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Abstract. For a connected graph G, a vertex subset F C V(G) is a
cyclic vertex-cut of G if G — F is disconnected and at least two of its
components contain cycles. The cardinality of a minimum cyclic vertex-
cut of G, denoted by k.(G), is the cyclic vertex-connectivity of G. In this
paper, we show that for any integer n > 4, the n-dimensional star graph
SGr has kc(SGr) = 6(n — 3).
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1 Introduction

Let G = (V(G), E(G)) be a simple connected graph, where V(G), E(G) are the
vertex set and the edge set, respectively. A vertex subset F' C V(G) is a cyclic
vertex-cut of G if G—F has at least two connected components containing cycles.
Vertices in F are called faulty, and vertices in V(G) — F are said to be good.
If G has a cyclic vertex-cut, then the cyclic vertex-connectivity of G, denoted
by £c(G), is the minimum cardinality over all cyclic vertex-cuts of G. When G
has no cyclic vertex-cut, the definition of x.(G) can be found in [15] using Betti
number. The cyclic edge-connectivity A.(G) can be defined similarly, changing
‘vertex’ to ‘edge’ (see for example [I3/14]).

The concepts of cyclic vertex- and edge-connectivity date to Tait (1880) in
attacking Four Color Conjecture [16]. Since then, they are used in many classic
fields of graph theory such as integer flow conjectures [21], n-extendable graphs
[9I12], etc.

In [18], the authors showed that A\.(G) coincides with A\*(G), where A\*(G) is
a kind of conditional connectivity [7] defined as follows: for a connected graph
G, an edge subset F' C V(G) is a R*-edge-cut if G — F is disconnected and each
vertex in V(G) — F has at least k good neighbors in G — F (or equivalently,
5(G — F) > 2, where ¢ is the minimum degree of the graph). The RF-edge
connectivity of G, denoted by A\*(G) is the cardinality of a minimum RF-vertex-
cut of G. Thus many results obtained for A?(G) can be directly transformed to
those of A.(G), for example, results in [11120].
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Fig. 1. £.(G) =1 < n — 6 = k*(G), where n is the number of vertices in G

However, the story is different for x.(G). Changing ‘edge’ to ‘vertex’, we obtain
the definition of R¥-verter-connectivity k¥(G). Since every graph with minimum
degree at least 2 has a cycle, we have x.(G) < k?(G) as long as both k.(G) and
x2(Q) exist. The following example shows that the strict inequality may hold
and the gap between r.(G) and k?(G) can be arbitrarily large.

In this paper, we determine k. for star graphs. Let S;, be the symmetric group
of order n, that is, the set of all permutations of {1, 2, ...,n}. The n-dimensional
star graph SG,, is the graph with vertex set V(SG,) = S,, two vertices u, v
are adjacent in SG,, if and only if v = u(1%), for some 2 < i < n. We say that
the label on the edge wv is (1i). Star graphs have been shown to have many
desirable properties such as high connectivity, small diameter ect., which makes
it favorable as a network topology (see for example [2/8]).

We will show in this paper that x.(SG,) = 6(n — 3) for n > 4. In [I7], Wan
and Zhang proved that for any integer n > 4, k2(S,) = 6(n — 3). We guess that
this is not an accidental coincidence, which deserves further study.

2 Some Preliminaries

Terminologies not defined here are referred to [3].

For a graph G, a subgraph G of G, and a vertex u € V(G), we use N¢g, (u) =
{v € V(G1) | v is adjacent with u in G} to denote the neighbor set of u in
G;. In particular, if G; = G, then Ng(u) is the neighbor set of v in G, and
da(u) = |Ng(u)| is the degree of vertex u in G. The minimum degree of G is
§(G) = min{dg(u) | u € V(G)}. For a vertex subset U C V(G), let Ng,(U) =
(Uuer Na, (u)) = U be the neighbor set of U in G. For simplicity of notation,
we sometimes use a subgraph and its vertex set interchangeably, for example,
N¢g(Gh) is used to denote Ng(V(G1)) where Gy is a subgraph of G, and N4(U)
is used to denote Ng4)(U) where A,U are two vertex sets and G[A] is the
subgraph of G induced by A.

It is known that SG,, is (n — 1)-regular, bipartite, vertex transitive, and edge
transitive [I]. We will also use the following result given by Cheng and Lipman.

Lemma 1 ([4]). Forn >4, let T be a vertex subset of SG,, with |T| < 2n — 4.
Then one of the following occurs:

(i) SG,, — T is connected;

(i) SG,, — T has two connected components, one of which is a singleton;
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(i1i)) SGp, — T has two connected components, one of which is an edge uv,
furthermore, T = Ngg,, (uv).

As a corollary of Lemma [Il we have

Corollary 1. For n > 4, k'(SG,,) = 2n — 4. Furthermore, if T is a minimum
Rl-vertez-cut of SG,, then T = Ngg, (uv) for some edge uv € E(SG,,).

The girth of a graph G is the length of the shortest cycle in G. The following
lemma characterizes the structure of shortest cycles of SG,,.

Lemma 2 ([17]). The girth of SG,, is 6. Any 6-cycle in SG,, has the form
UUU3UsUsUGUT, Where ug = uy(10), uz = ua(1]), ug = ug(1d), us = ua(1j), ue =
us(1i),uy = ug(ly) for some i,j with i # j.

Lemma[2 shows that any 6-cycle of SG,, has its edges labeled with (1¢) and (1)
alternately for some i,j € {2,...,n} and i # j. As a consequence, we see that

Corollary 2. Any two 6-cycles of SG,, have at most one common edge.

Proof. Suppose C7 = ujususususuguy and Cy = ujusv¥3v4vsvguU1 are two 6-
cycles of SG,, having a common edge ujug, the label on ujug is (1i), and the
label on wgus is (15) for j # i. By Lemma 2] the label on ugvs is (1k) for some
k # i, j. Then the common edges of C; and C must have label (17). Notice that
v3, vg & V(C1) since the girth of SG,, is 6. Hence vsvs and vsvg, which are the
only two other edges on Cy with label (17), do not belong to C7. Thus ujus is
the only common edge of C; and Cs. O

Let S! be the subset of S,, that consists of all permutations with element i in
the rightmost position, and let SG?_; be the subgraph of SG,, induced by S%.
Clearly SG?_, is isomorphic to SG,,_1, and thus we call it a copy of SG,,_1.
It is easy to see that SG,, can be decomposed into n copies of SG,,_1, namely
SGL_1,8G?_,,...,SG"_,. For any copy SG!_; and any vertex u € V(SG?,_,),
there is exactly one neighbor of u outside of SG?_,, namely the vertex u(1n).
We call it the outside neighbor of u and use v’ to denote it.

The following property was proved in Lemma 3 of [I7], though we state it in

a different way to suit the needs of this paper.

Lemma 3 ([I7]). For any path P = ugujus which is contained in some copy,
the outside neighbors uf, u},uy are in three different copies. As a consequence,
for any edge uyug in some copy, vy and uh are in different copies.

The next result can also be found in [17].

Lemma 4 ([17]). For anyi € {1,2,...,n}, Nsg, (SG%_,) is an independent set
of cardinality (n — 1)!, and ‘NSGQI(SG%—IN = (n—2)! for any j # i.
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3 Main Result

In this section, we determine the value of k.(SG,,) for n > 4.

Lemma 5. Let C be a 6-cycle of SG,, (n > 4). Then Ngg,(C) is a cyclic
vertex-cut of SG,,.

Proof. Clearly, SG,, — Ng¢, (C) is disconnected which contains cycle C as a
connected component. Hence to prove the lemma, it suffices to show that the
subgraph G = SG,, — Ng¢, (C) — C has a cycle. In fact, we can prove a stronger
property & (é) > 2 as follows.

Suppose C' = ujus...ugu;. By Lemma [2 there exist two indices 4,j # n such
that the labels on the edges of C' are (1) and (1j) alternately. If §(G) < 1,
then there exists a vertex v € V(CNJ) which has at least n — 2 > 2 neighbors in
Nse, (C) (recall that SG,, is (n — 1)-regular). Let v1,v2 be two distinct vertices
in Nsg, (v)NNsg, (C). Suppose, without loss of generality, that v; is a neighbor
of uy. Since SG,, is bipartite, there is no odd cycle in SG,,. Hence vs can only be
a neighbor of vertex us or us, say uz. But then C’ = vvyujusuzvev is a 6-cycle of
SG,, which have two common edges u1uz2, ugug with the 6-cycle C, contradicting
Corollary 2 Thus §(G) > 2.

Since every graph with minimum degree at least 2 has a cycle, the lemma is
proved. O

Theorem 1. For any integer n > 4, k.(S,) = 6(n — 3).

Proof. Let C be a 6-cycle in SG,, and F' = Ng¢, (C). Since the girth of SG,, is 6,
no two vertices on C have a common neighbor in Ng¢, (C). Thus |F| = 6(n—3).
By Lemma [l F is a cyclic vertex-cut. Hence k.(SGy,) < |F| < 6(n — 3).

To prove the converse, let F' be a minimum cyclic vertex-cut of SG,,. Suppose
|F| < 6(n — 3), we are to derive a contradiction. For i € {1,2,...,n}, denote
F,=FNSG and U; the set of isolated vertices of SG? F;.

n—1» n—1 "

Claim 1. If |F;| <2n — 7, then |U;| < 1.
Otherwise, let u, v be two vertices in U;. Since SG!,_, has girth 6, we see that
u,v have at most one common neighbor. Hence [Ngg:  ({u,v})] > 2(n—2)—-1>

2n—7. Since U; is an independent set, we see that Ngg:  (Ui) 2 Nggi _ ({u, v}).
It follows that [F;| > [Ngg:  (Us)| = [Ngg:  ({u,v})] > 2n — 7, contradicting
that |Fl| S 2n — 1.

Claim 2. If |F;| < 2n — 7, then SG!,_, — (F; UU;) is connected.

Suppose this is not true, then F;UU; is a R'-vertex-cut of SG? _,. By Corollary
@ |F,uU;| > k' (SGE_ ) = 2n—6. Combining this with |U;| < 1 (by Claim 1) and
|F;] < 2n—7, we see that |U;| = 1 and |F; UU;| = k' (SG?,_,) (thus F;UU; is a
minimum R!-vertex-cut of SG _;). Again by Corollary[l F;UU; = Nggi  (vw)
for some edge vw € E(SG!_;). Let u be the unique vertex in U;. Then u
is adjacent with either v or w, contradicting that u is an isolated vertex in
SG! _, — F;. Thus Claim 2 is proved.

Let I = {i:|F;| > 2n — 6}. Since |F| < 6(n — 3), we have |I| < 2.
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Claim 3. Let G1 be the subgraph of SGy, induced by ;¢ V(SG:_, — (F;Uly)).
Then G is connected.

By Claim 2, SG!_, — (F; UU;) is connected for any i ¢ I. Hence to prove
Claim 3, it suffices to show that for any two indices 4, j € I, there is a path in G
connecting SG*,_, — (F;UU;) and SG? _, — (F;UU;). For such 4, 7, |U;|,|U;| <1
by Claim 1. '

If there is an edge between SG!_; — (F; UU;) and SG?,_, — (F; UUj), then
we are done. Hence we suppose that there is no edge between SG¢,_, — (F; UU;)

and SG?_| — (F; UU,). Then
Nggi  (SG, (Fi UU;)) € F5 U U, (1)

n—1 "

and thus [N ) (SG! (F;U0;))| < |Fj|+1. We will show that this inequality

n—1""

can be refined to

Nags (SGL_y — (FUDY) < |F. @
Suppose () is not true, then N 1(SGﬁhl —(F;UU;)) = F;UU; and |U;] = 1.
Let u be the unique vertex in U;. Since u is an isolated vertex in SG? | — Fj, it

has a neighbor v in Fj. By Ny 1(SG£L_1 —(F;uly)) = F; UU,, we see that u
and v have outside neighbors u’ and v' in SG?,_, — (F; UUj;), respectively. Since
the girth of SG,, is 6 and v and v are neighbors to each other, v’ # v’. Since
either u and v has another neighbor in SG%,_,, by the latter part of Lemma [3]
we have a contradiction.
Next, we show that

Nggs (FUUD| < IR, (3)

Since each vertex has exactly one outside neighbor, we have [Ny, (F;UU;)| <
n—1

|F;UU;| < |F;|+1. If equality holds, then |U;| = 1 and every vertex in F;UU; has
its outside neighbor in SG?,_;. Similar to the above, the unique vertex u € U;
has a neighbor v in Fj, and thus the outside neighbors v/, v’ can not be both in
the same copy. This contradiction establishes inequality (3.

By Lemma [] and inequalities (), (@),

(= 2)! = [Nggy (5G|
= Ngg_ (8Gp,_y = (FiUU))| + [Ny (FiUUy)|
< |Fil + |5
<2(2n-—7).

This is impossible for n > 6. Thus n = 4 or 5, in which case the above inequalities
become equalities, and thus

|| = |Fj| =2n -7,
|NSG{L71(SG271 — (Fiu )| = |Fjl,
INsgi_ (SG,_, = (F; UU))| = |Fl.

—~
(S
—~ —

—~
[«
=
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We can show that 4
Nog; (8Gi — (FLUU) = . (7

Suppose this is not true, then by ([l) and (&), we see that
Nggi  (SGl,_y = (F;UUy) = {u} U (F; \ {v}), (8)

where u is the unique vertex in U; and v is some vertex in Fj. Since u is an
isolated vertex in SG7 | — Fj, it has at least two neighbors in Fj (recall that
SGp_1 is (n — 2)-regular and n > 4). Thus there exists a vertex w € F; such
that w is adjacent with u and w # v. By Lemma [l the outside neighbors «’ and
w’ can not be both in SG?,_;, contradicting (§). Thus (7)) is proved.

In the case that n = 4 and |I| = 2, suppose, without loss of generality, that
I={1,2}. By @), |F5| = |F4| =2n— 7. Hence |F| > 2(2n—7) +2(2n — 6) = 6,
contradicting that |F| < 6(n—3) = 6. Hencen = 5, or n = 4 and |I| = 1. In these
cases, there exists an index k & I and k # 4, j (recall that |I| < 2). Since () says
that every faulty vertex in SG?,_; has its outside neighbor in SG?,_,, we see
that vertices in NSG, (SGn 1) are all good. Hence in the case that n = 5, by

|NSG] (SGn 1 (FkUUk))| > (n—2)!—|FpUUg| > (n—2)!—(2n—T7)—1 = 2 and
|U;| < 1 we see that SGE_ | —(F},UUy) has a good neighbor in SGY,_| —(F;UU;).
In the case that n = 4, we must have U, = 0. Otherwise U}, has a unique vertex
u by Claim 1. Since ngkil(u) C Fi, we have n — 2 = [Nggr (u)| < |Fi| <
2n — 7, and thus n > 5, contradicting n = 4. Similarly, U; = . Then by

|NSGJ- (SGE_| —Fu)| > (n—2)! — |Fx| > (n —2)! — (2n — 7) = 1, we see that
SGE | — F, has a good neighbor in SGn 1 — Fj. In any case, there is an edge

between SG* | —(F,UU}) and SGY | —(F;UU;). Symmetrically, it can be shown
that there is an edge between SGn 1 — (Fr UUy) and SGY,_, — (F; UU;). Then

SGi_, —(F;UU;) is connected to SG?,_| — (F;UU;) through SG*_| — (F, UUy)
(all the vertices on the path connecting SG?,_, — (F;UU;) and SG?,_, — (F;UU;)
belong to G1).

Claim 3 is proved.

By Claim 3, we may assume that G is contained in a connected component
C of SG, — F. If I = 0, then V(S8G, — F — C) C U, U;. For each vertex

u € |J, U;, if its outside neighbor is good, then dgg, — F( ) = 1, otherwise
dsq, —p(u) = 0. It follows that §(SG,, — F —C) < 1 and thus SG,, — F — C has
no cycle, contradicting that F' is a cyclic vertex-cut. Hence 1 < |I| < 2. Let G»
be the subgraph of SG,, induced by J,,;(SG},_; — F;).
Claim 4. Let C be a connected component of GGo which contains at least one
cycle. Then there is an edge between C' and G;.

Suppose this is not true, then Ngs¢, (C) € FUU, where U = ;4 U;. It
follows that for any index j ¢ I, NSGLI(C) C F; UUj,, and for any index i € I,

Nggi 71(0) C F;. As a consequence, using Claim 1,
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Nggs (O) < || +|Uj| < |Fj| +1for j ¢ I, and (9)
|Nsg: (O] < |F| fori e I. (10)

We can further refine (@) to
‘NSGZ]’_l(CN < |FJ| for j ¢ 1. (11)

Suppose () is not true, then Ny, (C) = F; UU; and |U;| = 1. Let u be
n—1

the unique vertex in Uj, and v, w be two neighbors of w in F;. By Lemma [3]

the outside neighbors u’,v’,w’ should be in three different copies. But this is

impossible since C' has non-empty intersection with at most two copies, namely

the copies corresponding to I. Thus () is proved.

Combining inequalities (I0) and ({II), we have
[Nsc, (C)] < [F]. (12)
In the following, we count |Ngsg, (C)| and derive contradictions to (I2]).

Case 1. |I| = 1.
Suppose, without loss of generality, that I = {1}. In this case,

C is contained in SGL_; — (Fy UUy). (13)

Let D be a shortest cycle in C', and w4, ..., ug be six sequential vertices on D.
Since the girth of SG,, is 6 and there is no odd cycle in SG,,, we see that if ujug
is an edge, then no vertices of {u1, ..., ug} can have a common neighbor outside of
D; if ujug is not an edge, then the only pairs of vertices of {u1, ..., us} that may
have a common neighbor outside of D are {u1,us} and {u9, us}. Furthermore,
we see from Corollary [2] that if uy,us have a common neighbor outside of D,
then wuo, ug cannot have common neighbor outside of D, and vice versa. Denote
Y = Ngg1_ (D). By the above analysis, we see that [Y| > 6(n —4) = 6n — 24 if
uiue is an edge, and Y| > 4(n—4)+2(n—3) —1 = 6n—23 > 6n — 24 otherwise.

Let Y =Y NV(C) and Y’ = Y \ Y'. Clearly, each vertex y € Y” is in
Nge, (C). For each vertex y € Y’ since its outside neighbor ¢ ¢ V(C) (by
(@), we have y' € Ngg, (C). Since the outside neighbors of vertices in a same
copy are all different, we have

INsa, (O = Y[+ {y' |y € YH + Hul,s s ugh] = [Y] 46 > 60 — 18 > |F],
contradicting (I2]).

Case 2. |I| = 2.

Suppose, without loss of generality, that I = {1,2}. Then C is contained
in (SGL_; — F1) U (SG2_, — F). If C is completely contained in SGL_; or
SG?_,, then a contradiction can be obtained as in Case 1. Thus we assume
V(C)NV(SGi_y) # 0 for i = 1,2. In this case, there exists an edge of C
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between SGL | and SG?_,. Let uv be such an edge, and let P be a path of
C on 6 vertices which passes through uv. Denote X; = V(P) NV (SG._;) and
Xo = V(P)NV(SG%_,). Then |Xi|,|Xs| > 1, and thus |Xi|,|Xs| < 5 by
X, + %] = 6. |

For i=1,2,let Y; = Ngg:  (X;). Since SGj,_ has girth 6, we have

6n — 21 if one of Xy and X5 is a path on five vertices
|Y1] + |Ya| = the ends of which have a common neighbor, (14)

6n — 20 otherwise.
Fori=1,2,let ni = Nggs-: (X; UY;) NV(C). We claim that

1 for | X;| =1,

1§”Z‘S{X|1for2<|x<5 (15)

The left hand side n; > 1 is obvious because of the edge uv. For the case
that |X;| = 5, assume X; induces a path ujusususus in SGL_,, where u =
us. Then us has its outside neighbor v in SG2_,. By Lemma [ vertices in

Nsar_ ({us,us}) do not have their outside nelghbors in SG2_,; at most one

n—1’

vertex in Ngg1_ ({us}) has its outside neighbor in SG2_,; for i = 1,2, at most

n—1>
one vertex in NSGLI({uZ}) U {u;} has its outside neighbor in SG2_,. Thus
n; <4 =1|X;| — 1. The other cases can be proved similarly.

Suppose |Y1|+|Y2|—n1—ng > 6n—24. For i = 1,2, denote ¥,/ = Y;NV(C') and
Y/ =Y;\Y/. Then Y;” C NSG (C), and each vertex y in Y/ UX; (resp. Yy UX5)
whose outside nelghbor y' is not in SG2_, (resp. SG._,) has y' € Ngg, (C).
Hence

[Nsa, (O) = Y[+ {y [y € YV UXa} —na+ Y5 [+ ' [y € Y2 U Xo} —no
= |Y1| + |Y2| = n1 —n2+ 6 > 6n — 18 > |F]|

(observe that since the outside neighbors counted in the above inequality are not
in V(SGL_; USG?2_,), no two of them can coincide), which contradicts (IZ).
Next we consider the case that

for any edge uv between SGL_; and SG2_, and any path P

taken as above, |Y1| 4 |Ya| — n1 — ng < 6n — 25. (16)
Combining this with (I4]), we have
5, if |Yi] + |Ya| = 6n — 20,
”““”22{4, if [Y1] + |Ya| = 6n — 21. (17)

If both | X1| > 2 and | X32| > 2, then by (3] and the fact | X7 |+|X2| = 6, we have
ny + na < 4. Then by ([[), we see that ny +ny = 4 and |Y1| + |Ya| = 6n — 21.
But by (Id), one of | X;| and | X3| must be 1, a contradiction. Hence suppose

for any edge uv between SG._; and SGZ_, and any path P

taken as above, | X1| =5, |X3| = 1, or vice versa. (18)
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Suppose P = ujususugsusug is such a path, where ug is the only vertex in
Xs. Then ny = 1 and ny > 3 by (). By the deduction in proving (3], we
see that besides ug, the only outside neighbors which can contribute to n; are
in Ngg1_ (us), Nggr  ({u2}) U {uz}, Nggr  ({wr}) U {u1}, and at most one
from each of the three sets. If there is a vertex u; € NSGLl(ug) whose outside
neighbor u}, € SG2_, N V(C), then ubusuzususug is a path contradiction (IS).
If uy € SG2_, NV(C), then ubusuzususug is a path contradiction (I8]). Hence
in order that n; > 3, there must be a vertex uy € NSGLl(uQ) such that v/, €
SG?2_,NV(C). By Lemma B ) ¢ SG2_,. Hence in order that n; > 3, there
must be a vertex ug € Ngg:  (u1) such that ug € SG2_, NV(C). But then
ugugui ugu7ub is a path contradiction (IJ]).

Claim 4 is proved.

As a consequence of Claim 4, every connected component of G'3 which contains
acycleisin C. Thus SG,, — F —C consists of some vertices in U and some acyclic
connected components of Gs. Since~every vertex in U has degree at most 1 in
SG, — F, we see that SG,, — F — C does not contain cycle, contradicting that
F is a cyclic vertex-cut. The theorem is proved. O

4 Conclusion and Future Work

In this paper, we determined the cyclic vertex-connectivity k. of the n-dimensional
star graph SG,,. Generally, .. is different from 2. For SG,,, these two parameters
coincide. Is there something deeper under the coincidence? This is the focus of our
future research.
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