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Abstract. The Capacitated Dominating Set problem is the problem
of finding a dominating set of minimum cardinality where each vertex
has been assigned a bound on the number of vertices it has capacity to
dominate. Cygan et al. showed in 2009 that this problem can be solved in
O(n3m

(
n

n/3

)
) or in O∗(1.89n) time using maximum matching algorithm.

An alternative way to solve this problem is to use dynamic program-
ming over subsets. By exploiting structural properties of instances that
can not be solved fast by the maximum matching approach, and “hid-
ing” additional cost related to considering subsets of large cardinality
in the dynamic programming, an improved algorithm is obtained. We
show that the Capacitated Dominating Set problem can be solved in
O∗(1.8463n) time.

1 Introduction

The problem of finding a vertex subset of cardinality at most k that dominates all
remaining vertices in a graph has received a considerable amount of attention
over the last two decades. This problem is known as the Dominating Set
problem and is a classical NP-complete and also W [2]-complete problem [5]. If
each vertex is equipped with a bound on the number of neighbors that it has
capacity to dominate additionally to itself, the problem is called Capacitated
Dominating Set. By simply assigning the degree as the capacity to each vertex,
the hardness results carry over to the Capacitated Dominating Set problem.
Recently it has been proven that this problem remains W [1]-hard even in the
planar case [2], and thus distinguishing it from Dominating Set which is Fixed
Parameter Tractable on planar graphs [1].

For the general domination problem there has been a long sequence of mod-
erately exponential time algorithms starting in 2004 by [8], where the currently
last result is [10]. Also in the case where we ask for a connected dominating set
the trivial bound was broken back in 2006 [6].
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The Capacitated Dominating Set problem have a slightly different story. The
question if the “trivial” O∗(2n) could be broken was first asked at IWPEC 2008,
and repeated later that year by Johan van Rooij at Dagstuhl [7]. Cygan et
al. show in [4] that the Capacitated Dominating Set problem could be solved
exactly in O∗(1.89n) time. They first provide an algorithm that, given a set U
of vertices, computes in polynomial time a minimum dominating set D with
U ⊆ D and such that only the elements of U are allowed to dominate two or
more vertices outside D. This algorithm is based on a reduction to a maximum
matching problem. Then the result is obtained by guessing U , which is of size
no more than n/3.

Koivisto [9] gave a clever algorithm for the following problem: the input is
a family F of subsets of a universe V and the output is a partition of V into
a minimum number of elements of F . The running time is o(2n) if all the sets
of F are small (bounded by a constant). This yields an o(2n) algorithm for the
Capacitated Dominating problem when all capacities are all upper bounded by a
constant k. Indeed, we can put in F all subsets X ⊆ N [v] such that |X | ≤ c(v)+1,
for all vertices v (see next section for details).

For both Cygan’s et al. and Koivisto’s algorithms there exist instances that
forces the algorithms to spend respectively O∗(1.89n) and O∗(2n) time. There are
even instances that force both algorithms to their respective maximum bound.
Consider a Capacitated Dominating Set D where a constant number of vertices
W dominate ρn vertices for a constant 0 < ρ < 1, and every vertex of D\W uses
its capacity to dominate exactly two vertices in V \D. Such an instance will force
Koivisto’s algorithm to consider dominating vertices that use their capacity to
dominate ρn other vertices (hence the sets of F are not of bounded size), and
the maximum matching approach by Cygan et al. has to test all subsets U of
size |W |+ (n− |W |ρn)/3. Thus, no significant improvement can be obtained by
simply balancing the two approaches.

In this paper we adapt the algorithm by Koivisto to avoid the “constant”
restriction on the capacities, meaning that the elements of the family F will not
necessarily be of bounded size. This generalization works under the condition
that there are not too many vertices in the dominating set using unbounded ca-
pacity. Maybe the most interesting contribution here is that handling elements
of F of unbounded size does not add to the total running time of the algorithm.
The reason for this comes form the fact that all unbounded sets are handled
in the beginning of the dynamic programming, before the considering smaller
sets. This is then balanced with the maximum matching approach of Cygan et
al. to optimize the time bound. As a result of this we get that the Capaci-
tated Dominating Set problem can be solved in O∗(1.8463n) time. When
we look further into the polynomial factors hidden by the big-Oh notation, we
can actually notice that there is a trade-off between the polynomial factor and
the basis of the exponent, with running times ranging from O(n9 · 1.8844n) to
O(n40005 · 1.8463n).
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2 Preliminaries

In this paper we consider simple and undirected graphs. Given a graph G =
(V, E), we denote by n the number of its vertices. If the given graph is equipped
with a capacity function c : V → N, we say that a subset D ⊆ V is a Capacitated
Dominating Set if there exists a function f : V \ D → D such that f(u) ∈
N(u) ∩ D and |f−1(v)| ≤ c(v) for each v ∈ D. Alternatively the Capacitated
Dominating Set problem can be viewed as a partitioning problem. Let F be
the family of subsets of V such that X ⊆ V is a member of F if and only if there
exists a vertex v ∈ X such that X ⊆ N [v] and |X | ≤ c(v) + 1. Such a vertex
v will be refereed to as the representative of X and is denoted v = R(X). Any
partitioning S1, S2, . . . , Sd of V where Si ∈ F for every i ∈ {1, . . . , d} defines a
Capacitated Dominating Set D of G, where |D| = d. The capacitated dominating
set D can be retrieved from the partitioning by selecting the representative of
each set, i.e. D = ∪d

i=1R(Si). In the next section, we will view the Capacitated
Dominating Set problem as the problem of finding such a partitioning where
d is minimized.

3 The Two Main Ingredients

We start by briefly recalling the construction of Cygan et al. and Koivisto’s
algorithms.

3.1 Cygan et al.’s Algorithm

Let G = (V, E) be a graph with a capacity function c. In [4], Cygan, Pilipczuk
and Wojtaszczyk give a O∗(1.89n) time exact algorithm to compute a capaci-
tated dominating set. This algorithm heavily relies on a reduction to a matching
problem. Namely, they consider the Constrained CDS problem defined as follows:
Given a set U of representatives of sets of size at least 3, compute a smallest
CDS D ⊆ V such that U ⊆ D, and D\U are the representatives of sets of size at
most 2. In words, the vertices of D \U will dominate at most one vertex outside
D. Cygan et al. give a polynomial algorithm for this problem. We refer to this
algorithm as ExtendSolution(G, c, U). By enumerating all subsets U of size at
most n/3, one can solve the CDS problem in O∗(

(
n

n/3

)
= O∗(1.89n) time.

Theorem 1 (see [4]). Given a set U of representatives of sets of size at least
3, algorithm ExtendSolution(G, c, U) computes a smallest CDS D ⊆ V such
that U ⊆ D, in O(n2m) running time. Consequeltly, the CDS problem can be
solved in O∗(1.89n) time.

3.2 Koivisto’s Algorithm: Partitioning into Sets

In [9], Koivisto investigates the problem of finding a partition of a universe
V into k disjoints sets S1, S2, . . . , Sk from a family F of subsets of V under
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the restriction that the subsets of F are of bounded cardinality. Thanks to an
(arbitrary) linear order < on the elements of V (implying a lexicographic order
≺ on the subsets of V ), Koivisto designs an algorithm with a proved worst-
case running-time O∗(cn) with c < 2. We recall briefly the approach developped
by Koivisto. In the next section, we show how to extend this approach if the
familly F contains some sets of unbounded cardinality. Formally, the following
was proved in [9]:

Theorem 2. Given an n-element universe V , a number k, and a familly F of
subsets of V , each of cardinality at most r, the partitions of V into k members
of F can be counted in time O∗(|F|2nλr ) where λr = 2r−2√

(2r−1)2−2 ln 2
.

To achieve this result, one idea of Koivisto approach is to define an arbitrary
linear order < on the universe and to count the lexicographic ordered k-partitions
(S1, S2, . . . , Sk) of V such that Si ≺ Sj whenever 1 ≤ i < j ≤ k. It is shown in
[9] that w.l.o.g the number of lexicographic ordered k-partition is equal to the
number of k-partitions.

The algorithm is very simple and is based on dynamic programming: for any
W ⊆ V and integer j, 1 ≤ j ≤ k, let fj(W ) be the number of ordered partitions
of W into j sets of F . Clearly, we have (see [9] for details):

f1(W ) = [W ∈ F ] and fj(W ) =
∑

X⊆W

fj−1(W \ X)[X ∈ F ] for j > 1.

Here [W ∈ F ] counts the occurences of the set W in the family F .
As observed in [9], considering only lexicographic ordered partitions leads

to a reduction in the number of subsets of V needed to be considered by the
algorithm. Indeed, the set Sj must contain the smallest element of V not in
S1 ∪ S2 ∪ ... ∪ Sj−1. Let Rj be the familly of sets W that is the union of j such
sets S1, S2, . . . , Sj . This familly is defined recursively by:

R1 = {X s.t. X ∈ F , min V ∈ X};
Rj = {Y ∪ X s.t. Y ∈ Rj−1, X ∈ F , Y ∩ X = ∅, min V \ Y ∈ X}.

It is shown in [9] that the running-time of the algorithm is proportional to
(|R1| + |R2| + · · · + |Rk|) · |F|. Note that if we require the size of each sets in
F to be bounded by a constant r, then the size of the family F is no more
than nr. Now we derive an upper bound on each |Rj | being sharper than the
one of Theorem 2. However, contrary to Theorem 2 which provides an algebraic
expression on the running-time, our result will involve calculus, see the next
theorem and Table 1 for some values.

Theorem 3. Given an n-element universe V , a number k, and a familly F of
subsets of V , each of cardinality at most r, the partitions of V into k members
of F can be counted in time O∗(|F| · ( (1−λ)n

(r−1)λn

))
where λ is the unique solution

of (1−λr)r

(λ(r−1))r−1 = 1 − λ in [0; 1
2r−1 ].

Proof. Let V an n-element universe with an arbitrary linear order on its ele-
ments: v1, v2, . . . , vn. Let j be an integer of {1, 2, . . . , k}. Recall that Rj is the
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familly of sets W being the union of j disjoint sets S1, S2, . . . , Sj , each of size no
more than r. Also by definition of Rj , for any set W ∈ Rj , {v1, v2, . . . , vj} ⊆ W .
Thus the size of Rj is upper bounded by the maximum number of different sets
W that it can contain. This number is no more than the largest value of

(
n−j
w−j

)

for j ≤ w ≤ rj. Indeed, the size of W , denoted here by w is at least j since W
contains the j first vertices and at most rj since W is the disjoint union of j sets
of size at most r. As W has to contain the j first vertices, the |W | − j others
vertices have to be choosen among the n − j remaining vertices.

By denoting ρn, with 0 ≤ ρ ≤ 1, the value of j and by w′, with 0 ≤ w′ ≤
(r − 1)ρ, the value of w − j, the expression

(
n−j
w−j

)
can be rewritten

(
n(1−ρ)

nw′
)
.

This latter expression is maximum for w′ = 1−ρ
2 whenever 1−ρ

2 ≤ (r− 1)ρ or for
w′ = (r − 1)ρ otherwise. (This can easily be seen from the well-known binomial
formula.) Note that 1−ρ

2 = (r − 1)ρ for ρ = 1
2r−1 .

Also, by Stirling’s approximation,
(
αn
βn

)
is asymptotically bounded by B(α, β)n

where B : (α, β) �→ αα

ββ(α−β)α−β .
Thus in the next part of the proof we study the functions f1 : ρ �→ B(1 −

ρ, (r−1)ρ) defined over [0; 1
2r−1 ] and f2 : ρ �→ B(1−ρ, 1−ρ

2 ) defined over [ 1
2r−1 ; 1]

(see Fig. 1 for a plot of these two functions).

1

1.2

1.4

1.6

1.8

2

0 1λ 1
2r−1

f1

f2

Fig. 1. The two functions f1 and f2 plotted for r = 3. The maximum of f1 is reached
for λ.

We first start by studying f2. Its derivative f ′
2 = −(1 − ρ)1−ρ(1−ρ

2 )ρ−1 ln(2)
is non positive on [ 1

2r−1 ; 1]. Thus the maximum of f2 is obtained for ρ = 1
2r−1 .

Since f2( 1
2r−1 ) = f1( 1

2r−1 ), it sufficient to restrict ourselves to the analysis of
function f1 over [0; 1

2r−1 ].
Then we consider f1. Its derivative is f ′

1 = (1 − ρ)1−ρ((r − 1)ρ)(1−r)ρ(1 −
ρr)ρr−1(− ln(1 − ρ) − r ln((r − 1)ρ) + ln((r − 1)ρ) + r ln(1 − ρr)) and is equal
to zero over [0; 1

2r−1 ] if and only if ρ satisfies (− ln(1 − ρ) − r ln((r − 1)ρ) +
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ln((r − 1)ρ) + r ln(1 − ρr)) = 0. In other words, whenever ρ ∈ [0; 1
2r−1 ] satifies

(1−ρr)r

(ρ(r−1))r−1 = 1−ρ in [0; 1
2r−1 ]. Let us show that such a zero exists and is unique.

(The zero will correspond to λ on Fig. 1.) Consider f̃ ′
1 : ρ �→ − ln(1−ρ)−r ln((r−

1)ρ)+ln((r−1)ρ)+r ln(1−ρr); its derivative is f̃ ′′
1 : 1−r

ρ(ρ−1)(ρr−1) and is negative

over [0; 1
2r−1 ] for any r > 1. Thus f̃ ′

1 is strictly decreasing over [0; 1
2r−1 ] and

admits a unique zero since f̃ ′
1(0) ≥ 0 and f̃ ′

1(
1

2r−1) ≤ 0. �
Now we shortly explain how to compute a good approximation of λ (defined as in
Theorem 3) and then provide an asymptotic upper bound on the running-time
claimed by Theorem 3.

We have shown that f ′
1 has a unique zero over [0; 1

2r−1 ]; it can easily be shown
that f ′

1 is decreasing and monotone over [0; 1
2r−1 ] with f ′

1 positive over [0; λ] and

negative over [λ; 1
2r−1 ]. Here, λ is the unique solution of (1−λr)r

(λ(r−1))r−1 = 1 − λ in
[0; 1

2r−1 ].
Let ε be a positive real. Let λ̃ “close enough to λ”, i.e. so that f ′

1(λ̃ − ε) ≥ 0
and f ′

1(λ̃+ε) ≤ 0. Since the zero of f ′
1 is unique, such a λ̃ can be found by binary

search. Since f ′
1 is monotone, it follows that λ̃−ε > λ > λ̃+ε and thus |λ̃−λ| ≤ ε.

Let Δ = max
(|f ′

1(λ̃ − ε)|, |f ′
1(λ̃ + ε)|). By the classical mean value theorem,

|f(λ̃) − f(λ)| ≤ Δ · |λ̃ − λ| ≤ Δ · ε. Consequently we have f(λ) ≤ f(λ̃) + Δ · ε.
Finally we recall that O∗(f(λ)n) =

( (1−λ)n
(r−1)λn

)
.

Thus it is sufficient to find a λ̃ close enough to λ by binary search to establish
an upper bound on the running-time of Koivisto algorithm. Table 1 provides
values of λ̃ for some values of r. We also give the corresponding running-time
obtained by Theorem 3 (named as “Koivisto*”) and the running-time from the
original analysis by Koivisto [9] (see column “Koivisto”).

Table 1. The table provides, for several values of r, the running-time of Koivisto’s
algorithm [9] according to Koivisto’s analysis (column “Koivisto”) and according to
the new analysis devised by Theorem 3 (column “Koivisto*”). We also provide the
value of λ̃ which act as a certificate together with ε = 10−5 for proving the correctness
of values given by Koivisto*. Note that for the special case r = 2, the analysis provided
by [9] is already sharp.

r Koivisto Koivisto* λ̃

2 1.6181 1.6181 0.27629

3 1.7693 1.7549 0.17701
4 1.8271 1.8192 0.13051
10 1.9308 1.9296 0.05081

20 1.9654 1.9651 0.02520
50 1.9862 1.9861 0.01003
100 1.9931 1.9931 0.00501
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3.3 A New Recipe for Capacitated Dominating Set: Combining and
Cooking the Ingredients

We are now ready to explain how the Capacitated Dominating Set problem can
be solved in time O∗(1.8463n) by combining the approach of Cygan et al. [4]
and an extended version of the result by Koivisto [9] for bounded cardinalty
sets family. Namely, we will show that Koivisto’s approach can be used even
if some sets of the family are of unbounded size. To do that, instead of fixing
an arbitrary ordering over the elements of a universe, we use this freedom to
put some elements playing a special role at the begining of the ordering. These
elements are the representatives of sets being of unbounded cardinality (i.e. not
constant bounded). As we will see, in our Capacitated Dominating Set algorithm,
these elements have to be guessed. It is worth to note that if these elements are
given as part of the input, the running-time analysis can be improved. Then,
once the unbounded sets have been guessed, the algorithm has to deal only with
bounded-cardinality sets.

Description of the Algorithm. Let G = (V, E) be a graph with a capacity
function c defined over V . Let F be the family of subsets X ⊆ V such that
X ∈ F if and only if there exists a vertex v ∈ X such that X ⊆ N [v] and
|X | ≤ c(v) + 1. We recall here that such a v = R(X) is called the representative
of X . Note that it is possible that two sets X1 and X2 with X1 = X2, R(X1) = u,
R(X2) = v, u �= v satisfy the required properties for belonging to F . In that case,
it is sufficient to keep only one of these sets in F together with its corresponding
representative. In that way, given a X ∈ F , its representative is unique. From
now on a family F constructed as explained is called a family; we will omit to
precise the universe V and the capacity function c when it is clear from the
context.

Lemma 1. Let F be a family. If S1, S2, . . . , Sd, with Si ∈ F for each i ∈
{1, . . . , d}, is a partition of the universe V then their representatives are pairwise
distinct.

Proof. Since S1, S2, . . . , Sd is a partition of V and for each i ∈ {1, . . . , d}, R(Si) ∈
Si, the lemma follows. �
Let β ∈ N with 3 < β ≤ n. Let F be a family and let S1, S2, . . . , Sd be a
partition of V . We enrich the notion of representatives with the notions of big
representatives, medium representatives and tiny representatives with respect to
this partition. We say that a vertex v is a
– big representative if there is a Si, 1 ≤ i ≤ d, with v = R(Si) and |Si| ≥ β;
– medium representative if there is a Si, 1 ≤ i ≤ d, with v = R(Si) and

β > |Si| ≥ 3;
– tiny representative if there is a Si, 1 ≤ i ≤ d, with v = R(Si) and 3 > |Si|;

The set of all big (resp. medium and tiny) representative is denoted by (BR)
(resp. (MR) and (TR)).

To simplify further the description, given a disjoint collection S1, S2, . . . , Sd of
subsets and a representative v, we denote by S(v) the set Si such that v = R(Si).
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How does the algorithm work? A complete and formal description of the algo-
rithm is given by Algorithm minCDS. Suppose that D ⊆ V is a solution of size d
of the minimum Capacitated Dominating Set problem. Then, there exists a par-
tition of V into d sets S1, S2, . . . , Sd such that each v ∈ D is the representative
of one set Si with |Si| ≤ c(v) + 1. Thus D can also be partitioned into (BR),
(MR) and (TR).

First we start in “Step 1” (see Algorithm minCDS) by computing all possible
solutions (possibly not of minimum size) such that |(BR)∪(MR)| ≤ γn, for some
fixed γ ∈ [1/4; 1/3]. This is done using Algorithm ExtendSolution. Then in
all solutions computed in “Step 2” we may assume that |(BR) ∪ (MR)| ≥ γn.
Since all sets S(v) with v ∈ (BR) ∪ (MR) are of cardinality at least 3, it follows
that (BR) is of moderate size as shown by the next lemma. This set (BR) of big
representatives is guessed by our algorithm.

Lemma 2. Suppose that there exists a solution S1, S2, . . . , Sd such that |(BR)∪
(MR)| ≥ γn, for γ ∈ [0; 1]. Then the size of (BR) is at most n−3γn

β−3 .

Proof. Each set Si such that R(Si) ∈ (BR)∪(MR) has cardinality at least 3. Thus
only n−3γn vertices can be distributed over the Si’s having a big representative.
Since sets with a big representative are of size at least β (and already contain 3
vertices), it follows that |(BR)| ≤ n−3γn

β−3 . �
In addition, for each Si with a big representative, the size of Si is not necessary
bounded by a constant, but a linear bound can be established on its size:

Lemma 3. Suppose that there exists a solution S1, S2, . . . , Sd such that |(BR)∪
(MR)| ≥ γn, for γ ∈ [0; 1]. Then the size of each Si such that R(Si) ∈ (BR) is at
most n− 3γn+3. Moreover, the following is satisfied | ∪v∈(BR) S(v)| ≤ nβ−3γβn

β−3 .

Proof. As shown in the proof of Lemma 2, only n−3γn vertices can be distributed
over the Si having a big representative, assuming that each Sj with R(Sj) ∈
(BR)∪(MR) has cardinality at least 3. Thus, each such Si has at most n−3γn+3
vertices. Since by Lemma 2, the number of sets with a big representative is at
most n−3γn

β−3 , it follows that | ∪v∈(BR) S(v)| ≤ 3 · n−3γn
β−3 + n − 3γn. �

In “Step 2.1”, our algorithm deals with such sets Si having a big representative.
These sets can only appear during this step since we put the big representatives
(guessed by the foreach-loop) at the very beginning of ordering <. Then we start
to compute partitions of V into sets using the dynamic programming approach
recalled in Section 3.2 (see also [9]). Here the size of the sets of F̃ are not bounded
by a constant; nevertheless we will show in Section 3.3 that a good bound on
the running-time can be established. Finally, in “Step 2.2” it only remain sets of
size bounded by the constant β − 1, and the dynamic programming is pursued.
We combine the possible cases in order to retrieve the global optimum solution.

Remark 1. It is straightforward to adapt our Algorithm minCDS so that it returns
a minimum capacitated dominating set instead of its size.
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Algorithm minCDS
(
G = (V, E), c : V → N

)

Input: A graph G = (V, E) and a capacity function c.
Output: The size of a minimum Capacitated Dominating Set of G.
/* γ is a constant that has to be choosen in [1/4; 1/3] and β is a

constant so that β > 3 (see Section 3.3) */

γ ← 31/100
β ← 15
MinSol←∞
/* --- Step 1 : based on Cygan et al. approach --- */

for � = 0 to γn do
foreach U ⊆ V of size � do

MinSol← min{MinSol, � + ExtendSolution(G, c, U)}

/* --- Step 2 : based on Koivisto approach --- */

for � = 0 to n−3γn
β−3

do

foreach (BR) ⊆ V of size � do
Define an ordering < by putting first the vertices of (BR) (in arbitrary
order) and then the vertices of V \ (BR) (in arbitrary order)
forall i ∈ {0, 1, . . . , n} do Ri ← ∅
/* -- Step 2.1: dealing with sets of size ≥ β -- */

z ← n− 3γn
Let
F̃ =

{
X ⊆ V, |X| ≤ z + 3,∃v ∈ (BR) s.t. X ⊆ N [v] and |X| ≤ c(v) + 1

}

for i = 1 to � do

foreach Y ∈ Ri−1 and X ∈ F̃ s.t. Y ∩X = ∅ and minV \Y ∈ X do
Add Y ∪X to Ri

/* -- Step 2.2: dealing with sets of size < β -- */

Let
F =

{
X ⊆ V, |X| < β,∃v ∈ V \ (BR) s.t. X ⊆ N [v] and |X| ≤ c(v) + 1

}

for i = � + 1 to n do
foreach Y ∈ Ri−1 and X ∈ F s.t. Y ∩X = ∅ and minV \Y ∈ X do

Add Y ∪X to Ri

Let i be the smallest index such that V ∈ Ri

MinSol← min{MinSol, i}
return MinSol

Running-Time Analysis. In this section we show that the worst-case running-
time of Algorithm minCDS is O∗(1.8573n) (using γ = 31/100 and β = 15 as stated
in the algorithm). With some appropriate values for γ and β which are used as
constants by Algorithm minCDS, this worst-case running-time can be lowered to
O∗(1.8463n). We already emphasys that a big polynomial is hidden in this lattest
big-Oh notation. This issue will be discussed in Section 3.3 (see also Table 2).

Lemma 4. The running-time of Step 1 is bounded by O(n3m
(

n
γn

)
).
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Proof. The total number of sets U is
∑γn

�=1

(
n
�

) ≤ n
(

n
n/3

)
since γ ≤ n/3. Each

call to ExtendSolution costs O(n2m) time by Theorem 1. Total time for this
step becomes O(n3m

(
n
γn

)
). �

By the same argument as above combined with Lemma 2 and Lemma 3 we get:

Lemma 5. The number of sets (BR) considered by the outmost ForEach-loop

in Step 2 is at most O

(
n

(
n

n−3γn
β−3

) )
.

Lemma 6. The size of the family F̃ is bounded by O(n
(

n
n−3γn+3

)
).

Lemma 7. Let 1/4 < γ. The running-time of Step 2.1 is bounded by O
(
n4|F̃ | ·

( (1−λ)n
(2λ+1−3γ)n

))
where λ is the (possible) unique real solution of 27(γ − λ)3 =

(1−λ)(1−3γ +2λ)2 over [0; 1−3γ
β−3 ] if such a solution exists, or the running-time

is bounded by O
(
n4|F̃ | · ( ( β−4+3γ

β−3 )n

( 1+3γ+β−3γβ
β−3 )n

))
otherwise.

Proof. We first provide a bound on the size of the family Ri, 1 ≤ i ≤ 	, where 	
denotes the size of (BR). For each W ∈ Ri its size is at most 3i+n−3γn (recall
that W is the union of at most i sets S of cardinality at least 3; furthermore at
most n−3γn vertices can be distributed over all these sets — see Lemma 3 and its
proof). However, due to the ordering < and by the construction of W ∈ Ri, each
W ∈ Ri has to contains the first i elements. Thus there are at most n

(
n−i

2i+n−3γn

)

possible W in Ri.
By Stirling’s approximation,

(
αn
βn

)
is asymptotically bounded by B(α, β)n

where B : (α, β) �→ αα

ββ(α−β)α−β . As done in the proof of Theorem 3, consider the

function f1 : ρ �→ B(1 − ρ, 2ρ + 1 − 3γ) defined over [0; 1−3γ
β−3 ]. Its derivative is

equal to zero if and only if 3 ln(3)+3 ln(γ − ρ− ln(1− ρ)− 2 ln(1− 3γ +2ρ) = 0,
or in other words whenever 27(γ − ρ)3 = (1 − ρ)(1 − 3γ + 2ρ)2. By standard
calculation, this equation has a unique solution, if it exists, over [0; 1−3γ

β−3 ]. Oth-
erwise, if no solution exists, then f1 is increasing over [0; 1−3γ

β−3 ] and its maximum
is f1(1−3γ

β−3 ). For the polynomial contribution of the running time we get n2 for
running from 0 to 	 and then 0 to n, each set Ri might contain subsets of O(n)
different sizes, and finaly we need O(n) time to find sets and check presence of
edges. �
Lemma 8. Let γ ∈ [0.18995; 1/3]. The running-time of Step 2.2 is bounded by
O

(
n4 ·nβ ·( (1−λ)n

(1−3γ+2λ)n

))
where λ is the unique real root of (1−λ)(1−3γ +2λ)2−

27(γ − λ)3 over [0; 6γ−1
5 ].

Proof. The proof is quite similar to the previous one. Again each W ∈ Ri,
	 < i ≤ n, is of size at most 3i + n − 3γn. Since it is required that each such
set W contains the first i elements, it follows that the size of Ri is at most(

n−i
2i+n−3γn

)
.
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Table 2. The table provides worst-case running-times of Algorithm minCDS, depending
on the values for γ and β. The order of the hidden polynomial term in the big-Oh
notation is given by the second column.

Running-Time order of the polynomial γ β

O∗(1.8844n) n5 · n4 0.32914 4
O∗(1.8798n) n5 · n5 0.32574 5
O∗(1.8649n) n5 · n10 0.31520 10
O∗(1.8573n) n5 · n15 0.31000 15
O∗(1.8486n) n5 · n50 0.30424 50
O∗(1.8463n) n5 · n40000 0.30275 40000

Now we consider the functions f1 : ρ �→ B(1 − ρ, 1 − 3γ + 2ρ) defined over
[0; 6γ−1

5 ] and f2 : ρ �→ B(1 − ρ, 1−ρ
2 ) defined over [6γ−1

5 ; 1]. (To justify this cut
between f1 and f2, observe that (1− ρ)/2 ≤ 1− 3γ + 2ρ whenever ρ ≥ 6γ−1

5 .) It
can easily be shown that f2 is decreasing over [ 6γ−1

5 ; 1] and thus we can restrict
ourself on f1. Again, by studying its derivative, we claim that f1 is maximum
over [0; 6γ−1

5 ] for λ being the unique real root of (1−λ)(1−3γ+2λ)2−27(γ−λ)3.
By the same agruments as used in the proof of Lemma 7, we get the polynomial
factor to be n4. �
By combining the previous lemmata, we establish the following bound on the
worst-case running-time:

Theorem 4. The worst-case running-time of Algorithm minCDS is the maxi-
mum over:

– Step 1 : O
(
n
(

n
γn

))
(by Lemma 4);

– Step 2.1 : O
(
n6

(
n

n−3γn
β−3

) · ( n
n−3γn+3

) · ( (1−λ)n
(2λ+1−3γ)n

))
if a solution λ of 27(γ −

λ)3 = (1 − λ)(1 − 3γ + 2λ)2 exists over [0; 1−3γ
β−3 ] ; otherwise O∗(n6

(
n

n−3γn
β−3

) ·
(

n
n−3γn+3

) · ( ( β−4+3γ
β−3 )n

( 1+3γ+β−3γβ
β−3 )n

))
(by Lemma 5, Lemma 6 and Lemma 7);

– Step 2.2 : O
(
n5

(
n

n−3γn
β−3

) · ( (1−λ)n
(1−3γ+2λ)n

))
where λ is the unique real root of

(1−λ)(1−3γ+2λ)2−27(γ−λ)3 over [0; 6γ−1
5 ] (by Lemma 5 and Lemma 8).

We finally derive to the following corollary:

Corollary 1. By setting γ = 31/100 and β = 15, Algorithm minCDS runs in
O(n201.8573n) and exponential space.

A Trade-Off between Polynomial and Exponential Terms. As shown in
Theorem 4, the running-time of Algorithm minCDS depends on two parameters:
γ and β. The parameter β has a direct influence on the order of the polynomial
term which appears in the running-time. As well, we recall that the size of
the family F of subsets also contributes to the running-time of the algorithm
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in [9]. Thus, by adequately tuning the parameters (i.e. with γ = 0.30275 and
β = 40000) Theorem 4 shows that the algorithm runs in O∗(1.8463n). However
the big-Oh notation hides a huge polynomial term of order nβ . In Table 2 we
give some possible running-times achieve by our algorithm for several values of
γ and β.
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