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Abstract. In this paper we propose proof systems without labels for the
intuitionistic modal logic IS5 that are based on a new multi-contextual
sequent structure appropriate to deal with such a logic. We first give a
label-free natural deduction system and thus derive natural deduction
systems for the classical modal logic S5 and also for an intermediate
logic IM5. Then we define a label-free sequent calculus for IS5 and prove
its soundness and completeness. The study of this calculus leads to a
decision procedure for 1S5 and thus to an alternative syntactic proof of
its decidability.

1 Introduction

Intuitionistic modal logics have important applications in computer science, for
instance for the formal verification of computer hardware [7] and for the defini-
tion of programming languages [6/10]. Here, we focus on the intuitionistic modal
logic IS5, introduced by Prior [I3] and initially named MIPQ, that is the intuition-
istic version of the modal logic S5. It satisfies the requirements given in [I6] for
the correct intuitionistic analogues of the modal logics. An algebraic semantics
for 1S5 has been introduced in [3] and the finite model property w.r.t. this se-
mantics and consequently the decidability of this logic have been proved [TTJI5].
Moreover a translation of this logic into the monadic fragment of the intuition-
istic predicate logic has been defined [4] and relations between some extensions
of IS5 and intermediate predicate logics have been investigated [12]. In addition
a Kripke semantics for IS5 was defined using frames where the accessibility rela-
tion is reflexive, transitive and symmetric [16]. As it is an equivalence relation,
there exists an equivalent semantics with frames without accessibility relation
like in the case of classical modal logic S5.

Here we mainly focus on proof theory for IS5 and on the design of new proof
systems without labels for this logic. A Gentzen calculus was proposed in [11],
but it does not satisfy the cut-elimination property. A natural deduction and
cut-free Gentzen systems for IS5 have been proposed in [16], but a key point
is that they are not considered as syntactically pure because of the presence
of labels and relations between them corresponding to semantic information. In
fact, they were introduced in order to support accessibility relations with arbi-
trary properties. There exist labelled systems without relations between labels
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but for the fragment without L and V [10]. Moreover a hybrid version of IS5 has
been introduced in [59] in order to reason about places with assertions of the
form AQ@Qp meaning that A is true at p. We observe that, by restricting the nat-
ural deduction system for this hybrid version, we can obtain a labelled natural
deduction system for IS5.

In this paper, we aim at studying proof systems without labels for IS5. Then
a first contribution is a label-free natural deduction system, called NDsg. It is
based on a new sequent structure, called MC-sequent, that is multi-contextual
and without labels, allowing the distribution of hypotheses in a multi-contextual
environment. Compared to the hypersequent structure [I] that is adapted to clas-
sical logic the MC-sequent structure is more appropriate to deal with intuition-
istic and modal operators. From this system we can deduce label-free natural
deduction systems for S5 but also for IM5 [§] that is an intermediate logic be-
tween IS5 and S5. These natural deduction systems, without labels, illustrates
the appropriateness of the MC-sequent structure for logics defined over 1S5.

To complete these results another contribution is the definition of a sequent
system for IS5 that is based on the MC-sequent structure and called Gigs. Its
soundness and completeness are proved from its equivalence with the natural
deduction system. We also prove that Giss satisfies the cut-elimination property.
Moreover from the subformula property satisfied by the cut-free derivations, we
introduce a notion of redundancy so that any valid MC-sequent has an irredun-
dant derivation. Therefore we provide a new decision procedure for 1S5 and thus
obtain an alternative proof of the decidability of 1S5 from our label-free sequent
calculus.

2 The Intuitionistic Modal Logic 1S5

The language of 1S5 is obtained from the one of propositional intuitionistic logic
IPL by adding the unary operators O and {. Let Prop be a countably set of
propositional symbols. We use p, g, 7, ... to range over Prop. The formulas of 1S5
are given by the grammar:

Fu=p|L|FAF|FVF|FOF|OF|OF

The negation is defined by =4 £ A > 1. A Hilbert axiomatic system for IS5 is
given in Figure [ (see [16]).

Note that the interdefinability between O and ¢ given by $A £ =00—A breaks
down in intuitionistic modal logics. That is similar to the fact that V and 3 are
independent in intuitionistic first-order logic.

Definition 1. A Kripke model is a tuple (W, <,{ Dy }wew, {Viw }wew) where
- W is a non-empty set (of 'worlds’) partially ordered by <;

- for each w € W, Dy, is a non-empty set such that w < w' implies Dy, C D,y
and

- for each w € W, V,, is a function that assigns to each p € Prop a subset of D,,
such that w < w' implies Vi, (p) C Vi (p).
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Fig. 1. An Axiomatization of IS5

Definition 2. Let M = (W, <, { Dy }wew, {Vaw }wew) be a Kripke model, w €
W, de€ Dy and A be a formula, we define M,w,dE A inductively as follows:

- M,w,dE piff d € Viy(p);

- M,w,dE L never;

-M,w,dE ANB iff Myw,dE A and M,w,d F B;
-M,w,dE AV B iff Myw,dE A or M,w,d F B;

- M,w,dE AD B iff for all v > w, M,v,dE A implies M,v,d F B;
-M,w,dE QA iff for allv > w, e € D, M,v,eF A;

- M,w,dE QA iff there exists e € Dy, such that M,w,e E A.

A formula A is valid in M = (W, <, {Dy }wew, {Viw fwew ), written M E A, if
and only if M,w,d E A for every w € W and every d € D,,. A formula is valid
in 1S5, written 1S5 E A, if and only if M E A for every Kripke model M.

IS5 has an equivalent Kripke semantics using frames where there is an acces-
sibility relation which is reflexive, transitive and symmetric [16]. A simple way
to prove the soundness and the completeness of the Kripke semantics defined
here consists in the use of the translation of IS5 in the monadic fragment of the
intuitionistic predicate logic [4]. This translation, denoted (.)*, is defined by:

- (L) =1L (p)* = P(a);
(A®B) = (A)* ® (B)*, for ® = A, V, D;
- (OA)" =Va.(4);
- (QA)" =3Fz.(4)".
Proposition 3 (Monotonicity). If we have M, w,d E A and w < w', then we
have M,w',dE A.

Proof. By structural induction on A.

3 Label-Free Natural Deduction for 1S5

In this section, we introduce a natural deduction system for IS5, called NDss,
based on the definition of a particular sequent structure, called MC-sequent. The
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soundness of this system is proved using Kripke semantics and its completeness
is proved via the axiomatization given in Figure [l

3.1 The MC-Sequent Structure

Let us recall that a context, denoted by the letters I" and A, is a finite multiset
of formulae and that a sequent is a structure of the form I' = C where I is a
context and C' is a formula.

Definition 4 (MC-sequent). An MC-sequent is a structure I'1;...;IxFT'FC
where {I1,..., I} is a finite multiset of contexts, called LL-context, and I'+C
s a sequent, called contexrtual conclusion.

Let G+ I+ C be a MC-sequent. If I' is the empty context (), then we write
GFFC instead of GF(F C. Concerning the empty contexts in G (LL-context),
they are not omitted.

The MC-sequent structure simply captures the fact that all the assumptions
are relative and not absolute in the sense that if a formula is true in a given con-
text, it is not necessary true in the other contexts. Intuitively, this can be seen as
a spatial distribution of the assumptions. Indeed, each context represents a world
in Kripke semantics with the fact that two different contexts do not necessarily
represent two different worlds. This fact is highlighted by the corresponding for-
mula of any MC-sequent, namely the MC-sequent I7;...; IyFI'FC corresponds
to the formula (G(ATY) A ... AO(ALR)) D ((AT) DC). We use the notation
AT as a shorthand for A; A... A Ay when I' = Ay,..., Ax. If ' is empty, we
identify A I" with T.

This structure is similar to the hypersequent structure that is a multiset of
sequents, called components, separated by a symbol denoting disjunction [I], in
the sense that it is a multi-contextual structure. Since IS5 satisfies the disjunction
property, namely if AV B is a theorem then A is a theorem or B is a theorem, the
hypersequent structure does not really enrich the sequent structure in this case
and it appears that MC-sequent is more appropriate to deal with intuitionistic
and modal operators. However, our approach is similar to the one in [14] where
a hypersequent calculus for the classical modal logic S5 was introduced.

3.2 A Natural Deduction System for 1S5

The rules of the natural deduction system NDss are given in Figure Bl Let us
remark that if we consider the set of rules obtained from NDss by replacing any
MC-sequent occurring in any rule by its contextual conclusion and by removing
all the modal rules and the [V%] and [L?] rules then we obtain a set of rules
corresponding to the known natural deduction system of IPL [I7]. Hence, we
obtain the following proposition:

Proposition 5. If A is a substitution instance of a theorem of IPL then HH A
has a proof in NDss.
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Fig. 2. The Natural Deduction System NDss

Let us comment now the modal rules of NDjss. The rule [;] internalizes the
fact that if a formula A is true in a given context without any assumption, then
OA is true in any context. [0}] internalizes the notion that if OA is true in a
given context then A is true in this context. [d%] internalizes the notion that if
0OA is true in a given context then A is true in any other context. Indeed, this
rule consists in an elimination of O combined with a switch from the current
context I' to an other context I". So [O%] and [O%] both internalize the fact
that if JA is true then A is true in any context. The rules of { are dual to these
of O. [¢}] and [{?] both internalize the fact that if A is true in a given context
then {A is true in any context. [{] and [¢%] both internalize the fact that the
assumption ” A is true in a context without any other assumption” is equivalent
to the assumption "< A is true”. This comes from the fact that if $A is true
then we may not necessary know in what context.

Let us illustrate our system by considering the formula $(AV B) D (OAVEOB).
A proof of this formula in NDjss5 is given by:

1d
<>(A\/B)I—AVBI—A\/B[ ] Dy Dy
[1d] [VE2]
FO(AV BYF G(AV B) AVBFO(AV BYF GAV OB
1
FO(AV B)F GAV OB [©s1]
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with
(1d] (1d)
G(AVB)FAV B, AF A O(AV B)F AV B,BF B
D1 = [012] Do = [012]
AV B, AFG(AV B)F OA 2 AVB,BFG(AVB)F OB
1 2
AVB,AFG(AV B)FGAV OB [vrt] AVB,BFG(AV BYFOGAV OB [vr2]

Now we give a proof of the soundness of ND)s5 using Kripke semantics. It consists
in showing that for every rule, if its premise(s) are valid, then its conclusion is
valid.

Theorem 6 (Soundness). NDiss is sound, i.e., if a MC-sequent of 1S5 is prov-
able in N Diss then it is valid in 1S5.

Proof. Proceeding contrapositively, for every rule, we suppose that its conclu-
sion is not valid and prove that one of its premises is not valid. Here, we only
show the cases of [O;], [0%] and [OL].

- Case [Op]. Let M = (W, <, {Dy twew, {Vw fwew) be a countermodel of G
I' - OA. Then there exist wy in W and dy € D,,, such that for all I € G,
wo,do F O AT and wo,do # AT and wy, dy ¥ OA.

From wy, dy ¥ OA, there exist w; € W and d; € D,,, such that wy < w; and
wy,dy ¥ A. Using Kripke monotonicity (Proposition B]), for all I € G U {I'},
wy,d; E O AT, Thus, we deduce that M is a countermodel of G; I' - FA.

- Case [0%)]. Let M = (W, <, { Dy }wew, {Viw }wew) be a countermodel of G; '+
I'"+ A. Then there exists wg in W and dy € D,,, such that for all I'" € GU{I},
wo,do E <>/\F”, wo,do E /\F/ and wo,do# A.

Using wg, do E O A\ I, there exists dy in D,,, such that wg,dy E A I'. Using
wo,do E NI, wo,dy ¥ & A\ TV holds. Using wq, do ¥ A, wo, dr ¥ 0OA holds. Thus,
we deduce that M is a countermodel of G; I+ I'+ OA.

- Case [OL]. Let M = (W, <, {Dy }wew, {Viw }wew) be a countermodel of G
I'  C. Then there exist wy in W and dy € D,, such that for all I € G,
wo,do E O AT and wo,do F A I' and wo,dy ¥ C.

If wg, dp ¥ S A then M is a countermodel of GFI'F $A. Otherwise, wg, dg F
$A and then M is a countermodel of G;AFIT'HC.

Proposition 7. The following MC-sequents are provable in N Djss

1)F+0O(ADB) D (0ADOB) 2)FEOLD L
3)FFOADB)D(CADOB) 4)FEO(AV B) D (QAV OB)
5)FH(QADOB)D>O(ADB) 6)FE(@AD A A (ADOA)
7)EE(QOADOA) A (CADOCA)

Proof. For 4) the proof is given as example before.
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- For 1) we have

[1d] [1d]
0-0O(ADB),0AFO(ADB)  0-O(ADB),0AFDA |
O(ADB),0A++ADB Ok O(AD B),OAFFA O]
O(AD B),0AFFB ]
+FO(A D B),0A+ OB (]
kmADBwﬂADDBDﬂ
»)
F+0O(ADB)D(OADOB) 1]
- For 2) we have
[1d]
OLFLFL
(1d] [17)
FOLF L LFOLE L
[O%]
FOL b L
[D1]
FEOLD L
- For 3) we have
(Id]
AFO(ADB),OAFD(ADB) .y
O(ADB),0AFAFADB E%]EKADBLOAFAFA[]
O(AD B),0AFAF B el
[1d] [©7]
FO(AD B),0AFGA AFO(ADB),0AF OB )
FO(AD B), 0AF OB ]
FNAD&FOADOBDA
)
O B) 5 (045 0B)
- For 5) we have
[1d]
GADOBFAFA
(Id] (03]
AFOADOBFOADOB AFOADOBE QA
[DE]

AFOADOBRFOB )
[O%]

[>1]
OSADOBFEFADB

OGADOBFAFB

[O/]
FOADOBFO(ADB)
FE(OADDOB)D>O(ADB) [51]

- For 6) we have

[1d]
OADOBFAKFA
[©7]
AFOGADOBE GA
[1d] [1d]
FOAFDA FARA
FOAF A O] FAFQA[OA
[D1] [D1]
FFOADA FFADOA
(A1]

FE(@ADA)A(ADOA)
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- For 7) we have

[1d] [Id]
0; OO0AFDOAFDOA 0;OAF AR A
[OZ] [1d] [OF]
OA; GOAFFA 0 FCAR GA SA;AFFOA
[Id] (=3 (0%
FOOAFR GOA OAFCOOAFOA SAFFGA
[O5] (O]
FOOAF OA FOAF OOA
[Dr1] D]
FEOOADOA FEOADDOOA
(Ar]

FE(OOADOA) A (CADDOQA)

Proposition 8. The following properties are satisfied:

1. if GE ' C has a proof in NDiss then GF I', A+ C has a proof in NDiss;

2. if G;I" =T+ C has a proof in NDyss then G; ', A+ T+ C has a proof in
NDISS;

3. if G IT'+C has a proof in NDiss then G; I+ T'+ C has a proof in NDjss.

Proof. The first two properties are proved by mutual induction on the proof of
their assumptions. The third one is simply proved by induction on the proof of
its assumption.

Theorem 9. If A is valid in IS5 then F+ A has a proof in NDss.

Proof. We identify the validity in IS5 through the axiomatization given in Fig-
ure [Il and consider an induction on the proof of A in this axiomatization.

If A is an axiom then F F A is provable in NDjss (Proposition Bl and Proposi-
tion [7).

Now, let us consider the last rule applied.

- If it is [M P] then by applying the induction hypothesis, we have -+ A D B and
F+ A have proofs in NDjgs. Using the rule [Dg|, we show that -+ B has also a
proof.

- Otherwise, if it is [Nec] then by applying the induction hypothesis, -+ A has
a proof in ND)ss. Using Proposition® @ - FA has a proof in NDs5 and with the
rule [O;], we show that -+ OA has also a proof.

The following two propositions allow us to state that for every MC-sequent, if
its corresponding formula has a proof then it has also a proof.

Proposition 10. G-I+ A D B has a proof if and only if G+ 1,AF B has a
proof.

Proof. The if part comes from the rule [D;]. For the only if part, using Proposi-
tion® G+ I,AF A D B has a proof. Then G+ I', A+ B has a proof using the

rule [Dy] as follows:
1d
GHILAFADB GD—F,AI—A[ ]

[DE]
GFT,AFB
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Proposition 11. The following properties are satisfied:

if GF T, AN B C has a proof then GET',A, B C has a proof;

if G;IVANBET'EC has a proof then G; I A, BET"+ C has a proof;
if GEIT,0AR C has a proof then G; A ' C has a proof;

if G; I OAR I = C has a proof then G;I'; AT+ C has a proof.

™ Lo do =

Proof. By mutual induction on the proofs of their assumptions.

Theorem 12 (Completeness). NDiss is complete, i.e., if a MC-sequent of IS5
1s valid then it has a proof in NDss.

Proof. Let S =1Ih;...; [, FIT'FC be a valid MC-sequent. Then Fs = (G A1 A
o ANONTL ANNT) D C s valid in 1S5, Using Theorem [0 F - Fs has a proof.
Using Proposition [0, FO AL A ... AO AT AATEC has a proof. Finally,
using Proposition [[1], we deduce that S has a proof.

Proposition 13 (Admissibility of cut rules).

- IfGFT'FA and GF T, AF B have proofs, then G+ I'+ B has also a proof.
-IfG;'FT"F A and G; T, AF IT'+ B have proofs, then G; I+ T'+ B has
also a proof.

Proof. By using Kripke semantics similarly to Theorem

3.3 Natural Deduction Systems for S5 and IM5

In this section, we provide two natural deduction systems for S5 and one for
IM5. We recall that IM5 is the logic obtained from IS5 by adding the axiom
-0-AD A [8]. Tt is an intermediate logic in the sense that the set of formulas
valid in this logic is between the sets of formulas valid in 1S5 and S5 w.r.t. in-
clusion: IS5 C IM5 C S5.

A natural deduction system for the classical modal logic S5 is obtained by re-
placing [L!] and [1L2] in NDjss by the following two rules:

GHT,-AF L G, -AFT'F L
Le [L2]
GFTHA G:I'FTFA

This comes from the fact that the addition of the axiom AV —A to IS5 yields
S5 [16]. As an example, we give a proof of ={$—A D OA:

[1d]
~OmAF—AF=A
[1d] (7]
—AF =O-AF =O-A —AF —O-AF O-A
[DE]
—AF ~O-AF L
[L2]
~O-AFFA
(O]
F=G-AF OA

[Dr
FFE=0-ADOA



264 D. Galmiche and Y. Salhi

Another natural deduction system for S5 is obtained by replacing the same rules
by the following rules

. — !
GFI,0-AFL  GIO-AFI'FL L2

1.
GFI'FOA ¢ G, I"'FIr'+nDA ¢

This rule internalizes the axiom —={—A D OA and we know that the addition of
this axiom to IS5 yields S5 [2].

Now, we consider the intermediate logic IM5 to show that the MC-sequent
structure is appropriate to deal with some logics defined over 1S5. Similarly to
the case of S5, a natural deduction system for this logic is obtained by replacing
[L1] and [L?] in NDss by the following two rules:

GrI,O0-AF L G:IO-AFI'+ L

11 12
GHFI'FGA " G I'FTI'EOA ol
The soundness of our systems for IM5 and S5 is obtained using the soundness of
the rules of NDjs5 and the axiomatizations of these logics. To prove completeness,

we just have to use the axiomatization similarly to the proof of completeness of
NDiss.

4 A Label-Free Sequent Calculus for 1S5

In this section, we introduce a Gentzen calculus, called Giss, using the MC-
sequent structure. Its soundness and completeness are proved using the natural
deduction system NDjs5. We prove that our calculus satisfies the key property of
cut-elimination. Finally, from the subformula property satisfied by the cut-free
proofs, we provide a new decision procedure for 1S5. The rules of Giss are given
in Figure

Note that Giss is sound, complete and satisfies the cut-elimination property
without the restriction on [Id] that p € Prop. However, without this restriction,
Giss fails an important property necessary in our approach to prove the cut-
elimination property, namely the depth-preserving admissibility of contraction
property.

Proposition 14. The MC-sequent G+ I, A+ A is provable in Giss for any A.
Proof. By structural induction on A.

Weakening and contraction rules are not in Gjss because they have been absorbed
into the rules and axioms. This approach is similar to the one used to obtain
the calculus G3i for the intuitionistic logic [I7]. For instance, the choice of the
axioms G+ I ptp, G, 1+ C and G;I’, L I+ C instead of respectively
Fpkp, FLEFC and L FFC allows us to absorb weakening.
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Id|(pe P 1t 12
GFLprp [Id)(p € Prop) GFT.LFC (L] GI'LFTEC [L7]

GFI,ABFC G I",A,BFT+C GFI'FA  GFIFB

(AL [Arz)

A
GFI,AANBFC G I",ANBFTFC GFTHAAB ()

GFT,AFC  GFTI,BFC ol G:I'AFT+C G I',BFT+C
\
GFT, AVBEFC r G.I",AVBFTFC [Ver]

GEIEA GEIEB sy
GFI'FAVB GFI'FAVB
GFILADBFA GFI,BFC G:I'FI',ADBFA G I',BFI+C
GHT,ASBFC el G, ASBFTFC Bl
GFI,AFB
GFI'FASB
GFLOAAFC | GI',AFI,OAFC
¢rroarc 97 G roarc
G I'OAFT[LAFC G I"OA,AFTHC _,  GI".AT'OAFT+C
G; I, OAFTFC Or:] G I, O0AFTFC (7] G, I, O0AFTFC O
G I'FFA G AFTFC GATFTFC

GFI'+-DA (O] GFI,0AFC (0] G I, OAFTHC 2

[Dr]

[O7]

GETFA qon FTEIA o)
GHTFOA GI'FrEoA
GFTHA  GHI,AFC cutl] GiPFI'FA G, AFTHC
ut

t2
GFI'-C GI'+T'+C [Cut’]

Fig. 3. The MC-sequent Calculus Giss

Theorem 15 (Soundness). If a MC-sequent is provable in Giss then it is prov-
able in NDss.

Proof. By induction on the proof of the MC-sequent in Gss using Proposition[I3l
We only have to consider the cases of the last rule of this proof. Here, we only
develop the cases of [O}], [0%] and [$rr].

- Case of [O}]: using the induction hypothesis G - I';0A, A+ C is provable
in NDiss. A proof of G+ I'OAF C in NDiss is given by:

(Id]
G+ T,0AFDOA
(O]
G+T,0AF A G+T,0A,AFC
[Cut]
G+TI,0AFC

- Case of [J2]: using the induction hypothesis G; I, At I';O0A - C is provable
in NDyss. A proof of G; I+ I',JAF C in NDjgs is given by:
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[1d]
G;I"+T,0AFDOA
(O%]
G I;OAFT A G I, ArT,0AFC
[Cut?]
G;I"+T,0AFC

- Case of [{rr]: using the induction hypothesis G; A; I+ I' - C' is provable
in NDjs5. Therefore, G; A; I'", AR I'= C is also provable in NDjss. A proof of
G;I", QAT+ C in NDiss is given by:
GiTHI', GAF GA 1] G AT QAFTHC
G:I",0AFTFC (O]
Theorem 16 (Completeness). if a MC-sequent is provable in NDiss then it
is provable in Giss.

Proof. We proceed by induction on the proof of the MC-sequent in NDjs5. We
only have to consider the cases of the last rule applied in this proof. Here, we
only develop the cases of [0%], [¢L] and [OZ)].

- Case of [O%]: using the induction hypothesis, G;I"" + I' - OA is provable in
Giss. Then, a proof of G;I'+ 1"+ A in Gigs is given by:
G;IOART', AF A [

Dl
G I'-T'FOA G IOAFI'FA 22
[Cut?]

G:TFI'FA

- Case of [{L]: using the induction hypothesis, G+ I'+{$A and G; A-T'=C are

provable in Giss. Then a proof of G+ I'F C' is given by:

GiAFTFC

(&Ll
GFI'EOA GHI,OARC

[Cut?]
GFI+C
- Case of [{%]: using the induction hypothesis, G; ["+I'={$A and G; A; THIVEC
are provable in Giss. Then, a proof of G; '+ 1"+ C is given by:
GATT-I'FC
[®rL]
GiI"FIFOA G INOART'FC

, [Cut?]
G-I +FC

Let us illustrate Giss by considering the MC-sequent +F ($0OA D OA) A (GAD
OO A). A proof of this sequent is given by:

[1d] [1d]
DA AFA DFAFA
OA;0FFA i) A DFHGA (O]
[Orr] [Orr]
SOAFFA OAFFOA
[Og] [Or]
FOOAF OA FOAFOGA

[Dr] D]
F-OOADOA FEOADOOA
FE(QOADOA) A (CADOQA)
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4.1 Depth-Preserving Admissibility of Weakening and Contraction

We write >gS if the MC-sequent S has a proof in a calculus G. Moreover, we
write >3S if S has a proof in G of depth smaller or equal to n. Let us recall the
notion of depth-preserving admissibility.

Definition 17. A rule [R] is said to be admissible for a calculus G, if for all
instances C Hi r] of [R], if for alli € [1,k] >gH; then >gC.

A rule [R] is said to be depth-preserving admissible for G, if for all n, if for all
i€ [1,k] >EH; then bRC.

We note Ggz the sequent calculus Giss without cut rules. The following propo-
sition corresponds to the depth-preserving admissibility property of weakening.

Proposition 18.

L Ifs? GFIFC then ! GFI,AFC.
2. IfD”,GF’}—F}—CthenD” GiI' AFTEC.
3. IfD”,GFFFCthenD" GT'FTHC.

IS5

IS5

Proof. 1. and 2. are proved by mutual induction on n and 3. by induction on n.

The following proposition is used to prove the depth-preserving admissibility of
contraction. It is similar to the inversion lemma given in [I7]. For some rules
of Ggg, if the conclusion has a proof of depth n, then some of its premises has
proofs of depth smaller or equal to n.

Proposition 19.
a) If " GEIT,ANBEC then D” GHI,A BFC.

IS5

b) IfD",G I, A/\BFFFC’thenD" G, I" A B-T'C.

2. a) ]fD"SG}—FAl\/AQI—CthenD’SLG,G}—FA FC forie {1,2}.
b) IfD" G;I", A1V Ao T'=C then DgG,SG,F’,AH—F}—CfOTZE{1,2}.
5. If oy GFFFAl/\Ag then >3 _GFIH A fori e {1,2}.
4. IfD” GFFFADBthenD" GFFAFB
5 a) IfD",GFFADBFCthenD" GFF,BFC.
b) Ifw'fG F’ADB}—FI—CthenD" G;I,BFT'FC.
6. IfD Gl—Fl—DAthenD GFI—I—A
7. a) ]fD" GFF{}AFCthenD’L G;AFTHC.

b) IfD" G I, OAFFFCthenD" G I";AFTHC.
IS5

Proof. 3., 4. and 6. are proved by induction on n. The other cases are proved by
mutual induction. Here we only develop the proof of 6.
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-If n =0 then G- I'FOA is an instance of [L!] or [L?]. Indeed, this sequent is

not an instance of [Id] because of A ¢ Prop. Therefore, Dg, G;I'+FA holds.
1S5

- We assume that DZLHG FI'FOA by a proof D. If OA is not principal in the

IS5
last rule applied in D, then by applying induction hypothesis to the premise(s)
and using the same rule, D”HG I'+FA holds. Otherwise, A is principal and
IS5

D ends with
G;TFFA

O
GFI'+DOA ]

By taking the immediate subdeduction of the premise, D’GLJIIG; I'FFA holds.
1S5

The following proposition corresponds to the depth-preserving admissibility
property of contraction.

Proposition 20.

1. IfD” GHIVA,AEC then>l GEI,AEC.
IfD",GF’AAFFFC’thenD" G I"A-THC.

3 If > GF}—FI—CthenD GrTrc.

4. IfD" GF’ F’FFFCthenD"SG,F’FFFC.

IS

Proof. By mutual induction on n using Proposition

4.2 Cut-Elimination in Gss

In order to prove the cut-elimination property, we use a variant of Gentzen’s
original proof of this property for classical and intuitionistic logic [17].

Theorem 21 (Cut-elimination). The cut-elimination property holds for Giss.

Proof. Tt consists in transforming the applications of cut rules to applications
of cut rules on smaller formulae or applications of less height. For our calculus,
because of the presence of two cut rules, the cut-elimination is proved by mutual
induction. Here we only consider some cases.

If we have
G:I'FHA G+ TI,0A,AFC
[Or] (=3
G+T+FDOA G+T,0AFC
[Cut!]
G+TFC

Then, to apply the induction hypothesis, we transform this derivation as follows:

GFTFOA GFT,0A4,AFC
[Prop[I8] [Prop O8]
G FFA G;TFI,AFOA G;T+T,0A,AFC
[Prop 8] [Cut!]
G:THTFA G:THT,AFC
[Cut?)
G;I+r+c
[Prop20]

GrFI'FC
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If we have
G I';I'++A G I ArT,0AFC
! / [I:]R] ! ! [Di]
G I'+Tr+oA G I'"+T,0AFC
[cut?]
G I'+rrc

Then, to apply the induction hypothesis, we transform this derivation as follows:

G I"FTI'+-DA » G I, A-T,0ARC »
ro 0,
G;I'";THFA G’;F';F’,AFT%DA[ v G';F’;F’,AF[‘,DAFC[ v
[Prop ¥ [cut!]
G I'I'ET'EA G I';T",A-THC ,
cut
G:F’;F’FFFC’[P o feut’)
0,
grrrrc ©7

Corollary 22 (Subformula Property). Any formula in any cut-free proof in
Giss of a MC-sequent S is a subformula of a formula appearing in S.

Proof. Each rule of Giss except [Cut!] and [Cut?] has the property that every
subformula of the formulae in the premise(s) is also a subformula of a formula
in the conclusion.

5 A New Decision Procedure for 1S5

In this section we provide a decision procedure for IS5 based on the use of Giss.
The key point is the introduction of a notion of redundancy on the cut-free proof
in Giss satisfying the fact that any MC-sequent valid has an irredundant proof.
And then using the subformula property, we prove that there is no infinite proof
which is not irredundant. Finally, by an exhaustive search for an irredundant
proof, we can decide any sequent.

We are interested in the size of proofs, i.e, the number of nodes. Previously, we
proved that weakening and contraction are depth-preserving admissible for Ggg.
Weakening and contraction are also size-preserving admissible for G,g;. We can
prove this similarly to the proofs of Proposition [I§ and Proposition We use
set(I") to denote the set underlying the multiset I" (the set of the formulas of I').
We define a preorder, denoted <, on MC-sequent as follows: I7;...; [ FI'FA <
Ay ;A AE B it A= B, set(I') C set(A) and for all i € [1, k] there exists
J € [1,1] such that set(I;) C set(A4;).

Proposition 23. Let S; and Sz be two MC-sequents. If S1 < Sy then if Sy has
a proof of size n then Sa has a proof of size smaller or equal to n.

Proof. This follows directly from the size-preserving admissibility of weakening
and contraction.

Definition 24. A derivation is said to be redundant if it contains two MC-
sequents S1 and Sz, with 81 occurring strictly above S in the same branch, such
that S1 < Sy. A derivation is irredundant if it is not redundant.

Now, let us give our decision procedure for the MC-sequents in 1S5.
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Let S be a MC-sequent.

- Step 1. We start with the derivation containing only & which is the unique
irredundant derivation of size 1. If this derivation is a proof then we return it.
Otherwise we move to the next step.

- Step ¢+ 1. We construct the set of all the irredundant derivations of size ¢+ 1.
If this set contains a proof of S then we return it. Otherwise if this set is empty
then the decision algorithm fails, else we move to the next step.

There are only a finite number of possible rule applications. Thus, the set of the
irredundant derivations of size i + 1 is finite. Moreover, this set can be built in
a finite time because the < relation is decidable.

Theorem 25. IS5 is decidable.

Proof. Using Corollary 221 we know that there is no infinite irredundant deriva-
tion. Thus, we deduce that our algorithm terminates. Therefore, IS5 is decidable.

6 Conclusion and Perspectives

In this work, we introduce a new multi-contextual structure in order to deal with
the intuitionistic modal logic I1S5. An important contribution is the definition of
a label-free natural deduction system for IS5 based on this structure. Then we
deduce natural deduction systems for the modal logic S5 and the intermediate
logic IM5. Another important contribution is the definition of a label-free sequent
calculus satisfying the cut-elimination property. Then we define a new decision
procedure from the subformula property satisfied by the cut-free derivation in
this calculus. In further works, we will define natural deduction systems and
sequent calculi for logics defined over IS5, for instance the ones in [12].
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