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Abstract. We propose a new convex optimization formulation for the
Fisher market problem with linear utilities. Like the Eisenberg-Gale for-
mulation, the set of feasible points is a polyhedral convex set while the
cost function is non-linear; however, unlike that, the optimum is always
attained at a vertex of this polytope. The convex cost function depends
only on the initial endowments of the buyers. This formulation yields an
easy simplex-like pivoting algorithm which is provably strongly polyno-
mial for many special cases.

1 Introduction

Fisher and Arrow-Debreu market models are the two fundamental market mod-
els in mathematical economics. In this paper, we focus on the Fisher market
model with linear utilities. An instance of this model consists of a set of buy-
ers, a set of divisible goods, initial endowments, also referred to as the money
owned by the buyers, quantities of the goods and (linear) utility functions of the
buyers. The problem is to determine market equilibrium prices and allocation
of the goods to buyers such that the market clears and the utility function for
each buyer is maximized. Towards this, Eisenberg and Gale [6,10] formulated
a remarkable convex optimization program whose optimal solution, more pre-
cisely, values of the primal and dual variables at an optimal solution, captures
equilibrium allocation and prices.

Recently, many algorithmic results [4,5,9,11] pertaining to the computation of
market equilibrium prices and allocation for the linear case of Fisher and Arrow-
Debreu market models have been obtained. In [4], Deng et al. gave a strongly
polynomial time algorithm for the Fisher market with either constant number of
goods or constant number of buyers. Building on the Eisenberg-Gale program,
Devanur et al. [5] developed a primal-dual type first polynomial time algorithm
to solve the Fisher market model. A polynomial time algorithm for the more
general Arrow-Debreu market is also presented in [9]. More recently, a strongly
polynomial time algorithm for the Fisher market was given by Orlin [11]. A
tantalizing open question is to formulate a linear program that captures the
Fisher solution. A positive resolution of this question would, of course, imply a
simplex-like algorithm for computing the same. This paper is an attempt towards
this objective.
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In this paper, we propose a novel convex optimization formulation for the
Fisher market problem. In the Eisenberg-Gale formulation [6,10], the set of fea-
sible points is a convex polytope which merely models the packing constraints
and is oblivious to the parameters of the problem. Like the Eisenberg-Gale for-
mulation, the set of feasible points in our formulation is also a convex polytope.
However, unlike that, our convex polytope is defined in terms of the input pa-
rameters, specifically utilities and money, and is rich enough so as to ensure that
the optimum is always attained at a vertex of this polytope. Furthermore, the
convex cost function in our formulation depends only on the initial endowments
of the buyers. There is another formulation, which maximizes a convex func-
tion under flow constraints, obtained by Shmyrev [12] and Birnbaum et al. [2],
however this formulation also does not guarantee the optimum to be at a vertex.

We define special vertices in our polytope and every such vertex corresponds
to the Fisher solution with a different endowment vector. We give a combinato-
rial characterization of special vertices and show that starting from any special
vertex, there is a simplex-like path of special vertices where the cost function
monotonically increases and it ends at a vertex corresponding to the Fisher so-
lution. There may be many such paths of special vertices in the polytope. Using
a simple pivoting rule, we give an algorithm, which traces one such path and
show that this algorithm is strongly polynomial for many special cases. Two
interesting cases are:

– Either the number of buyers or the goods is fixed.
– All the non-zero utilities are of the type αk, where α > 0 and 0 ≤ k ≤ M

(M is bounded by a polynomial in the number of buyers and goods).

This algorithm is conceptually simple, much easier to implement and runs very
fast in practice. In fact, these special cases seem sufficient to handle most practical
situations. This is because, firstly, in practice, utilities are hardly exactly known,
and secondly, as shown in [1] buyers have every reason to strategize and report
fictitious utilities. The events that may occur in the algorithm, while finding the
adjacent special vertex, are similar as in the DPSV algorithm [5], however one
crucial difference is that the prices, DPSV algorithm computes at intermediate
stages, may not occur at a vertex in the polytope. The DPSV algorithm may be
interpreted as an interior point method in our formulation. Further, the utility of
our formulation is also illustrated by its easy extension to incorporate transporta-
tion costs as well [8]. There seems no way to modify Eisenberg-Gale or Shmyrev
formulations to capture the equilibrium solution for this extended model. Inde-
pendently, Chakrabarty et al. [3] also give a similar formulation for this extended
model along with an algorithm to compute ε-approximate equilibrium prices and
allocations. However, the Fisher market with transportation cost may have irra-
tional solutions, so the optimum solution may not be at a vertex.

Organization. The rest of the paper is organized as follows. In Section 2, we
give a precise formulation of the Fisher market problem and introduce the new
convex optimization program and analyze it. In Section 3, we discuss the simplex-
like algorithm. In Section 4, we show that the algorithm is provably strongly
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polynomial for many special cases. In Section 5, we summarize the number of
pivoting steps taken by the algorithm on random instances of the Fisher market.
Finally we conclude in Section 6.

2 New Convex Optimization Formulation

We begin with a precise description of the Fisher market model.

2.1 Problem Formulation

The input to the Fisher market problem is a set of buyers B, a set of goods G,
a utility matrix U = [uij ]i∈B,j∈G , a quantity vector q = (qj)j∈G and a money
vector m = (mi)i∈B, where uij is the utility derived by buyer i from a unit
amount of good j, qj is the quantity of good j, and mi is the money possessed
by buyer i. Let |B| = m and |G| = n. We assume that for every good j, there is
a buyer i such that uij > 0 and for every buyer i, there is a good j such that
uij > 0, otherwise we may discard those goods and buyers from the market.

The problem is to compute equilibrium prices p = [pj]j∈G and allocations
X = [xij ]i∈B,j∈G such that they satisfy the following two constraints:

– Market Clearing: The demand equals the supply of each good, i.e., ∀j ∈ G,∑
i∈B xij = qj and ∀i ∈ B,

∑
j∈G pjxij = mi.

– Optimal Goods: Every buyer buys only those goods, which give her the
maximum utility per unit of money (bang per buck), i.e., if xij > 0 then
uij

pj
= maxk∈G uik

pk
.

Note that, by scaling uij ’s appropriately, we may assume that qj ’s are unit.

2.2 Convex Program

In this section, we introduce the new convex optimization program whose op-
timal solution captures the Fisher market equilibrium. Our convex program is
described in Table 1, where pj corresponds to the price of good j and zij cor-
responds to the money spent by buyer i on good j. At optimum, 1

yi
is the bang

per buck of buyer i. We refer to the ambient space as the y-p-z-space.
Note that the feasible set O is a convex polytope in y-p-z-space and the cost

function is independent of the variables zij . Let Oaux be the auxiliary polytope
in the y-p-space defined by the constraints 1 to 4 and the related convex program
(with the same cost function) be the auxiliary convex program.

Claim. Pr(O) = Oaux, where Pr(O) is the projection of O onto the y-p-space.

Proof. Clearly, Pr(O) ⊆ Oaux, and for Oaux ⊆ Pr(O), Z = [zij ] should be
constructed for a given (y, p) ∈ Oaux. One way to do this is by constructing a
max-flow network, where there is an edge from the source to every good j ∈ G
with capacity pj and from every buyer i ∈ B to the sink with capacity mi.
Further, there is an edge from every good j ∈ G to every buyer i ∈ B with ∞
capacity. Clearly, the max-flow gives the required zij ’s. ��
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Table 1. New Convex Program

maximize
∑

i∈B
mi log yi

subject to
∀i ∈ B,∀j ∈ G : uijyi ≤ pj (1)

∑

j∈G
pj ≤

∑

i∈B
mi (2)

∀i ∈ B : yi ≥ 0 (3)

∀j ∈ G : pj ≥ 0 (4)

∀i ∈ B :
∑

j∈G
zij ≤ mi (5)

∀j ∈ G :
∑

i∈B
zij = pj (6)

∀i ∈ B,∀j ∈ G : zij ≥ 0 (7)

Therefore, in order to understand the optimality conditions, we may as well work
with the KKT conditions for the auxiliary convex program. Let xij , q, μi, λj be
the Lagrangian (dual) variables corresponding to the equations (1-4). An optimal
solution must satisfy the KKT conditions in Table 2.

Table 2. KKT conditions

∀i ∈ B : mi
yi

=
∑

j∈G
uijxij − μi (8)

∀i ∈ B,∀j ∈ G : (uijyi − pj)xij = 0 (9)

∀j ∈ G : −
∑

i∈B
xij − λj + q = 0 (10)

(
∑

j∈G
pj −

∑

i∈B
mi)q = 0 (11)

∀i ∈ B,∀j ∈ G : xij , λj , μi, q ≥ 0 (12)

∀j ∈ G : −pjλj = 0 (13)

∀i ∈ B : −yiμi = 0 (14)

Claim. At any optimum, μi = 0, ∀i ∈ B and λj = 0, ∀j ∈ G.

Proof. μi 	= 0 ⇒ yi = 0 ⇒ the optimal solution has cost −∞. However, we
may easily construct a feasible point in the polytope, where the cost is some real
value, therefore all μi’s are zero. Similarly, λj 	= 0 ⇒ pj = 0 ⇒ yi = 0, for some
i ∈ B. Hence, all λj ’s are zero. ��
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Putting μi = 0 and λj = 0 in the KKT conditions (8-12), we get,

∀i ∈ B : mi =
∑

j∈G
uijxijyi (15)

∀i ∈ B, ∀j ∈ G : (uijyi − pj)xij = 0 (16)
∀j ∈ G :

∑

i∈B
xij = q (17)

: (
∑

j∈G
pj −

∑

i∈B
mi)q = 0 (18)

∀i ∈ B, ∀j ∈ G : xij , q ≥ 0 (19)

From (15-18),
∑

i∈B
mi =

∑

i∈B

∑

j∈G
pjxij =

∑

j∈G

∑

i∈B
pjxij =

∑

j∈G
pjq ⇒ q = 1

Proposition 1. Let (y, p) ∈ Oaux be an optimal solution to the auxiliary convex
program. Then p is a market equilibrium price.

Proof. As q = 1, interpreting X = [xij ] as an allocation, we see that conditions
(15-17) imply that the market clearing constraint holds at the price vector p.
Further, using condition 2, we have xij > 0 ⇒ yiuij = pj . As (y, p) ∈ Oaux, we
also have, ∀i ∈ B, ∀j ∈ G : uijyi ≤ pj . Putting these two together, it is easily
verified that the optimal goods constraint is also satisfied. ��
Proposition 2.

(i) The auxiliary convex program admits a unique optimal solution.
(ii) Equilibrium prices are unique and allocations form a polyhedral set.

Proof. Part (i) follows from the fact that the cost function is strictly concave,
and part (ii) follows from the KKT conditions. ��
Let (y, p) ∈ Oaux be the unique optimum solution to the auxiliary convex pro-
gram. Let X = {X = [xij ]i∈B,j∈G | (y, p, X) satisfies (8-14)}. Note that X is a
convex set. As argued in the proof of Proposition 1, we may think of X ∈ X as an
equilibrium allocation and p as the equilibrium price. Now, we define Z = [zij ]
w.r.t. X ∈ X as zij = xijpj , ∀i ∈ B, ∀j ∈ G. In other words, zij is the money
spent by buyer i on good j at the equilibrium allocation X . We refer to Z as
an equilibrium money allocation. It easily follows that (y, p, Z) is an optimum
solution to the main convex program. Note that there is an Xa ∈ X such that the
bipartite graph G = (B,G, E), where E = {(i, j) ∈ B × G | xa

ij > 0}, is acyclic.
Let Za be the equilibrium money allocation w.r.t. Xa. The next proposition
asserts that (y, p, Za) is in fact a vertex of O.

Proposition 3. The point (y, p, Za) is a vertex of O.

Proof. There are mn+m+n variables in the convex program, and we show that
there are mn + m + n linearly independent tight constraints at (y, p, Za) (refer
to Theorem 3.3.3 in [7] for details).

Remark 4. The auxiliary program itself captures the equilibrium prices at the
optimal solution, though not necessarily at one of its vertices. [7] has the detailed
analysis of both the polytopes.
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3 A Simplex-Like Algorithm

We begin with some notation. Henceforth, we denote the input to the Fisher
market problem by (U, m). The set of buyers and the set of goods are implicit.
We use gj and bi to denote the good j and buyer i respectively. For convenience,
we assume that uij > 0, ∀i ∈ B, ∀j ∈ G.

Now, we turn our attention to the polytope O defined in the previous section.
We have shown that there exists a vertex v = (y, p, Z) of the polytope O which
captures the equilibrium prices and an equilibrium money allocation. An impor-
tant property of v is that ∀i ∈ B, ∀j ∈ G, zij(uijyi − pj) = 0. In other words,
every buyer spends money only on her optimal goods.

Definition 5. A vertex v = (y, p, Z) of O is called special if zij(uijyi − pj) =
0, ∀i ∈ B, ∀j ∈ G.

It is easy to see that if v = (y, p, Z) is a special vertex, then it corresponds to
a solution for an instance of the Fisher market problem. Namely, let B′ = {i ∈
B | yi 	= 0},G′ = G and U ′ be U restricted to B′ × G′. Further, for i ∈ B′, let
m′

i =
∑

j∈G zij . Clearly, v corresponds to a solution of (U ′, m′).

3.1 Characterization of Special Vertices

Let v = (y, p, Z) be a special vertex of O. W.l.o.g., we may assume that all yi’s
and all pj ’s are non-zero at v, because if pj = 0 for some j ∈ G at v, then v is
a trivial point, i.e., all coordinates are zero, and if yk = 0 for some k ∈ B at v,
then there is an adjacent vertex v′ = (y′, p′, Z ′) to v, where p′ = p, Z ′ = Z,
y′

i = yi, ∀i 	= k, and y′
k = minj∈G

pj

uij
.

Now we describe a combinatorial characterization of v. Towards this, we define
E(v) and F (v) as follows:

E(v) = {(i, j) ∈ B × G | uijyi = pj} and F (v) = {(i, j) ∈ B × G | zij > 0}
The elements in E(v) and F (v) are called tight and non-zero edges respectively.

By definition, F (v) ⊆ E(v). Let G(E(v), F (v)) be the graph, whose vertices are
the connected components C1, C2, . . . of the bipartite graph (B,G, F (v)), and
there is an edge between Ci and Cj in G(E(v), F (v)), if there is at least one
edge in E(v) − F (v) between the corresponding components of (B,G, F (v)).

We say that buyer i belongs to a vertex C of G(E(v), F (v)), if buyer i lies in
the corresponding component of (B,G, F (v)). We call a connected component of
G as simply a component of G.

Definition 6. W.r.t. v = (y, p, Z),

– surplus of buyer i is defined to be the non-negative value mi −
∑

j∈G zij.
– a buyer is called a zero surplus buyer if its surplus is zero, otherwise it is

called a positive surplus buyer.
– a component of (B,G, F (v)) is called saturated if all buyers in that compo-

nent are zero surplus buyers, otherwise it is called unsaturated.
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– a vertex of G(E(v), F (v)) is called saturated if the corresponding component
of (B,G, F (v)) is saturated, otherwise it is called unsaturated.

Theorem 7. v has following properties:

– Every component of (B,G, F (v)) contains at most one positive surplus buyer.
– Every component of G(E(v), F (v)) has at least one saturated vertex.

Proof. If a component of (B,G, F (v)) contains more than one positive surplus
buyers, then the zij ’s in that component may be modified such that the same set
of inequalities are tight before and after the modification, i.e., v is not a vertex.

Similarly, if a component of G(E(v), F (v)) does not have a saturated vertex,
then the pj ’s in that component may be scaled uniformly such that the same set
of inequalities are tight before and after the scaling, hence a contradiction. ��
Corollary 8. If (U, m) are algebraically independent, then

– the bipartite graph (B,G, E(v)) is a forest. Hence there is at most one edge
in E(v) − F (v) between any two components of (B,G, F (v)).

– every component of G(E(v), F (v)) has exactly one saturated vertex.

Lemma 9. Let v be a special vertex of O. Then

(i) (B,G, F (v)) is acyclic.
(ii) If (U, m) are algebraically independent, then (B,G, E(v)) is acyclic and the

number of positive surplus buyers is |E(v) − F (v)|.
Proof. Since v is a vertex of O, therefore (B,G, F (v)) is acyclic. Part (ii) follows
from Theorem 7 and Corollary 8. ��

3.2 Algorithm

In general, a simplex-like pivoting algorithm moves from a vertex to an adjacent
vertex such that the cost function increases. Therefore, we first describe the
AdjacentVertex procedure for the main convex program.

We assume that (U, m) are algebraically independent1. The AdjacentVertex
procedure, given in Table 3, takes a special vertex v and outputs another special
vertex v′ adjacent to v, such that the cost function increases. If v is optimum,
then it outputs v′ = v. Otherwise, there is a component C of G(E(v), F (v))
containing an unsaturated vertex. Clearly C is a tree and there is exactly one
saturated vertex, say Cs, in C (Corollary 8). We consider C as the rooted tree
with root Cs. We pick an edge e between Cs and an unsaturated vertex, say Cu,
in C. Let (bi, gj) be the edge in E(v) − F (v) corresponding to e. There are two
cases depending on where bi belongs: Cs (Case 1) or Cu (Case 2).

Case 1: We get a new vertex v′, adjacent to v in O, by relaxing the inequal-
ity uijyi ≤ pj , which is tight at v. Let Tu be the subtree of C rooted at Cu

and Ju be the set of goods in the components of (B,G, F (v)) corresponding to
the vertices of Tu. v′ may also be obtained by increasing the prices of the goods in

1 For the general (U,m), AdjacentVertex may be easily modified.
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Table 3. AdjacentVertex Procedure

AdjacentVertex(v)
v′ ← v;
if v is optimum then

return v′;
endif
C ← component of G(E(v), F (v)) containing an unsaturated vertex;
Cs ← saturated vertex in C;
Cu ← unsaturated vertex, adjacent to Cs, in C;
e← edge between Cs and Cu;
(bi, gj)← edge in E(v)− F (v) corresponding to e;
if (bi, gj) is from Cs to Cu then

v′ ← adjacent vertex obtained by relaxing uijyi ≤ pj ;
else v′ ← adjacent vertex obtained by relaxing zij ≥ 0;
endif
return v′;

Table 4. Different cases for the new tight inequality

1. A non-zero edge (bk, gl) becomes zero, i.e., zkl ≥ 0 becomes tight.
2. A non-tight edge (bk, gl) becomes tight, i.e., uklyk ≤ pl becomes tight.
3. An unsaturated vertex in C becomes saturated, i.e.,

∑
l∈G zkl ≤ mk becomes tight,

where buyer k is a positive surplus buyer w.r.t. v.

Ju uniformly and by modifying yi’s and zij ’s accordingly till a new inequality
becomes tight. Table 4 lists the three possible cases for the new inequality.

Case 2: We get a new vertex v′, adjacent to v in O, by relaxing the inequality
zij ≥ 0, which is tight at v. Let J be the set of goods in the components of
(B,G, F (v)) corresponding to the vertices of C. v′ may also be obtained by
increasing the prices of the goods in J uniformly and by modifying the yi’s
and zij ’s accordingly till a new inequality becomes tight. Table 4 lists the three
possible cases for the new inequality.

Both the cases result in the new vertex v′ adjacent to v in O, where p as well
as y increase monotonically and

∑
j∈G pj as well as

∑
i∈B yi increase strictly

going from v to v′. Hence the cost function value increases strictly going from v
to v′. Note that v′ is also a special vertex of O.

From the above discussion, the following lemma is straightforward.

Lemma 10. If a special vertex v is not optimum, then there exists an adjacent
special vertex v′ such that the value of cost function is more at v′ than v.

There may be many simplex-like paths in O to reach at the optimum vertex using
different pivoting rules. Algorithm 1 traces a particular simplex-like path in O,
where the pivoting rule is such that there is at most one buyer with a positive
surplus at every vertex on the path. In this algorithm, we do not consider the
components, which contain only a single buyer.
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Algorithm 1. A Simplex-like Pivoting Algorithm

U ′ ← 〈u11, . . . , u1n〉; m′ ← 〈m1〉;
v ← special vertex corresponds to the solution of (U ′, m′);
i← 2;
while i ≤ m do

/* Note that the inequality yi ≥ 0 is tight at v */
v ← vertex adjacent to v obtained by relaxing yi ≥ 0;
while surplus of buyer i w.r.t. v is non-zero do

v ← AdjacentVertex(v);
endwhile
i← i + 1;

endwhile

There are two types of iterations of the inner while loop, one in which we relax
the inequality zkl ≥ 0 (Type 1) and the other in which we relax the inequality
uklyk ≤ pl (Type 2) for some (bk, gl).

Remark 11. Algorithm 1 provides a polyhedral interpretation to a sequential run
of the so called Basic Algorithm in [5], where buyers are added one at a time.

Lemma 12. Algorithm 1 takes at most (m + n ∗ 2m+n) iterations.

Proof. Consider the iterations of Type 2 of the inner while loop, where we relax
the tight inequality uklyk ≤ pl for some (bk, gl). Let Cj

s be the component con-
taining buyer k in the jth such iteration. Note that Cj

s is a saturated component.
Let Bj be the set of buyers and Gj be the set of goods in Cj

s , and Sj = Bj ∪Gj .
Since prices monotonically increase, therefore all Sj ’s are distinct. The total
number of distinct Sj’s are clearly bounded by 2m+n, and in every n iterations
of inner while loop, one iteration has to be of Type 2, therefore the number of
iterations of the algorithm is bounded by (m + n ∗ 2m+n). ��
Remark 13. A more refined bound is 2m+n+1.

4 Analysis

In this section, we describe the main idea of Algorithm 1 and show that it is
strongly polynomial for many special cases.

Main Idea of Algorithm 1. Consider the inner while loop for buyer i and let
v be the current special vertex. The component C of G(E(v), F (v)) containing
buyer i has exactly two vertices, one saturated (Cs) and one unsaturated (Cu),
and an edge (bk, gl) between them. Note that buyer i belongs to Cu and zkl =
0. Now, consider the tree T in (B,G, E(v)) rooted at buyer i. The edges are
directed downwards, i.e., away from the root. We increase the prices of the
goods uniformly in T in order to decrease the surplus of buyer i. This increases
the flow on the edges, which are from a buyer to a good (forward) and decreases
the flow on the edges, which are from a good to a buyer (backward).
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Therefore, when (bk, gl) be such that gl ∈ Cu and bk ∈ Cs, we need to relax
uklyk ≤ pl, and when gl ∈ Cs and bk ∈ Cu, we need to relax zkl ≥ 0 in order to
increase the prices. It is also clear that during the price increase, only backward
edges may be deleted. Moreover, since the prices of the goods in T increase,
buyers in T may become interested in the goods outside T , and it implies that
only forward edges may be added.

Theorem 14. Algorithm 1 is strongly polynomial when either the number of
buyers or goods is constant.

Proof. W.l.o.g., we assume that (U, m) are algebraically independent2.
It is enough to show that the inner while loop takes a strongly polynomial

number of iterations for every buyer i. Let Cj be the component of G(E(v), F (v)),
which contains buyer i in the jth iteration of the inner while loop for buyer i.
If surplus of buyer i is not zero, then Cj contains exactly one saturated vertex,
say Cj

s , and one unsaturated vertex, say Cj
u. Note that buyer i belongs to Cj

u.
Let (bk, gl) be the edge between Cj

u and Cj
s , and Pj be the path starting from

buyer i and ending with the edge (bk, gl) in (B,G, E(v)).

Claim. All Pj ’s are distinct.

Proof. Recall that when the edge (bk, gl) is such that buyer k belongs to Cj
s , we

relax the inequality uklyk ≤ pl, and when buyer k belongs to Cj
u, we relax the

inequality zkl ≥ 0. In other words, we add the edge (bk, gl) when buyer k belongs
to Cj

u and delete it when buyer k belongs to Cj
s .

We show that all Pj ’s, which end in a good, are distinct, and a similar argu-
ment may be worked out for the case when they end in a buyer. A path Pj may
repeat only when the last edge, say e, is deleted and added again, and this is
possible only if some other edge more near to buyer i than e in Pj is deleted.
The induction on the length of Pj proves the claim, because the edges between
buyer i and the goods never break (buyer i always lies in Cj

u). ��
Since the length of any Pj is at most 2∗min(m, n), therefore it is a constant when
either m or n is constant. Hence the total number of distinct Pj ’s are bounded
by a polynomial in either m (if n is constant) or n (if m is constant). Hence the
length of the simplex-like path in the Algorithm 1 is strongly polynomial when
either the number of buyers or goods is constant. ��

Theorem 15. Algorithm 1 is strongly polynomial when ∀i ∈ B, ∀j ∈ G, uij =
αkij , where 0 ≤ kij ≤ poly(m, n) and α > 0.

Proof. We only need to show that for every buyer i, the inner while loop takes a
strongly polynomial number of iterations. Consider the iterations of inner while
loop for a buyer a. We monitor the values of ya

pb
, ∀b ∈ G. Note that ya

pb
for a

good b remains same until both buyer a and good b are in the same component
2 For the general (U,m), a similar proof may be worked out.
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of G(E(v), F (v)), otherwise it strictly increases. Let Cj be the component of
G(E(v), F (v)), which contains buyer a in the jth iteration. If surplus of buyer
a is not zero, then Cj contains exactly one saturated vertex, say Cj

s , and one
unsaturated vertex, say Cj

u. Note that buyer a belongs to Cj
u.

Let (bk, gl) be the edge between Cj
u and Cj

s . There are two types of iterations,
one in which we relax the inequality zkl ≥ 0 (Type 1) and the other in which
we relax the inequality uklyk ≤ pl (Type 2). Let zkl ≥ 0 is relaxed in the jth

iteration, and ba, gj1 , bi1 , . . . , gjk
, bk, gl be the path from ba to gl in Cj . Clearly,

ya

pl
= ui1j1 ...ukjk

uaj1 ...uik−1jk
ukl

(using the tight inequalities uijyi ≤ pj), and the value

of ya

pl
strictly increases when iteration of Type 1 occurs. Now, we consider the

values of logα
ya

pj
, ∀j ∈ G. Clearly, these values monotonically increase when an

iteration of Type 1 occurs. Since for every j ∈ G, the value of logα
ya

pj
might be

at most n ∗ poly(m, n), therefore for every buyer i, the number of iterations of
inner while loop is bounded by n2 ∗ poly(m, n). ��
Theorem 15 may be easily generalized to handle the case when some uij ’s are
zero. Many easy cases like all utilities are 0/1, non-zero utilities form a tree etc.
may also be easily shown to be strongly polynomial in Algorithm 1.

5 Experimental Results

In this section, we report the experimental results of Algorithm 1. We ran Al-
gorithm 1 on random instances of the Fisher market (i.e., (U, m) are generated
uniformly at random), while keeping the number of buyers and goods same (i.e.,
m = n). For each value of m ∈ {4, 8, 12, 16, 20, 24}, we ran 100 experiments.
Table 5 summarizes the results in terms of the minimum (best), maximum
(worst) and mean (average) number of pivoting steps taken by Algorithm 1.

Table 5. Number of Pivoting Steps Taken by Algorithm 1

# buyers/goods 4 8 12 16 20 24

min 6 31 84 136 245 223

max 24 80 168 235 320 514

mean 12.5 50.9 113.1 186.9 279.8 408.9

Clearly, the number of steps seem to increase quadratically with the size of
instances, and even the worst case instance for each value of m requires fewer
than 2m2 steps. Therefore, Algorithm 1 should have a much better bound.

6 Conclusion

We have presented a novel convex optimization formulation for the Fisher market
problem whose feasible set is a polytope and it is guaranteed that there is a vertex
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of this polytope which is an optimal solution. Exploiting this, we have developed
a simplex-like vertex-marching algorithm which runs in strongly polynomial time
for many special cases.

We feel that the strongly polynomial algorithm by Orlin [11] is neither poly-
topal nor very intuitive. The algorithms, which are polytopal and simplex-like
are generally easier to understand, simpler to implement using standard math li-
braries, and run faster in practice. Therefore, an obvious open problem is to give
a strongly polynomial, simplex-like algorithm; even a polynomial bound will be
interesting. Another open problem is to give a linear programming formulation
that captures the equilibrium prices for the Fisher market. Therefore, it will be
interesting to construct a linear cost function on our polytope so that optimum
vertex gives the equilibrium prices.

References

1. Adsul, B., Babu, C.S., Garg, J., Mehta, R., Sohoni, M.: Nash equilibria in Fisher
market. arXiv:1002.4832 (2010)

2. Birnbaum, B., Devanur, N.R., Xiao, L.: New convex programs and distributed
algorithms for Fisher markets with linear and spending constraint utilities. Working
Paper (2010)

3. Chakraborty, S., Devanur, N.R., Karande, C.: Market equilibrium with transaction
costs. arXiv:1001.0393 (2010)

4. Deng, X., Papadimitriou, C.H., Safra, S.: On the complexity of equilibria. In: STOC
2002 (2002)

5. Devanur, N.R., Papadimitriou, C.H., Saberi, A., Vazirani, V.V.: Market equilib-
rium via a primal-dual type algorithm. JACM 55(5) (2008)

6. Eisenberg, E., Gale, D.: Consensus of subjective probabilities: The pari-mutuel
method. Annals Math. Stat. 30, 165–168 (1959)

7. Garg, J.: Algorithms for market equilibrium. First APS Report (2008),
http://www.cse.iitb.ac.in/~jugal/aps1.pdf

8. Garg, J.: Fisher markets with transportation costs. Technical Report (2009),
http://www.cse.iitb.ac.in/~jugal/techRep.pdf

9. Jain, K.: A polynomial time algorithm for computing the Arrow-Debreu market
equilibrium for linear utilities. In: FOCS 2004 (2004)

10. Nisan, N., Roughgarden, T., Tardos, E., Vazirani, V.V.: Algorithmic Game Theory.
Cambridge University Press, Cambridge (2007)

11. Orlin, J.B.: Improved algorithms for computing Fisher’s market clearing prices. In:
STOC 2010 (2010)

12. Shmyrev, V.I.: An algorithm for finding equilibrium in the linear exchange model
with fixed budgets. Journal of Applied and Industrial Mathematics 3(4), 505–518
(2009)

http://www.cse.iitb.ac.in/~jugal/aps1.pdf
http://www.cse.iitb.ac.in/~jugal/techRep.pdf

	A Simplex-Like Algorithm for Fisher Markets
	Introduction
	New Convex Optimization Formulation
	Problem Formulation
	Convex Program

	A Simplex-Like Algorithm
	Characterization of Special Vertices
	Algorithm

	Analysis
	Experimental Results
	Conclusion
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




