs more
points than the other regions leading to a distorsion of the original grid. The

(a) Original image (256pixels) of a bird (left) and the result of the
enhancement (right)

(b) Details of the bird image-Original(upper row) and enhanced (lower
row)

Fig. 3.
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(a) Original image of a cup
(128 × 128 pixels)

(b) Enhanced image of the
cup

(c) Original image with
added noise

(d) Enhanced image with
θ = 0.0005

Fig. 4. Image restoration with noise removal

distorsions present in the two grids are similar. However, a higher connectivity
leads to a more accurate and robust fitting of the shapes.

Figure 3 presents the results of the edge enhancement. The size of the original
image (Figure 3(a)) is 256×256 pixels. It may be observed that the level of noise
is low but that the edges are not well defined (pixelisation). The enhanced image
(Figure 3(a)) exposes a good restauration on the edges while not compromising
the quality of the image. The edges are smooth and continuous (the pixels which
may be seen are due to the pdf compression of the image and are not present
in the original simulation results). The texture of the bird is recovered while the
dimension are slightly altered. A closer look at the improvment may be found
in the details presented in Figure 3(b). Fig. 4 presents the results on a noisy
version of the image(Fig. 4(a)). A white gaussian noise (μ = 0 and σ2 = 0.1)
is added to the image. To avoid random movements of the points during the
grid smoothing process, the image is firstly filtered using the mesh smoothing
technique (SOWA). The filtered version of the image is then fed into the edge
enhancement process. Fig. 4(d) depicts the results obtained with respectively
θ = 0.0005. It may be seen that the global shapes of the cup and the table are
recovered in both cases. A greater θ leads to a better sharpening of the image
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while introducing distorsion in the shape represented. The choice of θ depends
on the applications.

6 Conclusions

In conclusion, a new framework to enhanced images without a model for the
degradation is presented in the paper. The method relies on the smoothing of the
coordinates of the pixels in the image. The results of the image enhancement are
promising. Combined with the mesh smoothing approach, the method performs
well on noisy images. The output of the process is not a pixel-representation of
the image. It leads to the main drawback of the technique which is the compu-
tational cost of the display of the facets. To overcome these limitations, further
studies will involve redefinition of the connections in the grid to limit the number
of facets. Another direction for future research will be to combine the mesh and
the grid smoothing in a single operation, the objectif being to define a single
cost function performing the same operations.
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