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Abstract. There are n points in the plane and each point is painted
by one of m colors where m < n. We want to select m different color
points such that (1) the total edge length of resulting minimal spanning
tree is as small as possible; or (2) the total edge length of resulting
minimal spanning tree is as large as possible; or (3) the perimeter of
the convex hull of m different color points is as small as possible. We
prove NP-completeness for those three problems and give approximations
algorithms for the third problem.

1 Introduction

Data from the real world are often imprecise. Measurement error, sampling error,
network latency [5L[6], location privacy protection [1,2] may lead to imprecise
data. Imprecise data can be modeled by a continuous range such as square, line
segment and circle [7L[§]. Imprecise data can also be modeled by discrete range
such as point set. In discrete model, each point set is assigned one distinct color.
Then the problem is converted to choosing one point from each colored point set
such that the resulting geometric structure is optimal. The discrete model has
applications in many areas such as Voronoi diagram [3], community system [9]
and color-spanning object [3].

Related Work. Loffler and van Kreveld [7] address the problem of finding the
convex hull of maximum/minimum area or maximum /minimum perimeter based
on line segment or squares. The running time varies from O(nlogn) to O(n'?).
Ju and Luo [§] propose an O(nlogn) algorithm for the convex hull of the
maximum area based on the imprecise data modeled by equal sized parallel line
segment and an O(n*) algorithm for the convex hull of the maximum perimeter
based on the imprecise data modeled by non-equal sized parallel line segment.
For discrete imprecise data model, Zhang et al. [I3] use a brute force algo-
rithm to solve the problem of the minimum diameter color-spanning set problem
(MDCS). The running time of their algorithm is O(n*) if there are k colors and
n points. Chen et al. [9] implement the algorithm in their geographical tagging
system. Fleischer and Xu [I0] show that MDCS can be solved in polynomial time
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for Ly and Lo metrics, while it is NP-hard for all other L, metrics even in two
dimensions and gave a constant factor approximation algorithm.
There are also other works on colored point sets problems [31[4,11].

Problem Definition. The problems we discuss in this paper are as follows:

Problem 1. Min-MST. There are n points in the plane and each point is painted
by one of m colors where m < n. We want to select m different color points such
that the total edge length of resulting minimal spanning tree is as small as
possible.

Problem 2. Max-MST.There are n points in the plane and each point is painted
by one of m colors where m < n. We want to select m different color points
such that the total edge length of resulting minimal spanning tree is as large as
possible.

Problem 3. Min-Per.There are n points in the plane and each point is painted
by one of m colors where m < n. We want to select m different color points such
that the perimeter of the convex hull of m different color points is as small as
possible.

We will prove those three problems are NP-complete by reduction from 3-SAT
problem and give approximation algorithms for the third problem.

2 Min-MST Is NP-Complete

First we show that this problem belongs to NP. Given an instance of the problem,
we use as a certificate the m different color points chosen from n points. The
verification algorithm compute the MST of those m points and check whether
the length is at most L. This process can certainly be done in polynomial time.

We prove this problem is NP-hard by reduction from 3-SAT problem. We
need several gadgets to represent variables and clauses of 3-SAT formula. The
general idea is for a 3-SAT formula, we put some colored points on the plane
such that the given 3-SAT formula has a true assignment if and only if the length
of minimum MST of colored points equals some given value.

First we draw a point O with distinct color at (0,0). For a 3-SAT formula
1, suppose it has n variables x1, z2, ..., z,, and m clauses. Let x; ;5 (or —z; ;)
be the variable z; that appears at the j-th literal in ¢ from left to right such
that x; (including —a;) appears k — 1 times already in v before it. For each
variable x; (1 < ¢ < n), six points pg/ (1 < 5/ < 6) are created on p} =
(400i — 300,0), p? = (400i — 200,0), p3 = (400i — 100, 0), p} = (4004,0), p? =
(300i — 100, —100), p¢ = (3007, —100). For each literal x; ;x (or —x; k), eight
additional points are created on pzj’k = (400¢ — 200, —100), pf’j’k = (4007, —100),
P} = (0,4005 — 300), p;§ ;. = (0,4007 — 200), p;; 5, = (0,400j — 100), p;3 , =
(0,4007), pllik = (- §927400j —200), p{;—’k = (- ég?AOOj) respectively. Among
those fourteen points, p? and p? have the same color, pZ S, and pg?;k have the
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Fig. 1. Gadget for the first literal z; (a) for MIN-MST (b) for MAX-MST. Different
symbols means different colors. All solid circles are with distinct colors.

same color, p? ik and p}é i have the same color, and all other points have different
colors. Figure [Ml(a) shows gadget for the first literal z;. According to above
construction, we get a set P of 6n + 24m + 1 points (4n points are on x axis,

2n + 2 X 3m = 2n 4 6m points are on line y = —100, 4 x 3m = 12m points
are on y axis, 2 X 3m = 6m points are on line x = —é%?, one point is on

point O) in the plane. Let Tp be the minimum MST over P. 4n + 12m + 1
points C P are on = and y axis and they are all with distinct colors. Therefore,
all points on = and y axis and edges with length 100 connecting those points
appear in Tp. Since p? and p? have the same color, pi?, ik and pll?;k have the
same color and pl8  and p14 have the same color, we have to choose either
{pfﬂpz’j k7pw k) Or {pl,p” k,p” xt to get the minimum MST Tp with length
5001 +400 x 3m+ 3m x 100 = 500n+ 1200m + 100. Let choosing {p? ,pw k,pw N
correspond x; is false and choosing {pl,pi’j’wpi’j’k} correspond z; is true (see
Figure ).

Now, we illustrate how to represent the binary relation or in 3-SAT formula.
We assume that the one clause is ;1 j k1 V Ti2,j+1,k2 V Ti3,j+2,k3. We create three
or points pfi’l’“,rg], p;’;,rjtl] and p;’;,rjtz] with the same color (but different with

all other colors) at p; ikl pg’d +1.k2 and pis 42,53 Tespectively. If one literal
is in negatlon form —z; ; 1, then we need to create the or point p ( ' at p%% &

instead of p - Figure [3 shows the gadget for the first clause (z1 V z2 V —z3)
and Figure IZI shows the gadget for ¢ = (x1 Va2V —x3) A (mx1 Vg Vay). Let T
be the minimum MST over P plus 3m or points. For literal x; j r (or —z; k),
if variable x; is true (or false), then {08, 0% 105 1} (or {7, 0] ;1o Di% 1)) are

chosen that means the or point p f 4, can be chosen to construct 7' without

adding any extra length comparing Wlth Tp since p f 2 is located at the same

place as pl Sk (or pl 3, k) Therefore, if at least one literal is true in one clause, no
extra length will be added to T for that clause. Otherwise, all three literals in
one clause are false, then all three or points in that clause can not be covered
by points in Tp. Since we have to choose one point from those three or points,
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Fig. 2. Suppose z1 is the first literal in the first clause of 3-SAT formula. (a) the
minimum MST when z; is false. (b) the minimum MST when z1 is true.
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Fig. 3. Gadget for the clause (z1 V 22 V —z3) assuming it is the first clause

then the extra length of one will be added to the length of Tp. If m’ clauses are
not satisfiable, then the extra length of m’ will be added to the length of Tp.

Thus the lemma follows:

Lemma 1. The 3-SAT formula v with n variables x1,xs,...,x, and m clauses
1s satisfiable if and only if the length of T is equal to 500n + 1200m + 100.

3 Max-MST Is NP-Complete

First we show that this problem belongs to NP. Given an instance of the problem,
we use as a certificate the m different color points chosen from n points. The
verification algorithm compute the MST of those m points and check whether
the length is at most L. This process can certainly be done in polynomial time.
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Fig. 4. Gadget for ¢ = (z1 V22 V —x3) A (mz1 V 23 V 24) for Min-MST. y axis is
broken to save space.

We prove this problem is NP-hard by reduction from 3-SAT problem. We
need several gadgets to represent variables and clauses of 3-SAT formula. The
general idea is for a 3-SAT formula, we put some colored points on plane such
that the given 3-SAT formula has true assignment if and only if the length of
maximum MST of colored points equals some given value.

First we draw a point O with distinct color at (0,0). For a 3-SAT formula 1,
suppose it has n variables x1, z2, ..., ,, and m clauses. Let x; j , (or —z; j x) be
the variable x; that appears at the j-th literal in 1 from left to right such that z;
(including —z;) appears k — 1 times already in v before it. For each variable z;
(1 <1i < n), five points p{l (1 < j' <5) are created on p; = (201i —101,0), p? =
(201i—1,0), p? = (2014,0), p} = (201i—1, —10), p? = (2014, —10). For each literal
i jk (or =i j 1), ten additional points are created on pj ; , = (201i—1, =9 —2k),
Pl = (2014, =9 — 2k), pf ;= (2010 — 1, =10 — 2k), p} ; ;, = (2014, —10 — 2k),
Pk = (0,4005 — 300), pi; ;. = (0,4007 — 200), p;% ; = (0,400j — 100), p;3 , =
(0,4007), p}ﬁ-’k = (—0.5,4005 — 200), p}g’k = (—0.5,4007) respectively. Among
those fifteen points P} and p? have the same color, p? x and P}? , have the
same color, pl ik and p}®° Sk have the same color, pl  and pl ik . have the same
color, and all other points have different colors. Flgure [@(b) shows gadget for the
first literal z1. According to above construction, we get a set P of 5n+30m + 1
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Fig. 5. (a) the maximum MST when z; is false. (b) the maximum MST when z; is
true.

points in the plane. Let Tp be the maximum MST over P. 3n + 12m + 1 points
C P are on x and y axis and they are all with distinct colors. Therefore, all
points on x and y axis and edges with length 100 or 1 connecting those points
appear in Tp. Since p} and p} have the same color, p¢ .k and p}é’k have the
same color, pl7 ik and pzli  have the same color, pi ik and p% ik have the same
color, we have to choose either {p},p] ; ., 0%, 1, 0i% 1} or {07, 08, 107 10135 1}
to get the maximum MST T, with length (201 + 10)n + 3m (400 + 0.5 + 2v/2) =
211n + 1201.5m + 6v/2m. Let choosing {p}, P} 1P} P15 1} correspond ; is
false and choosing {p, p¢ ; 1, P} ; 1, pi’ .} correspond z; is true (see Figure ).
For each literal x; ;, (or —x; k), we create one or point p;"rg]
pllg ) as in section 2l The remaining part of this section is similar to section 21

14
at p;’ y (or

Lemma 2. The 3-SAT formula v with n variables x1,x2,...,x, and m clauses
is satisfiable if and only if the length of T is equal to 211n + 1201.5m + 6/2m.

4 Min-Per Problem Is NP-Complete

First we show that this problem belongs to NP. Given an instance of the problem,
we use as a certificate the m different color points chosen from n points. The
verification algorithm compute the perimeter of the convex hull of those m points
and check whether the perimeter is at most p. This process can certainly be done
in polynomial time.

We prove this problem is NP-hard by reduction from 3-SAT problem. We
need several gadgets to represent variables and clauses of 3-SAT formula. For a
given instance of 3-SAT problem, suppose it has k variables z1, 3, ..., xg. First
we draw a circle C'. The general idea is for a 3-SAT formula, we put some colored
points on and inside C' such that the given 3-SAT formula has true assignment if
and only if the perimeter of convex hull CH,,; with minimum perimeter equals
some given value. _

For two points a,b on C, let ab be the arc of C from a to b in clockwise
order and ab be the line segment between a, b. Let the length of ab be |ab|. For
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Fig. 6. The gadget for variable x;. The colors of all empty circles are different from
each other and from solid colored points. Solid line segments must appear on C Hpt.
Dashed line segments mean they are candidates for edges of C'Hopt.

each variable x;, we put 10 points x; where ¢ = 1,2,...,10 on circle C in such
way: xé where i = 1,2, ..., 10 are arranged in clockwise order (see Figure [f]). For
those ten points, only m? and J:j have the same color and all other points have

different colors. Also [z}x3| = |z%2}|. Then we add two more points z}', 2}
where z}' is on line segment 2723 and 2}? is on line segment z32}. x}' has the

same color as the color of x? and xjm has the same color as the color of xé’ For
different variables, the arcs they spanned do not overlap and they are arranged
in clockwise order for increasing j. The relative distances between twelve points
satisfy following equations:

redFormate changed:

2]+ a2 = ] + o] = o] = leSat®] = o
|2028| = |282T| = |af2)| = |292]°] = p3
lzjalt| + [t ad] — |elad] = [a32?] 4 |2j?2]| — |23} = Apa

2p3 — p2 = Apa; Apy >> Aps

——

The inequality Ap; >> Aps ensures the part of CH,,: on arc iz has to be

g
1,2 2.4 1,.3 1.2 2,4
xyay Uaje; or o) ja5 Uajxy to be the part of

CH,pt. In order to cover the color of 212, we have to choose 2829 Uz%21° for arc
= top oV j % O T
7

8..10
T5T; . For the arc zixs,

has been covered by zjx3Uz3x] already, we can just choose 257 for arc #%27. x

acts as the negation of xjm that means if we choose one of them, the other one will

U m?m? Suppose we choose ©

since the color of m? is the same as the color of m;l and it

5.,.7 .11

not be chosen. Similarly, x? acts as the negation of m?. Therefore, if the variable

9,510

3 ; 102204 et B ()BT U T8 L) 2829
x; is assigned to be 1, we choose/ic\ij Urzje; Urja; Urje; Urse; Uxse; Ux;x;
as part of CH,y,; for the arc x}x}o. Otherwise if the variable x; is assigned

1,.3 3.4 4.5 5.6 6.7 7.8 8,.10
to be 0, we choose Z;T5 U 5T U 5T U 55 U 505 U 505 U ;T as part
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of C'H,y: for the arc le-mjl-o. Therefore, if we connect all k& gadgets together
to form CH,p, the perimeter of C’Hopt is k x (p1 + 2p2 + Apa) + ps where
2
pa =230, (Jadad] + [aTad]) + 520 |el0al, | + [af0ad).
For three literals in each clause We add three points with same color into
gadgets constructed above corresponding to three literals. For example, if x;

appears in one clause, we put le inside the triangle A:n] jx; such that Aps =

| 22233+ [a}32T | — 2327 << Apa. If —x; appears in one clause, we put 2} inside
the trlangle Ax§afzi? such that Apg |8 x14\ +[zjta 0 — [2520] << Apy. We
call xj and x] as ape:c point and Ij and x] as or-point. For three literals in
one clause, if all three literals are 0, then corresponding apex-point will not be
chosen as the vertex of C'H,;. In order to cover the color of or-point, one of three
or-points has to be chosen as the vertex of C H,p:. Then one Aps will be add into
the perimeter of C'H,p. Therefore, for a given 3-SAT formula with % variables, if
it has true assignment, then the perimeter of convex hull CH,p; with minimum
perimeter over the gadgets constructed as above equals k x (p1 + 2p2+ Apa) + pa.

If the perimeter of convex hull CH,,; over the gadgets constructed as above
equals k X (p1 + 2p2 + Ap2) + pa, that means at least one literal of all clauses is
true. Because otherwise, the perimeter of convex hull CH,p; will be > k x (p1 +
2p2 + Aps) + ps + Aps. Therefore, the 3-SAT formula has true assignment.

Theorem 1. There are n points in the plane and each point is painted by one of
m colors where m < n. To select m different color points such that the perimeter
of the convex hull of m different color points is as small as possible is NP-
complete.

5 Approximation Algorithms for Min-Per Problem

5.1 m-Approximation Algorithm

The algorithm is simple: for each point p, select m—1 points p1, ..., pm_1 such that
the colors of p, p1, ..., pm—1 are different and the distance from p; (1 <¢ <m—1)
to p is less than the distances from other points with the same color as p; to
p. For those m points, construct a convex hull C'H,, and compute its perimeter.
For all n point, we get n perimeters and the minimum one is what we want. The
running time of this algorithm is O(n(n + mlogm)). Assume the perimeter we
get is perqpp and the optimal perimeter is pop:. Now we prove perqp, < mperopt.

Suppose two vertices that decide the diameter of the optimal convex hull
CH,yp are p, and pp (see Figure [M)). Let 7 = |paps|. We draw a circle C with
center p, and radius r. CH,,, is constructed as above algorithm. C'H,,, is totally
inside C' since C'H,,; is totally inside C' that means there are at least one point
from each color is inside C. Then perimeter of CH,,, is per,, < 2mr. We know
that perqpp < perp, and pergy > 2r. Therefore perqpp < mperop:.
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Fig. 7. Illustration of m-approximation algorithm

Theorem 2. There is a m-approzimation algorithm for problem[3 with running
time O(n? + nmlogm).

5.2 +/2-Approximation Algorithm

In [12], Abellanas et al. give an O(min{n(n —m)?,nm(n —m)}) algorithm for
computing minimum perimeter axis-parallel rectangle R enclosing at least one
point of each color. Let the perimeter of R be perr and the diameter of R be d. If
we construct CHgp, over the points inside R, CHgpp, contains at least one point
of each color and C'Hyp,, is totally inside R: Therefore pery,, < perr. There are
some properties for R. There are at least one point on each edge of R. Colors
of those four points are different. There are no other points inside R having the
same color as those four points. Let R’ be the smallest axis-parallel rectangle
enclosing CH,,: and d’' be the diameter of R’. Then perqy: > 2d’ > 2d. We know
perg < 2v/2d. Then DeTapp < \/2peropt.

Theorem 3. There is a \/2-approximation algorithm for problem [ with run-
ning time O(min{n(n —m)% nm(n —m)}).

6 Conclusions

In this paper, we discussed three variations of spread colored points problems and
proved NP-completeness of those three problems. For the third problem, we gave
7 and v/2 approximation algorithms with O(n? 4+ nmlogm) and O(min{n(n —
m)2, nm(n—m)}) running time respectively, where n is the number of points and
m is the number of colors. In future work, it would be interesting to investigate
more geometric problems for colored points. For example, maximizing the closest
pair for spreading colored points.
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