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Av. Salvador Nava Mtz. S/N, Zona Universitaria, 78290,

San Luis Potośı, SLP, México
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Abstract. Image Registration is a central task to many medical image
analysis applications. In this paper, we present a novel iterative algorithm
composed of two main steps: a global affine image registration based
on particle filter, and a local refinement obtained from a linear optical
flow approximation. The key idea is to iteratively apply these simple
and robust steps to efficiently solve complex non-rigid multimodal or
unimodal image registrations. Finally, we present a set of evaluation
experiments demonstrating the accuracy and applicability of the method
to medical images.

1 Introduction

One of the most important stages in medical image analysis is the registration
(alignment) of images obtained from different sources [1], [2]. For instance, image
registration is a common pre-processing stage during the development of atlases,
the analysis of multiple subjects, and the study of the evolution of certain dis-
eases or injuries. Generally speaking, image registration is the problem of finding
a geometrical transformation which aligns two images. Solutions to this problem
can be divided in two classes: rigid and non-rigid. Rigid image registration meth-
ods assume that a single global transformation is applied equally to each pixel
in the image, reducing the problem to finding only the few parameters which
describe the global transformation. While rigid or affine registration is widely
used, it presents serious drawbacks when one of the images shows complex de-
formations with respect to the other, for example, when both images belong
to different subjects. On the other hand, non-rigid (also called elastic) regis-
tration methods estimate a transformation for each pixel, incorporating only
weaker smoothness assumptions in order to make the problem well-posed. These
methods are more general than rigid methods; however, they are also more com-
putationally demanding, and difficult to implement and calibrate. An extensive
and comprehensive survey can be found in [3], [4].

Registration methods can also be classified as unimodal, where it is assumed
that pixel intensities between both images are similar, and multimodal, which
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are capable of aligning images coming from different types of sensors (e.g., MRI
and PET), or with inhomogeneous illumination and contrast. The most popular
multimodal registration methods are based on the maximization of the mutual
information (MI) between both images, a method which was originally proposed
by Viola and Wells [5], and also by Collignon and Maes [6]. These mehods, how-
ever, were originally described for rigid transformations; hence, recent research
has mostly focused on multimodal elastic registration [7], [8], [9], [10]. Most of
these methods deal with two difficulties: (1) find a model for the joint probability
between both images (e.g., Parzen windows), which is required for the computa-
tion of the MI, and (2), propose an optimization algorithm (usually a complex
one) capable of dealing with the non-linearities of the MI when expressed in
terms of the joint probability model. Other approaches use landmarks and ra-
dial basis functions (RBF) to model local deformations as in [11], which require
to detect some characteristic as edges and evaluate RBF.

A recent work [12] proposes a very different approach for MI-based rigid reg-
istration methods: instead of modeling the MI with a differentiable function (so
that it can be optimized with continuous methods), a stochastic search is per-
formed, where the MI is simply seen as a measure of similarity for each solution
in a relatively large population. In this case, the authors employ a technique
called Particle Filter (PF), which is commonly used for parameter estimation in
dynamical systems. This new approach results in a simple yet robust method to
perform multimodal affine registration with great accuracy.

This work builds from [12] to present a new approach to solve the non-rigid
image registration problem. The key idea behind the proposed method lies in a
two-step iterative algorithm, where we first compute the global affine registration
between both images (using the PF approach), and then refine this transforma-
tion locally for each pixel using a very simple optical flow approximation. The
aligned candidate image is then used as the input candidate image in the fol-
lowing iteration until convergence is reached. This iterative process produces a
multi-stage algorithm where each stage is efficient, and easy to implement and
tune, yet powerful enough to achieve complex non-rigid unimodal and multi-
modal registrations. The paper is organized as follows: Section 2 describes the
methodology and some mathematical properties; Section 3 demonstrates the
methods through some experiments and results; and finally, in Section 4, our
conclusions are presented.

2 Methodology

This section describes the proposed algorithm in detail, and provides some math-
ematical insight about the convergence of the method. For the rest of this paper,
we will use the following notation: I1(x) and I2(x) are, respectively, the reference
and candidate images, both of which are observed in a finite rectangular lattice
L = {x = (x, y)}. For simplicity’s sake, we will only deal with the 2D case,
but the method can be easily extended to 3D volumes. The problem consists
in finding a smooth transformation field Tx that aligns I2 with I1, i.e., so that
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Ĩ2(x) = I1(x) where Ĩ2(x) = f(I2(Tx(x))), and f is an unknown tone transfer
function. Here we propose a solution based on a two-step iterative approach
where, at each iteration t, a high-precision affine registration technique is used
to find a global transformation matrix M (t), and then an efficient optical flow al-
gorithm is applied to refine the transformation locally for each pixel; specifically,
the desired transformation T

(t)
x is obtained as

T (t)
x (x) = M (t)x + v(t)(x), (1)

where v(t) is the optical flow field.
This method is generalized to the multimodal case by using Mutual Informa-

tion (MI) as similarity function during the affine registration stage. Once the
affine transformation is found, an adequate tone transfer function f (t) is ap-
plied to match the grayscale levels between both images, so that the optical flow
constraint holds.

Our method can be summarized in the following steps:

1. Let t = 0.
2. Initialize I

(0)
2 with the candidate image I2.

3. Find an affine transformation matrix M (t) that aligns I
(t)
2 with I1 using a

(possibly multimodal) affine registration method.
4. Estimate Î2(x) = I

(t)
2 (M (t)x) using, for instance, bicubic interpolation.

5. Find a pixel-wise tone transfer function f (t) that adequately maps gray levels
in I1 to their corresponding gray values in Î2. Let Ĩ2 = f(Î2).

6. Estimate the optical flow field v(t) between I1 and Ĩ2(x).
7. Obtain I

(t+1)
2 (x) as I

(t)
2 (M (t)x + v(t)(x)).

8. Increase t and go back to step 3 until a convergence criteria is met.

Steps 3, 5, and 6 are described below in more detail.

2.1 Algorithm Details

The key idea behind the proposed method is to efficiently perform a complex
elastic registration from simple and robust building blocks, which can be tested,
tuned, and optimized independently. Each particular block has been chosen to
achieve a good balance between simplicity, efficiency, and accuracy. Here we
discuss some of our particular choices.

Affine registration by particle filter: Registration methods based on MI
have proven to be very robust for both uni-modal and multi-modal applications.
One difficulty, however, is that the inherently non-linear definition of the MI
results in algorithms which often require complex optimization techniques which
are either computationally expensive (e.g., Markov Chain Monte Carlo (MCMC)
methods), or sensitive to the initial parameters (e.g., gradient descent methods).
A recent approach, introduced in [12], employs instead a stochastic search known
as Particle Filter (PF) [13] to estimate the optimal parameters of the affine
transformation. An overview of this algorithm is as follows:
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1. Generate a random initial population S1 = {s1
j} of Ns parameter vectors

(particles). We specifically use seven affine parameters: rotation angle, scal-
ing along X and Y, translation along X and Y, and shearing along X and
Y.

2. Let k = 1. Follow the next steps until convergence is met:
(a) For each particle sk

j ∈ Sk, compute the likelihood function γ(sk
j | I1, Î2),

which in this case is given by

γ(s | I1, Î2) =
1√
2πσ

exp

⎧
⎪⎨

⎪⎩
−

(
H(I1) − MI(I1, Î2)

)2

2σ2

⎫
⎪⎬

⎪⎭
, (2)

where H(I1) is the entropy of I1, MI(I1, Î2) is the MI between I1 and
Î2, and Î2(x) = I2(Msx), with Ms the transformation matrix defined by
parameter vector s.

(b) Normalize the likelihoods to obtain the weights wk
j = γ(sk

j | I1, Î2)/Z,
where Z =

∑
j γ(sk

j | I1, Î2), so that
∑

j wk
j = 1. Note that wk can now

be seen as a distribution over Sk.
(c) Obtain an intermediate population Ŝk by resampling from population

Sk with distribution wk [13].
(d) Generate the next population Sk+1 by stochastically altering each par-

ticle in the intermediate population. In this case, each particle follows a
random walk profile given by:

sk+1
j = ŝk

j + νj j = 1, . . . , Ns, (3)

where ŝk
j ∈ Ŝk, and νj ∼ N (0, Σk); here, Σk is a diagonal matrix of

standard deviations of the noise applied to each parameter. To enforce
convergence, we apply simulated annealing to Σk by letting Σk+1 = βΣk

at each iteration with 0 < β < 1.
(e) Increase k.

3. Based on the normalized weights {wk} for the last population, obtain the
final parameter estimators s∗ as the population average: s∗ =

∑
j wk

j sk
j .

Some of the advantages of the PF approach are:(1) it allows complex and non-
linear likelihood functions to be used, without seriously affecting the complexity
of the method, (2) it is robust to its initial parameters, and (3) it can be easily
generalized to the 3D case.

Estimation of tonal transfer function: Once the global transformation ma-
trix M is known, optical flow can be used to refine the transformation at each
pixel in order to achieve an elastic registration. In the multi-modal case, however,
the brightness consistency constraint (also known as optical flow constraint) [14]
may be violated, preventing the optical flow algorithm to estimate the correct
displacements. To deal with this obstacle, one may choose an adequate tone
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transfer function f(i) to match the gray levels between image I1 and the regis-
tered candidate Î2(x) = I2(Mx). In particular, we compute f(i) as a maximum
likelihood estimator from the joint gray-level histogram of I1 and Î2, given by

hi,j =
∑

x∈L

δ (I1(x) − i) δ
(
Î2(x) − j

)
, (4)

where δ is the Kronecker delta function. The tone transfer function is thus com-
puted as

f(j) = argmax
i

p(I1(x) = i | Î2(x) = j) ≈ arg max
j

{hi,j}. (5)

Note, however, than in the unimodal case, it is possible that the estimated
transfer function differs significatively from the identity, introducing spurious
correlations which may affect the performance of the optical flow estimation
method. When the input data is known to be unimodal, we suggest to simply
use the identity function.

Optical flow estimation: Our approach for optical flow estimation is based
on a discrete reformulation of the classical Horn-Schunck method [14]. Consider
a first order Taylor expansion of Ĩ2(x + v(x)) around x:

Ĩ2(x + v(x)) ≈ Ĩ2(x) + ∇xĨ2(x)v′(x), (6)

where v′ denotes the transpose of v, so that one can write the optical flow
constrain as

I1(x) = Ĩ2(x) + ∇xĨ2(x)v′(x). (7)

Equation 7 is ill-posed; therefore, additional regularization constraints must be
introduced to obtain a unique solution. Both constraints are typically expressed
by means of an energy function U(v) that must be minimized. For efficiency
reasons, we chose a quadratic penalty function for both constraints, so that
U(v) is given by

U(v) =
∑

x∈L

∥
∥
∥∇xĨ2(x)v′(x) + Ĩ2(x) − I1(x)

∥
∥
∥

2

+ λ
∑

<x,y>

‖v(y) − v(x)‖2 , (8)

where the sum in the second term ranges over all nearest-neighbor sites < x,y >
in L, and λ is a regularization parameter which controls the smoothness of the
resulting flow field. The gradient in the first term is computed by applying an
isotropic Gaussian filter to Î2 and computing the symmetric derivatives with the
kernel (0.5, 0,−0.5).

Since U(v) is quadratic in the unknowns, it can be solved very efficiently by
the Gauss-Seidel method [15].
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2.2 Mathematical Properties of the Problem Formulation

In general, from its proposed formulation, the nonlinear transformation field Tx

that aligns I2 with I1 is sought under the following optimality condition

max
Tx

MI (I1(x), I2(Tx(x))) . (9)

This previous formulation has important robustness properties and capability
to handle multimodal registration. However, the optimization problem in (9) is
highly nonlinear and its solution involves a complex multivariable search. Hence,
as it was mentioned at the beginning of this section, the transformation field Tx

is assumed with the special structure in (1). Furthermore, it is considered that
the optical flow field v(t) can be represented as a linear combination of unknown
vector fields v̂(j) j = 1, . . . , N , i.e.

v(t)(x) =
N∑

j=1

αj v̂(j)(x) αj ∈ R, ∀j. (10)

Therefore, in order to solve (9), an iterative algorithm is proposed to construct
T

(t)
x :

T (t)
x (x) = M(t)T (t−1)

x (x) + v(t)(x) t = 1, 2, . . . (11)

Let us assume that T
(−1)
x (x) = x, then it is satisfied in the iterative process

T (1)
x (x) = M(1)x + v(1)(x) (12)

T (2)
x (x) = M(2)T (1)

x (x) + v(2)(x) (13)
...

T (t)
x (x) =

⎡

⎣
t∏

j=1

M(t−j+1)

⎤

⎦

︸ ︷︷ ︸
M(t)

x +
t∑

j=1

[
t−j∏

i=1

M(t−i+1)

]

v(j)(x)

︸ ︷︷ ︸
αj(t)v̂(j)(x)

(14)

where
∏b

i=a M(i) = M(b)M(b−1) · · ·M(a) for a ≤ b, and
∏b

i=a M(i) = I for
a > b. Therefore, at t-th iteration, the resulting transformation field T

(t)
x (x) has

the structure highlighted in (1) and (10). In addition, note that the iterative
construction of Tx(x) in (11) can be interpreted as the response of a linear time-
varying system under the input vector field v(t)(x). Consequently, in order to
guarantee the convergence (stable response) of (11) [16], it is sufficient to satisfy

M(t) → I & v(t) → 0, as t → ∞ (15)

where I denotes the identity matrix and 0 the zero matrix, in order to guarantee

‖M(t)‖ ≤ γ ∀t (16)
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and γ > 0. Therefore, we may define as convergence conditions:

‖M(t) − I‖ < ε1 & ‖v(t)(x)‖ < ε2, (17)

given ε1, ε2 > 0.
Hence the proposed algorithm suggests to solve iteratively the two-stage op-

timization problems:

I.- The rigid transformation M(t) through the optimization process

J
(t)
1 = max

M(t)
MI

(
I1(x), I2

(
M(t)T (t−1)

x (x)
))

. (18)

II.- And the linear optical flow v(t)(x) by the following minimization problem

J
(t)
2 = min

v(t)(x)

∑

x∈L

∥
∥
∥∇xĨ2

(
M(t)T (t−1)

x (x)
)

v
′(t)(x) + Ĩ2(M(t)T (t−1)

x (x))−

I1(x)‖2 + λ
∑

<x,y>

∥
∥
∥v(t)(y) − v(t)(x)

∥
∥
∥

2

. (19)

Note that if {J (t)
1 } and {J (t)

2 } represent increasing and decreasing convergent
sequences with respect to t, respectively, then conditions in (15) will be satisfied,
since there is a continuity property of the parameters of T

(t)
x (x) with respect to

the cost functions in the optimization processes.
Assume that the iterative algorithm stops at t = N , then the optimal (locally)

transformation is given by

T ∗
x(x) = M∗x + v∗(x) (20)

where

M∗ =
N∏

j=1

M(N−j+1) (21)

v∗(x) =
N∑

j=1

[
N−j∏

i=1

M(N−i+1)

]

v(j)(x), (22)

which are carried out by the method proposed here.

3 Results

In this section, we present two different kinds of results. The first one corresponds
to the registration of images having similar gray values, so that the transfer
function f(.) (see Section 2) is the identity. These kinds of experiments are
important in the medical field, since for example tumors or vital organs may be
monitored. Rows in Fig. 1 show a set of TC-images, these rows correspond to the
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Fig. 1. Chest TC-images: A) Reference Image; B) Moving Image; C) Superimposed
Non-registered Images; D) Superimposed Registered Images

Fig. 2. Superimposed image registration: I.A) MRI-images before registration; I.B)
MRI-images after registration; II.A) T1-GdDTPA and T2-images before registration;
II.A) T1-GdDTPA and T2-images after registration

axial, sagittal, and coronal views from the chest of the same subject. The images
in column A) are the reference; meanwhile, column B) shows the moving images.
The difference between these two columns corresponds to posture and breathing
in two different intervals of time. We can see in the superimposed images in
column C) the difference between the images to register; the reference image is
displayed using the red channel, while the moving image uses the green channel;
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therefore, those pixels where the images coincide should look yellow. Column D)
shows the non-rigid image registration obtained by the proposed method. Notice
how some structures have been deformed in order to achieve a good matching,
reducing the pixels in red or green, and incrementing the matching pixels in
yellow explained by a good elastic registration; the image size (in pixels) for the
axial, sagittal, and coronal views are respectively 247 × 242, 268 × 242, and 268
× 244; and the registration times were 214, 231, and 231 seconds. All the these
experiments were performed on a PC running at 3.06 GHz.

The following set of experiments concern to the case of multimodal image
registration. Panel I in Fig. 2 shows the registration of anatomical (spin-echo)
MRI images of two different subjects; observe how the different structures in
the center of the Fig. 2-I.A) are aligned after the registration (2-I.B)). Similar
results are shown in Panel II in Fig 2, which corresponds to the alignment of a
T1-weighted MRI-image, with a contrast agent (gadolinium diethylene triamine
pentaacetic acid), with a T2-weighted image from the same subject.

In all the experiments described above , we used the same set of parameters;
the values of the main parameters are defined in Table 1.

Table 1. Main parameter values of the non-rigid registration algorithm

Particle Filter

Particles Likelihood-σ PF-Iterations Displacement-σ Angle-σ Scale-σ Shearing-σ

200 H(I1)/6 150 2 0.2 0.02 0.02

Optical Flow

Iterations λ Smoothing-σ

200 2000 0.5

4 Conclusions

We presented a new iterative algorithm which is mainly based on two building
blocks: 1) a global affine registration, and 2) a linear optical flow. The key idea
behind this approach is to efficiently perform a complex elastic registration from
these simple and robust building blocks. The affine registration was carried out
by an accurate algorithm based on the particle filter [12], meanwhile the sec-
ond block can be solved very efficiently by a Gauss-Seidel method. We provided
the mathematical properties which support the problem formulation, and estab-
lish some convergence conditions. Finally, we presented experiments where the
algorithm proved to be efficient, and accurate to estimate complex 2D elastic
unimodal and multimodal registrations.

Acknowledgements. This work was supported by grant PROMEP/UASLP/-
10/CA06.
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