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Abstract. We initiate the study of the smoothed complexity of the
CLOSEST STRING problem by proposing a semi-random model of Ham-
ming distance. We restrict interest to the optimization version of the
CLOSEST STRING problem and give a randomized algorithm, we refer to
as CSP-Greedy, that computes the closest string on smoothed instances
up to a constant factor approximation in time O(¢3), where /£ is the
string length. Using smoothed analysis, we prove CSP-Greedy achieves a
(14 58 ))é—approximation guarantee, where € > 0 is any small value and
n is the number of strings. These approximation and runtime guaran-
tees demonstrate that CLOSEST STRING instances with a relatively large
number of input strings are efficiently solved in practice. We also give
experimental results demonstrating that CSP-greedy runs extremely effi-
ciently on instances with a large number of strings. This counter-intuitive
fact that “large” CLOSEST STRING instances are easier and more efficient
to solve gives new insight into this well-investigated problem.

1 Introduction

The CLOSEST STRING is one of the central theoretical problems in bioinformatics
and as such, has been studied extensively in bioinformatics and computational
biology [7IRITAITHIT7I2002T]. It has a wide variety of applications, including uni-
versal PCR primer design [T0/TB/T8I26], genetic probe design [15], antisense drug
design [OIT5], finding transcription factor binding sites in genomic data [21], de-
termining an unbiased consensus of a protein family [4], and motif-recognition
[15124]25]. The CLOSEST STRING problem is NP-complete, unless P = NP [I3],
and therefore is unlikely to be solvable in polynomial time.

We initiate the study of the smoothed complexity of the optimization version
of the CLOSEST STRING problem, which can be defined as follows: given a set
of ¢-length strings S = {s1,..., sn from the alphabet X', determine a string
s of length ¢ such that d(s,s;) < d for all s; € S and d is minimized. We refer
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to s as the closest string for the set S. Here d(-,-) is the Hamming distance.
The concept of smoothed analysis was introduced as an intermediate measure
between average case analysis and worst case analysis; whereas average analysis
studies the average behaviour of an algorithm over all instances of a problem,
smoothed analysis studies the algorithm’s average behaviour on each “local re-
gion” of the instance space [2§]. If the algorithm has good average performance
on each local region, then for any reasonable probabilistic distribution on the
whole instance space, the algorithm should perform well. If the smoothed com-
plexity is low, worst case instances are not robust under small changes. Most
small changes to the instance destroy the property of being worst-case; a small
random perturbation to the instance destroys the property of being worst-case.

Several other papers discuss the smoothed complexity of continuous problems
[BI12] and of discrete problems [3I19]. The smoothed complexity of other string
and sequence problems has been considered by Andoni and Krauthgamer [2],
Manthey and Reischuk [22], and Ma [I9]. Andoni and Krauthgamer [2] study
the smoothed complexity of sequence alignment by the use of a novel model of
edit distance; their results demonstrate the efficiency of several tools used for
sequence alignment, most notably PatternHunter [2I]. Manthey and Reischuk
gave several results considering the smoothed analysis of binary search trees [22].
Ma demonstrated that a simple greedy algorithm runs efficiently in practice for
SHORTEST COMMON SUPERSTRING [19], a problem that has application to string
compression and DNA sequence assembly.

We give a smoothed analysis of an efficient probabilistic algorithm for CLOS-
EST STRING instances where the alphabet is binary. To the best of our knowledge
this is the first analysis of a natural random model of the CLOSEST STRING prob-
lem. The main contributions of this paper are as follows:

— We describe our algorithm, CSP-Greedy, prove it achieves a 2-approximation
guarantee, and give a bound on the probability that CSP-Greedy returns an
optimal solution to the CLOSEST STRING instance.

— Next, we empirically study CSP-Greedy and demonstrate that CLOSEST
STRING instances with a large number of strings (i.e. n > 15) are solved
with extreme efficiency by this algorithm.

— Lastly, we define a natural model of perturbation for CLOSEST STRING in-
stances and use smoothed analysis to show that CSP-Greedy achieves an
1 + f(e,n,{)-approximation guarantee in time O(f?), where ¢ > 0 is any
small value and f(e,n, ) approaches zero in time that is exponential in n.
Hence, this result gives analytical explanation for our empirical results.

1.1 Preliminaries

Let s be a string over the alphabet Y. We restrict interest to CLOSEST STRING
instances where the alphabet is binary and hence, unless otherwise stated we
assume X' is the binary alphabet. Denote the length of s by |s|, and the jth
letter of s by s(j). Hence, s = s(1)s(2)...s(|s|). Lastly, we denote a function g
to be an asymptotic estimation of f as f =< g.
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Given a set of strings S = {s1,...,8n}, each string of length ¢, then a

string s is a closest string for S if and only if there is no string s’ such that

______ nd(s',s;) < max;—1. . nd(s,s;). Let s be a closest string for S then

the optimal closest distance d is equal to max;—; .., d(s, s;). We refer to a ma-

jority vote for S as the f-length string containing the letter that occurs most
often at each position; this string is not necessarily unique.

.....

1.2 Previous Results

Lanctot et al. [I5] gave a polynomial-time algorithm that achieves a 3 + o(1)
approximation guarantee. Li et al. [I7] proved the existence of a polynomial
time approximation scheme (PTAS) for this problem, though the high degree
in the polynomial complexity of the PTAS algorithm renders this result only
of theoretical interest. In 2005, Brejové et al [7] proved the existence of sharper
upper and lower bounds for the PTAS on a slight variant of the CLOSEST STRING
problem (which they refer to as the CONSENSUS PATTERN problem) and in 2006,
Brejové et al [8] improved upon the analysis of the PTAS for various random
binary motif models. Andoni et al. [I] gave a novel PTAS that has improved
time complexity, and most recently, Ma and Sun [20] presented a PTAS with
time complexity O(n@(”_2)), which is currently the best known running time.
Another approach to investigate the tractability of this NP-complete problem
is to consider the parameterized complexity of the CLOSEST STRING problem.
A problem ¢ is said to be fized-parameter tractable (FPT) with respect to pa-
rameter k if there exists an algorithm that solves ¢ in f(k) - n°() time, where
f is a function of k that is independent of n [1I]. Gramm et al. [14] demon-
strated that the CLOSEST STRING problem is FPT when the number of strings,
denoted as |S|, remains fixed. This FPT result is based on an integer linear
programming formulation with a constant number of variables (assuming n is
fixed), and the application of the result of Lenstra [16], which states that ILP is
polynomial-time solvable when the number of variables remains fixed. Unfortu-
nately, such an integer programming formulation is only of theoretical interest
since the corresponding algorithms lead to very long running times even when
the number of strings is small. Other parameterizations of the CLOSEST STRING
problem also exist; for example, when d is fixed, the problem can be solved in
O(nl+nd(d+1)%) time [14]. Ma and Sun gave an O(n|X|°(4)) algorithm, which
is a polynomial-time algorithm when d = O(logn) and X' has constant size [20].

2 A Randomized Algorithm for CLOSEST STRING

In [27], Schéning considers the following simple probabilistic algorithm for solv-
ing the NP-complete problem of k-SAT: randomly choose a starting assignment
and subsequently augment this initial assignment until a satisfying one is ob-
tained. Papadimitriou introduced this random paradigm in the context of 2-SAT
and obtained an expected quadratic time bound [23]. This type of algorithms are
referred to as Monte Carlo algorithms with one-sided error; a useful property of
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such algorithm is that the error probability can be made arbitrarily small with
repeated independent random repetitions of the search process. We analyze a
similar probabilistic approach for the CLOSEST STRING problem. Boucher and
Brown [6] introduced a similar algorithm to Algorithm [2] for the decision version
of the CLOSEST STRING problem and conjectured about the probability that the
algorithm successfully determines a solution to a CLOSEST STRING instance; the
results in this section resolve this conjecture.

Algorithm [2] begins with a string $pqj0 randomly selected from all majority
strings and iteratively augments the string so that it is closer to one of the
strings in S a maximum of ¢ times. Let ¢ be the number of times a random
majority string is chosen and augmented ¢ times. Later in the section we define
t in terms of the parameters ¢, n, and d. In order to determine a closest string
corresponding to the optimal closest distance, this search process is repeated
with the degeneracy parameter ranging from 0 to £. We let Ad be the current
degeracy in the search process.

Let smaj,i be Smaj,0 after it has been updated ¢ times. At iteration ¢ + 1, we
obtain the string s,,4;5,:+1 by augmenting s,,q; so that it has smaller Hamming
distance to at least one string s in S where d(sk, Smaj,i) > Ad. This process is
repeated £ times at which point the process is restarted if there is at least one
string s; in S where d(sk, Smaj,e) > Ad.

Algorithm 1. Procedure augment

Input: A set S of n f-length strings, parameter d.

Output: A /-length string s or “not found”

Let S be the set of all /-length majority strings

Select Smaj,0 randomly from S.

Fori=0,...,¢:
If d(Smaj,i,s5) < d for all s; € S then return s and terminate.
Else P = {j : s; € S and d(sj, Smaj,i) > d}
Choose any p € P and 1 < k < £ such that s,(k) # Smaj,i(k)
Set Smaj,i+1 to be equal to s, at position k and equal to Smaj,: at all other
positions

Return “not found”

Algorithm 2. CSP-Greedy
Input: A set S of n ¢-length binary strings.
Output: A /-length string s
For Ad each from 0 — ¢
Repeat augment t times with parameter Ad

2.1 Approximation Guarantee for CSP-Greedy

In this subsection we give worst-case bounds on the approximation guarantee
of CSP-Greedy. Also, we present examples of inputs for which the algorithm
performs poorly and hence, give lower bounds on the approximation guarantee.
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Theorem 1. The approzimation ratio of the CSP-Greedy algorithm is at most
2 for any alphabet size | X|.

Proof. Since CSP-Greedy begins with a randomly selected majority string, it is
sufficient to show that for any set of strings S the maximum distance from any
majority string to any string in S is twice the optimal closest distance. Let S
be a set of strings with optimal closest distance equal to dop:. Without loss of
generality assume 0° is a closest string for S and hence the maximum number
of non-zero positions in each string s; € S is at most d,p¢. By the pigeonhole
principle, the maximum number of positions containing greater than n/2 non-
zero positions in a given column is at most 2d,y¢. Therefore, any majority string
can have at most 2d,,; non-zero positions and is at distance at most 2d,,; from
each string in S. (]

The following example demonstrates that the 2-approximation guarantee is tight
S = {10000001111,01000001111,11111111111,11111111111}, where majority
string is ¢; = 11111111111 and optimal closest distance is ¢/4. On the first
iteration the majority string could be altered to ¢5 = 01111111111. On the sec-
ond iteration we could choose to alter this sequence back to cj. It is possible to
alternate between ¢ and ¢ and end up returning cj, which is equal to twice the
optimal closest distance.

2.2 Probabilistic Analysis of CSP-Greedy

The process of augmenting a randomly selected majority string £ times or until a
closest string is found can be viewed as a Markov chain. This abstraction will be
useful in achieving an upper bound on the probability that CSP-Greedy returns
an optimal solution.

Let a set S be uniquely satisfiable if there exists exactly one string s* where
d(s;,s*) < d* for all s; € S. If S is an instance that does not have a string s
such that d(s,s;) < d* for all s; € S, then the augment procedure will return
“not found”. So we assume otherwise, that the set S is uniquely satisfiable and
denote the probability of obtaining s* when Ad = d* as p. If sy,4;,; is not equal
to s* then there is at least one letter of sp,;; that can be changed so that
d(Smaj,i; s*) decreases by one; the probability of this occurring is at least 1/¢.
Denote X; € {0,1,...,¢} (i =0,1,...) as the random variable that is equal to
the Hamming distance between s,,,;,; and s*, where 7 is the number of iterations
of the augment procedure. Each time a position is selected and the value of that
position is augmented, either the Hamming distance is increased or decreased
by one.

The process Xg, X1, Xo,... is a Markov chain with a barrier at state £ and
contains varying time and state dependent transfer probabilities. This process
is overly complicated and we instead choose to analyze the following process:
Yo, Y1, Y5, ..., where Y] is the random variable which is equal to the state number
after i steps and there exists infinitely many states. Initially, this Markov chain is
started like the stochastic process above (i.e. Yo = Xj). As long as the inner loop
is iterating, we let Y; 11 = X; — 1 if the process decreases the Hamming distance
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between Spmq;j; and s* by one; and Y; 11 = X;+ 1 otherwise. After the loop exits,
we continue with the same transfer probabilities. By induction on i, it is clear
that for each 7, X; <Y;, and it follows that py is at least Pr[3t < ¢l :Y; = 0].

We made the assumption that the set was uniquely satisfiable, however, this
assumption is not needed — the random walk may find another closest string while
not in the terminating state but this possibility only increases the probability
the algorithm terminates.

The following asymptotic estimation is used in the proof of the next theorem.
See the appendix for the justification of this fact.

Fact 1. Fori > 0 and j > 0 the following asymptotic estimation exists:

SENEOC) o

Theorem 2. Let S be a set of strings and d* be the optimal closest distance.
Then the probability of procedure ‘augment’ obtaining a closest string for S is at
least e - 2% for sufficiently large £.

Proof. Suppose s* is a closest string for S and let k£ be the Hamming distance
between Spqj0 and s*. Denote Pr[Y;.1 = j — 1]Y; = j] by ¢;. Given that the
Markov chain starts in some state j, it can reach a halting state in at least j steps
by making transitions through the states j — 1, 7 — 2, ..., 1,0. The probability
of this happening is at least Y 7_; ¢;. For ¢ = 0,1,2,... the halting state can be
reached after 2i + j steps, where ¢ steps are “bad” and j + ¢ steps are “good”.
The probability of this happening is:
Pr[Y2i+j =0, and Yy > 0VEk <2 —|—j|Y0 :j],

which is at least qH'k(l — ;)" times the number of ways of arranging i bad steps
and i+ 7 good steps such that the sequence starts in state j, ends in state 0, and
does not reach 0 before the last step. Using the Ballot theorem we know there

are (2sz) 22‘1 ; possible arrangements of these ¢ and i 4+ j steps. Therefore, the
above probability is at least:

245\ i .
1—q)iqit.
( ; >2i+j( 4)"q;

This expression is not defined in the case ¢ = j = 0. In this case, the probability
is equal to 1. Thus, we have:

Pr[Ysi4+; =0, and Yy >0VEk < 2i+j|Yy = j] =

202,00 () 0
(O ) () ()
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Using Fact [Il we have:

PT[Y2i+j =0, and Yy >0VEk <2 +j|Y() = j]

()4

/ 4
= < 5 )> [by the Binomial theorem)]
—L 4 )
=e-2 i1 [by Taylor’s theorem)]

For sufficiently large ¢ we have the probability is at least e - 2. |

The following corollary, an immediate consequence of the previous lemma, bounds
the probability of error.

Corollary 1. Ift ={ and ¢ is sufficiently large, CSP-Greedy has time complex-
ity O(£3) and one-sided error probability of no more than (1 —e- 2_€)Z.

3 Experimental Results

We empirically investigate how the number of augmentations changes as the
number of strings (parameter n) increases. For these experiments, we fix ¢ to be
15, d to be 4, and vary the value of n from 12 to 36. For each value of n, we
generate 100 motif sets at random by selecting a string s at random from the
set of all 2¢ possible strings and then n motif strings at random from the set of
all strings of distance at most d from s. For each motif set we run Procedure
augment twice-once with s,,4;,0 initialized to be equal to a majority string,
and a second time with s,4;,0 initialized to be equal to a random string-and
in both cases, we count the number of alterations required to obtain a closest
string. We determine the mean number of alterations for 100 motif sets. Figure
[ illustrates this data, which shows that the number of augmentations required
to obtain a closest string is significantly larger if s,,qj,0 is initialized to be a
random string. Further, as the value of n increases the disparity between the
number of augmentations of a majority string and the number of augmentations
of a random string increases substantially.

Table [ illustrates the change in the (Hamming) distance as the values n, £,
and d increase. We consider three different values of ¢ and d, varied the value
of n from 5 to 35, generate 100 random motif instances, calculate the Hamming
distance between Spmq;0 and s* (a closest string found by Algorithm [2) and
determine the mean Hamming distance of the 100 motifs. This data demonstrates
a drastic decrease in the distance between the majority string and the closest
string as n increases. Note that when the value of n is significantly large the
distance between the majority string and the closest string is equal to zero —
implying the majority string is a closest string.
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Fig. 1. Illustration of the effect of the initialization of the starting string
on efficiency of Procedure augment as the value of n increases. A compar-
ison between the mean number of augmentations required to obtain a closest string
if starting from a majority string (white) or if starting from a random string (black).
One hundred random motif sets are generated for each value of n and the mean of the
augmentations is determined. /¢ is fixed to 15 and d is fixed to 4.

Table 1. An Illustration of the variation in the Hamming distance between
a majority and closest string as ¢, d, and n change. An illustration of the
Hamming distance between a randomly chosen majority string and a closest string
with respect to n. We considered the following (¢,d) pairs: (15,4), (18,6), and (25,5)
and varied n to be every even value from 5 to 35. For each (¢, d) pair and value of
n we generated 100 random motif sets, determined the Hamming distance between a
randomly selected majority string and the closest string found by the algorithm, and
calculated the mean Hamming distance.

n £, d)
(15,4) (18,6) (25,5)

5 3.2 2.9 3
8 2.7 2.3 2.1
10 0.8 1.0 1.8
12 0 0.7 1.2
15 0 0 0.5
25 0 0 0
30 0 0 0
35 0 0 0
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In summary, our experimental results illustrate the following trends: as the
value of n increases the (Hamming) distance between a randomly selected ma-
jority string and a closest string decreases and the number of augmentations
required to obtain a closest string from a majority string decreases. Further-
more, regardless of the value of ¢ and d, for significantly large values of n the
majority string is also likely to be a closest string. Similar results were also
reported by Boucher and Brown [0].

4 Smoothed Analysis of CSP-Greedy

Using smoothed analysis, we demonstrate that the approximation ratio of the
greedy algorithm on small perturbations of the worst-case instances is equal

‘
to (1 + d;”) . Hence, our analysis shows that the approximation is equal to

14 0(1) for significantly large n. This result explains why CSP-Greedy performs
well in practice on large instances (i.e. instances containing a significantly large
number of strings).

A perturbed instance S is defined to be S" = {s], s5, ..., s), }, where each s} has
length ¢ and each s} is obtained by mutating uniformly at random each letter of
s; with a small probability p > 0. In more general terms, an adversary chooses
n length-¢ sequences from the binary alphabet at random, and every symbol is
perturbed with a small probability p. Next, let S be a closest string instance, S’
be the corresponding perturbed instance, and ¢ be Pr[s;(j) = 1]. We have

Pr(s;(j) = 0] = Pr[si(j) = 1]
Pr[s;(j) = 0] Pr[s;(j) was not permuted]
=+ (1-q(1-p).

Assuming, € > 0 is a small number, and the perturbation probability
p < ;, we obtain the following:

Pr[s;(j) was permuted] +

elog(én)
In <

Prls(j) =0/ =1—¢—p+2gp (2)
>1—-q—p+gq sincep<1/2 (3)
elog(¢n)
> 4
= (4)

The next theorem, our main result, demonstrates that for significantly large ¢,
as n (and to a lesser extend £) increases the approximation ratio approaches 1.
This result explains our experimental results analytically.

Theorem 3. (CSP-Greedy under limited randomness) For any given small
€ > 0, for perturbation probability Eloi(f") <p <} and significantly large (, the

ee)Z

expected ratio of ‘CSP-Greedy’ on the perturbed instances is (1 + 5n

Proof. Given a CLOSEST STRING instance S, we define the instance as good
if each majority string of S is also a closest string for S; otherwise, we define
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the instance as bad. Since each iteration of the augment procedure begins by
selecting a random majority string and determining whether it has distance at
most d from each string in S, it follows that CSP-Greedy will return a closest
string when S is a good instance. Let ppqq be the probability that the perturbed
instance is bad.

In order to bound pp.q we first calculate the probability that a majority string
does not match the closest string at a particular position. There exists at least
one string s such that d(s,s;) < d for all s; € S’. Without loss of generality
assume that 0 is a closest string. We calculate the probability that 0¢ is a
majority string. Let X; ; be a binary random variable representing the symbol
of s; at the j-th position. For a given j, let the number of ones be X; = . X ;.

P, >/ = 3 () i) = 1 - prsl) = 1)
i=n/2 !
> 1— (1= Prs|(j) = 1)"
Let o = 1— (1 —Pr[s}(j) = 1])™. We give a lower bound for the probability that
the instance is good.

1 — ppag = 1 — Pr[S’contains at least one bad column]
‘

—1-y (f) Pr[X; > n/2)f

=1
4
S
=1

>1—a' [by Binomial Theorem]

Therefore, it follows that ppeq is at most (1 — (1 — Pr[s}(j) = 1))™)* and hence,
we get:
1 L e\’
proa < (1= (L= Palsi(i) = 1)) < (1 1)
In Theorem [l the greedy algorithm was proved to have a worst-case approxima-
tion ratio of 2. Therefore, by Theorem [ and Corollary [l we obtain the following:

E[ratio] < 2 (1 - ;TL)Z (1 - ;)e [by Corollary [I]
€e e € )f

SQ (1+ on+l—1 o 2¢ - omn

For significantly large values of n and ¢, we have:
€e e €\?¢ < 1 ee\?t
(1+ gnte=1 ot 2n> = 21/t (1 + 2") ’

and therefore,

¢
Elratio] < (1 + ;i) . O
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We note that our perturbation is very small compared to the size of the instance.
With perturbation probability p = Elofr(f"), each set of n strings of length ¢ is
expected to change by log ({n) letters.
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