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Abstract. Let P be a path between two points s and ¢ in a polygonal subdivi-
sion 7" with obstacles and weighted regions. Given a relative error tolerance ¢ €
(0, 1), we present the first algorithm to compute a path between s and ¢ that can
be deformed to P without passing over any obstacle and the path cost is within
a factor 1 + ¢ of the optimum. The running time is O( ’;2 kn polylog(k,n, 1)),
where k is the number of segments in P and h and n are the numbers of ob-
stacles and vertices in 7, respectively. The constant in the running time of our
algorithm depends on some geometric parameters and the ratio of the maximum
region weight to the minimum region weight.

1 Introduction

Given a path P in the plane, the shortest homotopic path problem is to find a minimum-
cost path that can be deformed to P without crossing any obstacle. The problem origi-
nates from research in VLSI (e.g. [8l11]). Forbus et al. [6] described a planning system
in which a user makes a path sketch for vehicles or people and then the system gen-
erates the detailed optimized path homotopic to the sketch. It is natural to consider
non-Euclidean cost models because different regions incur different costs; for example,
traveling in swamps is harder than traveling on roads.

The weighted region model is the first non-Euclidean cost model and there has been
much work on it (e.g. [1/12l13]]). The environment is a polygonal subdivision, each
region f has a weight wy, and the subpath cost within a region f is wy times the
subpath length. Computing the exact shortest path seems hard and only approximation
algorithms are known so far. The first algorithm of Mitchell and Papadimitriou [12]]
runs in O(n® log "]EV" ) time, where 7 is the number of subdivision vertices, the vertices
have integer coordinates in [0, N|, and p is the ratio of the maximum region weight
to the minimum region weight. Subsequently, other algorithms have been proposed
whose running times have a lower dependence on n. The most notable approach is to
compute the shortest path in a graph obtained by discretizing the input subdivision,
so as to approximate the true shortest path (e.g. [1/13]). Sun and Reif [13] gave an
algorithm that runs in O(” log " log i) time, where the hidden constant depends on
some geometric parameters. Aleksandrov et al. [1] achieved the best dependence on n
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and ¢ with a running time of O( \75 log " log i), where the hidden constant depends on
p and some geometric parameters. No result is known so far on the shortest homotopic
path problem in weighted regions, although several results are known when the cost of
a path is its length [21419].

The main result in this paper is a (1 + €)-approximate shortest homotopic path algo-
rithm for any € € (0, 1) in weighted regions. Let P be a path between two points s and
t in a polygonal subdivision 7" with obstacles and weighted regions. Self-intersections
in P are allowed. Given ¢ € (0, 1), our algorithm computes a path between s and ¢ that
can be deformed to P without passing over any obstacle and the path cost is within a
factor 1 4 ¢ of the optimum. The running time is O('Elj kn polylog(k, n, }:)), where k
is the number of segments in P and h and n are the numbers of obstacles and vertices
in 7, respectively. The constant in our running time depends on p and some geometric
parameters. These geometric parameters and the dependence on them are of the same
kind as in the work of Sun and Reif [13]] as we use their result as a subroutine.

2 Preliminaries

We denote the input polygonal subdivision by 7, which consists of vertices, edges, and
polygonal faces. Some polygonal faces are marked as inaccessible and each connected
component of inaccessible faces forms an obstacle. The remaining polygonal faces are
accessible and they are called the regions of 7. Each region f is associated with a
positive weight wy > 0. Without loss of generality, we assume that 7 is connected,
every obstacle is a simple polygon, every region is a triangle, and the minimum region
weight is equal to 1. We use p to denote the maximum region weight in 7.

Consider a line segment pq and a region f. Let |pq| denote the length of pg. We use
int(+) to denote the interior of the operand. If int(pq) C int(f) or pq is contained in an
edge adjacent to f only, we define costr(pg) = wy|pq|. If pq is contained in an edge
shared between f and another region g, we define costs(pg) = min{wys, wy} - |pql.
A polygonal path @) is a polyline in 7 with finitely many segments. A link of Q) is a
maximal segment in @ that lies in a region of 7. An endpoint of a link is called a node.
We use |@)| to denote the length of Q). We use cost7(Q) to denote the sum of the costs
of its links. Notice that | Q| < cost7(Q) < p|Q|.

We use P to denote the input polygonal path. We use s and ¢ to denote the endpoints
of P and we enforce them to be vertices of 7 by splitting regions if necessary. Two paths
with the same endpoints are homotopic if one can be deformed to the other without
passing over any obstacle.

3 Overview

We present a simplified version of our strategy to highlight the main ideas. This sim-
plified strategy cannot be turned into an effective algorithm, for instance, because no
algorithm is known for computing an exact shortest path in weighted regions.

We are given a triangulated domain with obstacles, and we want to find a shortest
path homotopic to a given input path P, with endpoints s and ¢t. We first need to encode
the homotopy of P. To this end, we build a spanning tree of the obstacles, with an
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Fig. 1. The obstacles are shaded. After canceling one &3 and one a3, the path P becomes a new
path P’ that crosses the edge a3 once.

extra edge connecting it to a point us on the outer face of our domain. The edges of
this spanning tree are denoted by a1, as, . . ., a,. We choose each such edge a; to be a
shortest path between two points lying on obstacles, or between us and a point lying on
an obstacle.

We follow P from s to t to trace the edges that it crosses as well the crossing direc-
tions (determined with respect to an arbitrarily chosen orientation of the a;’s). In Fig. [Tl
the trace is ajazasasas, where @; means crossing a; from right to left and @, means
crossing a; from left to right. If @; and a; appears consecutively in the trace, we can
cancel the two crossings. This corresponds to making a shortcut along a; between the
two crossings as illustrated in Fig. [Tl The important point is that the above cancellation
does not change the homotopy of the path. When all cancellations are done, the reduced
trace Sp is a unique encoding of the homotopy of P. Indeed, two paths P and () with
the same endpoints are homotopic if and only if Sp = Sg.

Since the tree edges are shortest paths, a shortcut (canceling two adjacent symbols
in the trace) does not increase the path cost. This is ideal because it means that for
any path P, there is a shortest path P* homotopic to P that crosses the spanning tree
as dictated by Sp. The path P* makes no redundant crossing. A natural approach to
compute such a shortest path is as follows. Assume that Sp starts with a1 azaz . ... We
know that P* will first reach a; from the left. As we do not know at which point of
aq it arrives, we can discretize a1 by placing many vertices along it. For each of these
vertices, we compute an approximate shortest path from s, treating the edges a; of our
tree as obstacles. As these paths avoid our spanning tree, they lie in a simply connected
region. Thus, we do not need to consider their homotopy class and we can apply known
algorithms for approximate shortest paths in weighted regions.

After crossing a1, we know that P* will reach ag from the right. So we perform
a second round of approximate shortest paths computation (where the paths are not
allowed to cross our spanning tree). We perform this computation with multiple sources,
each source being one of the vertices placed on a;, and each such vertex having an
additive weight which is the approximate shortest distance from s to this vertex. The
target points, again, are the vertices placed densely along a3. We repeat this process for
each symbol in Sp, and we obtain an approximate shortest path homotopic to P.

Our actual algorithm follows similar ideas, but there are important differences as
we face several difficulties. The most obvious one is that no algorithm is known for
computing an exact shortest path in weighted regions. Second, the spanning tree calls
for repeated shortest path computations in order to connect the obstacles, which is rather
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wasteful. We replace the spanning tree above by another tree, the anchor tree, which is
basically an approximate shortest path tree from u to one vertex of each obstacle. The
homotopy encoding Sp is still based on the crossings between P and the anchor tree,
but we change it slightly for technical convenience. Since the paths in the anchor tree
are not exact shortest paths, we cannot expect a shortest path homotopic to P to cross
the anchor tree as dictated by Sp. To conform to Sp, we have the reroute the optimal
path along the anchor tree in the analysis. This demands a careful construction of the
anchor tree so that the rerouting error is small. Another major issue is that we have to
keep Sp short because the running time of our algorithm is directly related to it. Finally,
to make our algorithm run faster, we will not discretize the anchor tree. We will still run
one round of approximate shortest paths computation for each symbol in Sp, but in the
absence of vertices on the anchor tree, multiple crossings of the anchor tree (instead of
just one) may have to be taken at the end of a round. We need to do this quickly while
conforming to Sp. The rest of this paper explains how to handle these difficulties.

4 The Subdivision S and the Graph H.

We introduce a graph H. which is the discretization of some subset of 7 based on
the scheme of Sun and Reif [[13]. We briefly review their construction below. Given
a subdivision X with triangular regions, Sun and Reif place O(i log }:) Steiner points
on each edge of I, where the hidden constant depends on some geometric parameters.
The vertices of I and these Steiner points form the vertex set of a graph which we
denote by G.(K). Every two vertices p and ¢ of G.(K) on the boundary of a region
are connected by the edge pg with weight costi (pq). There are O(!|K|log ) vertices
and O( L |K| log? !) edges in G-(K). So Dijkstra’s algorithm returns a shortest path
or a shortest path tree in G (K) in O( 4 |K|log ! log 1) time [7]. A shortest path in
G:(K) is a (1 4 ¢)-approximate shortest path in . Sun and Reif gave a faster shortest
path algorithm that avoids generating the edges of G (/C), but we do not need this as
other tasks will prove to be more time-consuming. Aleksandrov et al. [1] have a related
construction with better dependence on ¢, but we cannot use it due to some technical
difficulties.

The graph H. is G(S) for some refinement S of a subset of 7. We will run mul-
tiple rounds of Dijkstra’s algorithm on a subgraph H,; of H. to generate a (1 + ¢)-
approximate shortest homotopic path. A dense enough discretization is sufficient for
this purpose. We will use another graph Ht.,, whose edges are contained in H. to com-
pute the anchor tree for encoding the homotopy of P. This requires extra properties
as we explain below. Although H,j, and Hyn serve different purposes, a (1 + €)-
approximate shortest homotopic path has to interact with the anchor tree, i.e., cross
it. The relations among H., Hje, and Hy, facilitate the analysis.

Let L denote the length of a minimum-length path homotopic to P. Let B denote
an axis-parallel box centered at s with width 4pLg;. The cost of the shortest path ho-
motopic to P is between Ls; and pLg;. So for any € € (0, 1), the box B contains any
(1+ ¢&)-approximate shortest path homotopic to P, which means that only the obstacles
inside B are relevant. The restriction to B controls the costs of the paths in the anchor
tree which keeps short the canonical crossing sequence of P.
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Fig. 2. The obstacles are shaded. We ignore the box B for simplicity. In (a), the black dots denote
the anchors and the dashed segments form the anchor triangulation. In (b), the circles have radii
dfen and the white dots are the extra vertices inserted.

For each obstacle inside B, we pick one of its vertices to be an anchor. We compute
the anchor triangulation, a triangulation of the anchors as well as the four corners of B.
We superimpose the anchor triangulation on B N 7 to obtain a subdivision 7. Notice
that an anchor triangulation edge may be split by the obstacles and the edges of BN7T
into several edges in 7. Fig.[2la) gives an illustration. The anchor triangulation edges
provide shortcuts in 7" that one can take in building the anchor tree. This controls the
length of the canonical crossing sequence of P.

We need to prevent any path in the anchor tree from spiraling around the obsta-
cles in order to keep short the canonical crossing sequence of P. For this purpose, for
each edge uv in the anchor triangulation, the subset of uwv within a distance dfe, =
eLst/Q(pkn)O(l) from v or v plays a special role in building the anchor tree. Either
this subset consists of two segments ux and vy or it is the edge uv. In the former case,
we insert x and y as extra vertices into 7" if they do not fall inside obstacles. Fig.[2(b)
shows an example. The exact value of g, will be specified in the proof of Theorem![I]
our main result.

The subdivision S is the refinement of 7’ so that all regions become triangles.
W.l.o.g., we assume that S is connected. It has O(hn) vertices and O(hn) edges. We
construct H, as G.(S), which has O('Eln log !) vertices and O( Ehz nlog? 1) edges.

5 Anchor Tree

We introduce an anchor tree A to connect the anchors. The crossings between .4 and
P will be used to encode the homotopy of P. Let u, be a vertex in S with the largest
y-coordinate. The anchor tree A consists of two parts, a non-self-intersecting subtree
in S that is rooted at us and spans all anchors, and a ray that shoots upward from u to
infinity. So A is a rooted tree with the root at vertical infinity.

Let a1, as,...,ap be the anchors in A. Let o; denote the directed tree path in A
from a; to vertical infinity. Although the paths ay, ao, . .. may overlap, we view them
as non-crossing and side by side. Fig. B(a) shows an example. The crossing sequence
of P is built by traversing P from s to ¢, appending a symbol @; or a; whenever P
crosses a;. We append a; if «; is crossed from left to right with respect to its direction.
We append @; otherwise. Fig. B(b) shows an example. If @; and a; are adjacent in the
crossing sequence, we can cancel them. It corresponds to a path deformation that does
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Fig. 3. In (b), the crossing sequence of the solid path is A1asa3a1a8 001030303 a3a4as. It can
be reduced to the crossing sequence ajasazasas of the dashed path.

not pass over any obstacle. Repeating until no other symbol can be deleted gives the
unique canonical crossing sequence as implied by Lemma [I] below. Cabello et al. [3]]
used vertical lines though obstacles to define the crossing sequence when the path cost
is its length. The anchor tree generalizes this idea. The same idea of using a tree to
encode homotopy was also used by Kaufmann and Mehlhorn [10].

Lemma 1. Let H denote R? minus the obstacles with anchors. Two paths in H with
the same endpoints are homotopic if and only if their canonical crossing sequences are
identical.

We construct the subtree of 4 rooted at us as a shortest path tree in some subgraph
of H. as follows. For edge uv of the anchor triangulation, its subset within a distance
Ofen from u or v consists of collinear edges in S. Due to obstacles, these collinear
edges may form several connected components and we call each connected component
a fence. Fig. [l shows an example. To keep the canonical crossing sequence of P short,
we should prevent any path in A from spiraling around the obstacles and hence anchors.
We achieve this by making the interior of fences impenetrable. This is easily done by
splitting some vertices of H. as follows. We split every vertex v of S in the interior
of a fence into two copies, one on each side of the fence, and these two copies are not
connected. Any edge incident to v is made incident to the copy of v on the same side
of the fence as that edge. Notice that one can still pass through a fence at its endpoints.
We use Hrep, to denote the resulting graph. Note that each edge in Hy.,, coincides with
an edge in H.. We compute the subtree of A rooted at u, as the shortest path tree in
He,, from u to all anchors. The next result states several properties of A.

Lemma 2. A has O("nlog !) size and can be computed in O( i log ™ log !) time.

Let vy;, i € [1, h], denote the paths in A between us and the anchors.

(i) costr(y:) = O(p*nLg).
(i) The subpath of ~; between any two nodes p and q has cost at most dpq + O(phdsen),
where dpq is the shortest path cost in H. between p and q.
(iii) Let y be a crossing point between ~y; and an edge vw of the anchor triangulation.
If |vy| < Oten, then y lies on an obstacle.
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(b)

Fig. 4. The shaded regions are obstacles. We ignore the box B for simplicity. In (a), the black dots
denote the anchors, the dashed segments form the anchor triangulation, and the dashed circles
have radii dfen. In (b), the fences are shown as bold segments and the refined subdivision is S.
Notice that some fences consist of several edges of S.

(iv) Suppose that ~y; intersects an edge of the anchor triangulation at two points x and
y. If zy does not intersect any obstacle, the subpath of y; between x and y has cost
at most costr (zy).

A key property of the anchor tree is that it ensures that the crossing sequence of P has
low dependence on n and €.

Lemma 3. The canonical crossing sequence Sp of P has length O(ph®k log plzn ).

Proof. (Sketch.) We break the k segments in P at their crossings with the vertical ray in
A. There are at most k such crossings, so P is partitioned into at most 2k subsegments
such that each subsegment may cross the subtree of A rooted at u4 but not the vertical
ray. Our strategy is to deform each subsegment and show an O(ph log * ’;") bound on
the number of crossings between the deformed subsegment and any path from us to an
anchor in A.

Take a segment £ in P and a path v in A from u to an anchor. Let x and z’ be two
crossings between £ and -y that appear consecutively along . The subpath of v between
x and 2’ forms a simple cycle with zz’. If no obstacle lies inside this cycle, we deform
£ by morphing xx’ to a curve next to the subpath of v between x and 2’ as shown in
Fig. [l This eliminates the crossing x, x’, or both. The deformed ¢ is homotopic to ¢
because the deformation does not pass over any obstacle (no obstacle lies inside the
cycle). The deformed ¢ has no new crossing with A because zz’ is replaced by a curve
next to a subpath in A. Also, the deformed ¢ does not cross itself because the choices
of x and z’ ensure that v does not cross £ between x and x’. We repeat until no more

ot &

Fig. 5. Morph zz’ to follow the dashed curve. This eliminates the crossings x and x’ on the left,
z in the middle, and z’ on the right.
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Fig. 6. (a) The shaded triangles denote the obstacles; the dashed line denotes ¢; the polygonal
curve denotes o; the bold curves denote v(xi,, zj, ), V(®iy, Tjy) and (s, Tj5). (b) 2x is the
last crossing along e with Cj, j, before yi41. As zkyr+1 avoids the obstacles, by Lemma Pliv),
lyryrt1| = [2eyrra] 2 costr (Y(zx, Yx+1))/p = layk|/p. So layks1| = (L +1/p)|ayk].

crossings with A can be eliminated. Let o be the final deformed ¢. By induction, we
can show that o is homotopic to ¢, and ¢ does not cross itself.

We define y(p, q) to be the subcurve of  between two points p and ¢ on it. The
subcurve o (p, q) is similarly defined. Let 21, 22, . . . denote the crossings between ~ and
o. All these crossings lie on ¢ by our deformation. Consider the set of cycles {C;; =
o(zi, xj) Uv(x;, ;) : «; and x; are consecutive along v }. We order the subscripts of
C; such that u is closer to z; than x; along . Each cycle is simple and it must enclose
some anchors. We cluster the cycles that enclose the same anchors. The cycles in the
same cluster are nested. Rotate the plane so that the subsegment ¢ is horizontal. We
divide a cluster into a left-group and a right-group, depending on whether x; lies to the
left or right of ; on £. The two sets of anchors enclosed by two different cycles are
either disjoint or one set is a subset of the other set. Therefore, there are at most 2/ left-
and right-groups. We show that a left-group has O(plog "IZ") cycles as follows. The
size of a right-group can be analyzed similarly.

There exists an edge e of the anchor triangulation that cuts through all cycles in the
left-group and ends at some anchor a inside the innermost cycle. (The existence of e is
ensured because we include the corners of the box B in the anchor triangulation.) Walk
along e away from a. Identify the first crossing between e and each cycle in the left-
group. Label these crossings as 41,2, ..., Ym at increasing distances from a. Label
the cycles so that yy, lies on C;, 5, for k € [1,m]. It follows that C;, j, is nested in
Ciri1juss fork € [1,m—1]. See Figure[6(a) for an example. We can show that [ayz| >
Sten and |ayr| > (1 + 1/p)¥~2|ays| for k € [2,m] by Lemma 2] and the optimality
of ~. Figure [6(b) illustrates the idea of the proof. The details are omitted. We have
(1+1/p)™ 26¢en < (1 +1/p)™2|aya| < |ay.m|, which is at most |y(z;,,, x;,, )| <
costz(y). Thus, m = O(log(lil/p) log COSW(W)) = O(plog pk") as costr(y) =

5fen €
O(pgant) and fen = ELst/@(pkn)O(l)'

6 Rerouting along A

Our algorithm will run |Sp| + 1 rounds of shortest path computation starting from the
source s in a subgraph of H.. In each round, A is treated as an obstacle. At the end
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of each round, we cross A in a way compatible with the remaining symbols in Sp.
We reroute the optimal path along A in the analysis so that the structure of the rerouted
optimum is similar to ours. Our path is as short as the rerouted optimum by construction.
It is thus important to bound the rerouting error. In this section, we explain the rerouting
for a path () in H, with canonical crossing sequence S¢.

Split @ into a concatenation of subpaths and edges Q)1 - u1v; - Q2 - ugve - - - such
that each subpath @); has no canonical crossing and each edge u;v; crosses A at one or
more canonical crossings in Sg. We describe successive conversions from (); below:
Qi — Q} — Q? — Q3, such that the homotopy is preserved. All crossings between
Q@ and A are cancellable. Canceling two adjacent symbols can be implemented by
rerouting ); along A. After doing all the cancellations, we get a path @} that does
not cross A. This step is illustrated by the conversion from Fig. [/(a) to Fig. [Z(b). For
each path v in A from us to some anchor, we shortcut )} along the right side of v
between the first and last contact points of Q} on the right side of +, and shortcut
analogously along the left side of . The resulting path is Q2. This step is illustrated by
the conversion from Fig. [7{b) to Fig.[/(c).

A A A

(@ Qi (b Qi (©) Q7

Fig.7. Qi — Qi — Q}

Finally, we convert Q? to a homotopic path @ in H. as follows. Assume for now
that ~y; is the only path in A that overlaps with Q7. We snap Q7 to some nodes in
Q? N ~; and we use the example in Fig.[§to illustrate this step. The white dots denote
some vertices of H.. The path Q? starts to follow ~; at the first contact x until Q7 leaves
7y; aty. To obtain Q3, we replace dz and xc by dc, and we replace uy and yv by uv.

For bounding the rerouting error, it is instructive to view the whole process as a direct
conversion from Q; to Q3 by swapping subpaths between ~y; and Q;. That is, delete ac
and gu from y;, delete bd and pv from @);, and then insert ab, cd, pg, and uv. The
converted Q; is @3 and the subpath of ~; between c and u is replaced by the subpath
of @; between b and p. Let 3; denote the converted ;. Analogous to the fact that given
a convex quadrilateral, the total length of its diagonals is at least the total length of any
two opposite sides, we can show that costs ;) +costs(Q;) > costs(8;)+costs(Q3).
By Lemma [2(ii), we have costs(7y;) < costr(3;) + O(phdsen), which implies that
cost7 (Q3) < costs(Q;) + O(phdten)- So far, we have only considered the rerouting of
Q? along one path in .A. Rerouting along all h paths gives costs(Q?) < costs(Q;) +
O(ph25fen).
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Fig. 8. The dashed polyline denotes Q; \ Q7

Lemma 4. Let () be a path in H. with canonical crossing sequence S¢q. We can convert
Q to a homotopic path Q* in H, such that:

() Q3 is the concatenation Q3 - uyvy - Q3 - ugvs - - - such that Q3 does not cross A
and u;v; crosses A at one or more canonical crossings in Sq.

(i) costs(Q?) < costs(Q) + O(ph?Gten|So))-

7 Main Algorithm

First, we construct .4 using Lemma 2] and superimpose it on S. Since A bends only at
vertices of H. on the edges of S, no new nodes are generated, so the overlay has size
O( Zn log i) by Lemma ] and can be constructed in linear time.

Next, we obtain a subgraph H,j, of H. by deleting any edge pq that intersects A.
We intersect A with P by brute force to find its canonical crossing sequence Sp in
O("knlog !) time. We run | Sp|+ 1 rounds of shortest path computation in H,,. In the
initialization, for each vertex p of H,j,, we set a vector p[i] = oo for i € [0, |Sp|]. The
entry p[i] will store the shortest path cost in Hyj, from s to p subject to the constraint
that the canonical crossing sequence of the path consists of the first ¢ symbols in Sp.

In the first round, we set s[0] = 0 and compute shortest paths in H,jz from s to all
other vertices. The shortest path cost of a vertex p is stored at p[0] during this round.
Let 0,4 denote the canonical crossing sequence of the segment pg. At the end of the
round, for any edge pg of H. such that o, is a prefix of Sp, we update g[|o,4|] to be
min{q[|opq|], [0]+ costs(pq) }. In general, the jth round begins with selecting vertices
v of H,jg such that v[j — 1] # oo and run Dijkstra’s algorithm in H,, from these
vertices as multiple sources. This is akin to the computation of a weighted Voronoi
diagram. The shortest path cost of a vertex p is stored at p[j — 1] during this round.
Similarly, at the end of the jth round, we find all edges pq of H. such that o,,, matches
Sp from the jth to the (j + |opq| — 1)th symbols, and update g[j + |opq| — 1]. That is,
qlj + |opg| — 1] = min{q[j + |ope| — 1], p[j — 1] + costs(pq) }. The final shortest path
cost is stored at t[|.Sp|].

At the end of each round, we have to find all eligible edges in H. to update the entries
q[i]’s. Each edge pq in H. lies inside a region. It may cross O(! log !) segments in A
and crossing one such segment corresponds to gaining up to O(h) symbols. It means
that |op,| = O(’; log !). It is time-consuming to check every edge in H.. Fortunately,
we can do it more efficiently by preprocessing.

Lemma 5. We can build a data structure in O(|Sp| Ehz nlog? 1) time so as to report the
eligible edges in H. in time proportional to their number at the end of each round.
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Fig.9. (a) The division of a region into zones. (b) 7T’ ., and Tf,zl.

Proof. Eachregion f of S is split by A into disjoint zones, each being a simple polygon.
There are O(i log }:) zones in f because each zone contains some vertex of H, in f.
We build a dual tree Ty to model the adjacency of the zones in f. Each node of T
represents a zone and two zones are connected in 7T’ if they are adjacent. Building T’
takes O(i log i_) time. Fig.[9(a) shows the zones in a region f.

For each zone z in f, root T at z and attach z to a dummy parent. Then we expand
each edge between a zone z’ and its child zone z” into O(h) edges, each containing one
symbol that is gained by going from zone 2’ to zone z”. Denote by T , the resulting
rooted tree. It has O(Z log i) size. Figl(b) shows T ., for the example in Fig. [O(a).
In T’ ., we can read off the symbol sequence from any vertex p in zone z to any vertex
¢ in another zone. But this sequence may not be canonical. We perform a BFS of T} .,
while modifying T . on the fly. Suppose that we visit a node x from its parent z’
and let ¢ be the symbol on the edge x’'x. The path from z to x’ gives a sequence of
symbols ¢1, @2, -+, di—1, ¢;. If ¢ does not cancel ¢;, we just continue with the BFS.
If ¢ cancels ¢;, we detach = from z’, make z a child of the grandparent z* of x’, and
set ¢;_1 to be the symbol on the edge x*x. Then, we continue with the BFS. Basically,
we are reducing the crossing sequences while generating them. Let Tﬁz denote the final
rooted tree converted from T .. Tf,z is a prefix tree of canonical crossing sequences
from z to all other zones in f. The bottom figure in Fig. O(b) shows an example.

Then, we find in Sp the occurrences of all sequences in Tﬁz as follows. We construct
a suffix tree Ts for Sp in O(|Sp|) time [3]. Then, we traverse Tf,z in a depth-first
manner while navigating up and down T’ correspondingly. It takes O(|Ty..| + |Sp|)
time to find for each sequence o in T’ the subtree of T’s that stores exactly the suffixes
of Sp beginning with o, which can then be traversed to output all occurrences of o.
There are O(! log !) sequences in Ty . and each appears at most |Sp| times in Sp.
Therefore, the total time to find all the occurrences of the sequences in T, in Sp is
O(|Ty,:|+|Sp|+|Sp| L log L) = O(|Sp| ! log ! ). Repeating for all zones in all regions
gives a running time of O(|Sp| in log? ). We use |Sp/ lists to store the results. The
Jjth list contains all zone pairs (z, z’) such that the canonical crossing sequence from
z to z’ matches Sp at the jth position. At the end of the jth round, for each zone pair
(2, 2') in the jth list, we report all edges pq of H, such that pisin z and ¢ isin 2’.
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Theorem 1. Let P be a polygonal path of k segments in a weighted subdivision T with
h obstacles and n vertices. For any € € (0,1), we can compute a (1 + €)-approximate

shortest path homotopic to P in O( Z; kn polylog(k, n, ;)) time, where the hidden con-
stant depends on p and some geometric parameters.

Proof. Let O be the shortest path in 7 homotopic to P. Using the analysis of Sun
and Reif [13], the path O can be snapped to a 1 + ¢ homotopic approximation O’
in H.. Then, O’ can be converted to a path O” that satisfies Lemma 4l Our algo-
rithm returns a path cost at most costs(0”) < costs(0’) + O(ph%een|Sp|) < (1 +
g) costs(0) + O(ph?Sten|Sp|). If we set ten = €Lst/(ph?|Sp|), the additive term
becomes O(eLs:) = O(ecosts(O)). Hence, our path cost is (1 + O(g)) costs(O).
The factor 1 4+ O(g) can be made 1 + & by manipulating the constants. By Lemma [3]

the preprocessing takes O(|Sp| 2 nlog” 1) time. Consider the shortest path computa-

tion. Since Haig has O("nlog !) vertices and O( /4 n log? 1) edges, one round of Dijk-

stra takes O( E}; n polylog(k, n, ;)) time. We use the eligible edges pq of H. to update
the entries ¢[i]’s at the end of each round, which takes O( E’; nlog? !) time. The total
running time is O(|Sp| s n polylog(k,n, 1)) = O('Elj kn polylog(k, n, 1)), where the
hidden constant depends on p and some geometric parameters.

References

1. Aleksandrov, L., Maheshwari, A., Sack, J.-R.: Determining approximate shortest paths on
weighted polyhedral surfaces. J. ACM 52, 25-53 (2005)

2. Bespamyatnikh, S.: Computing homotopic shortest paths in the plane. J. Alg. 49, 284-303
(2003)

3. Cabello, S., Liu, Y., Mantler, A., Snoeyink, J.: Testing Homotopy for Paths in the Plane.
Discr. Comput. Geom. 31, 61-81 (2004)

4. Efrat, A., Kobourov, S.G., Lubiw, A.: Computing homotopic shortest paths efficiently. Com-
put. Geom. Theory and Appl. 35, 162-172 (2006)

5. Farach, M.: Optimal suffix tree construction with large alphabets. In: Proc. 38th Annu. Sym-
pos. Found. Comput. Sci., pp. 137-143 (1997)

6. Forbus, K.D., Uhser, J., Chapman, V.: Qualitative spatial reasoning about sketch maps. Al
Magazine 24, 61-72 (2004)

7. Fredman, M.L., Tarjan, R.E.: Fibonacci heaps and their uses in improved network optimiza-
tion algorithms. J. ACM 34, 596-615 (1987)

8. Gao, S., Jerrum, M., Kaufmann, M., Kehlhorn, K., Riilling, W., Storb, C.: On continuous
homotopic one layer routing. In: Proc. 4th Annu. Sympos. Comput. Geom., pp. 392402
(1998)

9. Hershberger, J., Snoeyink, J.: Computing minimum length paths of a given homotopy class.
Comput. Geom. Theory and Appl. 4, 63-98 (1994)

10. Kaufmann, M., Mehlhorn, K.: On local routing of two-terminal nets. J. Comb. Theory, Ser.
B 55, 33-72 (1992)

11. Leiserson, C.E., Maley, EM.: Algorithms for routing and testing routability of planar VLSI
layouts. In: Proc. 17th Annu. Sympos. Theory of Comput., pp. 69-78 (1985)

12. Mitchell, J., Papadimitriou, C.: The weighted region problem: Finding shortest paths through
a weighted planar subdivision. J. ACM 38, 18-73 (1991)

13. Sun, Z., Reif, J.: On finding approximate optimal paths in weighted regions. J. Alg. 58, 1-32
(2006)



	Approximate Shortest Homotopic Paths in Weighted Regions
	Introduction
	Preliminaries
	Overview
	The Subdivision $S$ and the Graph $H_ε$
	Anchor Tree
	Rerouting along $A$
	Main Algorithm
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




