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Abstract. For images taken in man-made scenes, vanishing points and focal
length of camera play important roles in scene understanding. In this paper, we
present a novel method to quickly, accurately and simultaneously estimate three
orthogonal vanishing points (TOVPs) and focal length from single images. Our
method is based on the following important observations: If we establish a polar
coordinate system on the image plane whose origin is at the image center, angle
coordinates of vanishing points can be robustly estimated by seeking peaks in a
histogram. From the detected angle coordinates, altitudes of a triangle formed
by TOVPs are determined. Novel constraints on both vanishing points and focal
length could be obtained from the three altitudes. By using the constraints, radi-
al coordinates of TOVPs and focal length can be estimated simultaneously. Our
method decomposes a 2D Hough parameter space into two cascaded 1D Hough
parameter spaces, which makes our method much faster and more robust than
previous methods without losing accuracy. Enormous experiments on real im-
ages have been done to test feasibility and correctness of our method.

Keywords: vanishing point detection, calibration using vanishing points, per-
ceptual grouping.

1 Introduction

Under a pinhole camera model, a set of parallel lines in 3D space are projected to a
set of lines in the image which converge to a common point. This point of intersec-
tion, perhaps at infinity, is called the vanishing point. The understanding and
interpretation of man-made scene can be significantly simplified by the detection of
vanishing points. Its applications [2, 3, 4, 7, 8, 9] range from robotic navigation,
camera calibration, 3D reconstruction, augmented reality, image understanding
and etc. For instance, for images taken in man-made scenes, without any 3D geome-
tric information in Euclidean space, the spatial layouts of the scenes are very
difficult to understand. In this case, vanishing points corresponding to three ortho-
gonal directions may provide important information. Therefore, the task of detecting
the three mutually orthogonal directions of a man-made scene has considerable
attraction.
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1.1 Related Work

Previous vanishing point detection techniques can be roughly divided into two catego-
ries: The first category uses an accumulator cell to accumulate lines passing through
the corresponding image point [1, 10, 13]. Peaks in the accumulator space represent
the potential vanishing points. The second category does not require seeking the peaks
in an accumulator space. Instead, some iterative algorithms, such as the Expectation-
maximization algorithm, are used to group lines [9, 12].

Here we present some work related to the first category since our method can also
be put into this category. Previous methods vary in the choice of accumulator space.
For example, Barnard [1] suggested the unbounded image space can be mapped into
the bounded surface of a Gaussian sphere. Tuytelaars et al. [13] mapped points into
different bounded subspaces according to their coordinates. Rother [10] pointed out
that these methods could not preserve the original distances between lines and points.
In his method, the intersections of all pairs of non-collinear lines are considered as
accumulator cells instead of a parameter space. But since these accumulator cells are
difficult to index, searching for the maximal from the accumulator cells is slow.

A common problem among previous methods [1, 13] is that they do not consider
constraints between vanishing points and focal length. For images of man-made
scene, there are constraints between TOVPs and focal length. In general, coordinates
of two orthogonal vanishing points are enough to calculate focal length using these
constraints. If the third vanishing point is detected, it could be used to refine the re-
sult. Without considering the constraints in detection, sometimes the detected vanish-
ing points may be incorrect and focal length cannot be calculated. In order to solve
this problem, Van Den Heuvel [6] used the constraints as additional criterion in detec-
tion. But this method is based on the assumption that the camera is calibrated. Rother
[10] also used the constraints in searching for the vanishing points. But due to the
reason mentioned above, this approach requires more computational efforts.

In this paper, we present novel constraints developed from the previous constraints
mentioned above. Our method firstly detects altitudes of the triangle formed by
TOVPs. The triangle is called the TOVPs triangle in this paper. The novel constraints
on both vanishing points and focal length are obtained from the three altitudes. Based
on the constraints, the 2D accumulator space could be simplified into two cascaded
1D accumulator spaces. Vanishing point detection by our method is much faster than
previous methods. Focal length and vanishing points could be estimated simulta-
neously and the previous constraints are still guaranteed.

2 Notations and Basic Principles

2.1 Pinhole Camera Model

Consider a point in 3D world M = [x,y,z,1]T. m = [u,v,1]7 is its image point. In
the pinhole camera model, the two homogeneous coordinates satisfy:

um = K[Rt]M ey
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where W is a scale factor. K is the intrinsic matrix defined as:

f s ug
K =0 of VO] (2)
0 0 1
where f is the focal length of camera. a is the aspect ratio. (uy,Vy) represents the
principle point of the camera. s is the skew parameter. [R t] is the extrinsic matrix,
determined by the position and orientation of the camera. Further information about
pinhole camera model can be found in [5].

In this paper, we assume the skew parameter to be zero, the aspect ratio to be
one, and the principal point to be centered. The only intrinsic parameter that we con-
sider is the focal length f.

2.2 Relationship between TOVPs and Focal Length

Let x,y,z be an orthogonal system of coordinates associated with a viewing camera,
such that the origin of the system coincides with the optical center and the z-axis with
the optical axis. The image plane is defined by the equation z = f where f is the focal
length. Let (x4,¥1), (X2,V2), (X3,¥3) be coordinates of the TOVPs v;,v,,v5 in an
image of the man-made architectural environment. One important property of the
TOVPs is that for triangle v,v, Vs, its orthocenter coincides with the principal point of
the image, which is assumed to be the image center in this paper. Relationship be-
tween vanishing points and focal length can be presented as:

X1X2 + ylyZ + fZ = 0
XX + Yoy + f2=0 3)
X3X1 + Y3yl + fZ = 0

Detailed explanations for these properties could be found in [2].

3 Distribution of Intersections of All Pairs of Converging Lines

Due to errors in line detection [11], real intersections of converging lines correspond-
ing to one vanishing point are distributed around the true vanishing point. We discov-
ered that if these intersections are not too close to the image center, their distribution
has very different variances in different directions. This distribution could be approx-
imately interpreted as an elliptical Gaussian distribution. Its minor axis is very short
with respect to major axis. Meanwhile, the included angle between the major axis and
a line determined by the true vanishing point and the image center is very small. Fig-
ure la shows an image with line segments converging to TOVPs. Lines corresponding
to different vanishing points are shown in different colors. We add noises to these
lines so that their intersections do not coincide with the vanishing points. Blue crosses
represent intersections of all pairs of detected lines. As shown in Figure 1a, distribu-
tions of the blue crosses are approximately elliptical Gaussian distributions around
vanishing points respectively.
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Fig. 1. (a) An image of converging lines with noise added. The TOVPs vy,v,v; form a
triangle called the TOVPs triangle. Lines corresponding to different vanishing points are shown
in different colors. Blue crosses represent intersections of all pairs of detected lines. Orthocen-
ter of the TOVPs triangle coincides with the image center. Altitudes of the TOVPs triangle are
shown as blue solid lines. (b) Histogram of angle coordinates of intersections in (a).

Consider distribution of intersections of converging lines corresponding to one va-
nishing point in a polar coordinate system with origin at the image center. The major
axis of the elliptical Gaussian distribution approximately passes through the origin.
Angle coordinates of true vanishing points could be obtained by seeking peaks in
histogram of angle coordinates of intersections. Figure 1b shows the histogram of
angle coordinates of intersections of all pairs of lines in Figure la. Three significant
peaks correspond to angle coordinates of the three vanishing points in Figure 1a.

As discussed in Section 2.2, orthocenter of the TOVPs triangle coincides with the
image center, which is considered as origin of the polar coordinate system. Therefore,
if angle coordinates of the TOVPs are detected, altitudes of the TOVPs triangle could
be obtained. In our method, we detect altitudes of the triangle firstly. Then constraints
from these altitudes are used to detect radial coordinates of the TOVPs and focal
length simultaneously (described in Section 4). The detected altitudes of the triangle
are shown as blue solid lines in Figure 1a.

4 Approach

4.1 Detecting Altitudes of the TOVPs Triangle

Let the image center be the origin of a Cartesian coordinate system in the image
plane. The Cartesian coordinates of the three vanishing points v4,v,,v3 are denoted
by (X1,V1), (X2,¥2), (X3,V3), respectively. The polar coordinates of v;,v,, Vs is
denoted by (84,p1), (05,p2), (03,p3), respectively. Polar transformation of the
Cartesian coordinates (X,y) is defined as:

0 =tan™?! (X)
X 4
o= [Ty
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According to Section 3, angle coordinates of the TOVPs could be detected by seeking
peaks in 6-histogram of intersections of all pairs of detected lines. Consider an alti-
tude of the TOVPs triangle v,v,v3, which passes through vertex v;. The altitude also
passes through the image center, which is defined as origin in the polar coordinate
system. Given angle coordinates 64, 0,, 85 of the three vanishing points, the altitudes
are also determined. It can be represented as:

xsin®; —ycos6; =0,i=1,2,3 5

In Figure 2a, intersections of all pairs of detected lines are represented by blue
crosses. Figure 2b shows the B-histogram of the intersections in Figure 2a. The three
peaks correspond to the TOVPs. The detected altitudes are shown in Figure 2a.

Fig. 2. (a) A polar coordinate system whose origin is at the image center. Intersections of all
pairs of detected lines are marked by blue crosses. Detected altitudes of the TOVPs triangle are
shown as solid black lines. (b) 0-histogram of the intersections. (c) A series of TOVPs triangles
corresponding to different potential TOVPs and focal length. Detected TOVPs are marked by
black squares.

4.2 Constraints from Three Altitudes of the TOVPs Triangle

Consider coordinates of the TOVPs (X4,y1), (X2,¥2), (X3,¥3) and focal length f as
seven unknowns. Since the TOVPs lie on the three detected altitudes respectively, we
have the following equations from (5).

X;sin6; —y;sin6; = 0,i=1,2,3 (6)
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Constraints provided by the detected altitudes of the TOVPs triangle v,v,v; could
be represented as an equation system formed by (3) and (6). By solving the equation
system, radial coordinates of the TOVPs could be denoted as:

pi = Vx* +y? =nif @)

where i = 1,2,3 and

cos(0, — 63)
cos(6; — 0,) cos(6; — 6,)

= J_ cos(6; — 0;) )

cos(6; — 6,) cos(6, — 63)

cos(6; — 6,)
cos(B, — 63) cos(B; — 6;)

Then we obtain:

X; = pj cos B;

. 9
yi = pisin 6; ©)

where i = 1,2,3. According to (7) and (9), for different f, the corresponding TOVPs
triangles are similar triangles, as shown in Figure 2c.

4.3 Simultaneously Detecting Radial Coordinates of the TOVPs and Focal
Length

The intersections of all pairs of detected lines can be divided into three sets according
to the nearest altitudes. Since altitudes have already been detected in Section 4.1 as
shown in Figure 2a, we project intersections on the corresponding altitudes and use
the projections as candidates for the TOVPs. In Figure 2c, projections of intersections
are marked by blue crosses. These projections are divided into three sets S;,i = 1,2,3
according to corresponding altitudes. Consider the distribution of radial coordinates p
of points in S;. Define g;(p),i = 1,2,3 as the distribution function. Radial coordinate
p; of the i-th vanishing point should be the value that maximizes g;(p). Using (7), we
can present this distribution function as a function of f:

gi(p) = gi(iH (10)

Focal length should be chosen to maximize three g;(n;f),i = 1,2,3 simultaneously.
We define h(f) as a weighted sum of the three distributions:

h(f) = wig (1) + waga () + wagzs(msh) 11)

where w;,i = 1, 2,3, is the weight of g;. f should be a solution of:

f=arg mfax(h(f)) (12)
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Since f is measured by pixel and within a bounded range, this equation can be
solved by simply enumerating all possible values of f. Given the estimation of f,
coordinates of the TOVPs can be calculated by (7) and (9).

Computational complexity of our approach is determined by the following:

(a) The number of intersections. In an image with n detected lines, the number
of intersections could be 0(n?),

(b) The number of accumulator cells used to detect angle coordinates 0 of the
vanishing points, denoted by N;.

(¢) The number of accumulator cells used to detect focal length f and radial
coordinates p of the vanishing points, denoted by N,.

Generally N; and N, are no more than 3000. The complexity of this approach can be
0(n? + N; + N,).

5 Experiments

Many experiments have been done to test validity and correctness of our method. In
our tests we use 640 X 480 images and the image center is considered as the origin
of the image space. Accumulator space [0, 2m] of 6 is discretized into 600 accumu-
lator cells. The range of f is set to [500,3200] and also discretized into accumulator
cells. Weights used in (11) are all set to 1. Since flexibility of our method relies on
the constraints provided by the TOVPs, images we use all contain three significant
vanishing points.

In first experiment, images taken with different focal lengths are used to test our
method. Figure 3.a-c show three images of same object with f, < f, < f.. For im-
ages taken with longer focal length, detected lines are much closer to parallel.
Many previous methods fail to obtain a reliable focal length when true focal
length is relatively long because the vanishing points are close to infinity and
difficult to estimate. In our method, novel constraints are used as additional
criterion to reduce error. Detected coordinates of vanishing points and focal
lengths of Figure 3a-c are shown in Table 1. The vanishing points are not marked
in the figures because some of them are too far from image. Focal length errors in
the three cases are all below 10%, compared with values calculated by method
proposed in [14].

el

N

(b) ()

Fig. 3. Images taken with different focal lengths. We have f, < fy, < f.
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Table 1. Focal length and vanishing point coordinates of Figure 3a-c estimated by our method

Image f TOVPs

Fig3.a 713 (-949,.-649), (1009,-693), (17,758)
Fig3.b 1319 (1728,-1186), (-1767,1108), (34,1516)
Fig3.c 1880 (2325,1463), (82,2546), (-2345,-1312)

Table 2. Focal length and vanishing point coordinates of Figure 4a-d estimated by our method

Image f TOVPs

Fig4.a 713 (28,-1437), (897,443), (-883,408)
Fig4.b 772 (1166,567), (750,489), (-47,-1146)
Fig4d.c 695 (-891,-366), (631,-217), (-169,1731)
Fig4.d 721 (882,530), (-1033,-738), (-90,831)

In second experiment, we test our method by using images of different scenes.
Figure 4a and 4b are taken by us. Figure 4c and 4d are from the ZuBuD' database.
Intersections of detected lines in the images are marked by blue crosses. Detected
vanishing points are marked by black squares. Detected coordinates of TOVPs and
focal lengths are shown in Table 2.

We also compared our method with that using EM algorithm [9], which is
considered as a quite efficient one among previous methods. Both methods are imple-
mented in MATLAB M-files. They use same line detection algorithm and here we
only compare the time cost by vanishing point detection. The results of vanishing
point detection using the two methods are comparable. But our method costs much
less time. Minimal, average and maximal computational time are reported in Figure 5.
Computational time cost by our method in most cases is no more than 0.1 second.
Our method can be used in real-time applications.

Computition time(sec.)

0.8
I Our method
0.6/ N eV
0.4/
0.2}
0

Min Mean Max

Fig. 4. Comparison of computation time

! http://www.vision.ee.ethz.ch/showroom/zubud
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x
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Fig. 4. Experiments on images of both indoor and outdoor scenes. (a) and (b) are taken by us.
(c) and (d) are from the ZuBuD database. Intersections of detected lines in the images are
marked by blue crosses. Detected vanishing points are marked by black squares.

5 Conclusions

A novel method for simultaneous vanishing point detection and camera calibration is
proposed in this paper. The method can be described in two steps: Firstly, angle coor-
dinates of the three vanishing points are detected. Secondly, focal length and radial
coordinates of the vanishing points are estimated simultaneously.

This method is based on an observation that angle coordinates of vanishing points
can be estimated easily and robustly. Altitudes of the TOVPs triangle may be deter-
mined from the detected angle coordinates of the TOVPs. The three altitudes provide
constraints on both vanishing points and focal length, which largely simplifies the
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estimation problem of vanishing points and focal length. Compared to previous me-
thods, our method requires much less time and memory.
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