Chapter 7
Ultimate Boundedness and Invariant Measure

We introduce in this chapter the concept of ultimate boundedness in the mean square
sense (m.s.s.) and relate it to the problem of the existence and uniqueness of invari-
ant measure. We consider semilinear stochastic differential equations in a Hilbert
space and their mild solutions under the usual linear growth and Lipschitz condi-
tions on the coefficients. We also study stochastic differential equations in the varia-
tional case, assuming that the coefficients satisfy the coercivity condition, and study
their strong solutions which are exponentially ultimately bounded in the m.s.s.

7.1 Exponential Ultimate Boundedness in the m.s.s.

Definition 7.1 We say that the mild solution of (6.10) is exponentially ultimately
bounded in the mean square sense (m.s.s.) if there exist positive constants ¢, 8, M
such that

E|X*0)|? <ce P lxl} + M forall x € H. (7.1)
Here is an analogue of Theorem 6.4.

Theorem 7.1 The mild solution {X*(t), t > 0} of (6.10) is exponentially ultimately
bounded in the m.s.s. if there exists a function ¥ € C%F(H) satisfying the following
conditions:

(D) cillxll3, — ki ¥ (x) <ellxll3 — ko,
(2) LY (x) < —c3¥ (x) + k3,

for x € H, where c1, ca, c3 are positive constants, and k1, kz, k3 € R.

Proof Similarly as in the proof of Theorem 6.4, using Itd’s formula for the solutions
of the approximating equations (6.17) and utilizing condition (2), we arrive at

t
EW(X* (1)) — E¥(X*(0)) 5/ (—c3 E¥(X*(5)) 4 k3) ds.
0
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234 7 Ultimate Boundedness and Invariant Measure
Hence, @ (t) = EW (X*(¢)) satisfies
D' (1) < —c39(1) + ks.
By Gronwall lemma,
k k
O(t) <=+ <q>(0) - —3>e_c3l.
C3 c3
Using condition (1), we have, for all x € H,
X 2 X k3 2 k3 —c3t
AE[X )|y — ki = E¥(XT (1) = =+ | c2llxllyy —ka — = Je™,
Cc3 c3
and (7.1) follows. O
Theorem 7.2 Assume that A generates a pseudo-contraction semigroup of oper-
ators {S(t), t > 0} on H. If the mild solution {X(’)C (t), t = 0} of the linear equa-
tion (6.22) is exponentially ultimately bounded in the m.s.s., then there exists a
function ¥y € C%p (H) satisfying conditions (1) and (2) of Theorem 7.1, with the

operator £y replacing £ in condition (2).

Proof Since the mild solution X{j(#) is exponentially ultimately bounded in the
m.s.s., we have

E||X(’§(t)||i,Sce_ﬁ’||x||2H+M forall x € H.
Let
d 2
wo(x)zfo E| X5} ds +ellxll,

where T and « are constants to be determined later.
First, let us show that ¥, € C22p(H ). It suffices to show that

T
00(x) =/0 E| X3(5)|7, ds € C3,(H).

Now,

C C
m@fgﬂ—meW%+MT§?M@+MT

If [|xI3, = 1, then o (x) < ¢/B + MT.
Since X{)C (t) is linear in x, we have that, for any positive constant k, Xéx (1) =
kX7 (). Hence, ¢o(kx) = k%@o(x), and for any x € H,

@o(x) = IIXI|H§0<” " ) <ﬂ+MT>IIXIIH
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Letc’ =c/B+ MT. Then ¢o(x) < c/||x||%1 for all x € H. For x, y € H, define

T
T(x,y) = /0 E(X{(5), X{(5)),, ds.

Then t(x,y) is a nonnegative definite bounded bilinear form on H x H since
oo(x) < c’||x||%1. Hence, 7(x,y) = (Cx, y)y, where C is a nonnegative definite
bounded linear operator on H with ||C|| ¢y < ¢’. Therefore, gpo = (Cx,x)p €
Cgp (H), and ¥y € C%F(H). Clearly ¥ satisfies condition (1) of Theorem 7.1. To

prove (2), observe that by the continuity of the function  — E|| X{(¢) ||%_1 and be-
cause

T T+r
E(po(XS(r))zfo E’\Xé(r+_v)||§1ds=/ E||Xg;(s)||§1ds,
we have

d
ZLopo(x) = 5(15(00(?(3(?)))

r=0
. E@o(X(y(r)) — E@o(x)
= l1im
r—0 r
) 1 [ . ) 1 r+T . 5
—tim (= [ Lol ds+ 2 [ Bl ds

2
= —llxI + E[ X5 (D]
< —lxl +ce Pl |x)3 + M
<(~=1+ce PT) x|} + M.
Therefore, since by (6.32), Z|lx 13, < (21 + d? tr(Q))l|x||%,, we have

Lo%o(x) = Logo(x) + Lolx |y
< (—1+ceT)|x|I3 + a (21 + d>tr(Q)) x|, + M. (7.2)

If T > In(c/B), then one can choose o small enough such that ¥, (x) satisfies con-
dition (2) with .Z replaced by .%. O

The following theorem is a counterpart of Remark 6.1 in the framework of expo-
nential ultimate boundedness.

Theorem 7.3 If the mild solution of (6.10) is exponentially ultimately bounded in
the m.s.s. and, for some T > 0,

T
o (x) =/0 E|X* )|}, dr € C3,(H),
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then there exists a (Lyapunov) function ¥ € C%p(H ) satisfying conditions (1)
and (2) of Theorem 7.1.

Theorem 7.4 Suppose that the mild solution Xj(t) of the linear equation (6.22)
satisfies condition (7.1). Then the mild solution X*(t) of (6.10) is exponentially
ultimately bounded in the m.s.s. if

20xlla || Fo||,; + T(B(x)QB*(x) — Box Q(Box)*) < dllx|f; + My, (7.3)
where & < maxg=in(c/p)(1 — ce™P%) /(c/B + Ms).

Proof Let ¥y(x) be the Lyapunov function as defined in Theorem 7.2, with T >
In(c/B), such that the maximum in the definition of @ is achieved. It remains to
show that

ZLYy(x) < —c3W(x) + k3.

Since ¥y(x) = (Cx,x)y —i—allxll%_l for some C € Z(H) with |C|l.#@w) <c/B +
MT and « sufficiently small, we have

ZLW(x) — LoWo(x)
< (ICIlzw) + ) 2lxla|Fx) |, + T(B(x)QB*(x) — Box Q(Box)*))
<(c/B+MT +o)(@lx|F + M).
Using (7.2), we have

L(x) < (=1 +cePT)x|13 + (21 +d* tr(Q)) Ix 13 + M

+(c/B+MT +a)(@lx]F + M)
< (=14ce™T +o(c/p+MD)lxI%

+a(2r+d*tr(Q) + @) lIx 1% + M+ (¢/B+ MT +a).

Using the bound for &, we have —1 4+ ce ™ #T + @&(c/B + MT) < 0, so that we can
choose o small enough to obtain condition (2) of Theorem 7.1. O

Corollary 7.1 Suppose that the mild solution X} (t) of the linear equation (6.22) is
exponentially ultimately bounded in the m.s.s. If, as || x||g — o0,

|F@) | =o(lxlln) and ©(B(x)QB*(x) — BoxQ(Box)*) = o(llxllm),

then the mild solution X*(t) of (6.10) is exponentially ultimately bounded in the
Mm.S.s.

Proof We fix @ < maXs>in(c/p)(1 — ce’ﬁ’/(c/ﬂ + M), and using the assumptions,
we choose a constant K such that for || x|z > K, condition (7.3) holds. But for
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lx||lz < K, by appealing to the growth conditions on F and B,
20\xlla | F|,; + T (B(x) QB*(x) — Box Q(Box)*)
< lIx14 + | F@)|3, + (B QB*(x) — Box Q(Box)*)
< Ixllg 4+ £(1+ 11xl13) + (1 Box I3 ) tr(Q)
< IlxlF +€(1 + Ixli3) + d*xl1 w(Q)
<K*+0(1+K*)+M.

Hence, condition (7.3) holds with the constant M; = K2+ ¢(1 + K%) + M’, and the
result follows from Theorem 7.4. O

Example 7.1 (Dissipative Systems) Consider SSDE (6.10) and, in addition to as-
sumptions (1)—(3) in Sect. 6.2, impose the following dissipativity condition:
(D) (Dissipativity) There exists a constant w > 0 such that for all x,y € H and
n=1,2,...,
2<An(-x - y)a-x - y>H + 2<F()C) - F(y)sx - )’>H + HB(X) - B()’)ng(KQ,H)
<—olx =y, (7.4)
where A,x = AR,x, x € H, are the Yosida approximations of A defined
in (1.22).
Then the mild solution to (6.10) is ultimately exponentially bounded in the m.s.s.

(Exercise 7.1).

Exercise 7.1 (a) Show that condition (D) implies that for any ¢ > 0, there exists a
constant C, > 0 such that foranyx € H andn=1,2, ...,

2Anx, x) 1+ 2F @), x)y + [ BO gy 1y < —(@ = Ol + Ce

with A, the Yosida approximations of A. Use this fact to prove that the strong solu-
tions X (¢) of the approximating SDEs (6.12) are ultimately exponentially bounded
in the m.s.s. Conclude that the mild solution X*(¢) of (6.10) is ultimately exponen-
tially bounded in the m.s.s.

(b) Prove that if zero is a solution of (6.10), then the mild solution X*(¢) of (6.10)
is exponentially stable in the m.s.s.

7.2 Exponential Ultimate Boundedness in Variational Method

We study in this section strong solutions to (6.37) whose coefficients satisfy linear
growth, coercivity, and monotonicity assumptions (6.38)—(6.40).
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Definition 7.2 We extend Definition 7.1 of exponential ultimate boundedness in the
m.s.s. to the strong solution {X* (), t > 0} of (6.37) and say that X*(¢) is exponen-
tially ultimately bounded in the m.s.s. if it satisfies condition (7.1).

Let us begin by noting that the proof of Theorem 7.1 can be carried out in this
case if we assume that the function ¥ satisfies conditions (1)—(5) of Theorem 6.10
and that the operator .% is defined by

LW (u) = (W' (u), Aw)) + (¥ (u) Bu) QB*(u)). (7.5)
Hence, we have the following theorem.

Theorem 7.5 The strong solution {X*(t), t > 0} of (6.37) is exponentially ulti-
mately bounded in the m.s.s. if there exists a function ¥ : H — R satisfying condi-
tions (1)—~(5) of Theorem 6.10 and, in addition, such that

(1) c1 ||x||%1 -k <¥(x) < cz||x||%1 + ky for some positive constants c1, ca, k1, ka
and forall x € H,
2) LY (x) < —c3W¥(x) + k3 for some positive constants c3, k3 and for all x € V.

In the linear case, we have both, sufficiency and necessity, and the Lyapunov
function has an explicit form under the general coercivity condition (C).

Theorem 7.6 A solution {X{(t), t > O} of the linear equation (6.42) whose coeffi-
cients satisfy coercivity condition (6.39) is exponentially ultimately bounded in the
m.s.s. if and only if there exists a function ¥y : H — R satisfying conditions (1)—(5)
of Theorem 6.10 and, in addition, such that

(1) ¢y ||x||%1 —k1 <PY(x) < cz||x||%1 + ky for some positive constants c1, c2, k1, k2
and forall x € H,
2) LW (x) < —c3¥y(x) + k3 for some positive constants c3, k3 and forall x € V.

This function can be written in the explicit form

T pt
2
Py (x) :/ / E|X5(s) | dsdt (7.6)
0 Jo
with T > ag(c|A|/(aB) + 1 /), where o is such that ||v||%1 <aolvll3,veV.

Proof Assume that the solution {X{(¢), t > 0} of the linear equation (6.42) is ex-
ponentially ultimately bounded in the m.s.s., so that

E|X§®)|3 <ce P lxl} +M forall x € H.
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Applying It6’s formula to the function ||x ||%], taking the expectations, and using the
coercivity condition (6.39), we obtain

t
E|x50l5, ~ 1516, = [ E2| X501 ds

t t
A/() E||X(’)‘(s)||i,ds—a/0 E|X§@|5 ds +yt. (1.7)

Hence,

t 1 !
/OEHXS(S)H%,SEQ»/O EHXS(S)Hf,derIIXII%1+VI).

Applying condition (7.1), we have

! 1 (clx
[ E101; = 5 (S50t + ety + (e )

clA| MM +y
< (S + 5 ity + PR
af o o

Therefore, with ¥ defined in (7.6),

T pt
12 clA| LM +
llfo(x):// E||X0(s)||vdsdt§< +—>T|| x|4 + TV 2 (7.8)
0 Jo B 20

Now
2 2 2 2 2
|-Zollvlly | < 2arllvlly + b (Q) vy < vy,

for some positive constant ¢’. Therefore, we conclude that
Lollvlg = —<'Ivlly
From (7.7) we get
2 2 ! 2

E[ X5y = IxI = —c’/o E[ X5y ds.

Using (7.1), we have
! 2
f E|Xg0]yds = (1= e ) Ixly — M
0

Hence,

rro, iy 1 c , MT
wo(x)z;/o lxlz(1—e ﬂ)dt—MTZ§<T—E>||x||H— -

Choose T > ¢/p to obtain condition (1).
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To prove that condition (2) holds, consider

T pt .
Ewo(xg(r))zf()/o E| %07 9|3 ds dt.

By the Markov property of the solution and the uniqueness of the solution,

T pt T pt+r
EW(X3(r) = / / E|X§Gs 4+ dsdi = / / E|X§5)|3 dsdr.
0Jo 0 Jr
We now need the following technical lemma that will be proved later.

Lemma?7.1 If f € LY[0, T, T >0,isa nonnegative real-valued function, then

1+A[ T I+AZ
o[ 8 [y E 0
— 0 —

Assuming momentarily that ¥ satisfies conditions (1)—(5) of Theorem 6.10, we
have

d
LW (x) = (E‘I’O(X()(r)))

r=0

/‘ﬁ”mwwmﬂm

r

= lim

r—0

T [ N
ar—tim = [ E|xi 0[] ds
2 . T1 2
< [T Bl a- i L [ eIl as
for g such that [[v]|%, < aol|v||?. This gives

T MM 4y
——)m&+————

Lo¥o(x) < <C|M T. (7.9)
ap

With T > ag(5% + 1), condition (2) holds.
It remains to prove that ¥ satisfies conditions (1)—(5) of Theorem 6.10. We use
linearity of (6.42) to obtain, for any positive constant k,

XE¥ (1) = kX3 (2).
Then ¥y (kx) = k*¥y(x), and by (7.8), for ||x|lg = 1,

CMI) I?»IM+VT2

Hol) = (a ap 200

Hence, for x € H,

2 x
Yo(x) = llxllz¥o
llxll &

IA

1 clA| MM +y
[(EJFE)T*'T }II x|, (7.10)
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which implies that Yy (x) < c”||x||2H for all x € H. For x, y € H, denote

T pt ) 1 1
r(x,y)=/0/0 E(X5(9), X () dsdt < W5 ()W () <" lIxllllyla-

Then t is a continuous bilinear form on H x H, and there exists C € £ (H), with
ICll 2(ry < c”, such that

T(x,y)=(Cx,V)H. (7.11)

Using the continuity of the embedding V < H, we conclude that 7 (x, y) is a con-
tinuous bilinear form on V x V, and hence,

t(x,y)=(Cx,y)y forx,yeV, (7.12)

with € € Z(V). Now it is easy to verify that ¥y satisfies conditions (1)—(5) of
Theorem 6.10. O

Proof of Lemma 7.1 We are going to use the Fubini theorem to change the order of
integrals,

L’*Al (s) ds B 1 T 1+ At
/ dt = E/o (/0 f(s)ds)dt
1 At K T T
=—|:/ (/ f(s)dt)ds—i—/ < f(s)dt)ds

At [ Jo 0 At \Js—At
T+At T

L o)l
T s—At

I At T T+At
=—|:/ sf(s)ds—i—/ f(s)Atds—i—/ f(s)(T+At—s)ds:|
At [ Jo At T

1 T T+ At
|:At f(s) ds—i—At/ f(s)ds—i—At/ f(s)ds]
A At T

At T

T+At
= f(s)ds + f(s)ds—i—/ f(s)ds.
0 At T
The first and third terms converge to zero as At — 0, so that

T t+At
lim / S f&ds
At

At—0 Jo

T
dt < / f@®)dz.
0
The opposite inequality follows directly from Fatou’s lemma. g

By repeating the proof of Theorem 7.6, we obtain a partial converse of Theo-
rem 7.5.
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Theorem 7.7 Let the strong solution {X*(t), t > 0} of (6.37) be exponentially ul-
timately bounded in the m.s.s. Let

T pt
u/(x)Z// E|X* )|} dsdt (7.13)
0J0

with T > ag(c|A|/(af) + 1/a), where a is such that ||v||%1 <aolvl?3,veV.Sup-
pose that ¥ (x) satisfies conditions (1)—(5) of Theorem 6.10. Then ¥ (x) satisfies
conditions (1) and (2) of Theorem 71.5.

To study exponential ultimate boundedness, i.e., condition (7.1), for the strong
solution of (6.37), we use linear approximation and the function ¥, of the corre-
sponding linear equation (6.42) as the Lyapunov function. We will prove the fol-
lowing result.

Theorem 7.8 Suppose that the coefficients of the linear equation (6.42) satisfy
the coercivity condition (6.39) and its solution {X{j(t), t > 0} is exponentially ul-
timately bounded in the m.s.s. Let {X*(t), t > 0} be the solution of the nonlinear
equation (6.37). Furthermore, we suppose that

A(v)—Apve H forallveV
and that, forveV,
2||vlla ]| Aw) — Aov] , + T (B(W)QB*(v) — BovQ(Bov)*) < dlvlF +k,

where @ and k are constants, and

c

aB[(L+ L) + (L + L+ &)+ BE(L+ Dt o))

w <

=
=

Then X*(t) is exponentially ultimately bounded in the m.s.s.
Proof Let

To pt 2
wo(x)zfo /0 E|X5@)|y dsdt

with Ty = ao(c|A|/(¢f) + 1/a) + ¢/B. Then ¥y(s) satisfies conditions (1)—(5) of
Theorem 6.10, and for all x € H,

cillxlly — ki < Wo(x) < eallx |13 + ko
It remains to prove that, for all x e V,

LWy (x) < —c3%(s) + k3.
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Then we can conclude the result by Theorem 7.5. Now, for x € V,
LY (x) — LoWo(x)

1
= (¥(x), A(x) — Apx) + 3 tr(¥ (x)(B(x) QB*(x) — Box Q(Box)*))

1
= (¥y(x), A(x) — Aox),; + 3 tr(¥y (x) (B(x) QB*(x) — Box Q(Box)*)).

But ¥;j(x) =2Cx and ¥ (x) = 2C for x € V, where C is defined in (7.11). By
inequality (7.10),

1 ¢l MM +y
ICI.2H) < <— + —)To +—
o 200

T?.
o B 0

Hence,
LWy(x) — LoWo(x) < 2(Cx, A(x)— Agx),, +7(C(B(x) 0B*(x) — Box Q(Box)*))
and we have
L) < L) + IC Nz 20 1AG) — Aoxl
+ 7(B(x) QB*(x) — Box Q(Box)*)].
When T = Ty, from (7.9) we have

MM +y
LoWo(x) < ———|lx||3; + ———

¢ T
0,
apf

giving

c MM +y -
LWo(x) < —mnxn% + ——"To + ICllzamn (&lx 113 + k)

MM +y
TTo-i-kllCllz(H)-

c
<(-— +alClew )nxn2 +
( aop () "
Now, —c/(aoB) + @lICll 2y < 0 if @ satisfies our original assumption, and we
arrive at Z¥y(x) < —c3¥y(x) + k3 with ¢3 > 0. Il

Remark 7.1 Note that the function ¥y(x) in Theorem 7.8 is the Lyapunov function
for the nonlinear equation.

Corollary 7.2 Suppose that the coefficients of the linear equation (6.42) satisfy
the coercivity condition (6.39), and its solution {X{(t), t > 0} is exponentially ul-
timately bounded in the m.s.s. Let {X*(t), t > 0} be a solution of the nonlinear
equation (6.37). Furthermore, suppose that

A(w)—Apve H forallveV
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and that, forv eV,
2|vllm]A®) = Agv|| , +7(B)QB*(v) — BouQ(Bov)*) < k(1 +[lvll;) (7.14)
Sfor some k > 0.IfforveV, as ||v|g — oo,

|A@) — Agv]| , = o(llvli#)
and (7.15)

(B(v)QB*(v) — Bov Q(Bov)*) = o(lIvll3).

then X*(t) is exponentially ultimately bounded in the m.s.s.

Proof Under assumption (7.15), for a constant & satisfying the condition of Theo-
rem 7.8, there exists an R > 0 such that, for all v € V with ||v||g > R,

2lvllz | A@) = A, + T(B(@) QB*(v) = BovQ(Bov)*) < dllvllF.
Forv eV and |v||g < R, by (7.14),
2|vlla ||Aw) = Agv]| , 4+ T(B() QB*(v) — BovQ(Bov)*)
<k(1+vl1%) <k(1+R?).
Hence, we have
2vlla | A@w) — Agv|, + T(B@)QB*(v) — BovQ(Bov)*)
<alvl} + k+ DR

An appeal to Theorem 7.8 completes the proof. d

Theorem 7.9 Suppose that the coefficients of the linear equation (6.42) satisfy
the coercivity condition (6.39) and its solution {Xg (t), t = 0} is exponentially ul-
timately stable in the m.s.s. with the function t — E|| X{(t) ||%, being continuous for
all x € V. Let {X*(¢), t > 0} be a solution of the nonlinear equation (6.37). If for
veV,

2|vllv || A) — Agv]

v+ +T(B)QB*(v) — BovQ(Bov)*) < aollvll§ + ko
for some constants @y, ko such that
c

< 9
o+ DB[(+ ) + (3 + B4 5) + B (L4 B o]

o

then X*(t) is exponentially ultimately bounded in the m.s.s.

Proof Let, as before,

To pt 2
wo(x)zfo /0 E|X5@)|y dsdt
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with Ty = ap(c|A|/(@B) + 1 /o) + % Forx eV,
LY (x) — LoWo(x)

1
= (¥(x), A(x) — Aox) + 3 tr(¥g (x)(B(x) QB*(x) — Box Q(Box)*))

with ¥ (x) = 2Cx and ¥'(x) = 2C, where the operators C and C are defined
in (7.11) and (7.12). By inequality (7.10) and the continuity of the embedding
V—H,

1 c|A| MM+ y
C <-4+ —)Tp+ —=
l |I$(H)_<a+aﬂ> 0+ o

IC 2wy < allCll.zw).

2
Ty,

Hence,
Ly (x) — LoWo(x) < 2(Cx, Ax — Agx) g +1r(C(B(x) Q B*(x) — Box Q(Box)*)),
and we have

LW(x) < LWo(x) + 2[Cllzv) Ixllv [ Ax — Agx ||y
+ tr(CB(x)QB*(x) — Bon(Box)*)
< LW (x) + (ICIL.zm) + ICI2w)) 2lxllv I Ax — Aox|lv+
+ r(B(x)QB*(x) - Bon(Box)*)).
Since s — E||X{(s) ||%, is a continuous function, we obtain from earlier relations for
Loy (x) that

c MM +
Loy (x) < —Euxn% + 25T g

Hence,

|A M

C ~ ~
LWy(x) < —Euxu% + = —=To+ (IC Iz + 1€ 12y (@ollx I3 + ko)

c . . 2
< —E—i—a)o(IICIIz(H)-F||C||$(V)) 1y

- MM+ y
+ko<IIC||$<H)+|ICII$(v)+7T0 :

Since, with the condition on wy, —c/B + @o(|Cll £ (H) + ||é||_g)(v)) < 0, we see
that conditions analogous to those of Theorem 7.1 are satisfied by ¥, giving the
result. d



246 7 Ultimate Boundedness and Invariant Measure

Corollary 7.3 Suppose that the coefficients of the linear equation (6.42) satisfy the
coercivity condition (6.39) and its solution { Xy (t), t > 0} is exponentially ultimately
bounded in the m.s.s. with the function t — E|| X (t)||%, being continuous for all
x € V. Let {X*(t), t = 0} be a solution of the nonlinear equation (6.37). If for
veV,as |v|y — oo,

|A@) = Aov| . = o(Ilvllv)

and (7.16)
T(B()QB*(v) — BovQ(Bov)*) = o(|Ivll),

then X*(t) is exponentially ultimately bounded in the m.s.s.

Proof We shall use Theorem 7.9. Under assumption (7.16), for a constant @ satis-
fying the condition of Theorem 7.9, there exists an R > 0 such that, forall v e V
with ||v||ly > R,

2|llv || A) — Agv|

v+ + T(BW)QB*(v) — Bov Q(Bov)*) < o]l -

Using that |A(v)|lv+, [Ao(v)llv+ < aillvlly and |B) ||l .2« 1), | Bovll.z k. o) <
bi||v]lv, we have, for v € V such that ||v||g < R,

2l[vllv | Aw) — Aov]| . + 7 (B(v) QB*(v) — BovQ(Bov)*)
<darlvl} + (| Bk + 1 Bovl ik my) Q)
< (day + 262 w(Q)) IlvlI¥
< (4a; + 207 tr(Q)) R*.
Hence, forv e V,

2|y |A@) — Agv|

v+ +7(B()QB*(v) — BovQ(Bov)*)
<aolvlly + (dar +2b7 r(Q)) R%.

An appeal to Theorem 7.9 completes the proof. 0

7.3 Abstract Cauchy Problem, Stability and Exponential
Ultimate Boundedness

We present an analogue of a result of Zakai and Miyahara for the infinite-
dimensional case.

Definition 7.3 A linear operator A : V — V* is called coercive if it satisfies the
following coercivity condition: for some o >0, y, A € R,and allv e V,

2(v, Av) < Allvllg — alvlly + . (7.17)
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Proposition 7.1 Consider a stochastic evolution equation,
dX () =ApX(t)dt+ F(X(t))dt + B(X(t))dW;, (7.18)
X0)=xeH, ’

with the coefficients Ao and F satisfying the following conditions:

(1) Ag:V — V*is coercive.

2) F:V— H,B:V — Z(K, H), and there exists a constant K > 0 such that
forallveV,

[F) 5+ 1By = K1+ T015)-
(3) There exists a constant L > 0 such that for all v,v' € V,

|F () — F") ||§1 +tr((B(v) — BW))Q(B*(v) — B*(v))) < Llv—v'|1%.

(4) ForveV,as |vllg — oo,

[F@ = o(Ivln). B pix ) =o(Ivln).

If the classical solution {u*(t),t > 0} of the abstract Cauchy problem

du(t) — Agu(t)
ar oot (7.19)
ul)=xecH,

is exponentially stable (or even exponentially ultimately bounded), then the solution
of (7.18) is exponentially ultimately bounded in the m.s.s.

Proof Let A(v) = Agv + F(v) forv e V. Since F(v) € H,
2(v, A(v)) + tr(B(v) 0 B*(v))
=2(v, Agv) + 2(v, F(v)) + tr(B(v) 0 B*(v))

<l —alvl} +20vla | FO) |, + [ B0k 1(Q)

2 2
<Vl —alvly +v

for some constants A" and y. Hence, the evolution equation (7.18) satisfies the coer-
civity condition (6.39). Under assumption (2)

| F) |3+ e(Bw)QB* ) < | F) |3, + ()| B % 4 )

< (1+t(Q)K(1+ vllF),
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so that condition (7.14) holds, and since

[F)|, =o(lvlg) and T(B@)QB*®))=o(lvlly) as lvlx— oo,

Corollary 7.2 gives the result. g

Example 7.2 (Stochastic Heat Equation) Let S! be the unit circle realized as the
interval [—m, ] with identified points —m and 7. Denote by wh2(s 1) the Sobolev
space on S!and by W(t, &) the Brownian sheet on [0, co) x S! see Exercise 7.2. Let
k > 0 be a constant, and f and b be real-valued functions. Consider the following
SPDE:

X 3’X W
af) ) = 8;) &) — K f (X (D) + X (1)) St

dtdE’ (7.20)
X(0)(-) =x() € LA(Sh).

Let H = L2(S') and V = W!2(S1). Consider

d2
Ag(x) = (@ — K)X
and mappings F, B defined for £ € S! and x, y € V by
F)) = f(x®), (BOy)E) ={b(x()), yO) 21
Let

1/2
x|l = </ x%&)ds) for x € H,
N

2 12
Ixlly = (/ (xz(é) + (%) )ds) forx e V.
s dé

Then we obtain the equation
dX(t) = AoX () dt + F(X (1)) dt + B(X (1)) dW,,
where W, is a cylindrical Wiener process defined in Exercise 7.2. We have
2(x, Ao(®)) = =2lIxII} + (~2¢ + D)lIx I
< =20lx I3 + (=2 + DlixllFy = —2«lx I

By Theorem 6.3(a), with A(x) = ||x||2 , the solution of (7.19) is exponentially sta-
ble. If we assume that f and b are Lipschitz continuous and bounded, then con-
ditions (1)—(3) of Proposition 7.1 are satisfied. Using representation (2.35) of the
stochastic integral with respect to a cylindrical Wiener process, we can conclude
that the solution of the stochastic heat equation (7.20) is exponentially ultimately
bounded in the m.s.s.
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Exercise 7.2 Let S! be the unit circle realized as the interval [—7, 77 ] with identified
points —7 and 7. Denote by { f;(§)} an ONB in L2(S") and consider

i ¢
W)=Y wj(t)/ fi®ds, 1=0,—m<¢=<m, (7.21)
j=1 -

where w; are independent Brownian motions defined on {2, #,{%#};>0}, P}.
Show that the series (7.21) converges P-a.s. and that

Cov(W(t1, s W (12, 82)) = (11 AR (L1 A L2).
Conclude that the Gaussian random field W (-, -) has a continuous version. This
continuous version is called the Brownian sheet on S'.

Now, let @(z) be an adapted process with values in L2(SY) (identified with
Z(L*(SY), R)) and satisfying

*© 2
E/O [ 00|51, df < .

Consider a standard cylindrical Brownian motion W; in L2(S") defined by

Wik) =Y " wj)tk. £)r2es1)-

j=1

Show that the cylindrical stochastic integral process
t ~
/ D(s)dW, (7.22)
0

is well defined in L2(Q, R).
On the other hand, for an elementary processes of the form

D(t,8) = 110,1() I —r1(5), (7.23)

define
oo
@ - W:/ / b (s, &)W (ds, dE). (7.24)
0 Js!
Clearly @ - W = W (t, ¢). Extend the integral @ - W to general processes. Since

oo ~
@ W:/ @ (s)dW,
0

for elementary processes (7.23), conclude that the integrals are equal for general
processes as well.
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Example 7.3 Consider the following SPDE driven by a real-valued Brownian mo-
tion:

9%u(t, x) _Hgau(t,x)

diu(t,x) = <a2 +yu(t,x)+g(x)> dt

ax2 ox
du(t,
+(61 ”; x)+azu<t,x)>dwf, (7.25)
X

u(0,x) = g(x) € L?((—00, 00)) N L' ((—00, +00)),

where we use the symbol d; to signify that the differential is with respect to ¢. Let
H = L?*((—00,00)) and V = Wol‘z((—oo, 00)) with the usual norms

o0 12
||v||H=</ vzdx) , veH,
—00
+oo dv 2 1/2
2
= — d , eV.
= (f (7 () Jar)

Define the operators A: V — V*and B: V — Z(H) by

2

L d%v dv
A(v):a —i—,B +yv+g, vev,

d2

dv
B(v)—ald +oov, vev.
Suppose that g € L?((—o0, 00)) N L' ((—o0, 00)). Then, using integration by parts,
we obtain forv e V,

2(v, A(v)) + tr(Bv(Bv)*)

2

dv
o1— +opv

d2
_2<v o ——i—ﬁ —+yv+g>+
dx

dx2

H
= (=22 + o) I0I} + 2y + 05 +20° — o) [vlF; +2(v. 8)
1
< (=2% + o) Ivlly + (27 + 03 + 20> —of +¢) vl + gllgllfq
for any ¢ > 0. Similarly, foru,v e V,
2u—v, A(u) — A@)) + tr(B(u — v)(Bu — v))”)
< (=22% + o) lu —vll} + (27 +0f + 20> — of)llu — vl%.

If —2a2 + 012 < 0, then the coercivity and weak monotonicity conditions, (6.39)
and (6.40), hold, and we know from Theorem 4.7 that there exists a unique strong
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solution u? () to (7.25) in L2(.Q, c(0,T], H)) ﬂM2([O, T1], V). Taking the Fourier
transform yields

dit? (t, 1) = (—a®A20% (1, 0) + inBa% (1, 1) + ya® (1, 2) + §(1)) dt
+ (io1 M (1, 1) + 020% (£, 1)) dW;
= ((—o?A* +irB +y)a?(t, 1) + (1)) dt
+ (io1h 4+ 02) i (t, 1) dW;.
For fixed A,
a=—a’ )’ +irf+y,

b=gM),

c=1Ii01A+ 03.

By simple calculation (see Exercise 7.3),

bb + b@ () a+¢0) (yiaice
Elﬁ“’(t,x)|2=E|¢(A)I2+2Re( + b )(a+a+cc)e<“+“+“))

(a+a+cc)@+co)

— 2Re(we”’> + 2Re<$). (7.26)
a(a + cc) ala+a+ cc)

By Plancherel’s theorem,

2 teo 2
EHu‘P(t)”Hzf Ela* . 0| db

and

d 2
E|u?®)|} = E|u?®)|7, + EHd—u‘P(t, x)
X H

a2, )2 dx.

:/;00(1+A2)E

For a suitable T > 0,
T pt )
¥ (p) =/0 /O E|u?(s)|} dsdt

+00 T pt 5
=/ (1+)\2)// E|i(s, )| dsdtd.
—00 0J0
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Thus it is difficult to compute a Lyapunov function explicitly. In view of Remark 7.1,
it is enough to compute a Lyapunov function of the linear SPDE

5 3%u(t, x) du(t, x)

2 + B o +yu(t,x)> du

ou(t,
+ (01 u; *) —l—azu(t,x))dW,.
X

diu(t,x) = <Ol

Define the operators Ag: V — V*and By : V — Z(H) by

Aoy =20 1 80 eV
V) =o' — — v, v ,
0 dx2 dx v

Bo(v) =B(v), veV

(since B is already linear). Taking the Fourier transform and solving explicitly, we
obtain that the solution is the geometric Brownian motion

(1, 2) = pem T
E|ﬁ§(z, k)‘z — |@()\)|2e(a+ﬁ+cE)t'
The function t — E||ug(t) ||%, is continuous for all p € V,

|A@) — Ao(v)|

v =llgllv==o(llvllv) as [[vlly — oo,

and
7(B(v) QB*(v) — (Bov) Q(Bov)*)) =0.

Thus, if {ug(z),t > 0} is exponentially ultimately bounded in the m.s.s., then the
Lyapunov function ¥(¢) of the linear system is the Lyapunov function of the non-
linear system, and

+00 T pt 5
u/o(w)=/ (1+A2)(/f E|iig(s, M| dsdt)dk
—00 0J0

+o0 (=202 4+ 0D)A2 4+ 2y + 02T}
= 1+22)[p(n Z(eXp ! 2 >
/—oo {( 2o (=202 +0})A2 +2y + 03)?

T 1 }dk
(=202 +0D)A2+2y +0F (=202 +0H)A2+2y + 0}

Using Theorem 7.8, we can conclude that the solution of the nonlinear system is
exponentially ultimately bounded in the m.s.s.

Exercise 7.3 Complete the computations in (7.26).
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Example 7.4 Consider an equation of the form

dX, = AX(t)dt + F(X(t))dt + B(X(t))dW,,
X(0)=xeH,

where F and B satisfy the conditions of Proposition 7.1. This example is moti-
vated by the work of Funaki. If —A is coercive, a typical case being A = A, we
conclude that the solution of the deterministic linear equation is exponentially sta-
ble since the Laplacian has negative eigenvalues. Thus, the solution of the deter-
ministic equation is exponentially bounded, and hence, by Proposition 7.1, the so-
lution of the nonlinear equation above is exponentially ultimately bounded in the
m.s.s.

Example 7.5 Let & C R" be a bounded open domain with smooth boundary.
Assume that H = L*(0) and V = Wol’z(ﬁ), the Sobolev space. Suppose that
{Wy(t,x);t > 0,x € 0} is an H-valued Wiener process with associated covari-
ance operator Q, given by a continuous symmetric nonnegative definite kernel
q(x.y) € L*(0 x 0), q(x.x) € L*(0),

(0f)(x) = /ﬁq(x,y)f(y)dy-

By Mercer’s theorem [41], there exists an orthonormal basis {e; }‘;‘;1 C LZ(ﬁ ) con-
sisting of eigenfunctions of Q such that

q(x, )= kjej(x)e;(y)

j=1

with tr(Q) = [, q(x, x)dx = Zc;ozl Lj < oo0.

Let —A be a linear strongly elliptic differential operator of second order on 7,
and B(u) : L>(0) — L?*(0) with Bu) f(-) = u(-) f(-). By Garding’s inequality,
—A is coercive (see [63], Theorem 7.2.2). Then the infinite-dimensional problem is
as follows:

diu(t,x) = Au(t,x)dt +u(t,x)d, W, (t, x),

and we choose A(v) = ||v||%1 for v € W& ’z(ﬁ). We shall check conditions under
which A is a Lyapunov function. With . defined in (6.15), using the spectral rep-
resentation of ¢ (x, y), we have

Z(Ivll%) = 2(v, Av) + tr(B(v) 0 B* (v))

=2(v, Av) + / q(x, x)v2(x)dx.
12
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Let

LAz
Ao = SHP{W’ vE WOI’Z(ﬁ), ||U||%{ #0
H

{2(1), Av) +(Qv,v)g
=su

i Lve Wy R(O), vl 7&0}.

If Ao < 0, then, by Theorem 6.4, the solution is exponentially stable in the m.s.s.
Consider the nonlinear equation in &,

{d,u(t,x) = A(x, u(t, x))dt + B(u(t, x))d, Wy (t, x), (1.27)

u0,x) =¢), u x)ye=0.
Assume that
A(x,v) =Av+ai(x,v), B(x,v)=B®W)+ar(x,v),
where o; (x, v) satisfy the Lipschitz-type condition

sup [o; (x, v1) — 0 (x, v2)| < cllvi — vl
xeo

so that the nonlinear equation (7.27) has a unique strong solution. Under the as-
sumption

a;(x,0)=0,

zero is a solution of (7.27), and if

sup |o; (x, v)| =o(llvllz). vz — 0,
xeo

then, by Theorem 6.14, the strong solution of the nonlinear equation (7.27) is expo-
nentially stable in the m.s.s.

On the other hand, let us consider the operator A as above and F and B satisfying
the conditions of Proposition 7.1. Then, under the condition

{2(1}, Av)

L e Wy(0), vl #0¢ <0,
vl

the solution of the abstract Cauchy problem (7.19), with Ag replaced by A, is expo-
nentially stable, and we conclude that the solution of the equation

dX ()= AXt)dt + F(X(t))dt + B(X(t))dW,,
X(O0)=xeH,

is ultimately exponentially bounded in the m.s.s.
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Consider now the SSDE (3.1) and assume that A is the infinitesimal generator of
a pseudo-contraction Cop-semigroup {S(#), t > 0} on H (see Chap. 3) with the co-
efficients F: H — H and B: H —> 2 (K, H), independent of ¢ and w. We assume
that F and B are in general nonlinear mappings satisfying the linear growth con-
dition (A3) and the Lipschitz condition (A4) (see Sect. 3.3). In addition, the initial
condition is assumed deterministic, so that (3.1) takes the form

dX(@t)=AX@)+ F(X(@)))dt+ B(X(@))dW;,

(7.28)
X(0)=xeH.

By Theorem 3.5, there exists a unique continuous mild solution.
Using Corollary 7.1, we now have the following analogue of Proposition 7.1.

Proposition 7.2 Suppose that the classical solution {u*(t), t > 0} of the abstract
Cauchy problem (7.19) is exponentially stable (or even exponentially ultimately
bounded) and, as ||h||g — oo,

|F|, = o(lkln),
B 4k 1y = ol 1),

then the mild solution of (7.28) is exponentially ultimately bounded in the m.s.s.

7.4 Ultimate Boundedness and Invariant Measure

We are interested in the behavior of the law of a solution to an SDE as t —
oo. Let us begin with a filtered probability space (£2,.%,{.%:};>0, P) and an
H-valued time-homogeneous Markov process X%(p), X5(0) = &y, where & is
Fo-measurable random variable with distribution 450, Assume that its associated
semigroup P, is Feller. We can define for A € #(H), the Markov transition proba-
bilities

P(t,x,A)=P1s4(x), xeH.

Since a regular conditional distribution of X €0 (r) exists (Theorem 3, Vol. I, Sect. 1.3
in [25]), we have that

P(t,x,A) = P(X®(t) € Al& = x) =/ P(X% € Algy =x) u®(dx), xeH.
H
Then, for a bounded measurable function f on H (f € By(H)),

(P f)x) = /H FOP(, x,dy). (7.29)
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The Markov property (3.52) takes the form

E(f (X% +s))|9xt§°) = (P ) (X}?) = /H FOP(s, X5(1), dy),

so that the transition probability P(z,x, A) is a transition function for a time-
homogeneous Markov process X%0(t).

We observe that the following Chapman—Kolmogorov equation holds for Markov
transition probabilities

Pt +5,x, A) =f P(t,y, A)P(s, x, dy), (730)
H

which follows from the semigroup property of Py, (3.58) applied to p(x) = 14(x)
and from the fact that P(z, x, dy) is the conditional law of X %o ().

Exercise 7.4 Show (7.30).

Let us now define an invariant probability measure and state a general theorem
on its existence.

Definition 7.4 We say that a probability measure © on H is invariant for a time-
homogeneous Markov process X* (¢) with the related Feller semigroup { P, t > 0}
defined by (7.29) if for all A € B(H),

n(A) = /H P(t,x, Ap(dx),
or equivalently, since H is a Polish space, if for all f € C,(H),
[ @nan=[ rorau.
H H
Let  be a probability measure on H and define
1 [
Mn(A)=—/ / P(t,x, A)dt p(dx) (7.31)

tnJo Ju

for a sequence {t,}7°, C Ry, t, — oo. In particular, for a real-valued bounded
Borel-measurable function f(x) on H, we have

1 [
/f(X)Mn(dX)Z—/ // SOP(t, x,dy)u(dx)dt. (7.32)
H thJo JHJH

Theorem 7.10 If v is weak limit of a subsequence of {i,}, then v is an invariant
measure.
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Proof We can assume without loss of generality that ;, = v. Observe that, by the
Fubini theorem and the Chapman—Kolmogorov equation,

[ e = tim [ (e )

lim — / / / (P ) () P(s. x, dy) u(dx) ds

n—oo t,

lim — / f (Pras ) () () ds

n—>oot

lim [—{ f / (P, f)(x) ju(dx) ds
n—o00 tn 0JH

th+t t
+f (Psf)(X)M(dX)ds—f/ (Psf)(X)M(dX)dS”.
t H 0JH

n

Since || Py f(x0) |z < |l f(xo0ll &, the last two integrals are bounded by a constant,
and hence, using (7.32),

1 [
| pevan = tim = 7] oo wan ds
= lim —/ // fFOP(s,x,dy) u(dx)ds

= lim f(x)un(dX) /Hf(x)v(dx). 0

il—)

Corollary 7.4 Ifthe sequence {1, } is relatively compact, then an invariant measure
exists.

Exercise 7.5 Show that if, as r — oo, the laws of X*(¢) converge weakly to a
probability measure u, then p is an invariant measure for the corresponding semi-
group P;.

We shall now consider applications of the general results on invariant measures

to SPDEs. In case where {X%0(r), ¢ > 0} is a solution of an SDE with a random
initial condition &y, taking in (7.31) u = %0, the distribution of &y, gives

P(X%(1) e A) = / P(t,x, A) 5 (dx). (7.33)
H
Thus, properties of the solution can be used to obtain tightness of the measures (.
Exercise 7.6 Prove (7.33).

Before we apply the result on ultimate boundedness to obtain the existence of an
invariant measure, let us consider some examples.
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Example 7.6 (Navier-Stokes Equation [76]) Let 2 C RR? be a bounded domain with
smooth boundary 9 %. Consider the equation

2 2 2
ov; (t, x) ov; (t, x) 10P(t,x) 0°v; (¢, x) ..
s o A el S R s Wi(x),
“FJZ;UJ 8x]~ o ox; “I‘VjZ:l ax% + o; z(x)

Vi (7.34)
0, x€e9,v>0,

(o5}
~

TR

j=l1
i

o8
~.

X j

1,2.

Let C° = {v € C3°(Z) x C°(Z); Vv =0}, with V denoting the gradient. Let
H=CZ in LX) x LX(2), and V = {v: Wy>(2) x Wy*(2), Vv = 0}. Then
V € H C V*is a Gelfand triplet, and the embedding V < H is compact.

It is known [76] that

LX) x LX(9)=H ® H',

where H-L is characterized by Ht={v:v= V(p) for some p € wh 2(9)}
Denote by IT the orthogonal projection of L?>(2) x L*(2) onto H*, and for
vE Cgo, define

A(w) =vIlIAv — H[(v . V)v].

Then A can be extended as a continuous operator form V to V*.
Equation (7.34) can be recast as an evolution equation in the form

dX(t) = A(X(t))dt + o dW,,
X(0)=§,

where W; is an H-valued Q-Wiener process, and & € V a.e. is an .%p-measurable
H-valued random variable. It is known (see [76]) that the above equation has a
unique strong solution {ug(t), t>0}in C([0,T], H)N L2([O, T1,V), whichis a
homogeneous Markov and Feller process, satisfying for 7' < oo,

E|ué (|3, +

aub (1) | T
”x(” dr < Elg1} + 5 Q).

Using the fact that [|uf () ||y is equivalent to (Zl e 3”@) ||H)]/2, we have

supi/TE(||uf(z)||2)dr<itr(Q)
T T 0 v — 2v

with some constant c. By the Chebychev inequality,

hm sup—/ ”uE(I)HV > R)
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Hence, for ¢ > 0, there exists an R, such that

1 T
sgp?/o P(||ué(t)||v > R;)dt <e.

Thus, as t,, — o0,

1 In ~
sup—/f P(t,x,BRS)dtug(dx) <e,
wJo

n tn

where B R, 1s the image of the set {v € V; |[v||ly > R} under the compact embed-
ding V < H, and uf is the distribution of & on H. Since ERE is a complement of a
compact set, we can use Prokhorov’s theorem and Corollary 7.4 to conclude that an
invariant measure exists. Note that its support is in V, by the weak convergence.

Example 7.7 (Linear equations with additive noise [79]) Consider the mild solution
of the equation

dX()=AX()dt +dW;,
X0)=x€H,

where A is an infinitesimal generator of a strongly continuous semigroup {S(¢),
t >0} on H. Denote

t
o :/0 S(r)QS*(r)dr,

and assume that tr(Q;) < co. We know from Theorems 3.1 and 3.2 that
t
X)) =St)x+ / St —s)dWs (7.35)
0

is the mild solution of the above equation. The stochastic convolution fot S —
s)dWs is an H-valued Gaussian process with covariance

t
o =/0 Sw) QS (u)du

for any 7. The Gaussian process X (¢) is also Markov and Feller, and it is called an
Ornstein—Uhlenbeck process. The probability measure p on H is invariant if for
f€Cp(H) and any ¢t > 0,

[ seouan = [ E(r(x @) uan
H H

t
=/ Ef(S(t)x+f S(t—s)dWs> 1(dx).
H 0
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For f(x) =e!*H )\ e H, we obtain
AG) = (S (0)r)e 2k,
where [i denotes the characteristic function of w. It follows that
|G| < o720 R M

or
(O, Mg < 21n|u(,\)\_21n<| (/\)|>

Since ft(A) is the characteristic function of a measure p on H, then by Sazonov’s
theorem [74], for ¢ > 0, there exists a trace-class operator So on H such that
[iL(A)| > 1/2 whenever (SoA, A) g < 1. Thus, we conclude that

(QiA, Ay <2In2
if (SoA, A)g < 1. This yields
0<0:=<(2In2)S.

Hence, sup;, tr(Q;) < co. -
On the other hand, if sup, tr(Q;) < 0o, let us denote by P the limit in trace norm
of Q; and observe that

o]

S(z)FS*(z):/OO S(t+r)QS*(t~|—r)dr=/ Sw)QSu)du=P — Q.
0

t

Thus,
1, = 1— 1
FSOPS Or,2)y = 5(Prd)y = 5(Qih M

implying
(Pry — o= 5 (PS* LS ON 1 o= 3(Qrhh

NI'—‘

e

In conclusion, u with the characteristic functional e™ 5(Pai)u is an invariant mea-

sure. We observe that the invariant measure exists for the Markov process X (¢)
defined in (7.35) if and only if sup, tr(Q;) < oo. Also, if S(#) is an exponentially
stable semigroup (i.e., || S(?) || ¢y < Me™ for some positive constants M and j)
or if S;x — O for all x € H as t — o0, then the Gaussian measure with covariance
P is the invariant (Maxwell) probability measure.

Let {X(¢), t > 0} be exponentially ultimately bounded in the m.s.s., then, clearly,

limsup E[| X ()5 <M < oo forallx € H. (7.36)
—>0o0

Definition 7.5 A stochastic process X (¢) satisfying condition (7.36) is called ulti-
mately bounded in the m.s.s.
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7.4.1 Variational Equations

We focus our attention now on the variational equation with a deterministic initial
condition,

dX (1) = AX(t))dt + B(X(1))dW;,

(7.37)
X(0)=x e H,

which is driven by a Q-Wiener process W;. The coefficients A: V — V* and B :
V — Z(K, H) are independent of ¢t and w, and they satisfy the linear growth,
coercivity (C), and weak monotonicity (WM) conditions (6.38), (6.39), (6.40). By
Theorem 4.8 and Remark 4.2 the solution is a homogeneous Markov process, and
the associated semigroup is Feller.

We note that in Theorem 7.5, we give conditions for exponential ultimate bound-
edness in the m.s.s. in terms of the Lyapunov function. Assume that ¥ : H — R
satisfies the conditions of Theorem 6.10 (Itd’s formula) and define

LY ) =¥ W), Aw) + (1/2) (" () Bu) QB* (w)). (7.38)

Let {X*(¢),t > 0} be the solution of (7.37). We apply Itd’s formula to ¥ (X*(¢)),
take the expectation, and use condition (2) of Theorem 7.5 to obtain

t
EW(X*(1) — E¥(X* () = E/ LW (X (s))ds
I/

t
< f (—c3EW (X' (5)) + k3) ds.
t/
Let @(t) = EW(X*(t)), then @ (¢) is continuous, so that
D' (1) < —c3P (1) + k3.

Hence,

k k
EU(xY) <=+ (lI/(x) - —3)e03f.
Cc3 Cc3

Assuming that ¥ (x) > ¢ ||x||%{ — k1, we obtain
2 k3 s k3 _
AE|X ()| —k < o + (czllxllH - g)e et
Thus we have proved the following:

Proposition 7.3 Let ¥ : H — R satisfy conditions (1)—(5) of Theorem 6.10 and
assume that condition (2) of Theorem 7.5 holds and that c; ||x||%{ — k1 <Y (x) for
x € H and some constants ¢ > 0 and k; € R. Then

limsupE”Xx(t)”Z < i(kl + E)
t—0o0 Cl Cc3

In particular, { X*(t), t > 0} is ultimately bounded.
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Let us now state the theorem connecting the ultimate boundedness with the exis-
tence of invariant measure.

Theorem 7.11 Let {X*(¢t), t > 0} be a solution of (7.37). Assume that the embed-
ding V. — H is compact. If X*(t) is ultimately bounded in the m.s.s., then there

exists an invariant measure u for {X*(t),t > 0}.

Proof Applying 1t6’s formula to the function ||x ||%1 and using the coercivity condi-
tion, we have

t
Ewnwiﬂm@=AE$MW%2w

t t
<A/0 E|}XX(s)Hi,ds—a/O E||XX(s)||2V+yz

with .Z defined in (7.38). Hence,

t 1 t
/()E||Xx(s)||2vds5;<x/0 E||X"(s)||§,ds+IIXII%Jth)-

Therefore,
T EllX*
_/ (Ix*0], > R)d __/ n mnd
1
<aRzT('M/ E“XX(I)HZWJF||X||31+VT>-

Now, by (7.36), E|IX* ()|, < M for t > Ty and some Ty > 0. But
sup E”X"(t)H <M
t<Ty

by Theorem 4.7, so that

hm sup—/ HXX(I)HV > R)

< lim sup%%(/ E|X*@)| dt+/ E||Xx(t)||Hdt>
0

R—oo 7 «
Al (T T — T
< lim sup|—|2 v Om
R-oo 7 aR-\T T
< lim ﬂ(M/+M), 0<To<T
~ R—oo aR?

Hence, given ¢ > 0, there exists an R, such that

1 T
— P(| X" R;)d .
w [P0l > R)dr <
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By the assumption that the embedding V < H is compact, the set {v € V :
lvlly < R} is compact in H, and the result is proven. O

Remark 7.2 Note that a weaker condition on the second moment of X*(¢), i.e.,
1 T . 2
sup — E||X (t)||Hdt<M for some Ty > 0,
-1 T Jo

is sufficient to carry out the proof of Theorem 7.11.

In Examples 7.2-7.6, we consider equations whose coefficients satisfy the condi-
tions imposed on the coefficients of (7.37) and the embedding V < H is compact,
so that an invariant measure exists if the solution is ultimately bounded in the m.s.s.

Theorem 7.12 Suppose that V. — H is compact and the solution of {X*(t), t > 0}
of (71.37) is ultimately bounded in the m.s.s. Then any invariant measure |4 satisfies

/ 113 e(dx) < oo,
\%

Proof Let f(x) = ||x||3, and £, (x) = Ljo.n(f (x)). Now f,(x) € L' (V, ). We use
the ergodic theorem for a Markov process with an invariant measure (see [78],
p- 388). This gives

T
lim /0 (Pf)(0dt = fF() peae.

and E, f;f = E, fn, where E,, f, = [, fu(x) u(dx).
By the assumption of ultimate boundedness, we have, as in the proof of Theo-
rem 7.11,

. 1T x CIlAl
hmsup—/ EHX (t)” dt<——, C<o0
T—o00 T 0 o

Hence,
1 T
rie = fim 2 [ e

1 T
< limsup ?[0 (P,f(x)) dt

T—o0
1 (T Clr
=limsup—/ E||XX(;)||2d;<L
T—o00 T 0 o
But f,(x) 1 f(x), so that

C|A|
Mf—hmEan—hmEMf <T n
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Remark 7.3 (a) For parabolic Itd equations, one can easily derive the result using
¥ (x) = ||x||3, and Theorem 7.11.

(b) Note that if u, = p and the support of u, is in V with the embedding
V < H being compact, then by the weak convergence the support of w is in V
by the same argument as in Example 7.6.

Let us now consider the problem of uniqueness of the invariant measure.

Theorem 7.13 Suppose that for €, 8, and R > 0, there exists a constant Ty(¢g, 8, R)
> 0 such that for T > Ty,

1 T

_/'pwxwg_wnwvzam<g

T Jo
forall x,y € Vg ={v e V :||vly < R} with the embedding V — H being com-
pact. If there exists an invariant measure [ for a solution of (7.37), {X*(¢),t > 0},

X (0) = xq, with support in V, then it is unique.

Proof Suppose that u, v are invariant measures with support in V. We need to show
that

/f(x)u(dx):/ f(x)v(dx)
H H

for f uniformly continuous bounded on H, since such functions form a determining
class.
For G € #A(H), define

X _ 1 T X
MT(G)—F P(X*(1)eG)dt, xeH, T>0.
0

Then, using invariance of © and v, we have

‘/ f(X)M(dX)—/ f(x)v(dx)
H H

=‘L/Hf(x)[u'}'(dx)u(dy)—MZT(dx)V(dz)]

S/
HxH

F(y,z2)= ‘/H f(x)@(dx)—/Hf(x)MT(dx)

Then, using the fact that , v have the supports in V, we have

/;[f(x)u?(dX)—/Hf(x)uzT(dx) n(dy)v(dz).

Let

'/fumwm—/fuwwm
H H

5/ |F(y.2)| w(dy)v(dz).
VxV
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Let Vg =V \ V¢ and choose R > 0 such that
n(Vg)+v(Vg) <e.

Then,

‘ / f(x) u(dx) - / f)v(dx)| < f |F(y,2)| m(dy)v(dz) + (4e +2¢*) M,
H H VR X VR

where M = sup, .y | f(x)]. But for § > 0,

/ |F(y,2)|n(dy)v(dz)
Vrx Vg

1 T
< / {;/ E|f(x* @) - f(XZ(t))Iu(dy)V(dz)}
Vrx Vg 0

T

1
<2M sup P(|X*®) = X0, >8)+ sup |[f()— Q)]
et 20 S s

<2Me+¢

for T > Ty, since f is uniformly continuous.
Using the last inequality and the bound for |y, f(x) u(dx) — [, f(x)v(dx)l,
we obtain the result. O

Let us now give a condition on the coefficients of the SDE (7.37) which guaran-
tees the uniqueness of the invariant measure. We have proved in Theorem 7.11 (see
Remark 7.3), that the condition

T
sup{l/ E||Xx(t)||i1dt}§M for some Ty > 0
-1, L T Jo

implies that there exists an invariant measure to the strong solution {X*(¢), t > 0},
whose supportisin V.

Theorem 7.14 Suppose that V. — H is compact, the coefficients of (7.37) satisfy
the coercivity condition (6.39), and that for u,v € V,

2
2u = v, A@w) = AW+ [ Ba) = B[, .y = —€llu = vIIT,
where the norm || - || ¢,k ». 1) is the Hilbert—Schmidt norm defined in (2.7). Assume
that the solution {X*(t),t > 0} of (7.37) is ultimately bounded in the m.s.s. Then

there exists a unique invariant measure.

Proof By It6’s formula, we have, for ¢ > 0,

t t
E| Xx(t)||§{ =||x[%, +2E/O (X*(s), A(X’C(s)))alerE/0 |B(X*(s)) ||;2(KQ’H) ds.
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Using the coercivity condition (C), (6.39), we have

t t
E[x 0|3 +wEf0 |X* @)y ds < (Ix13 + y1) +AEfO [ x5 ds.

It follows, similarly as in the proof of Theorem 7.11, that

+lxl%/To  Ix T
—|y| il /o + A sup / E||Xx(s)||ilds.
(o4 d T7>7,J0

17 o2
swp 7 [ Bl dr s

By the Chebychev inequality, we know that

I 2
_f (Il =8 = o7 [ el ol ).
Hence, using the arguments in Example 7.6, an invariant measure exists and is sup-

ported on V. To prove the uniqueness, let X*!(¢), X*2(z) be two solutions with
initial values x1, xo. We apply Itd’s formula to X (r) = X*! () — X*2(¢) and obtain

t
EHX(t)”iI < lx1 —x2l% +2E/0 (X(s) — A(XM1(5)) — A(X?2(s)))ds

t
+E [ 1B(010) = BOOO) P 4

Using the assumption, we have

t
E| X3, < 1 — 2203, —c/o E|x (0]} ds.
which implies that

! 1
/0 E[X@]} = <l =l

It now suffices to refer to the Chebychev inequality and Theorem 7.13 to complete
the proof. g

7.4.2 Semilinear Equations Driven by a Q-Wiener Process

Let us consider now the existence of an invariant measure for a mild solution of a
semilinear SDE with deterministic initial condition

dX(1) = (AX(t) + F(X(1)))dt + B(X (1)) dW;,

(7.39)
X(0)=xeH,
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where A is the infinitesimal generator of a pseudo-contraction Co-semigroup S(t)
on H, and the coefficients F : H — H and B : H — Z(K, H), independent of
t and w, are in general nonlinear mappings satisfying the linear growth condition
(A3) and the Lipschitz condition (A4) in Sect. 3.3. We know from Theorem 3.6
that the solution is a homogeneous Markov process and from Theorem 3.7 that it is
continuous with respect to the initial condition, so that the associated semigroup is
Feller.

We studied a special case in Example 7.7. Here we look at the existence under
the assumption of exponential boundedness in the m.s.s. We will use the Lyapunov
function approach developed earlier in Theorem 7.8 and Corollary 7.3. We first give
the following proposition.

Proposition 7.4 Suppose that the mild solution {X*(t)} of (7.39) is ultimately
bounded in the m.s.s. Then any invariant measure v of the Markov process
{X*(t),t > 0} satisfies

/ IyllI%v(dy) < M,
H

where M is as in (7.36).

The proof is similar to the proof of Theorem 7.12 and is left to the reader as an
exercise.

Exercise 7.7 Prove Proposition 7.4.

Theorem 7.15 Suppose that the solution {X*(t),t > 0} of (7.39) is ultimately
bounded in the m.s.s. If for all R > 0, § > 0, and & > 0, there exists Ty =
To(R, 8, €) > 0 such that for all t > Ty,

P(|x*@)—X*@)|, >8) <e forx,yeBy(R) (7.40)

with Bg(R) = {x € H, ||x|| < R}, then there exists at most one invariant measure
for the Markov process X* (t).

Proof Let u;,i =1, 2, be two invariant measures. Then, by Proposition 7.4, for each
& > 0, there exists R > O such that u; (H \ By (R)) < €. Let f be a bounded weakly
continuous function on H. We claim that there exists a constant T =T (¢, R, f) > 0
such that

|P f(x)— Pif(y)|<e forx,yeBy(R) ift>T.
Let C be a weakly compact set in H. The weak topology on C is given by the metric

]

1
dx.y) =) rlle.x = y)n
k=1

, x,yeC, (7.41)

where {ek},fi | in an orthonormal basis in H.



268 7 Ultimate Boundedness and Invariant Measure
By the ultimate boundedness, there exists 71 = Ti(e, R) > 0 such that for
T>Ti,
P(X*(1)€ By(R)) >1—¢/2 forx € By(R).

Now f is uniformly continuous w.r.t. the metric (7.41) on By (R). Hence, there
exists 8’ > 0 such that x, y € Hg with d(x, y) < & imply that | f(x) — f(y)| <3,
and there exists J > 0 such that

o0

1
> lewx—ylu| <872 forx,yeBu(R).
k=J+1

Since P(|{ex, X* (1) — XY ()| > 8) < P(J|X*(t) — XY (#)||g > §), by the given as-
sumption we can choose 7> > T such that for t > T3,

J
P {Z((ek, X (1)) = fex, X* (1))’ > 5’/2} >1-¢/3 (7.42)

k=1
for x, y € By (R). Hence, for r > T,

{|f(X 0) = f(x*0)] =3}
> P{X*(t), X*(1) € By (R),d(X* (1), X’ (1)) < &'}

> P{X*(1), X*(1) € Bu(R), Z ek,Xx(t)—Xy(t)>H|§8//2}

k=1
> P{X* (1), X" New. XX @0) = XP (), | <8 /2. k=1,.... ]}
>1—¢/3—¢/3—¢/3=1—¢,

since the last probability above is no smaller than that in (7.42).
Now, with My = sup| f(x)|, given ¢ > 0, choose T so that for¢t > T,

PA(C ) = F00)] 2272) 21— o

Then

E[f(x*®) - f(X*0O)| =5 +2MOm —s.

Note that for invariant measures (1, (2,

f FEOwidx) = f (PN ®pidx), i=1,2.
H H

For t > T, we have

'f f(x)m(dX)—/ f(y).uz(dy)‘
H H
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= / / [f(x)—f(y)]m(dx)uz(dy)‘
HJH

_ fH /H [(sz)(x)—(sz)(y)]m(dx)uz(y)‘

W i) Uri o)
By (R) H\By (R) By (R) H\By(R)

x [(P ) (x) = (P /Y] 1 (dx)pa(dy)

<&+ 2(2Mo)e + 2Moe>.

Since ¢ > 0 is arbitrary, we conclude that
[ rem@n = [ fwuan, .
H H

In case we look at the solution to (7.39), whose coefficients satisfy the linear
growth and Lipschitz conditions (A3) and (A4) of Sect. 3.1 in Chap. 3, we conclude
that under assumption (7.40) and conditions for exponential ultimate boundedness,
there exists at most one invariant measure.

Note that in the problem of existence of the invariant measure, the relative weak
compactness of the sequence p,, in Theorem 7.10 is crucial. In the variational case,
we achieved this condition, under ultimate boundedness in the m.s.s., assuming that
the embedding V < H is compact. For mild solutions, Ichikawa [33] and Da Prato
and Zabczyk [11], give sufficient conditions. Da Prato and Zabczyk use a factoriza-
tion technique introduced in [10]. We start with the result in [32].

Theorem 7.16 Assume that A is a self-adjoint linear operator with eigenvectors

{ex}2 | forming an orthonormal basis in H and that the corresponding eigenvalues
—Ak | —00 as k — o0. Let the mild solution of (7.39) satisfy

1 T
7/0 E|X*)|3 ds < M(1+ Ix]13). (7.43)

Then there exists an invariant measure for the Markov semigroup generated by the
solution of (7.39).

Proof The proof depends on the following lemma.

Lemma 7.2 Under the conditions of Theorem 7.16, the set of measures

t
m(-)=%/ P(s,x,-) fort=0
0

with P(s,x, A) = P(X*(s) € A) is relatively weakly compact.
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Proof Let yx () = (X*(¢), ex) g . Then, by a well-known result about the weak com-
pactness ([25], Vol. I, Chap. VI, Sect. 2, Theorem 2), we need to show that the

expression
1 (TS,
- /O D EY{ (@) |ar
k=1

is uniformly convergent in 7.
Let S(¢) be the Cp-semigroup generated by A. Since S(t)ex = e Ml for each
k, yi(t) satisfies

t
ﬁmze%ﬁf+fe4W”WbFWW@MMs
0
t
+/ e M er, B(X () dW(s)) .
0

2
Ey2(r) < 3¢ 4 (x0)? 4 3E

t
/ ef)"‘(lﬂ‘)(ek, F(X* (s)))H ds
0

2
+3E

t
/ e M op, B(X*(s)) dWs)
0

For N large enough, so that A > 0, and any m > 0, using Exercise 7.8 and assump-
tion (7.43), we have

N+m

1 T
foo E
k=N

! ' 2(—Ag+e)(t—s) X )
st_T/O /0 © \(ex. F(X*())),,|* ds dt

1 T T ) )
= ?/o f 2CMA=9) gy ’(ek, F(Xx(s))>H| ds
r

_Jo EIFX* 6D ds _ en(1+ x13)
de(Ay — )T - e(Ay—8)

2
dt

t
/ e—Ak(t—S><ek,F(Xx(S))>H ds
0

for some constants € > 0 and ¢y > 0.
Utilizing the Holder inequality, we also have that

N-+m 1 T
> 7/ E
N 0
<M@ﬂfW@WM@mmW<QMQUHm@
- 2ANT - AN

, 2
[ el B @) awe)| a
0
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for some constant ¢ > 0. Thus,

pal || ||2

Z / yi)ydt < —H

1 tr(Q)
3 1 7 .
+3(c1 + ) ( +||X||H)|:5()»N—5)+ ™
Thus the condition in [25] holds. O
The proof of Theorem 7.16 is an immediate consequence of the lemma. d

Exercise 7.8 Let p > 1, and let g be a nonnegative locally p-integrable function on
[0, 00). Then for all € > 0 and real d,

t P 1 \P/4 gt
(/ e g (r) dr) < (—) / eP A+ 6P (1) gy,
0 qé 0

where 1/p+1/g=1.

7.4.3 Semilinear Equations Driven by a Cylindrical Wiener
Process

We finally present a result in [12], which uses an innovative technique to prove the
tightness of the laws .Z(X*(¢)). We start with the problem

dX (1) = (AX (1) + F(X (1)) dt + B(X (1)) dW,,

(7.44)
X(0)=xeH,

where W, is a cylindrical Wiener process in a separable Hilbert space K. Assume
that the coefficients and the solution satisfy the following hypotheses.

Hypothesis (DZ) Let conditions (DZ1)—(DZ4) of Sect. 3.10 hold, and, in addition,
assume that:

(DZ5) {S(¢), t > 0} is a compact semigroup.
(DZ6) For all x € H and ¢ > 0, there exists R > 0 such that for every T > 1,

1 T
?fo P(|x )], > R)dr <.

where {X*(¢), t > 0} is a mild solution of (7.44).
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Remark 7.4 (a) Condition (DZ6) holds if {X*(¢), ¢ > 0} is ultimately bounded in
the m.s.s.

(b) In the special case where W; is a Q-Wiener process, we can replace B with
B=BQ'/2

Theorem 7.17 Under Hypothesis (DZ), there exists an invariant measure for the
mild solution of (7.44).

Proof We recall the factorization formula used in Lemma 3.3. Let x € H, and
t
YY) = / (t —5)"“S(t —s)B(X*(s)) dW.
0

Then

sin o

X*()=8SMx+GF(X*)D)+ GoY*()(1) P-as.

T

By Lemma 3.12, the compactness of the semigroup {S(¢), # > 0} implies that the
operators G, defined by

t
Guf(t) = / (t — )15 —5) f(s)ds,  f € LP([0. T}, H),
0

are compact from L” ([0, T], H) into C([0,T], H) for p>2 and 1/p <a < 1.
Consider y : H x LP([0,1], H) x LP([0,1], H) —> H,

Y, f:8) =Sy +G1f(1) + Gag(D).

Then y is a compact operator, and hence, for r > 0, the set

K(r)= {x eEH:x=SM)y+G1f(1)+ Gug(1),

Iyllg <r I fllee <1 liglloe < — }
SINTo

is relatively compact in H.
We now need the following lemma.

Lemma 7.3 Assume that p > 2, « € (1/p, 1/2), and that Hypothesis (DZ) holds.
Then there exists a constant ¢ > 0 such that for r > 0 and all x € H with ||x||g <r,

P(X*M)eK@)=1—cr P(1+x|%).

Proof By Lemma 3.13, using Hypothesis (DZ3), we calculate

1
£ ol as
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1
:E/
0

p/2

1 K
ngfo (/0 (s—u)2"‘||S(s—u)B(Xx(u))H;z(K’H)du) ds

p
ds
H

/S(s —u)"*S(s — u)B(Xx(u))qu
0

1 K p/2
< k2”/2E/ (/ (s —w) 2 (s —u)(1+ ||XX(u)||§{)du> ds.
0 0
By (3.103) and Exercise 3.7,

1 1 p/2 1
E/ HYX(S)H’,;dsgkﬂ/Z(/ t‘z‘*,%/z(t)dt> E/ (1 + | x @ |3,)"" du
0 0 0

<ki(1+|x|I%) forsome k; > 0.
Also, using Hypothesis (DZ2), we get
1
E/ |F(X* )| du <ka(1+lIxl%;), x€H.
0
By the Chebychev inequality,

% r
P17l = 5

Sy
2 1= B, 2 1 =P R (1 )

<r)

FX*O)[0) 2 1=k (1 4+ lIx11),

P(|F(x*0))]
>1-r"PE(

Lp

giving

[P, =)

> 1—rP(n Pl + ko) (1+ lIx]1f;)- O

P ekm) = p(fIrol, =

We continue the proof of Theorem 7.17.
For any ¢ > 1 and r > r; > 0, by the Markov property (recall Proposition 3.4)

and Lemma 7.3, we have

P(X*(1) € K(r)) = P(1,x, K(r))

:/ P(1,y,K()) P —1,x,dy)
H

> [ POyk@)PE-Lxdy
Iyl <r
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=(1=c( e [ Pa-tray

Iyl <r
=1 =c(r P +m)))P(|X ¢ =D =),

giving

1 [T 1t

;/ P(X"(z)ek(r))dzzl—cr"’(1+rf’)7/ P(|X 0]y <r1)ar.
0 0

If we choose r; according to condition (DZ6) and take r > r; sufficiently large,
we obtain that % fOT P(t,x,-)dt is relatively compact, ensuring the existence of an
invariant measure. d

7.5 Ultimate Boundedness and Weak Recurrence of the
Solutions

In Sect. 4.3 we proved the existence and uniqueness for strong variational solutions,
and in Sect. 4.4 we showed that they are strong Markov and Feller processes. We
will now study weak (positive) recurrence of the strong solution of (7.45), which is
(exponentially) ultimately bounded in the m.s.s.

The weak recurrence property to a bounded set was considered in [59] for the so-
lutions of SDEs in the finite dimensions and in [33] for solutions of stochastic evo-
lution equations in a Hilbert space. This section is based on the work of R. Liu [51].

Let us consider a strong solution of the variational equation

{dX(t) =AX®)dt + B(X (1) dW,, (7.45)

X0)=x€eH.
We start with the definition of weak recurrence.

Definition 7.6 A stochastic process X (¢) defined on H is weakly recurrent to a
compact set if there exists a compact set C C H such that

P*(X (1) e C forsome 1 >0)=1 forallx € H,

where P* is the conditional probability under the condition X (0) = x. The set C is
called a recurrent region. From now on recurrent means recurrent to a compact set.

Theorem 7.18 Suppose that V. — H is compact and the coefficients of (7.45) sat-
isfy the coercivity and the weak monotonicity conditions (6.39) and (6.40). If its
solution {X*(t), t > 0} is ultimately bounded in the m.s.s., then it is weakly recur-
rent.

Proof We prove the theorem using a series of lemmas.
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Lemma 7.4 Let {X(t), t > 0} be a strong Markov process in H. If there exists
a positive Borel-measurable function p : H — Ry, a compact set C C H, and a
constant § > 0 such that

P*(X(p(x))€C)=8 forallxeH,
then X*(t) is weakly recurrent with the recurrence region C.
Yy 8

Proof Forafixedx € H,lett; = p(x), Q) ={w: X(11) ¢ C}, . =11 + p(X(11)),
Q ={w: X(n) ¢ C}, 13 =1+ p(X(12)), etc. Define Qq, = ﬂﬁl ;. Since

{a):X(t,a)) ¢ C for any IZO} C Qoo
it suffices to show that P*(2,) = 0. Note that
P*(Q)<1-6<1.

Since p : H — R, is Borel measurable and 7; is a stopping time for each i, we can
use the strong Markov property to get

P (1N 2) = E(E* (1, ()1, (@) Fy,))
= E*(lg, (@) E* (1g,(@)| 7))
= E*(1g, (@) E* (1, (@)| X (71)))
= B (10, @P ) (o X(p(r0) £ ).

But, by the assumption,

Px(tl)({w : X(p(X(tl(a))))) ¢ C}) <1-3,

so that

P (QN2) <(1-8)%
By repeating the above argument, we obtain

n
p* (ﬂ sz,-) <1 =8",
i=1

which converges to zero, and this completes the proof. 0
Lemma 7.5 Let {X(t),t > 0} be a continuous strong Markov process. If there exists

a positive Borel-measurable function y defined on H, a closed set C, and a constant
& > 0 such that

y(x)+1
f P*(X(t)eC)dt =8 forallx € H, (7.46)
y(x)
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then, there exists a Borel-measurable function p : H — Ry such that y(x) <
p(x) <y(x)+1and

P*(X(p(x)) €C) =8 forallx e H. (7.47)
Proof By the assumption (7.46), there exists 7, € [y (x), ¥ (x) + 1) such that
P (X (1) eC) = 6.
Define
p(x) =inf{t € [y (x), y(x) + 1) : P*({w: X (t,w) € C}) = 5}.

Since the mapping t — X (¢) is continuous and the characteristic function of a closed
set is upper semicontinuous, we have that the function

t— P*(X(1)€C)
is upper semicontinuous for each x. Hence,
P*(X(p(x)) €C)=3.

We need to show that the function x — p(x) is Borel measurable. Let us define
By (H) = PB(H), for t > 0. Since {X(t),0 <t < T} is a Feller process, the map
O :(t,x) = P*(w: X () € C) from ([0, T] x H, Z([0, T] x H)) to (R}, Z(R"))
is measurable (see [54], [27]). Hence, ® is a progressively measurable process with
respect to {%;(H)}. By Corollary 1.6.12 in [16], x — p(x) is Borel measurable. [

Let us now introduce some notation. Let B, = {v € V : |lv|ly <r} be a sphere
in V with the radius r, centered at 0, and let B, be its closure in (H, || - [|#). For
A C H,denote its interior in (H, | - || ) by A. If B¢ = H\ B,, then (B,)¢ = (BS)".
Lemma 7.6 Suppose that the coefficients of (7.45) satisfy the coercivity condi-
tion (6.39) and, in addition, that its solution {X*(t), t > 0} exists and is ultimately

bounded in the m.s.s. Then there exists a positive Borel-measurable function p on
H such that

_ 1
P({w:X(p).0) € B,}) = 1= —5 (MM + M1 +1y)). xeH. (748)
and
1
Px({a):X(p(x),w)E(Bf)o})sm(lMMl~|—M1+|y|), xeH, (749

where a, )., y are as in the coercivity condition, and My = M + 1 with M as in the
ultimate boundedness condition (7.36).
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Proof Since limsup,_, ., E* X ()% <M < M, forall x € H, there exist positive
numbers {7y, x € H} such that

EY X5 <M fort=T,.
Hence, we can define
y () =inf{r: E¥| X ()]}, < My forall s > 1}.
Since # — E*|| X (t)||3, is continuous, E¥ || X (y (x))||3, < M. The set
{x:iyx) =t} ={x: EXHX(s)”z <M, forall s > 1}

= {x: E x|, = m1)
s>t

seQ

is in Z(H), since the function x — E¥|| X (s)||* is Borel measurable. Using Itd’s
formula (4.37) for ||x||%1, then taking the expectations on both sides, and applying
the coercivity condition (6.39), we arrive at

EX[X (v +1) |3, — B[ X (v 0) |,

— B f <y:)+l (2(X ). A(X(®)) +u(B(X () Q(B(X(9)")) ds

y+1) 5 y @)+ )
9/ ExHX(s)”Hds—af EX | X3 ds +7.
y(x) 7 (x)
It follows that

(MM + My + |y]).

Y+ 5 1
[ Elxelas<
y(x) @

Using Chebychev’s inequality, we get

y(x+1) 1
f P ({o: | Xt )|, >r})dt < — (1AM + M1 +1y]).
y(x) or
Hence,
y()+1 0 1
/ P*({o: X(t,0) € (B)")) < —5 (1M1 + My + Iy,

y(x) ar

and consequently,

y )+l — 1
/ P*({o: X (1, ) € B, })dt = 1 — — (I\|M1 + M1 + |y ).
() or
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Using Lemma 7.5, we can claim the existence of a positive Borel-measurable
function p(x) defined on H such that y(x) < p(x) < y(x) + 1, and (7.48) and
then (7.49) follow for r > 0 and for all x € H. O

We now conclude the proof of Theorem 7.18. Using (7.48), we can choose r
large enough such that

forx € H.

P*({o: X(p(x).0) € B, }) = %

Since the mapping V < H is compact, the set B, is compact in H, giving that X (1)
is weakly recurrent to B, by Lemma 7.4. O

Definition 7.7 An H-valued stochastic process {X (¢), ¢ > 0} is called weakly pos-
itive recurrent to a compact set if there exists a compact set C C H such that X (¢)
is weakly recurrent to C and the first hitting time to C,

t=inf{r >0:X (1) e C},
has finite expectation for any x = X (0) € H.
Theorem 7.19 Suppose that V < H is compact and the coefficients of (7.45) sat-
isfy the coercivity condition (6.39) and the monotonicity condition (6.40). If its so-
lution {X*(t), t > 0} is exponentially ultimately bounded in the m.s.s., then it is
weakly positively recurrent.
Proof We know that
EY| X0}, <ce P lxl3 + M forallx e H.

Let M =M + 1, and w(r) = 1 In(1 + cr2), r € R. Then we have

EY X3 <M forxeHandr>w(|xlu),

and

Z w(d + DN) <oo forany N > 0. (7.50)

Let K = (1 4+ A)J/TAIM| + M| + [y]/+/, and let us define the sets
Eo = Bk,
— - — 0
E; = Bg+nk — Bik = Basnk N (Bfg) forl>1,

where B, is a sphere in V with the radius r, centered at 0. We denote w’'(l) =
w(l Koap) + 1 with g such that || x|z < ap|lx]|ly for all x € V. As in the proof of
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Lemma 7.6, there exists a Borel-measurable function p(x) defined on H satisfying
w(llxllg) < p(x) <w(lxllg) + 1, and

P({o:X(px), o) € (B;K)O}) < W(MlMl + M1+ 1yl)
1
< m forall x € H. (7.51)

Let
1=px), xi(@=X(,0), Q@ ={w:x)¢E},
n=1+p(x1(@), n@=Xmo0), D={w:xn)d¢kE)} ...,

and so on. Let Qo = ﬂloil ;. As in the proof of Lemma 7.4,

p (ﬁ Q) o

Hence, 2 differs from

e¢]

e = J{e:xi@) € Eo}
i=1 i=1

by at most a set of P*-measure zero. Let

i—1

A =Qf — U{w:xj(w) € Eo} = {w:xl(a)) ¢Eo,...,xi—1 ¢ Eg, x; € Eo}.

j=1
Then 2 differs from Ufil A; by at most a set of P*-measure zero. Fori > 2, let us
further partition

A = U A{ly~~->ji—1’
J1sJ2seeesn—1
where
Al ={oix(@) € Ejy, - xic1(@) € Ejy L xi (@) € Eo.
Let 7(w) be first hitting time to Eq. Then for w € A} = Qf,
(@) < p@) <w(lxla)+ 1.

and for w € A]"

(@) < 7(0) < Ti-1(®) + p(xi—1(@)).
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Moreover, for w € A{l""’]i’l s

xi—1(w) € Ej,_, C E(ji—l"rl)K'

Hence,
|xi—1(@)] ; < @] xic1(@)],, < @izt + DK,

giving

p(xic1(@) <w(||xic1(@)| ) + 1 <w(eoGi-1 + DK) +1=w'(ji1 + 1)
and

T <t +w i1+ D.
Using induction,
t(@) <w(lxllg) +1+w'Gr+ D+ +w'Gior + 1.

By the strong Markov property,

PH(A ) = P ({o:xi(@) € Ejy, ..., xim1(@) € Ej_,, xi(0) € Eg))

<P ({o:xi(@ €Ej,....xi—1(w) € Ej_})
= Px({w:)ﬂ(a)) € Ejl’ o xio(w) € Eji—z} N {xi_l(w) € Eji*l})

<E* { Vo @eEj, ... x,-_2eEji72}Pxi72(w)({d) (X (p(xic2(w)), @) € Ej,_, })}
Since Ej,_; = B(j,_,+nk N (BS_ )", we getby (7.51)

P2 (& X (p(xi—2(w)),®) € Ej,_,)
< P25 X (p(62@). ) € (B5_,x)")
1
<
TR 0442
Hence,

Jlseees Ji— . . . .
P* (Al < 7],'2_1(1 1) P ({ow:xi(@) € Ej,....xia(®) € Ej_,}).
By induction,

; ) 1 1
PX A]l ~~~~~ Ji—1 <
( i )— (1 +A)2(1 1) -]l

1
which implies that P*(A;) < 1, for A large enough.
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Now

EX(y< Y. PY(AlvI

s ji—121

x [w'(lxllg) +1+w (i + 1D+ +w(im1 + D]

o0
1
Sw(llxllﬂ)+1+<§m>
1=
w(lxllg) +1+w'Gr+ D+ +w'(jim1 + 1))
Z 2 2
Jesdic1z1 JieJica
> 1
= w(llxllm) + 1+ (2; g (wlixla) + 1))
1=
1 . w' (1 +1
{( > ﬁ)“l—l) > %}
Jodiaz1 I iz Joediaz1 J1 iz

= (w(lixllm) + 1)<1 + é<ﬁ>l>

B 00 A i—2 .
Tararz ;:((1 +A)2> =D

where A =377, &, and B =)°) Zw'(l + 1), with both series converging due
to (7.50).

Consequently, E*(7) is finite for A large enough. The set Eq is compact since
the embedding V < H is compact. O

We have given precise conditions using a Lyapunov function for exponential ulti-
mate boundedness in the m.s.s. We can thus obtain sufficient conditions for weakly
(positive) recurrence of the solutions in terms of a Lyapunov function.

We close with important examples of stochastic reaction—diffusion equations.
Let & C R” be a bounded domain with smooth boundary d&, and p be a positive
integer. Let V = W'2(0) and H = W%2(0) = L>(0). We know that V < H is a
compact embedding. Let

0% o%n
Ag(x) = do(X)—5~ -+ ——,
o= D 0 P
la|<2p !
where o = (a1, ..., o) is a multiindex. If Ag is strongly elliptic, then by Garding

inequality ([63], Theorem 7.2.2) Ay is coercive.
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Example 7.8 (Reaction—diffusion equation) Consider a parabolic Itd equation

dX(t,x)=AoX (¢, x)dt + f(X(t,x))dt 4+ B(t,x))dW;,

(7.52)
X0,x)=9(x)e H, X[o=0,

where Ag, f, and B satisfy the following conditions:

(1) Ap:V — V*isastrongly elliptic operator.
2) f:H— Hand B: H— Z(K, H) satisfy

”f(h)“H"'”B(h)”f(K m= K(1+1Ik1%), heH.

(3) If(h1) — f ()3, + tw((B(h1) — B(h2))Q(B(hy) — B(h2))*) < Allhi — hal,
hi,hpe H.

If the solution to the equation
du(t,x) = Aou(t,x)dt
is exponentially ultimately bounded and, as ||k|| gy — oo,
lr®|,; = o(lhla).
”B(h)”.jf(K,H) =o(llhlln),

then the strong variational solution of (7.52) is exponentially ultimately bounded in
the m.s.s. by Proposition 7.1, and consequently it is weakly positive recurrent.

Example 7.9 (Reaction—diffusion equation) Consider the following one-dimensional
parabolic Itd equation
,3°X 09X X
dX(t,x)=|«a 8—+ﬂ +yX+gx))dr+ o1 toX dw;,
X
u(0,x) = p(x) € LA(O)NL(O), Xlso=0,

(7.53)

where & = (0, 1), and W; is a standard Brownian motion.

Similarly as in Example 7.3, if —2a% + 012 < 0, then the coercivity and weak
monotonicity conditions (6.39) and (6.40) hold, and Theorem 4.7 implies the exis-
tence of a unique strong solution.

With A(v) = ||v||%1 and .Z defined by (6.15), we get

2

dv 1
LA < (=27 +of) | |+ 2y +03 +e) vl + gl

H

Since || V)3, > ||v||H (see Exercise 7.9), we have

1
LAW) < (=20 + 02 +2y + 02 +e€)lvl% + E||g||§,.
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Hence, if —2a?%+ 012 +2y + 022 < 0, then the strong variational solution of (7.53) is
exponentially ultimately bounded by Theorem 7.5, and hence it is weakly positive

recurrent.

Exercise 7.9 Let f € W92((a, b)). Prove the Poincaré inequality

b b 2
/ fz(X)de(b—a)zf (dﬁix)) dx.
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