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Abstract. The Square Tiling Problem was recently introduced as equiv-
alent to the problem of reconstructing an image from patches and a
possible general-purpose indexing tool. Unfortunately, the Square Tiling
Problem was shown to be NP-hard. A 1/2-approximation is known.

We show that if the tile alphabet is fixed and finite, there is a Polyno-
mial Time Approximation Scheme (PTAS) for the Square Tiling Problem
with approximation ratio of (1 − ε

2 log n
) for any given ε ≤ 1.

1 Motivation

Recently [2] Amir and Parienty introduced the Patches Model as a possible
abstraction of ad-hoc techniques that have been used to index various domains.
The idea is to slice the images that we want to index into many small overlapping
patches, or tiles. Patterns whose patches match a large number of patches in an
indexed object, are likely to appear in the image. Similar methods have been used
in Computational Biology (e.g. [15,7,3,12,6,5]), Linguistics (e.g. [8,1]), Image
Processing (e.g. [14,11,4]), or Audio Indexing (e.g. [9]).

The first task tackled in [2] was reconstructing an image from its patches –
the Square Tiling Problem. Unfortunately, it was proven that this problem is
NP-hard. An image constructed from n×n tiles has 2n2− 2n “seams” between
tiles. If it is correctly constructed then two adjacent tiles match at the seams,
i.e., have equal alphabet symbols on their adjacent edges. We then say that the
seam is correct, otherwise there is an error at the seam. We count a single error
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at the seam whether one or two symbols are not equal at the adjacent tiles. An
approximation in that context is an n × n square where “many” seams match.
In [2] a polynomial-time algorithm that constructs a square with at least 1

2 of
the seams being correct, was shown. If the idea of patch indexing is to have any
chance of applicability, much better approximations are necessary.

In this paper we present a Polynomial Time Approximation Scheme (PTAS)
for the square tiling problem with a fixed finite alphabet. We show that for such
finite alphabets, for any given ε and n2 tiles, there is an algorithm polynomial
in n and ε that constructs a square with at least (1− ε

2 log n )n2 correct seams.
The paper is constructed as follows. We begin with background and definitions

in Section 2. In Section 3 we show how to reconstruct a rectangle of size n× log n
tiles in polynomial time (or, for a given c an n× c rectangle). We then show in
Section 4 how multidimensional knapsack techniques can be used to approximate
a square tiling.

2 Background and Definitions

The definition below was used in [2] to combinatorially describe the patches
concept.

Definition 1. Given matrix M,

⎛
⎜⎜⎝

m0,0 · · · · · · · · ·m0,n

· · · · · · · · · · · ·
· · · · · · · · · · · ·

mn,0 · · · · · · · · ·mn,n

⎞
⎟⎟⎠

A is a division of M to patches if A = {a0,0, · · · a0,n−1, · · · · · · an−1,0, · · ·an−1,n−1}
and

∀i, j ai,j =
[

mi,j , mi,j+1

mi+1,j , mi+1,j+1

]
.

The problem we are concerned with is the converse.

Definition 2. The problem of constructing an image from patches is defined as
follows:

INPUT: A = {a0, · · · , an2−1} be a set of 2× 2 matrices over alphabet Σ.

OUTPUT: Construct an (n+1)×(n+1) matrix M =

⎛
⎜⎜⎝

m0,0 · · · · · · · · ·m0,n

· · · · · · · · · · · ·
· · · · · · · · · · · ·

mn,0 · · · · · · · · ·mn,n

⎞
⎟⎟⎠

such that A is the division of M to patches, if such a matrix exists. Otherwise
report that no matrix can be constructed from the input.

In [2] it was proven that the problem of constructing an image from overlapping
patches is equivalent to the square tiling problem, where we are given 2 × 2
patches over alphabet Σ and we are only allowed to place patches next to each
other if their symbols match. Formally:
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Definition 3. A patch A may be correctly placed to the right (left, top, bottom)
of patch B if the pair of letters on the right (left, top, bottom) side of B are
the same as the pair on the left (right, bottom, top) of patch A. The common
edge of two patches is called a seam. The seam is correct if the adjacent tiles are
correctly placed. Otherwise, it is an error.

Definition 4. The Square Tiling Problem is defined as follows:

INPUT: A multiset S of n2 tiles. Each tile is a 2× 2 matrix over alphabet Σ
DECIDE: Whether there exists a square of tiles correctly placed next to each
other, whose tiles are exactly those in the multiset.

In [2] it was proven that the Square Tiling Problem is NP-hard.
We seek a polynomial time algorithm that approximates the square. The

approximation means reconstructing an image from all of the tiles, with the
minimum amount of seam errors.

Our goal is to improve this result, and in fact we even generalize that. Assume
that the maximum number of correct seams that can be achieved by any tiling
of a given set of patches S is smax. Then for any given ε we can tile, in time
polynomial in the size of S and ε, the patches of S achieving at least (1 −

ε
log n )smax correct seams.

3 Rectangle Tiling

We begin by showing that the NP-hardness is dependent on the dimensions of
the square. For some rectangle dimensions, the Tiling Problem is polynomial-
time computable.

Definition 5. The entropy of multiset m of size a · b is the minimum number
of errors obtained by tiling m as an a× b rectangle.

Theorem 1. The entropy of all multisets of size n × log n
ε can be computed in

time polynomial in ε and n.

Proof: We want to compute the entropy for all multisets, so we must first make
sure that there are not too many multisets.

Claim. There is a polynomial number of multisets of size n× log n
ε .

Proof: The alphabet is fixed and finite. Let us assume that Σ = {1, ..., c}, So
there are O(c4) types of tiles.

A multiset is a histogram of the types of tiles that compose it. There are
at most n · log n

ε tiles of each type, while the sum of all types is also n · log n
ε .

Combinatorially, the number of different multisets it is equal to the number of
combinations to insert n′ balls into k′ bins, when n′ = n · log n

ε and k′ = c4.
There are

(
n′+k′−1

n′
)

= O(n′k′−1) = O((n · log n
ε )c4−1) multisets. ��

We now show an exact polynomial-time algorithm for a fixed finite alphabet
that calculates the entropy for each multiset m of size n · log n

ε . we will need an
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auxiliary data structure to keep track of some values for the multisets constructed
during the execution of the algorithm. In particular, consider a possible tiling of
multiset of size i· log n

ε into a rectangle of i columns and log n
ε rows. The rightmost

column, rc, of such a tiling is composed of log n
ε 2 × 2 patches. For the sake of

improving the time complexity, we consider the column composed only of the
2 log n

ε symbols on the right side of the patches in the rightmost column. It is
possible that different columns of log n

ε patches have the same right side. For any
multiset m and right side r, choose a tiling with the lowest entropy. For that
tiling, record in addition to the right side r, also the 2 log n

ε symbols on the left
side of the patches in the rightmost column.

Auxiliary Data
Define a 2-dimensional array M with the following values:

At iteration i, for each multiset m of size i · log n
ε , that represents a rectangle of

i columns and log n
ε rows, and for each r – the right side of the rightmost column

of multiset m:

– M [m, r].entropy holds the minimum entropy of m subject to the constraint
that r is the right side column of the log n

ε × i rectangle tiling of m.
– M [m, r].left is the left side of the rightmost column in a tiling that obtained

the minimum entropy.
This field’s goal is to enable us to reconstruct the optimal tiling of m.

The size of array M is bounded by the product of the number of multisets and
the number of possibilities for the right side of column r. The number of multisets
for the last iteration was calculated above as O((n log n

ε )c4−1).
Calculation of the number of different possibilities for the right side of a column:
There are c2 possibilities for each tile, and log n

ε tiles altogether. Therefore,
the right side of a column can be arranged in

(c2)
log n

ε = (2log c2
)

log n
ε = (2log n)

logc2
ε = n

log c2
ε = n

2 log c
ε = z different ways.

Thus the size is clearly polynomial.

Algorithm Outline
Initialization phase: initialize all of the entropy values of M to ∞.

A column can be considered a Cartesian product of two sides < l, r >, so
there are z2 different columns.

Count the number of errors of every possible column c, i.e, an ordered log n
ε

tiles placed one above the other. In this case, m is the multiset comprised by c
and r is the right side of column c.

Assume we have computed array M for the first i iterations.

Iteration step: For each combination of (m, r) computed in the previous iteration,
the algorithm attaches to r all possibilities as column c. Let C be the multiset of
the elements of c. Then each such column c creates a new multiset m← m∪C,
and new right side r ← right side of columnc. The new entropy e′ the entropy
of the old entry + the number of errors introduced by attaching c to the right
of the old entry.

Thus, M [m, r]← min(M [m, r], e′)
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Correctness:
We prove by induction that for each combination of multiset m of size i · log n

ε
and right side of column r, the algorithm finds the entropy of (m, r).

Base Case: For i = 1, the assumption holds, because the algorithm goes through
all columns and picks the minimum for each combination.

Inductive Step: Assume correctness for i and prove for i + 1: Let mi+1 be a
multiset of size (i + 1) · log n

ε and ri+1 a right side of a column. Any optimal
tiling of mi+1 as a rectangle such that ri+1 is its right side of the rightmost
column, is a selection among an optimal tiling of multiset mi as a rectangle of
size i × log n

ε such that the right side of the rightmost column is ri adjacent to
column < li+1, ri+1 >, such that the number of errors of mi and < li+1, ri+1 >
is smallest. By the induction assumption, the algorithm finds mi as iteration i.
Iteration i + 1 attaches all possible columns, particularly < li+1, ri+1 >.

Therefore the algorithm finds (mi+1, ri+1). ��
Claim. The algorithm’s complexity is polynomial.

Proof :
Initialization phase: Considering all combinations of right side of column r and
column < l′, r′ > is O(z3) = O(n

6 log c
ε ).

Column construction: We seek after the number of multisets of size i· log n
ε ∀i ≤ n.

There are O((n · log n
ε )c4−1) multisets of size exactly n · log n

ε . Therefore, there
are O(n · (n · log n

ε )c4−1) multisets altogether. For each multiset we go through
all m2 columns and perform a constant time work.
Therefore, the algorithm’s running time is O(n · (n · log n

ε )c4−1 · n 4 log c
ε ).

Finding the optimal tiling: Once a multiset m =< t1, ..., tc4 > of size n · logn
ε , is

constructed, it’s trivial to reverse the algorithm and tile it as a rectangle with
the minimum number of errors. ��

4 The Approximation

In the previous section we enumerated all multisets and their entropies. That
action could be referred as a pre-processing action, because it does not use the
input of the problem, but only exploits the problem size n.

We now partition the n2 input patches into n·ε
log n sets of n · log n

ε tiles, such
that the sum of their entropies is minimal. This will also be done by partitioning
all multisets of size n2 into such sets.

Algorithm Outline:

Step 1 - Find the entropy for all multisets of size n · log n
ε .

Step 2 - Select a set of multisets, consisting exactly of the input tiles, with
minimal entropy.



A PTAS for the Square Tiling Problem 123

Implementation:
Step 1: The implementation of step 1 was shown in Section 3.

Step 2: This problem is similar to another NP-hard problem - The Multidi-
mensional Knapsack problem. It needs to select a multiset of given objects (or
items) in such a way that the total profit of the selected objects is maximized
while a set of knapsack constraints are satisfied.

Unfortunately, MDK is NP-hard. It was also shown that finding an FPTAS
even for a special case where all profits are the same and equal to 1 and m =
2 is NP-hard [10]. Moreover, the problem is NP-hard in the strong sense and
thus any dynamic programming approach would result in strictly exponential
time bounds [13].

We want an exact algorithm to be polynomial on the one hand, and on the
other hand to support multiple knapsacks, utilizing the unique characteristics of
our problem.

Let MS = {c1, . . . , cx}, be the set of all multisets of size n · log n
ε , where x is

of size O((n · log n
ε )c4−1). Multiset ci can be represented by < wi1, . . . , wic4 >,

where wij is the number of patches of type j there are in multiset ci. Let ei be
the entropy of multiset ci. We assume that MS is sorted in non-decreasing order
of its entropy, i.e., ∀i ≤ m− 1, ei ≤ ei+1.

The input S of the tiling problem is a set of patches S of size n2. S can be
represented by the tuple < S1, . . . , Sc4 >, where i is the number of input tiles of
type i. Our task is to find a multiset of multisets C ⊆MS, such that

⋃
c∈C

c = S,

i.e. ∀j, 1 ≤ j ≤ c4,
∑

oi · wij = Sj , where oi is the number of occurrences of ci

in C.

The Dynamic Programming Matrix:
T [1..x ; 1..(n2)c4

] is a matrix with the following values:
Let < b1, . . . , bc4 > be a multiset of size between 0 and n2, and let i be a

number 1 ≤ i ≤ x.

If there does not exist a multiset which is the union of sets from {c1, . . . , ci},
and whose elements are exactly the patches < b1, . . . , bc4 >, then T (i, <
b1, . . . , bc4 >) =∞.
Otherwise, let L be such a multiset where

∑
c∈L

(entropy of c) = E is smallest.

Set T (i, < b1, . . . , bc4 >) = E.

Algorithm Outline:
The matrix is filled using dynamic programming:

Initialization: The first row can use only c1, so ∀α ∈ N0 every cell that repre-
sents α · c1 will have the entropy α · e1. The rest of the cells are infeasible and
their entropies are ∞.

Filling the Matrix: For each column (b1, . . . , bc4) and row i there are two
possibilities:
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1. The optimal solution does not use ci at all in order to achieve (b1, . . . , bc4).
In that case T (i, < b1, . . . , bc4 >) = T (i− 1, < b1, . . . , bc4 >)

2. The optimal solution uses ci at least one time.
In that case T (i, < b1, . . . , bc4 >) = T (i, < b1, . . . , bc4 > \ ci) + ei

Therefore:

1. T (i, < b1, . . . , bc4 >)← min(T (i, < b1, . . . , bc4 >), T (i− 1, < b1, . . . , bc4 >))
2. T (i, < b1, . . . , bc4 > ∪ α · ci) ← min(T (i, < b1, . . . , bc4 > ∪ci), T (i, < b1, . . . ,

bc4 >) + ei)

Theorem 2. The dynamic programming algorithm’s running time is
O((n · log n

ε )c4−1 · (n2)c4
/(n · log n

ε ))

Proof: There are m · (n2)c4
cells in matrix M . The algorithm only handles

columns representing multisets of size divisible by n log n
ε . The time to fill each cell

is constant. Therefore, the total complexity is O((n · log n
ε )c4−1 · (n2)c4

/(n · log n
ε ))
��

Theorem 3. Let S be a set and let s be the number of correct seams in the
dynamic programming construction of S. Let smax be the maximum number of
correct seams for any square tiling of S. Then s ≥ (1− ε

2 log n )smax.

Proof: Let M be an optimal tiling. Let X be the number of correct vertical
seams, and Y the number of correct horizontal seams in M . smax = X + Y . (If
M has no errors, then smax = 2n2 − 2n).

Without loss of generality we may assume that X ≥ Y (otherwise, we rotate
all tiles by 90o). Since the dynamic programming algorithm provides the opti-
mum tiling within the strips of size log n

ε × n, and the only errors may occur
when “putting together” these strips, then it is clear that the number of correct
vertical seams decided by our algorithm is no less than the number of vertical
seams in the optimum tiling. We need to consider only Y – the number of correct
horizontal seams, since our algorithm makes no effort to match the rows between
the strips.

We start by identifying the total number of correct horizontal seams at the
bottom of the log n

ε × n strips of M . Call that number Y0. Next we consider the
strips as moved down by an offset of 1, i.e., assume the first strip is of only one
row, and the following strips are of size log n

ε × n. The total number of correct
horizontal seams at the bottom of the log n

ε × n strips (with offset 1) we call Y1.
In general, let Yi the total number of correct horizontal seams at the bottom of
the log n

ε × n strips with offset i (i.e, the first strip has only i rows, followed by
log n

ε × n strips.) Formally, ∀ 0 ≤ i ≤ log n
ε − 1, define Yi =

∑ n·ε
log n

j=1 (number of
matches between row j · log n

ε + i and the row below it).
Let Ymin be such that Ymin ≤ Yi∀i, 0 ≤ i ≤ log n

ε −1. We will assume that the
worst happened, and all the horizontal seams at the bottom of the log n

ε ×n strips
of the dynamic programming tiling of S are erroneous. However, this number of
errors can not exceed Yi, since the dynamic programming vertical tiling within
the strips is superior to the optimal tiling. Therefore s ≥ X + Y − Ymin.
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However, because of averaging considerations, it is clear that Ymin ≤ Y/ log n
ε .

Therefore
s ≥ smax − Ymin ≥ smax − Y/ log n

ε . However, smax = X + Y ≥ 2Y , therefore
Y/ log n

ε ≤ smax/ 2 log n
ε . Thus smax − Y/ log n

ε ≥ (1 − ε
2 log n )smax. ��

5 Conclusions and Open Problems

The idea of using patches for indexing, presented by Amir and Parienty [2], is
not viable if tiling can not be done efficiently. In this paper we showed a PTAS
for the square tiling problem over fixed finite alphabets. An interesting open
question is whether square tiling over an infinite alphabet is also approximable.

An intriguing direction is, perhaps, using rectangles, rather than squares for
indexing, since we have shown that rectangle tiling is polynomially computable
for “long and skinny” rectangles over a finite fixed alphabet. Indeed, for indexing
purposes, the entire square will rarely be sought. Thus the results of this paper
bring encouraging evidence to the proposal of utilizing patches for indexing.
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