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Abstract. In this paper, the weighted quasi-arithmetic means are dis-
cussed from the viewpoint of utility functions and background risks in
economics, and they are represented by weighting functions and condi-
tional expectations. Using these representations, an index for background
risks in stochastic environments is derived through the weighted quasi-
arithmetic means. The first-order stochastic dominance and the risk pre-
mium are demonstrated using the weighted quasi-arithmetic means and
the aggregated mean ratios, and they are characterized by the back-
ground risk index. Finally, examples of the weighted quasi-arithmetic
mean and the aggregated mean ratio for various typical utility functions
are given.

1 Introduction

Weighted quasi-arithmetic means are important tools in the subjective estima-
tion of data in decision making such as management, artificial intelligence and
so on ([3I45]), and it is also strongly related to utility functions and background
risks in economics ([6]). This paper analyzes quasi-arithmetic means of an inter-
val through utility functions and weighting functions. Yoshida [T2JT3] has studied
weighted quasi-arithmetic means of an interval by weighted aggregation oper-
ations from the viewpoint of subjective decision making where Kolmogorov [9]
and Nagumo [I0] studied the aggregation operators and Aczél [1] developed
the theory regarding weighted aggregation. In this paper, we take a continuous
strictly increasing function f : [a,b] — (—o00,00) as a decision maker’s utility
function, and we put a continuous function w : [a,b] — (0,00) as a weighting
function. Then we define a weighted quasi-arithmetic mean on a closed interval
[a, b] with the utility f in the background risk w by

! (/abf(x)w(x) dx/ /abw(x) dx) .

Hence, it represents a mean value given by a real number c(€ [a, b]) satisfying

e [ () dz = / ' fleute) dr
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in the mean value theorem. This paper discusses the weighted quasi-arithmetic
means from the viewpoint of utility functions and background risks in economics.
Representing the weighted quasi-arithmetic means by conditional expectations,
we derive an index for risks in stochastic environments, and we also discuss
the first-order stochastic dominance and the risk premium using the weighted
quasi-arithmetic means and the aggregated mean ratios.

In Section 2, we give definitions of the weighted quasi-arithmetic mean and
an aggregated mean ratio of the weighted quasi-arithmetic mean by an inte-
rior ratio on the interval, and we demonstrate the relation among the weighted
quasi-arithmetic mean, the aggregated mean ratio and the decision maker’s pref-
erence/attitude based on his utility. In economics, the decision maker’s attitudes,
for example neutral, risk averse and risk loving, are characterized to Arrow-Pratt
index of the utility function([2/IT7I8]). In Section 3, this paper characterizes
the weighted quasi-arithmetic means and the mean ratios by not only utility
functions but also weighing functions as an index for risks in stochastic environ-
ments. Next we investigate the properties of the weighted quasi-arithmetic means
and the aggregated mean ratios regarding combinations of utility functions and
weighting functions. Representing the weighted quasi-arithmetic means by con-
ditional expectations, we investigate the relation between the index for back-
ground risks and the risk premium in economics. We also discuss the first-order
stochastic dominance through the weighted quasi-arithmetic means. Finally, in
Section 4, we show a lot of examples of the weighted quasi-arithmetic means
and the aggregated mean ratios with various typical utility functions, and we
demonstrate their relations with the classical quasi-arithmetic means.

2  Weighted Quasi-arithmetic Means and Their Properties

In this section, we introduce weighted quasi-arithmetic means and aggregated
mean ratios regarding with utility functions and weighting functions, and we
discuss sufficient conditions on utility functions and weighting functions to char-
acterize the decision maker’s attitude based on the quasi-arithmetic mean and
the aggregated mean ratio. Let D be a fixed interval which is not a singleton
and we call it a domain. Let C(D) be the set of all nonempty bounded closed
subintervals of D and let C(D)< = {[a,b] € C(D)]|a < b}. Let f: D — (—o0,0)
be a continuous strictly increasing function for utility, and let w : D +— (0, c0)
be a continuous function for weighting. For a closed interval [a,b] € C(D)<, a
mapping M7 : C(D) — D given by

M [a.b]) = f‘1< | @ s / / w(m)dm> )

is called the weighted quasi-arithmetic mean with a specified weighting w. Next
for a closed interval [a,b] € C(D)~ we define an interior ratio 67 (a,b) from a
position of the weighted quasi-arithmetic mean MJ ([a,b]) on the interval [a, b]
by

M ([a,b]) — a

6/ (a,b) := b

(2)
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Dujmovié [345] studied a conjunction/disjunction degree, which is a similar
type of ratio in the power case, for computer science. This paper discusses their
characterizations from the viewpoint of economics by conditional expectations.
Now we let g : D — (—00,00) be another continuous strictly increasing function
for utility. Let Mg : C(D) — D be the weighted quasi-arithmetic mean defined
by g instead of f in the way of (1) and we put the aggregated mean ratio 69, for
MJ. Then we obtain the following results.

Lemma 1 ([I3]). Let f and g be C*-class utility functions on D. Let [a,b] €
C(D)<. Then the following (a) — (c) are equivalent.

(a) f"/f"<4g"/g" on (a,b).
(b) MI([c,d]) < MI([e,d]) for all [e,d] satisfying [c,d] C [a,b] and ¢ < d.
(c) 01 (c,d) < 09(c,d) for all [c,d] satisfying [c,d] C [a,b] and c < d.

When we may choose two utility functions f and g as decision maker’s utilities,
Lemma 1 implies that the utility f yields more risk averse results than g if
f"/f < g"/g on (a,b). Thus, the inequality 6 (a,b) < 69 (a,b) implies that the
aggregated mean ratio 67 (a,b) is more risk averse than 69 (a,b). The function
—f"/f is called the Arrow-Pratt index and it implies the degree of absolute risk
aversion in economics ([2IT1]).

3 Weighted Quasi-arithmetic Means and Background
Risks

In this paper, we focus on weighting functions w as risk factors of stochastic
environments in the weighted quasi-arithmetic mean (1) and we characterize
it in relation to the conditional expectation. Let D be a fixed domain and let
f: D (—00,00) be a fixed continuous strictly increasing function for utility.
The following theorem implies the properties of the weighted quasi-arithmetic
mean M and the ratio 6 concerning weighting w.

Theorem 1. Let w : D +— (0,00) and v : D +— (0,00) be Cl-class weighting
functions. Let [a,b] € C(D)<. Then the following (i) and (ii) hold.

(i) Ifw and v satisfy w'/w < v' /v on (a,b), it holds that M} ([a,b]) < MJ([a,b])
and 61 ([a,b]) < 601 ([a,b]).

(ii) Ifw and v satisfy w'Jw < v' /v on (a,b), it holds that M7 ([a,b]) < M ([a,b])
and 0},([a,b]) < 0] ([a, b]).

In Theorem 1, we note that w'/w < v'/v on (a,b) is a sufficient condition so
that the weighting w yields lower estimation than the weighting v. Further, the
following Theorem 2 shows an equivalence regarding the assertion ‘if - then’ in
Theorem 1(ii).

Theorem 2. Let w: D +— (0,00) and v : D — (0,00) be C'-class weighting
functions. Let [a,b] € C(D)<. Then the following (a) — (¢) are equivalent.
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(a) w'/w <v'/v on (a,b).
(b) M/ (e, d]) < MI([c,d]) for all [c,d] satisfying [c,d] C [a,b] and c < d.
(c) 01 (c,d) < 61(c,d) for all [c,d] satisfying [c,d] C [a,b] and ¢ < d.

In the following proposition, (i) implies that the estimation by a utility h =
(f 4+ g)/2 gives a middle attitude by the both utilities f and ¢ and (ii) shows
that a weighting function u = (w + v)/2 gives a middle-level risk of the both
risks w and v in stochastic environments.

Proposition 1. Let [a,b] € C(D)<. Then the following (i) and (ii) holds.

(i) Let f and g be C?-class utility functions on D. Let h = (f +g)/2. If f and
g satisfy ["/f' < g"/g" on (a,b), then M]([a,b]) < M ([a,b]) < M([a,0])
and 0% (a.b) < 81 (a,b) < 08, (a, b).

(ii) Letw : D+ (0,00) and v : D — (0,00) be C'-class weighting functions. Let
u = (w+v)/2. If w and v satisfy w'/Jw < v'/v on (a,b), then M ([a,b]) <
M ([a,b]) < M ([a,b]) and 0],(a,b) < 0f(a,b) < 6(a,b).

The Arrow-Pratt index — f”/ f' implies the degree of absolute risk aversion. On
the other hand, the index —w’/w, which is introduced in this paper, is related to
the background risks of stochastic environments in economics ([§]). In the rest of
this section, using the representation of conditional expectations, we investigate
the relation between the index —w’/w and the background risks. Let ({2, P) be a
probability space, where P is a non-atomic probability measure on (2.

Definition 1. For random variables X and Y on (2, it is said that the random
variable X is dominated by the random variable Y in the sense of the first-order
stochastic dominance if

P(X <) > P(Y < z) for any real number z. (3)

Then the following result is well-known for the first-order stochastic domi-
nance in economics (Arrow [2], Gollier [7], Eeckhoudt et al. [§]).

Proposition 2. Let X and Y be random variables on §2. Then, the random
variable X is dominated by the random variable Y in the sense of the first-order
stochastic dominance if and only if it holds that

E(f(X)) < E(f(Y)) (4)

for any increasing utility function f : (—o00,00) — (—00,00) satisfying a tail
condition limy_,1 o f(2)(P(X <z)— P(Y <x))=0.

The first-order stochastic dominance (3) means that the stochastic environment
X is risky than the stochastic environment Y, and it shows in (4) that all de-
cision makers estimate the stochastic environment X lower than the stochastic
environment Y. Then the decision makers prefer the stochastic environment Y
to the stochastic environment X with their any increasing utility functions f.
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Let X be a real random variable on {2 with a C'-class density function w on
(=00, 0). Since the conditional expectation of the utility f(X) is

B(f(X)lgacx<ry) _ [, J@)w(z) do

BEfX)la<X<b) =" 5, x<p [w()de

()

it holds that

f: f(x)w(x)dx
fbw(x) dx

a

M ([a,b]) = £ ( ) =fTUE(f(X)|a< X <b) (6)

for real numbers a,b(a < b), where 1. implies the characteristic function of
a set. From Theorem 2 and (6), we obtain the following result together with
Proposition 2.

Corollary 1. Let X and Y be random variables on 2 which have C'-class
density functions w and v on (—o00,00) respectively. If

w v

w S v on (700700)7 (7)
then the random variable X is dominated by the random variable Y in the sense
of the first-order stochastic dominance.

From this corollary, (7) is a sufficient condition for the first-order stochastic
dominance (3) where the stochastic environment X is risky than the stochastic
environment Y. Hence we find that (7) is useful to estimate the risk-level of
stochastic environments and it is easy to check in actual problems (Example 3).
In this paper, we call —w’/w the background risk index. We note that the first-
order stochastic dominance (3) is a risk criterion in a global area D = (—o0, 00)
for stochastic environments and it is represented by integrals in (4), however the
background risk index —w’/w can measure risks even in local areas since it is
represented by differentials.

Next we discuss risk premiums regarding risk averse in financial management
([78]). Let z € D, which implies an initial wealth, and let [a,b] € C(D,)<, where
D, :={zx— 2z | 2 € D}. Let X be a random variable on {2, which implies
a stochastic environment with some risk. A decision maker with a utility f is
called risk averse on (a,b) if

E(fz+X)|a<X<b) < f(E(z+X |a< X <D)). (8)

A sufficient condition for the risk averse is that the utility function f is concave.
Let w be a density function on D for the random variable X. Hence, in the
following (9), a real number 7 (a,b) is called the risk premium on (a,b) ([718])
if it satisfies

E(f(z+X)|a< X <b) = f(z— 7l (a,b)). (9)

Eq.(9) means that the decision maker accepts the risk arising from the random
variable X by paying the risk premium 7 (a,b).
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Theorem 3. Let f be a continuous strictly increasing utility function on D.
Let X be a random variable on §2 which has a C'-class density function w on
D. The risk premium in (9) is given by

mi,(a,0) = =My ([a, B]), (10)
where h(x) := f(z+x) for x € (a— z,b— 2).

Then we obtain the following two theorems. Theorem 4 is from Lemma 1 and
Theorem 3, and it gives the relation between the Arrow-Pratt index and the risk
premium. On the other hand, Theorem 4 is from Theorems 2 and 3, and it gives
the relation between the background risk index and the risk premium.

Theorem 4. Let an initial wealth z € D and let [a,b] € C(D,)<. Let f and g be
continuous strictly increasing utility functions on D. Let X be random variable
on 2 which has a Ct-class density function w. Then the following (a) and (b)
are equivalent.

(a) f"/f"<g"/g" on (z+a,z+b).
(b) 7l (c,d) > 79 (c,d) for all [c,d] satisfying [c,d] C [a,b] and c < d.

Theorem 5. Let f be a continuous strictly increasing utility function on D.
Let X and Y be random variables on §2 which have C'-class density functions
w and v respectively. Then the following (a) and (b) are equivalent.

(a) w'/w <V /v on (a,b).
(b) 7l (c,d) > 7} (c,d) for all [c,d] satisfying [c,d] C [a,b] and ¢ < d.

4 Examples

In this section, we give examples for weighted quasi-arithmetic means M7 ([a, b])
and the aggregated mean ratio 6 (a,b) which are presented in the previous
sections. First we investigate examples of weighting functions w, and next we
discuss examples of utility functions f.

Example 1. We deal with a utility function f(z) = z for x € (—o0, 00). Then
f"(z)/f(x) = 0. For a closed interval [a,b] € C(D)<, we define the neutral
weighted mean Ny, ([a,b]) and its aggregated mean ratio v, (a,b) by

b b
Nw([a,b])::/ xw(x)dx// w(z) dx (11)

a,b)) —a b b
vy (a,b) = Nw(é’_bg = / (z — a)w(x) dx// (b —a)w(z)dz. (12)
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(i) Take a weighting function w(z) = * on D = (0, c0) with a constant a such
that o # —2 and a # —1. Then w'(z)/w(z) = a/x. Let [a,b] C D = (0, 00)
such that a < b. Then, we have

(0 + 1) (b4 — o)
Nw([a7b}): at+l _ ,a+1)"

(a+2)(b actl)
Further, it holds that limp)q vy (a, b) = limg1p v (a, b) = 1/2 ([I3, Theorem
5.9]) and limg|o vy (a,b) = limp_oo vw(a,b) = (a + 1)/(a + 2). Weighted
quasi-arithmetic means M7 ([a, b]) for other utility functions f are given by
Table 1.

Table 1. Weighted quasi-arithmetic means for utility functions f (w(z) = z®)

VA M ([a, b])

re+s 0 (a+1)(b*F2 — g>T2)
(r>0) (a4 2) (bt — gotl)

2" r—1 (a + 1)(br+a+1 _ ar+a+1) 1/r
(r #0) x (r+a+1)(bott — gotl)
rlogz 1 ox b* T logb — a*tloga 1
(r>0) x P batl — gatl a+1

e’ 5 1 o (a+1)(IN(a+1,-sb) — '(a+1,—sa))
(S 7§ O) g Sa+1(ba+1 _ aa+1)

Here in Table 1 we put
I'la+1,¢) := / t*e~tdt

for real numbers c.

(ii) Take a weighting function w(z) = 272 on D = (0,00) with a = —2. Then
w'(x)/w(z) = —2/x. Let [a,b] C D = (0,00) such that a < b. Then, we
have

ab(logb — log a)

b—a

Further, it holds that limp)q vy (a,b) = limg1p v (a, b) = 1/2 ([13, Theorem
5.9]) and limgo vy (@, b) = limp_,o0 vy (a, b) = 0.

Nu([a,b]) =
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(iii) Take a weighting function w(x) = x~! on D = (0,00) with o = —1. Then
w'(x)/w(x) = —1/x. Let [a,b] C D = (0,00) such that a < b. Then, we

have
b—a

b .
Nu([a,b]) = logb — loga
Further, it holds that limp)q vy (a,b) = limg1p v (a, b) = 1/2 ([I3, Theorem
5.9]) and limgo vy (@, b) = limp_,o0 vy (a, b) = 0.
(iv) Take a weighting function w(z) = ¢o + c17 + cox? on D = (0,00) with
positive constants cg, c1.co. Then

w'(z) o+ 20

w(z) ¢+ 1w+ cor?’
Let [a,b] € D = (0, 00) such that a < b. Then, we have

sco(b* —a?) + Ler(b® — a®) + jea(b* — a*)

Ny ([a,b]) = co(b—a) + jc1(b? — a?) + c2(b® — a?)

Further, it holds that limpq vy (a,b) = limg1p v (a, b) = 1/2,

derd b?
Bco +derb + 3¢ and  lim v, (a,b) = 3

lim v, (a, b .
1?01 v (CL ) 12¢o + 6¢1b + 4cob? b—s 00 4

(v) Take a weighting function w(z) = co+c1x+caz?+- - -+¢,2" on D = (0, 00)

with positive constants cg, cy.ca,- -+ ,cn. Then
w'(z) _ SpZg(k+ Depa®
w(xr) S oho kT

Let [a,b] € D = (0, 00) such that a < b. Then, we have
> k=0 k+zck(bk+2 akt?)

Ek:o e cr(bFH! — ght1)

Further, it holds that limp|q vy (a,b) = limg1p Vi (a, b) = 1/2,

Nu([a,b]) =

bk+2 n+1

n+2

> k=0 k+zck
k1
> k=0 k+1ckb

(vi) Take a weighting function w(z) = e % on D = (—o00,00) with a non-zero
constant 3. Then w'(z)/w(x) = —B. Let [a,b] C D = (—00,00) such that
a < b. Then, we have

EFOl vy (a,b) = and blingo vy (a,b) =

e P(Bb+1) —e” 5“(6a+1)

Nulloot) =L

Further, limp)q v (a,b) = limgrp vay(a,b) = 1/2 and lim,_ o 1y (a,b) =
limp 00 Vi (a, ) = 1.
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(vii) Take a weighting function w(z) = e~7*** on D = (—o00, 00) with a positive
constant v. Then w'(x)/w(zx) = —2y2x. Let [a,b] C D = (—00,00) such

that a < b. Then, we have

67’7

27y f]; e~ dy

Nu([a,b]) =

Further, limp)q 14 (a, b) = limg1p vy (a,b) = 1/2, lim,—_ oo 14y (a, b) = 1 and

limp—, 00 Vi (a, b) = 0.

2 2

P

Table 2. Neutral weighted means for weighting functions w (f(z) = z)

w w' Jw
i «
(CM 7é 725 71) x
> heo ch” o (k+ Depyra®
(CO,Cl,“‘ yCn > O) Z::O Ckxk
e P 3
(B#0)
2.2
e 7T 2
—2
(vy>0) T

Some results in Example 1 are listed in Table 2. Next we show the relation

Nu([a, b])

(a + 1)(ba+2 _ aa+2)
(a+2)(bott — gotl)

Yo ka0 —a")

ZZ:O k}rlck(bkﬂ _ a’“‘*‘l)

e (B +1) —e P (Ba +1)
Ble=0b — e~a)

2 2 232
eV e

2 f,j; e—=% da

between the weighted quasi-arithmetic means and the typical means.

Example 2. Let the domain D = (0, 00). Take a function f(z) = 2" and w(z) =
x® on D with constants r, « satisfying r # 0. Then f”(z)/f'(z) = (r —1)/x and
w'(x)/w(z) = a/x. Hence we can deal with not only > 0 for increasing function
f = a" but also r < 0 for decreasing function f(z) = 2" ([13, Remark 3.2(1)]).
Then, for [a,b] C D such that a < b, the weighted quasi-arithmetic mean is given

by the following M) ([a, b)) := M{([a,b]):

M) o) = (

(O[ + 1)(br+a+1 _ ar+a+1) 1/r
(r + a + 1)(be+1 — gotl)
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ifr#0,a # —1,r + a # —1. The limiting values regrading r and « are

logh —1 Y
lim M{7)((a,b]) = ab (T( Oi, - afga)) if 7 £ 0,
, r(logb — log a) —r .
Jim (et = (TR it £0,
() B bt logb — a*tlloga 1 )
hm M(a)([a,b]) exp< potl _ gatl Tt if o # -1,
i i M (0, b)) = Vab.
rl}moo M(a)([a b)) =

lim M)

rdo (@)

([a,0]) = b.

Finally we show the relation between the weighted quasi-arithmetic means and
their application to economics.

Example 3. We give an example for Corollary 1 by normal distributions on
stochastic environments. Let random variables X and Y have normal distribu-
tions on {2 with density functions w and v respectively as follows. Let ux and
px be the means and let ox and oy be the standard deviations for w and v
respectively, i.e.,

1 (m—ux)g) 1 ( (z —uv)g)
w(z) = exp [ — and v ex
I ) A G
for real numbers x. Then we have

w'(z) _ v'(z)

w(x) — v(x)
r— ux r — Uy
= T 2 < - o2
X y

2 2 2 2
< oxpy —oypux = (0x —oy)x

x> Ug{NY_UgfﬂX

2 3 ifox <oy
X—O'

2
o —0 .
e {T= ngy(—a%iﬂx ifox > oy

all z € (—o0,00) if ox =0y and px < py
no ifox =0y and px > py.

Define a domain D by

2 2
g —0O .
X“§ ?;HX,OO) ifox <oy

Ix Oy
2 2
_ OXHY =0y pX ) 4
D= 0, o2 —ab ) ifox > oy
(—00, 00) ifox =0y and px < py

ifox =0y and pux > py-
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From Theorems 2 and 5, we get M ([a,b]) < M/ ([a,b]) and =i (a,b) =
— M ([a,b]) > —M/([a,b]) = 7f(a,b) for subintervals [a,b] C D. By Theorem
3, we can also calculate the risk premium 7 (a, b) for a classical utility function
f(x) =1—e* as follows:

a—px \ b—px
Erf (\/an) Erf (\/an)
2(—a+ b+ ertz —ebtz)

2
2tpx+ X —a+MX+0§() _ (—b+ux+0§¢))
eFTHXT 3 (Erf ( 2o Erf el

2(—a+ b+ ertz —ebtz) ’

Wﬁ;(aa b) =

+

where

Erf(z) := \/27r/0 e dt

for real numbers x. Further, by Corollary 1, if ox = oy and ux < py, all decision
makers prefers the stochastic environment Y to the stochastic environment X
for his any increasing utility f, i.e. it holds that E(f(X)) < E(f(Y)) for any
increasing utility function f, which is equivalent that X is dominated by Y in
the sense of the first-order stochastic dominance (Proposition 1).

5 Conclusions

We have analyzed the weighted quasi-arithmetic means with utility functions
and weighting for random factors in stochastic environments. The background
risk index is first introduced through weighting functions as an index of risk-
levels for stochastic environments, and its relations to the first-order stochastic
dominance and the risk premium are demonstrated with conditional expecta-
tions. We have investigated a lot of examples of the weighted quasi-arithmetic
mean and the aggregated mean ratio for various typical utility functions. The
stochastic dominance is a risk criterion in a global area for stochastic environ-
ments however using the background risk index —w’/w we can analyze risks
even in local areas. The background risk index —w’/w will be useful and easy
to calculate in actual problems.
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