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Abstract. In this paper we investigate approximation algorithms for
the multi-vehicle scheduling problem (MVSP). In MVSP we are given
a graph G = (V, E), where each vertex u of V is associated with a
job j(u), and each edge e has a non-negative weight w(e). There are
m identical vehicles available to service the jobs. Each job j(u) has its
own release time r(u) and handling time h(u). A job j(u) can only be
serviced by one vehicle after its release time r(u), and the handling time
h(u) represents the time needed to finish processing j(u). The objective is
to find a schedule in which the maximum completion time of the jobs, i.e.
the makespan, is minimized. In this paper we present a 3-approximation
algorithm for MVSP on trees, and a (5 − 2

m
)-approximation algorithm

for MVSP on general graphs.

1 Introduction

In the vehicle routing problem (VRP) [5], we are given m vehicles and a complete
graph G where each edge is associated with non-negative edge cost satisfying the
triangle inequality. The objective is to find a separate tour for each vehicle such
that the total cost of the tour is minimized. In the typical setting of VRP, a
depot node o is also given, and in each tour the vehicle should start from and
end at the depot.

VRP is NP-hard as it is a generalization of the famous traveling salesman
problem (TSP) [13]. VRP in fact represents one of the most challenging tasks
in the area of optimization, and has been extensively investigated by many re-
searchers. Various tools, such as integer programming, local search, and clus-
tering, have been used to solve this class of problems [17]. As a well-recognized
approach of dealing with NP-hard problems, good approximation algorithms for
VRP are of great theoretical and practical importance. In this paper, we study
approximation algorithms for a variant of VRP. More specifically, we investigate
approximation algorithms for the multi-vehicle scheduling problem (MVSP) [9].

1.1 Multi-Vehicle Scheduling Problem (MVSP)

In MVSP we are given a graph G = (V, E), where each vertex u of V is associated
with a job j(u), and each edge e has a non-negative weight w(e). There are m
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identical vehicles available to service the jobs. Each job j(u) has its own release
time r(u) and handling time h(u). A job j(u) can only be serviced by one vehicle
after its release time r(u), and the handling time h(u) represents the time needed
to finish processing j(u). This implies that when the vehicle arrives earlier, the
vehicle may have to wait until the time r(u) to service j(u). The vehicle may
also choose to move to other vertices and come back to u later to service j(u).
The objective of MVSP is to find a schedule in which the maximum completion
time of the jobs, i.e., the makespan, is minimized.

MVSP is a variation of the classical VRP with time windows (VRPTW).
In VRPTW each vertex u in the graph is associated with a full time window
[r(u), d(u)], where r(u) and d(u) denote the release time and the deadline for
the job j(u) respectively. Time windows are called soft, if they are considered
non-biding, i.e., the vehicle is allowed to arrive earlier or later at a customer
node. However, when the time window constraint is violated, a separate penalty
cost of earliness or lateness will incur. Time windows are called hard, if the
customer nodes must be serviced within the specified time intervals. A survey for
VRPTW can be found in [17]. For approximation algorithms, Yehuda et al. gave
an O(log n)-approximation algorithm for VRPTW on a line in a geometric space
[3]; Blum et al. presented an O(log2 n)-approximation algorithm for VRPTW on
general graphs [2].

MVSP can be viewed as a relaxation of VRPTW, as in MVSP only release
times are associated with the customer nodes. The current research status on
MVSP is as follows. A substantial amount of research work [4] [7] [14] has been
devoted to a special case of MVSP, called SVSP, where only one vehicle is avail-
able to service the customers. Nagamochi et al. [9] introduced MVSP in the
general sense and gave a 2-approximation algorithm for MVSP on paths. For
MVSP on trees, Nagamochi et al. [15] [16] gave a (5−2/(m+1))-approximation
algorithm. There are also two polynomial time approximation schemes (PTAS)
[1] [8] for MVSP on trees under certain restrictions. For MVSP on general graphs,
a (9 + ε)-approximation can be derived from Even et al. [6].

1.2 Our Results and Solution Techniques

We summarize our results as follows.

1. For MVSP on trees, we design a 3-approximation algorithm.
2. For MVSP on general graphs, we present a (5− 2

m )-approximation algorithm.
This algorithm is based on the 3-approximation algorithm we propose for
MVSP on trees.

Our results are obtained by introducing an appropriate relaxation problem for
MVSP. We apply dynamic programming to give a 3-approximation for VRP
on trees. The main idea of this algorithm, is to use dynamic programming to
indirectly decompose the original problem P into a set of disjoint subproblems.
Approximating these subproblems separately gives us the solution for P with
the desired approximation ratio.
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Dynamic programming is one of the most fundamental and powerful tools for
designing efficient algorithms. However, its application in approximation algo-
rithms for VRP, is relatively new. The existing way of using dynamic program-
ming for VRP, e.g., in [2] [9] and [10], works as follows. First a set of disjoint
NP-hard subproblems is defined for the original problem P , and an approxima-
tion algorithm A with ratio α is designed for these subproblems. Typically these
subproblems have good properties, and the algorithm A can approximate them
well. In this method, dynamic programming is used as a master algorithm to
locate a set of subproblems with cost bounded by β · OPT (P ), where OPT (P )
denotes the optimal solution cost of P . During this process all the configurations
of the subproblems are tried, and the algorithm A is applied to each of the con-
figurations. The one with the smallest cost is chosen to be the final solution. It
is easy to see that this solution is an (αβ)-approximation for P .

This approach relies on the fact that all the configurations of the subproblems
of P can be examined in polynomial time by dynamic programming. Therefore
it is only applicable when the underlying graph is a path [9], or when some or-
dering can be found for the underlying graph (as in the O(log2 n)-approximation
algorithm for VRPTW [2], where the dynamic programming proceeds based on
an ordering of the vertices). However, for VRP on trees, we do not know how to
deploy this method, since for a vertex u, the number of possible configurations
of the subproblems containing u is exponential in the number of children of u.

We apply dynamic programming to obtain a 3-approximation algorithm for
MVSP on trees in the following way. Our algorithm consists of two steps. In
the first step, we use dynamic programming to decompose the original problem
P into a set of disjoint subproblems. However, as it is not possible to try all
the configurations of the subproblems by directly obtaining solutions for P , we
instead find a relaxation problem P ′ and locate a set S of disjoint subproblems.
In the second step we work on approximation algorithms for the subproblems in
S. We show that a good approximation for P can be obtained by approximating
these subproblems well.

The two steps in our algorithm are highly connected. For MVSP on trees,
the problem P ′ solved in the first step in fact comes from the approximation
algorithm used in the second step. We locate P ′ in the following way. Define an
edge e to be a gap if and only if in the optimal solution no vehicle passes through
e to service customers. Define a gapless subproblem to be a subproblem whose
underlying subgraph contains no gaps. For a gapless subproblem P1, we design
an approximation algorithm which produces a solution with cost function f(P1).
Let S(P ) denote the set of gapless subproblems of P . We treat maxP1∈S(P ) f(P1)
as a bound, and define P ′ to be the problem of locating a set of subproblems with
the smallest possible bound maxP1∈S(P ) f(P1). More details of this algorithm can
be found in Section 2 of this paper.

The rest of the paper is organized as follows. In Section 2 we present a
3-approximation algorithm for MVSP on trees. In Section 3 we show that a
(5− 2

m )-approximation is possible for MVSP on general graphs. In Section 4 we
conclude the paper and give figure research directions.
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2 3-Approximation for MVSP on Trees

In this section we show the 3-approximation algorithm for MVSP on trees. The
following notation is used in describing our algorithms. Assume we are given a
rooted tree T . For a node u in T , we denote the parent of u by p(u), and the
subtree rooted at u (including u) by Tu. Here p(u) is null if u is the root. We
use w(e) to denote the weight or cost of edge e.

2.1 Defining the Problem P ′ for MVSP on Trees

To define the relaxation problem P ′ for MVSP on trees, we first introduce several
lower bounds for a gapless subproblem of an MVSP instance on trees. These lower
bounds are also used to design approximation algorithms for MVSP on paths
[9]. For a gapless subproblem P1, we define two lower bounds for the makespan:

LB1(P1) = maxu∈V (P1){r(u) + h(u)}, LB2(P1, m
′) = W (P1)+H(P1)

m′

where V (P1) and E(P1) are the respective vertex set and edge set involved in P1,
m′ represents the number of vehicles used to service the jobs in P1, and W (P1)
and H(P1) are the total edge weights of E(P1) and the total handling times of
the jobs associated with the vertices in V (P1) respectively.

A collection of disjoint sets S1, S2, · · · , St is called a partition of the graph
G = (V, E), if Si ⊆ V (1 ≤ i ≤ t) and the vertices of Si (1 ≤ i ≤ t) induce a
connected subgraph in G. We define a vehicle configuration to be a partition of
the tree where each connected component Ci in the partition is associated with
a positive integer mi and

∑
i mi = m. Given a vehicle configuration V C, we call

an edge a cut edge under V C, if its two ends are in different subsets of vertices
in the partition corresponding to V C.

For a vertex u, we denote CVC (u) to be the set of connected components in
Tu under V C. Let SVC (u) be the set of subproblems defined on the correspond-
ing connected components in CVC (u). We define a new bound B(G, m) to be
minVC maxP2∈SVC (o)(B(P2, m

′) = LB1(P2)+(2W (P2)+H(P2))/m′), where o is
the root of the tree and m′ is the number of vehicles allocated for P2 under VC.
We similarly define B(Tu, m′) where m′ ∈ (0, m] is the number of vehicles used
to service the vertices in the subtree Tu. Our relaxation problem P ′ for MVSP
is just to find the set of subproblems corresponding to the bound B(G, m). We
first solve P ′, namely compute B(G, m), in strongly polynomial time by dynamic
programming. By doing so we find a set of cut edges and the original problem
is correspondingly decomposed to a set S of disjoint subproblems. In the second
step we figure out a feasible schedule for the subproblems in S with a makespan
of at most B(G, m). Note that the cut edges we located might be different from
the gaps that are defined on the optimal MVSP solution.

We first justify the second step of our algorithm in Lemma 1. The proof is
constructive.

Lemma 1. For MVSP on trees the subproblems corresponding to B(G, m) in-
duce a feasible MVSP solution with cost at most B(G, m).
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Proof. Let V C be the vehicle configuration corresponding to B(G, m). Consider
a subproblem P2 defined on a connected component under V C. Assume m′

vehicles are involved in P2 under V C. In the optimal solution for P2, an edge
might be traversed by more than one vehicles. We double the tree edges and
obtain a hamiltonian path containing all the jobs (by a depth first traversal of the
tree). We traverse the path from the root, and associate the handling times with
the jobs when they are visited for the first time. Therefore we transformed P2

for MVSP on trees to another subproblem P ′
2 of MVSP on paths with W (P ′

2) =
2W (P2), H(P ′

2) = H(P2) and LB1(P ′
2) = LB1(P2). Using the algorithm in [9],

we obtain a schedule for P ′
2 with cost bounded by LB1(P ′

2) + LB2(P ′
2, m

′). This
schedule is also feasible for P2 and has a cost of at most LB1(P2) + (2W (P2) +
H(P2))/m′ = B(P2, m

′). The lemma then holds after applying this analysis to
every other connected component under V C. ��
Lemma 2. For MVSP on trees the bound B(G, m) corresponds to a feasible
MVSP solution with cost bounded by 3 · OPT (P ).

Proof. The gapless subproblems will be encountered when computing B(G, m).
The same operation in the proof of Lemma 1 can be applied on the gapless
subproblems. Since B(G, m) is the smallest possible, we have that B(G, m) ≤
3 ·OPT (P ). Due to Lemma 1 there exists a feasible solution with cost at most
B(G, m). This completes the proof. ��
The above proof also shows how to solve the subproblems once they are lo-
cated, therefore in the following we only focus on how to locate the appropriate
subproblems.

2.2 Locating the Subproblems for MVSP on Trees

The core of our solution is an algorithm to solve the following simple feasibility
decision problem D: Given a real number λ, is B(G, m) ≤ λ?

Solving the Decision Problem. In the following we assume that only the
leaves of the tree are associated with handling times. The general case can be
easily transformed to this setting by creating a pseudo vertex u′ for each vertex
u in the graph and connecting u and u′ by a zero cost edge. We set h(u′) to
h(u). It is easy to see that the optimal MVSP solution remains the same after
this transformation.

We solve the feasibility problem also by dynamic programming. Given a ve-
hicle configuration VC, we denote PVC (u) to be the subproblem defined on the
connected component containing u in CVC (u), and P ′

VC (u) to be the set of
subproblems defined on the connected components not containing u in CVC (u).
Recall that CVC (u) consists of all the connected components of Tu under VC.

To solve the decision problem, we maintain a variable obj(u) and a table
table(u) for each vertex u. The variable obj(u) records the minimum number m′

of vehicles needed to guarantee that B(Tu, m′) ≤ λ. The variable table(u) has two
dimensions. Assume the minimum value of an entry table(u)[i1][i2] of table(u)
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is obtained under the vehicle configuration V C. Then this value represents 2 ·
W (PVC (u)) + H(PVC (u)), given that i1 equals LB1(PVC (u)), and i2 vehicles
have been used to service the jobs in the subproblems of P ′

VC (u). Here LB1(Tu)
represents the first lower bound LB1 for all the jobs in Tu. In other words, given
the constraints of i1 and i2, the value of the entry table(u)[i1][i2] equals the
minimum of 2 · W (PVC (u)) + H(PVC (u)), for any vehicle configuration V C in
Tu. For each vertex u, we initialize all the table entries of table(u) to +∞. Given
an input of λ, the algorithm maintains that an entry table(u)[i1][i2] is not +∞
if and only if there exists a vehicle configuration V C under which the B bound
of each subproblem in P ′

VC (u) is less than or equal to λ.
We show the pseudo code of generating the tables in Figure 1.
For a leaf u, since there must be a vehicle to service u, and there are no other

jobs in Tu, the entry table(u)[r(u) + h(u)][0] is set to h(u). This is for the case
where the edge (p(u), u) is not a cut edge. The edge cost of (p(u), u) will be
considered later when merging table(u) to table(p(u)). When (p(u), u) is a cut
edge, again as u needs to be serviced, we set obj(u) to 1.

When u is a non-leaf node, the dynamic programming proceeds as follows.
We assume that all the tables and variables of its children have already been
computed. Let the children of u be c1, c2, · · · , ct (in an arbitrary order). The
algorithm scans this list of children from left to right, and incorporates the
tables of the children into table(u) one at a time. The variable obj(u) is updated
after all the children of u are considered and table(u) becomes available. The
computation of obj(u) can be expressed as

obj(u) = mini1,i2(i2 + �table(u)[i1][i2]/(λ − i1)	).
where 1 ≤ i1 ≤ LB1(G), 0 ≤ i2 ≤ m.

For an entry table(u)[i1][i2], assume its value is obtained under the vehicle
configuration V C. Then table(u)[i1][i2] represents 2 ·W (PVC (u)) + H(PVC (u)).
Recall that i2 records the number of vehicles used in the subproblems of P ′

VC (u).
Therefore the total number of vehicles used in Tu corresponding to the entry
table(u)[i1][i2] is i2 + �table(u)[i1][i2]/(λ − i1)	. As we assume e = (p(u), u) is
a cut edge, and i1 represents LB1(PVC (u)), we can then get the minimum for
obj(u) after trying all possible values of i1 and i2.

The updating of table(u) for a vertex u is crucial for solving the decision
problem D. Let v be a child of u. Assume table(v) is already available before
we start to incorporate table(v) into table(u). Let tablev(u) be the resulting
new table for u. Every entry of tablev(u) is initialized to +∞, and table(u) will
be set to tablev(u) after processing v. Note that we need to work on this new
table, because additional vehicles may be needed to service all the vertices in
Tv. Consider the following cases:

Case 1: (u, v) is a cut edge. In this case tablev(u) is updated as

tablev(u)[i1][i2 + obj(v)] = table(u)[i1][i2], given that i2 + obj(v) ≤ m.

Here 1 ≤ i1 ≤ LB1(G), 0 ≤ i2 ≤ m. The entry tablev(u)[i1][i2 + obj(v)] will be
updated if it is greater than table(u)[i1][i2].
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Algorithm MVSP-decision(Tu, m, λ)
Input: an MVSP instance P defined on a tree Tu, an integer m and a real number λ.
Output: a table showing a bound B(Tu, m) (at least λ).

1 if u is a leaf then
2 obj(u) = 1
3 table(u)[r(u) + h(u)][0] = h(u)
4 return table(u)
5 endif
6
7 for each child v of u do
8 table(v) = MVSP-decision(Tv, m, λ);
9 tmp← a new table with each entry set to +∞

10 for i1 = 0 to LB1(G) do
11 for i2 = 0 to m do
12 Comment: when e = (u, v) is a cut edge
13 if table(u)[i1][i2] < tmp[i1][i2 + obj(v)] and obj(v) ≤ m− i2 then
14 tmp[i1][i2 + obj(v)] = table(u)[i1][i2]
15 endif
16 Comment: when e = (u, v) is not a cut edge
17 for j1 = 0 to LB1(G) do
18 for j2 = 0 to m− i2 do
19 t1 = max{i1, j1}
20 t2 = table(u)[i1][i2] + table(v)[j1][j2] + 2w((u, v))
21 if t2 < tmp[t1][i2 + j2]) then
22 tmp[t1][i2 + j2] = t2
23 endif
24 table(u)← tmp
25
26 Comment: consider the case when e = (p(u), u) is a cut edge
27 for i1 = 0 to LB1(G) do
28 for i2 = 0 to m do
29 t1 = �table(u)[i1][i2]/(λ − i1)�
30 if t1 + i2 < obj(u) then
31 obj(u) = t1 + i2
32 endif
33
34 return table(u)

Fig. 1. Solving the decision problem for MVSP on trees
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Note that an entry table(u)[i1][i2] has a meaningful value (not +∞), if and
only if under the corresponding vehicle configuration V C, B(P2, m

′) ≤ λ holds
for every subproblem P2 in P ′

VC (u). Here m′ denotes the number of vehicles
allocated for P2 under VC. This is implemented by line 13 in the algorithm
MVSP-decision in Figure 1. Recall that obj(u) records the minimum number
m′ of vehicles to guarantee that B(Tu, m′) ≤ λ. Therefore if i2 + obj(u) exceeds
m, then we know that V C is not a feasible vehicle configuration and there is no
need to complete the rest of the computation for V C.

Case 2: (u, v) is not a cut edge. In this case tablev(u) is updated as

tablev(u)[t][i2 + j2] = table(u)[i1][i2] + table(v)[j1][j2] + 2 · w((u, v)).

where 1 ≤ i1, j1 ≤ LB1(G), 0 ≤ i2 + j2 ≤ m, and t = max{i2, j2}. The entry
tablev(u)[t][i2 + j2] is updated when table(u)[i1][i2]+ table(v)[j1][j2]+2w((u, v))
is smaller.

Under this case we need to merge the two components Cu and Cv containing
u and v respectively under the current settings for the two entries of table(u)
and table(v). The new component has LB1 equal to the maximum of that of Cu

and Cv, so we update the first dimension of the new entry to be t = max{i2, j2}.
After the merging, the connected components not containing u and v remain
unchanged, therefore we set the second dimension to i2 + j2. Finally we need to
add 2 · w((u, v)) to this entry, as (u, v) now becomes part of the new connected
component containing both u and v.

The above algorithm runs in strongly polynomial time. Recall that LB1(P1)
= maxu∈V (P1) {r(u) + h(u)}, therefore for a vertex u the second dimension of
table(u) takes at most |V | distinct values. The time complexity of this algorithm
is dominated by Case 2 when updating table(u) for each vertex u. The algorithm
runs in time O(m2|V |3).

It is not difficult to see that this algorithm can be used to solve a disguised
problem D′ of D: Given a real number λ, compute the smallest possible bound
B(G, m) (at least λ) subject to the constraint that, under the corresponding
vehicle configuration VC the bound B(C, m′) of each connected component C,
not including the root o in CVC (o), is at most λ. Here m′ is the number of
vehicles used for the customers in C. We will show in the next subsection that
a strongly polynomial time algorithm for the optimization problem P ′ can be
obtained by solving D′.

Solving the Optimization Problem. In this subsection we present a poly-
nomial time algorithm called MVSP-optimization (Figure 2) to solve our opti-
mization problem. This algorithm is in the same spirit as that of the parametric
searching technique. Developed by Megiddo in [11] and [12], the parametric
searching technique works as follows. Let λ∗ be the optimal solution of an op-
timization problem P1. Assume that for P1 we have a decision problem D1(λ)
which is monotone in λ, in the sense that we can decide whether λ < λ∗, λ = λ∗

or λ > λ∗. Assume that we have an algorithm A for the decision problem D1(λ).
To solve the optimization problem P1, Megiddo’s idea is to run A generically. It
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seems somewhat strange to run an algorithm when the input is still unknown.
The core in Megiddo’s method is to maintain an open interval I where λ∗ lies
throughout the execution of the algorithm A. More specifically, I is initialized
to (−∞, +∞), and at each step of running A with unknown input, a critical
value t1 is computed and the concrete version of A is executed with parameter
t1. Therefore after the first step the interval I is shrunk to either (−∞, t1] or
[t1, +∞). When the generic version of A is terminated, we either find λ∗ or an
interval with its lower end equals λ∗.

It is crucial to generate the critical values in the parametric search framework.
These critical values in fact discretize the problem P1 and make it possible to
compute P1 optimally in polynomial time. Intuitively the critical values, or the
steps of A represent all the tests which the optimal solution must pass. On
the other hand, if a solution passes all such tests, then it is a candidate of the
optimal solution. Note that as long as all the critical values are tested, the master
optimization algorithm need not necessarily to be the same with A, e.g., in many
cases sorting all the critical values suffices for solving the optimization problem.

The algorithm MVSP-optimization in Figure 2 shares the same spirt with the
parametric searching technique, however, the details of MVSP-optimization are
different from the methods in [11] and [12]. Instead of running the algorithm for
the decision problem generically, we take advantage of the structure of the tree
and perform the tests bottom up along the path from the vertex being visited
to the root of the tree. Note that the idea of exploring parallelism for serial
algorithms as described in [12] does not seem to apply in this context.

Recall that P ′ is to compute the bound B(T, m) for a tree T and a given
integer m. We first define the discrete events, or the critical values, needed by
our method. Given a subtree Tu of T and a number 0 < m′ ≤ m, we define
the critical value at u to be the bound B(Tu, m′) under the constraint that m′

vehicles are assigned to service the jobs in Tu. Corresponding to this definition,
our algorithm runs in the bottom up fashion: the computation of the bound
B(T, m) starts from the leaves of the tree, and the optimal value of LB for a
subtree Tu will be available after all the vertices in Tu have been processed.

The reason we choose B(Tu, m′) (0 < m′ ≤ m) to be the critical value at a
vertex u is as follows. Let F ∗(T ) be the optimal forest corresponding to the bound
B(T, m). Then B(T, m) is determined by a particular connected component C
of F ∗(T ). Assume u is the root of C and Tu is allocated m′ vehicles in total
in the optimal solution. Then we can get the optimal solution by applying the
algorithm MVSP-decision in Figure 1 with the parameter B(Tu, m′). Given the
values B(Tu, m′) for every subtree Tu of T and every integer 0 < m′ ≤ m, it is
easy to see that we can compute B(T, m) by m · |V | applications of the algorithm
MVSP-decision.

For a leaf u of T , it is trivial to compute B(Tu, m′) (0 < m′ ≤ m). In our
algorithm, whenever a critical value B(Tu, m′) (u ∈ T, 0 < m′ ≤ m) is known, we
propagate the test on this value along the path from u to the root o of T . In other
words, for every vertex u′ on the path from u to o, we apply algorithm MVSP-
decision on Tu′ with m′′ ∈ [1, m] vehicles and the feasibility parameter B(Tu, m′).



Approximation Algorithms for the Multi-Vehicle Scheduling Problem 201

For an arbitrary vertex u, a critical value B(Tu, m′) (u ∈ T, 0 < m′ ≤ m)
is computed if and only if for every vertex u′ (other than u) in Tu, the test
of B(Tu′ , m′) (0 < m′ ≤ m) has already been taken on Tu. It is easy to see
that the optimal solution can be computed after m2|V |2 calls to the algorithm
MVSP-decision. Therefore the time complexity of the algorithm is O(m4|V |5).
The pseudo code of the above algorithm is listed in Figure 2.

Algorithm MVSP-optimization(T , m, o)
Input: an MVSP instance P defined on a tree T , an integer m and a root o.
Output: the bound B(T, m).

1 if u is a leaf then
2 B(Tu, 1) = r(u) + 2h(u)
3 endif
4
5 for each child v of u do
6 call MVSP-optimization(Tv, m, o)
7
8 for every vertex u′ on the path from u to the root o do
9 for every integer m′ = 0 to m do

10 for every integer m′′ = 0 to m do
11 call MVSP-decision(Tu′ , m′′, B(Tu, m′))

Fig. 2. Locating the subproblems for MVSP on trees

Lemma 3. The algorithm MVSP-optimization computes the bound B(G, m) ex-
actly. The running time of the algorithm is O(m4|V |5). ��
Proof. In the algorithm MVSP-optimization, by computing B(Tu, m′) (u ∈ V, 1 ≤
m′ ≤ m), we are in fact assuming that the edge (p(u), u) is a cut edge. The lemma
is trivially true when |V | = 1. Assume the lemma holds when |V | < n (n > 1).
Assume the graph G = (V, E) has n vertices and V C is the vehicle configuration
corresponding to B(G, m). Assume e1 = (p(u1), u1), e2 = (p(u2), u2), · · · , et =
(p(ut), ut) are all the cut edges where p(u1), p(u2), · · · , p(ut) are in the connected
component on which PV C(o) is defined. Assume m1, m2, · · · , mt vehicles are al-
located for the vertices in Tu1 , Tu2 , · · · , Tut respectively under V C. According to
our assumption, B(Tu1 , m1), B(Tu2 , m2), · · ·, B(Tut , mt) can be computed exactly
in polynomial time. In MVSP-optimization the critical value tests with feasibil-
ity parameters B(Tu1 , m1), B(Tu2 , m2), · · ·, B(Tut , mt) will be performed against
the root o. The lemma then holds for G due to the definition of the disguised de-
cision problem D′ and the fact that B(G, m) is determined by either PV C(o) or a
subproblem in P ′

V C(o).

By Lemmas 1, 2 and 3 we establish

Theorem 1. There is a 3-approximation for MVSP on trees. ��
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3 (5 − 2
m

)-Approximation for MVSP on General Graphs

The algorithm MVSP-optimization can be further utilized to get a (5 − 2
m )-

approximation for MVSP on general graphs. We simply apply MVSP-optimization
on a minimum spanning tree of the underlying graph G. We then obtain a feasi-
ble MVSP solution by the strategy mentioned in the proof of Lemma 1. In the
following we prove that the cost of this solution is at most (5 − 2

m) · OPT (P ).
It is well known that minimum spanning trees have the property stated in

Lemma 4.

Lemma 4. Let C be the cycle introduced by adding an edge e to a minimum
spanning tree T . Then the cost of e is no less than that of any edge on C.

Lemma 4 together with Lemma 5 are crucial for our analysis. In the following we
define F ∗(P ) to be the subgraph on which the gapless subproblems are defined
for an MVSP problem P .

Lemma 5. For an MVSP problem P the cost of any edge in F ∗(P ) is a lower
bound on OPT (P ).

Assume we already know F ∗(P ) and the optimal cost OPT (P ) . We describe
in the following an algorithm MVSP1 based on F ∗(P ), which is designed for
analysis only. In MVSP1, we first remove any edge with cost more than OPT (P )
from the original graph G. Let the resulting graph be G′. We then compute
minimum spanning trees for each of the connected components of G′. Finally
we apply the strategy mentioned in the proof of Lemma 1 to the computed
minimum spanning trees. As shown in Lemma 6, the cost of such a solution is
at most (5 − 2

m ) · OPT (P ).

Lemma 6. Given the subgraph F ∗(P ) for an MVSP problem P , the cost of the
solution produced by MVSP1, is at most (5 − 2

m ) · OPT (P ).

Proof. Let G′ be the resulting graph after removing edges with costs more than
OPT (P ) from the original graph G. Due to Lemma 5, all the edges of F ∗(P )
still remain in the connected components of G′. Consider an arbitrary connected
component CC of G′. Let CC1, CC2, · · · , CCt be the connected components of
F ∗(P ) in CC. We may assume that each CCi (1 ≤ i ≤ t) is a tree, as otherwise
some edges can be removed from a connected component of F ∗(P ) to make it
a tree. We construct a new graph G′′ = (V ′′, E′′) where each vertex vi ∈ V ′′

(1 ≤ i ≤ t) corresponds to CCi (1 ≤ i ≤ t), and the cost of an edge (vi, vj) ∈ E′′

(1 ≤ i, j ≤ t) equals the minimum edge cost of any edge between a vertex in
CCi and a vertex in CCj in G′.

Let e1, e2, · · · , et−1 be the minimum spanning tree edges in G′′. Adding these
edges to F ∗(P ) in G′ will produce a connected tree T ′ spanning all the vertices
in CC. Let P0 and Pi (1 ≤ i ≤ t) be the associated subproblems defined on T ′

and CCi respectively. Let m′ and mi (1 ≤ i ≤ t) be the vehicles used in T ′ and
CCi respectively. We have the following inequalities.
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(1) t ≤ m′ (2) W (Pi) + H(Pi) ≤ mi · OPT (P ) (3) w(ei) ≤ OPT (P )

where 1 ≤ i ≤ t. The first inequality holds, because at least one vehicle should
be allocated for each Ci (1 ≤ i ≤ t). The second inequality is due to (W (Pi) +
H(Pi))/mi ≤ OPT (P ) (1 ≤ i ≤ t). The third inequality is implied by the
algorithm MVSP1.

Therefore we have

B(T ′, m′) = LB1(P0) + (2 · W (P0) + H(P0))/m′

≤ OPT (P ) + 2 ·
t∑

i=1

(W (Pi) + H(Pi))/m′ + 2 ·
t−1∑

i=1

w(ei)/m′

≤ OPT (P ) + 2 ·
t∑

i=1

mi · OPT (P )/m′ + 2 · (t − 1) · OPT (P )/m′

≤ (5 − 2
m

) · OPT (P ),

The lemma then holds after applying the same analysis to other connected com-
ponents of G′. ��

Consider another algorithm MVSP2, where we first compute the minimum span-
ning tree F of G and then remove the edges with costs more than OPT (P ) from
F . In the following we show that MVSP1 and MVSP2 are essentially equivalent.

Lemma 7. Given F ∗(P ) for an MVSP problem P , MVSP1 and MVSP2 produce
the same solution or two solutions with the same cost.

Proof. Assume CC is a connected component of G′. We claim that the vertices
in CC appear contiguously in any minimum spanning tree, say F , of G. This
contiguity is in the sense that any vertex not in CC is adjacent to at most one
vertex in CC by the edges of F .

Assume the vertices in CC are in two disjoint subtrees T1 and T2 of F . As CC
is a connected component, there is one edge e in CC that connects T1 and T2

and has cost at most OPT (P ). Adding e to F will create a cycle. As T1 and T2

are disjoint in F , on this cycle there must exist two edges e1 and e2 of F , each
of which connects a vertex of CC to a vertex not in CC. According to MVSP1,
both e1 and e2 have costs larger than OPT (P ). A contradiction to Lemma 4. ��

Given a minimum spanning tree F of G, our algorithm MVSP-optimization gives
the best partition of the tree to minimize B(F, m). We proved in Lemma 6 and
Lemma 7 that there exists a partition of F such that the corresponding LB
bound is at most (5 − 2

m ) · OPT (P ). Further due to Lemma 1, we establish

Theorem 2. There is a (5 − 2
m)-approximation for MVSP on general graphs.

��
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4 Conclusions and Future Work

In this paper we obtained a 3-approximation for MVSP on trees, and a (5− 2
m )-

approximation for MVSP on general graphs. We showed that by finding appro-
priate relaxation problems, dynamic programming can be applied in the design
of approximation algorithms for VRP on trees. Our (5 − 2

m)-approximation for
MVSP on general graphs is just based on the 3-approximation algorithm for
MVSP on trees. In the future we would like to further improve the approxima-
tion ratio for MVSP on general graphs, possibly by investigating new ways of
extending the use of dynamic programming for VRP to general graphs.
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