Chapter 4
More than Two Types

4.1 Multi-Dimensional Diffusion Models

So far we have considered only a very special case in which our population is
classified into just two types. The frequencies are then characterised by a one-
dimensional diffusion and one dimensional diffusions are, at least in principle,
relatively straightforward to study. More generally, suppose that our population is
classified into K different types. We’re not going to develop the general theory of
multidimensional diffusions, but let’s see what happens in a special case.

Our starting point is a K-allele version of the Wright—Fisher model. The pop-
ulation configuration at any time can be described by a vector (X1,X,,...,Xk)
where X; is the number of genes of allelic type A; and we assume that X; + .- +
Xk = N. (Although only K — 1 components are necessary to specify the vector
(X1,Xa2,...,Xk), it is sometimes convenient to retain all K.)

In the simplest case when all the alleles are selectively neutral and there is no
mutation, we have

P[Y; genes of type A; atr+1,i = 1,...,K|X; genes of type Aj att, j=1,...,K]
__ M iy gk
= Y1!Y2!--~YK!% LZ 2N 44
where y; = % and YK, Y; = N (the probability is zero if this last condition is not
satisfied).

We write p;(t) = X;(¢) /N and consider the increment 8 p; = p;(t + 1) — p;(¢). By
‘pooling’ all the alleles A; for j # i into a single class (‘not A;’), we recover the
Wright-Fisher model for two alleles for which we already checked that

1

E[opi] =0, var(Spi)zllvpi(l—pi) and E[(5p,~)k]:ﬁ(m) Vk > 3.

To complete the picture we need the covariances, that is we must calculate, for i # j,

BI8pip;] = 378 [ (Xile-+ 1) = X)X (1 + 1) = X,(0)| 7]

1
= B X+ D)X+ D[ F] = pil)p;(0). (4.1)
A. Etheridge, Some Mathematical Models from Population Genetics, Lecture Notes 53

in Mathematics 2012, DOI 10.1007/978-3-642-16632-7_4,
(© Springer-Verlag Berlin Heidelberg 2011
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Here .%; denotes all information about the process up until time ¢ (more formally,
it is the natural o-field associated with {X;}s<,). In the calculations below we write
E; for the corresponding conditional expectation. Now

E;[X,'(t+1)X-(t+1)]
:_{Et i+ 1)+ X+ 1)) = EXi(r+ 1% = E[X;(r +1)%]}

and again ‘pooling’ genes of type A; and A; we reduce to a calculation for the
binomial distribution, Bin(N, p), for which we know

E[X?] = Np(1—p)+N?p*.
This gives
E/[Xi(t+1)X;(1+1)] = %{N(pﬂrpj)(l — (pi+pj)) +N*(pi+pj)*

—Npi(1—pi) —=N*p; —=Np;(1—p;) —N°p}}
~Npip;j+Npip;

and substituting in (4.1) we obtain

1
E[6pidp;] = — NPiPi

Now, just as in the two allele case, if we consider functions f(p1,...,pg—1) (note
that px =1 — Zf:jl p;) and rescale time so that the inter-generation time is 1/N
and let N — oo, then we can use Taylor’s Theorem to identify the generator of the
limiting model. This gives

02 02
ZLf(p1,--- p-1) sz pzaf— D pzp,apf

i 1<i<j<Kk-1

We can also add a mutation step. We did not do this explicitly in the two-allele
Wright-Fisher model so let’s be more explicit here. The idea is that for each off-
spring in each generation there is a small probability that it will not inherit the type
of its parent, but rather it will mutate to another type. Suppose that with probabil-
ity u;; the offspring of a type A; individual will (independently of one another) be
type Aj. We will now have

E[6pi] = — Y uijpi+ Y, ujip;.
J#i J#i

If we assume, as we did before, that mutation rates are very low (on the order of
inverse population size), then writing f8;; = Nu;; we have
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1
Elop] =5 —pi 2 Bij+ 2piBii -
J J

The correction to E[(8p;)?] is of &'(1/N?). This gives the following lemma.

Lemma 4.1 (Multi-allele Wright-Fisher diffusion with mutation). The genera-
tor of the K-allele Wright—Fisher diffusion with mutation is

IK 1 aZf aZf K—1 8f
1 sz - pi) Fra > Pivig, o S <_Pi§,ﬁzj+;l’jﬁji> 3

1<i<j<K-1 i=1

If each u;; > 0 for i # j then the joint frequency of Ay,...,Ax_; has a stationary
distribution, but in general no closed form is known. It is known in the special case
of symmetric parent-independent mutation.

Lemma 4.2. Suppose that
u

K-1
so that the total mutation probability per gene per generation is u and it is equally

likely to be a mutation to each of the other types. Then the corresponding K-allele
Wright—Fisher diffusion with mutation has a stationary distribution with density

uij:

F(KE) e—1
VP13 PKk-1) = 77, g \P1° " DK (4.2)
| )= T
wheree— ande— l—p1—...— pk—1.

Proof. First note that in this case
Nu
—pi 2B+ 2 piBi = — (1 - Kp),
J J
Writing y(p1,...,px—1) for the density of the stationary distribution and integrating
by parts, exactly as we did to obtain (3.13) for the two-allele case, we find
1 K=1 p2 2

d d
5 (pi(1=pi)y(p1,-..px-1)) — (pipjw(p1,---,Pk-1))
2 Ip; 1<i<j<K— 1 9pidp; !

_ 2 “ pi ( Kpi)‘//(pl,...7pK71)>:0.
(4.3)

It is elementary (if tedious) to check that the expression in (4.2) solves this equation.
O
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Notice that when K = 2, (4.3) becomes

2
0= 5 (u(1=20)f(p) + 5 7 (p(1 = P)S(P)

where [t = 2Nu and (4.2) becomes

r(2u) -1
flp)= (p(1=p)*
(I'(u))?
which is precisely the solution we found in (3.15), since in this notation 2v; =

2vy = U.
In the 2-allele case we calculated the heterozygosity

4V1V2
(vi+w)2(vi+w)+1)

Substituting vi = v, = Nu gives

_ 2Nu
T 4Nu+1’

Writing 6 = 2Nu this gives

Remark 4.3. This is the magic 0 of Remark 2.18 but with 2 in place of 4 here
because we have taken limits in a haploid population. To recover our previous 6 we
set N = 2N,.

The expected homozygosity, F, which is the chance that a random sample of two
genes is of the same allelic type is

6+1
F=1-H=———.
20+1

For the K-allele model,

K

1
F:;E[P?]:K/O Pt (1=p)KY lmdp

r(K—1)e)l(e+2)  I'(Ke)
F(Ke+2)  T(e)[((K—1)e)

_ KI'(e+2) I'(Ke) e+1

I'(e) TI'(Ke+2) Ke+l
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and substituting € = 0 /(K — 1) gives

0+K—-1

F=———
K0+K—-1

(4.4)

Definition 4.4. The density (4.2) is called the Dirichlet distribution. It is usual to
rearrange it and consider the sequence of allele frequencies in decreasing order:

that is we look at the order statistics of py,..., px. Their joint distribution is

K'F(KE) e—1
f(P(1)7~~~,P(K)):W(P(nmp(m) :

Recall that the mutation model that led to this distribution was the symmetric parent-
independent mutation model in which each individual mutates at the same rate to a
type chosen uniformly from {1,...,K}. If K — o this becomes the infinitely many
alleles model (Definition 2.17). It is natural to ask whether we can find an analogue
of the Dirichlet distribution for the stationary distribution of allele frequencies in the
infinitely many alleles model. The answer, due to Kingman (1975, 1977), is yes.

4.2 The Poisson-Dirichlet and GEM Distributions

Kingman showed that, for every j > 1, the distribution of the first j order statistics
of the Dirichlet distribution converges as K — o and called the corresponding lim-
iting distribution the Poisson—Dirichlet distribution. In this section we shall try to
understand why such a limit should exist. Direct manipulation of the Dirichlet distri-
bution is difficult because of the linear dependence between the variables. However,
it turns out that it can be represented in terms of independent I'-random variables as
follows.

Lemma 4.5. Let Yy,...,Yx be independent positive random variables with proba-
bility density function
yeflefy
8e (y) - T (8)

Then writing Y =Y 4 --- + Yk, the vector p with components p; = % has the
Dirichlet distribution and Y has a I'-distribution with parameter Ke. Moreover,
p is independent of Y.

Proof. The proof of this claim is a simple change of variables,

()’17~~~»)7K) = (plv"'apKflvy)'
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In an obvious notation, y; = p;y (and px = 1 — Zfijlpi). Since the Y; are
independent,

AV1s- - 2k)
f(pl,...,pK,l,Y)(plv'"7pKflvy) —f(Yl,...,YK)(PlyV--aPkY) a(ph.”,pKihy)
y P1
ﬁ (piy)terv ' 7
B i=1 F(E)
y
-y =y —Y PK
1 e—1, Ke—K —y K—1
= X
F(E)K(m pr)E YR e xy i;pz
I'(Ke) el |1 Ke—1

as required. ad

We now use this to find a representation of the Poisson—Dirichlet distribution (and
in the process see why the name is natural). To do so we need a spatial analogue of
the probability generating function of elementary probability.

Definition 4.6 (Probability generating functional). For a (possibly random) num-
ber of random points {¥;};c; with each ¥; € (0,00) (say) we define the probability
generating functional of {Y;};c; by

6(&) =E[T]&m)]

icl
for any function & : [0,0) — R for which the expectation exists.

If I is random, then we recover the probability generating function of / by choosing
£ to be constant.

Now choose the Y;’s to be independent Gamma random variables with parameter
€ and consider the generating functional of Y7, ..., Yx. By independence,

1 - K
ut leu

Gu(®) = | [0 5

Recall from (4.2) that € = 2Nu/(K — 1) and 6 = 2Nu so that Ke — 0 as K — oo.
Now rewrite the term in square brackets using

o ,€—1 ,—u
woet oo o &b
o I'(e) I'(e+1) TI'(e)
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to obtain that

Gi(e) = [1 —e/:(l —5(u))r(f—+ll)eudur

— exp (—e/:u —g(u))ule“du> as K — oo,

The right hand side is the probability generating functional of a Poisson point pro-
cess with intensity 8¢ /u, so in the limit as K — o the number of points in each

interval (a,b) C (0,0) is Poisson distributed with mean f:(ee’”/u)du.

Now write ¥() > ¥(5) > - - - for the ordered points and Y =Y¥(;)+¥3)+---. Since
Ke — 0 as K — oo, Y has a Gamma distribution with parameter 6.
Definition 4.7. The points p(;) = ¥; /Y have the Poisson—Dirichlet distribution.

The finite dimensional distributions of the p ;) are complicated, but those of the ¥(;
are relatively straightforward. The density function of ¥{;) is

e [OE(y)]"! o OEI)
y (i—1)! ’

fory >0,

oo

where Ei(y) = [,
as in Lemma 4.5)

(e7"/u)du. Thus, for example, since p(;) is independent of ¥ (just

gives
Blpg) = o [ B e 00y
! (i—1)!Jo
which can be evaluated numerically.
In the Dirichlet distribution with K allelic types, the probability that there are
alleles with frequencies in (p1, p1 +dp1),...,(pr,pr+dp;) is

K r(K _ r o \E(K—r)—1
C)W(mmﬂs (1= p) dpi...dp,

_ 0—
— 0 (p1---p) (1= pi)" ldpy...dp, asK — oo (4.5)

In particular, taking r = 1, the probability that there is an allele with frequency in
(p, p+dp) under the limiting Poisson—Dirichlet distribution is k(p)dp where

h(p)=6p '(1-p)® "

Definition 4.8. The function h(p) = Op~'(1 — p)®~! is called the frequency
spectrum of {p(; }.
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The frequency spectrum allows us to calculate expressions of the form

E lif(p(i))] = /Olf(P)h(P)dP

(provided this is finite). For example, taking f( p(,»)) = p%l.) we calculate the expected

homozygosity
1 1
F=| p*op ' (1-p)°lap=—.
/Op p(1=p)"dp=1—5

This is consistent with (4.4) as K — oo. Similarly, the expected number of alleles
with frequencies in (a,b) is

ol b
E lzl(a,b)(p(i))] =/ op~'(1—p)? ldp,
1 va

and so on. This is the same O cropping up again and again in our calculations.
The Poisson—Dirichlet distribution is not all that user-friendly, but remarkably a
distribution obtained from it by ‘size-biased’ sampling is extremely elegant.

Example 4.9. Suppose that a gene is sampled at random from the population. What
is the distribution of the frequency of alleles of the same type as the sampled
individual?

The probability that the sampled allele has frequency in [p, p+dp) is the probability
that there is an allele with frequency in [p, p + dp) and we choose it which is just

p'%(l —p)? ldp=6(1-p)° ldp.

Now suppose that we remove all the individuals of this type and sample again from
the remaining population. The chance that our new allele is at relative frequency r is
just calculated by Bayes’ rule. Let us write P; for the frequency of the first individual
sampled and P, for the relative frequency of the second class. Then

P[P, € [r,r+dr)|P € [p,p+dp)]

P[3 class with rel. freq € [r,r+ dr) and sample from it and P € [p,p+dp)]
P[P € [p,p+dp)]

i (1= p—r(1 = ) pred(r(1 = p))dp

0(1-p)®-'dp a

9(1—r)971dr,

where we have used (4.5) in the last line. In other words, P> has the same distribution
as P;. We can repeat this procedure and we find that the frequencies of the alleles
picked in this way in our original population are
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P, P(1—P),Ps(1—-P)(1—P),... (4.6)

where the P; are independent identically distributed random variables with density
0(1-p)f-lo<p<l.

Definition 4.10 (GEM distribution). The sequence of random variables in (4.6)
are said to follow the GEM distribution after Griffiths, Engen and McCloskey (see
Ewens (2004)).

All alleles in the population are eventually lost by the joint process of mutation
and random drift and the probability that an allele at frequency p lives the longest
of all current alleles is just p, so the GEM distribution can be thought of as allele
frequencies when alleles are ordered according to their future persistence in the
population. Reversibility arguments allow us to conclude that we have the same
distribution if we order alleles by their age.

4.3 Ewens Sampling Formula

We now turn to one of the most famous results from mathematical population ge-
netics. We continue to assume the infinitely many alleles model.

Definition 4.11 (Allele frequency spectrum). In a sample of size n, for 1 < j <n
write () for the number of alleles that occur exactly j times in our sample. The
vector (a(1),...,a(n)) is called the allele frequency spectrum.

This is illustrated in an example in Fig.4.1.

Not represented in

sample
\

o

(- v VvV A A o o

Fig. 4.1 The allele frequency spectrum. In this example, five mutations fall on the genealogical
tree. Under the infinitely many alleles model, one of these mutations is not represented in the sam-
ple. The ancestral lineage of one individual has not experienced any mutations since the MRCA.
In the notation of Definition 4.11, a(1) =3, @(2) =2, a(3) = a(4) =--- = a(7) = 0 and so the
allele frequency spectrum is (3,2,0,0,0,0,0)
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Theorem 4.12 (Ewens sampling formula, Ewens 1972). If the genealogy of our
sample is determined by Kingman’s coalescent, then under the infinitely many alle-
les model with mutation rate 0 /2 (in the coalescent timescale)

n!e*
apl---ap!192%2 ... n g,

P [(a(j)1<j<n = (@j)1<j<n] = 7 (4.7)

where 27:1 aj = k is the number of distinct alleles in the sample, 27:1 jaj=nand
6(,1) =0(0+1)---(0+n—1).

Proof. There are many elegant derivations of this result (see, for example,
Berestycki (2009) for one based on the ‘Chinese Restaurant process’). Here we
work directly with the Poisson—Dirichlet distribution.

First we show that if we take a sample of size n, then the probability that it falls
into k distinct allelic types labelled 1,2,... k, say, with n; individuals of type i for
each iis

n!@*
npm@0+1)---(0+n—1)
To see this, recall that under the Poisson—Dirichlet distribution, the probability that
there are points in (py,p1 +dp1),..., (Pk, Pr +dpi) is

(4.8)

01
k
0“(pr---pi)”! (1 —217[) dpi...dpy.
1

Given that such points exist, the probability that we see ny,...,n; copies of the
corresponding alleles is the number of ways of assigning the » individuals in our
sample to k classes of sizes ny,ny,...,n; times the probability that the first n; are
from class 1, the next n, from class 2 and so on. Combining these observations and
integrating out over all choices of py,..., py gives

-1
n! n e ok . k
_ ™k (py . 1-% p, dp...d
ny!long! '/ngll’l PO (pr---pe) 21,171 p1 Dk

0-1
n! - -1 X
Wek/l’rfl e pik (1—21% dpi...dpg
[ :

nl!
__n ekr(”l)"'r(”k)r(e)
ny!eeong! I'(n+0)
n!g* 1

npoong0(04+1)---(06+n—1)

as required.

Now to obtain the corresponding probability for the allelic partition (¢t(j))1<j<n,
we evaluate this for a vector (ny,...,n;) for which n; = j exactly a; times and
multiply by
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ayl---a,!’

that is the number of ways of assigning the class sizes to k types divided by k!
(because we don’t care about the labels attached to types), to obtain

1 n!6* 1
apl-aplnyon 0(04+1)---(04+n—1)

Pl(a(j))i<j<n = (@hi<j<n] =

nl@k 1 |
1oeay,! Hll;zljaj Q(n)

where the last line follows because n; is equal to j exactly a; times. O

Remark 4.13. This formula has some remarkable properties. Most importantly, note
that if we condition on the number of distinct alleles in the sample being k, the
distribution of (c(1),...,a(n)) is independent of 0:

n!@* 1
ay!---ap! H?:l jafe(n)
n! ok 1
XS BT e

P | (e()1<jen = (@j)1<<n| ila(j) =k| =
e

1 n!
C Cujar!an! T’

where the constant C, ; depends only on n and j. Thus it is possible to test the
neutral theory — so the goodness of fit of the Kingman coalescent — without making
any assumptions about N, or 6.

This remark tells us that the number K of distinct allelic classes in our sample of
size n is a sufficient statistic for 6, so how can we use K to estimate 0?

Lemma 4.14. For a sample of size n, let K be the number of distinct alleles. Then

n 1 n
EK]=1+60Y ———,  var(k
K] j:2‘21+9—1 Z‘ZH—G—])

In particular,

E[K] ~ Ologn, var(K)~ Ologn asn — oo,

Remark 4.15. This suggests
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as an estimator for 6, but like Watterson’s estimator (which was based on the
infinitely many sites model), because E[K] grows only like logn, convergence of
0 to 0 is extremely slow.

Proof of Lemma 4.14. Consider the coalescent with mutation. As we trace back-
wards in time we think of ancestral lineages as being lost by mutation or by
coalescence and K is then the number lost by mutation. Write

__ J lifthe (n— j+ 1)th lineage to be lost is lost by mutation
7771 0 otherwise.

With this convention, X; records whether the transition from j to j — 1 ancestral
lineages is by mutation (X; = 1) or coalescence (X; = 0). Then

j6/2 0
PX; =1]=— = ,
G e e
and so . .
EK] =
2B =2, o

and (since the X are independent)

_$ ou-D

var(K) = 2var(X,) 20r0- ek
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