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Abstract. Given a set of alternatives and a single player, we introduce
the notion of a responsive lottery. These mechanisms receive as input
from the player a reported utility function, specifying a value for each
one of the alternatives, and use a lottery to produce as output a probabil-
ity distribution over the alternatives. Thereafter, exactly one alternative
wins (is given to the player) with the respective probability. Assuming
that the player is not indifferent to which of the alternatives wins, a lot-
tery rule is called truthful dominant if reporting his true utility function
(up to affine transformations) is the unique report that maximizes the
expected payoff for the player. We design truthful dominant responsive
lotteries. We also discuss their relations with scoring rules and with VCG
mechanisms.

1 Introduction

We consider a setting where there are n alternatives A1, . . . , An and a single
player. We assume that the player has a cardinal utility function over the al-
ternatives, in the sense of Von-Neumann and Morgenstern. Namely, the player
has a utility vector U = (u1, . . . , un), with utility value ui associated with the
respective alternative Ai, and this utility vector determines the preference of
the player over different lotteries. Formally, given two lotteries, one that asso-
ciates probabilities pi with the respective alternative Ai, and the other associates
probabilities qi with the respective alternative Ai, the player prefers the former
lottery if

∑
piui >

∑
qiui, the latter lottery if

∑
piui <

∑
qiui, and is indiffer-

ent over the choice of lotteries if
∑

piui =
∑

qiui. Recall that Von-Neumann and
Morgenstern show that if all that the player knows is his preferences over every
conceivable pair of lotteri! es, and that these preferences are consistent in the
sense that they satisfy a certain set of axioms (these axioms are natural, though
there is a well known debate whether they actually reflect human behavior), then
this in fact defines a utility function that is unique up to positive affine transfor-
mations (shift by a scalar and multiplication by a positive scalar – game theory
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literature often calls these linear transformations). We shall assume throughout
that the player is not indifferent to the alternatives, namely, that there are at
least two alternatives Ai and Aj with ui �= uj. As utility functions are defined
only up to affine transformations, we shall often represent utility functions in
one of two canonical forms: either as unit range, meaning that mini ui = 0 and
maxi ui = 1, or as unit sum, meaning that mini ui = 0 and

∑
i ui = 1.

We introduce here a concept that we call a responsive lottery.

Definition 1. Given a set of alternatives A1, . . . , An and a single player, a
responsive lottery is a mechanism that operates as follows:

1. The player provides a report X = (x1, . . . , xn), where X ∈ Rn.
2. Using a function f from Rn to Rn, which is called the lottery rule, one

computes a probability vector f(X) = P = (p1, . . . , pn), with pi ≥ 0 and∑
i pi = 1.

3. A lottery is held and alternative Ai wins with probability pi.

The lottery is responsive in the sense that the corresponding probabilities are
not given in advance, but rather determined in response to the report of the
player. The notion of an alternative winning the lottery should be aligned with
what the utility function of the player refers to. For example, if the alternatives
are the choice of seat in a certain flight (say, a window seat, an aisle seat, or
a middle seat) and the utility function refers to the value the player associates
with sitting in such a seat, then following the lottery the player should be seated
in a seat corresponding to the winning alternative.

Given a responsive lottery and a utility vector U for the player, we say that
the report X of the player is honest if X = U . Note that since utility functions
are defined only up to affine transformations, we assume here that both X and
U are given in the same canonical form (say, unit-sum). We say that the report
X of the player is rational if X is such that f(X)U =

∑
piui is maximized.

Namely, the player chooses a report that maximizes his expected payoff.

Definition 2. A lottery rule for a responsive lottery is truthful dominant if it
has the property that for every utility function of the player, the honest report
is rational, and every rational report is honest (or equivalently, given the first
condition, the second condition is that the rational report is unique).

The truthful dominance property can be seen to combine three properties.

1. Rational invertibility. For every report X there is at most one utility function
U for which X is a rational report.

2. Rational uniqueness. For every utility function U , there is a unique rational
report X .

3. Incentive compatibility. For every utility function U , the report X = U is
rational.

Observe that rational invertibility and rational uniqueness are properties of the
range of the lottery rule. Given a lottery rule f that is rational invertible, ob-
taining a truthful dominant lottery out of it involves only appending in front of
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it an appropriate permutation mapping π, that maps a report X to the report
Y = π(X) such that Z = f(Y ) maximize ZX . By rational invertibility, this now
implies that given a utility function U , the unique rational report is X = U .
This idea is similar to the revelation principle in mechanism design (see [5], for
example). Note on the other hand that given a lottery rule that is incentive
compatible, there does not seem to be a straightforward way to turn it into a
truthful dominant rule. For example, the lottery rule that assigns pi = 1 for the
index i for which xi is largest is incentive compatible, but there are many ratio-
nal reports that give out no information beyond which is the preferred altern!
ative for the player. Truthful dominance requires much more – that the rational
report reveals the whole utility function.

A responsive lottery with a truthful dominant lottery rule may be viewed as a
mechanism for elicitation of the utility function of the player. Recall that the work
of Von-Neumann and Morgenstern already implies that utility functions can be
inferred by observing preferences over lotteries. However, the procedure implicit
in [7] involves a (potentially infinite) sequence of comparisons between pairs of
lotteries (or a comparison among infinitely many lotteries, which is not feasible in
practice). The mere fact that lottery comparisons are performed more than once
is problematic for elicitation of utility functions. If the winning alternative is not
actually given to the player after each lottery, the player might not have incentives
to report the truth. And if the winning alternative is given to the player after each
lottery (assuming that this can be practically done), then the issue of complemen-
tarities among the alternatives might distort the original utility functi! on of the
player. We circumvent these difficulties by having only a single lottery. The aspect
of this lottery that allows the elicitation of the utility function (if the player is ra-
tional) is its responsive nature. In a sense, the player is choosing among infinitely
many lotteries. The rational invertibility property implies that the choice of the
player allows one to infer his utility function (assuming that the player is ratio-
nal). The incentive compatibility property makes it easy for the rational player to
choose one lottery out of the infinite set of lotteries.

We assume infinite precision in the values of the utility function, in the reports
and in the probabilities assigned by the lottery rule to the alternatives. Namely,
they are real numbers. Employing our lottery rules with finite precision will
obviously introduce rounding errors. We ignore this issue in this paper.

1.1 Related Work

This manuscript refers only to utility functions as defined by Von-Neumann and
Morgenstern [7]. It may be interesting to extend this work (if possible) to other
notions of utility function (for the need for other notions, see for example [5]
or [4]), but this is beyond the scope of the current work.

As far as we know, our notion of truthful dominant responsive lotteries is new.
However, it is related to some other mechanisms for eliciting information from
players.

Strictly proper scoring rules provide a mechanism for eliciting the belief of
a player regarding the probabilities of future events. This is done by giving
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monetary rewards that depend on the predictions of the player, and on the actual
realization of the future events. See for example [6], [9], [1] and [3]. Our notion of
truthful dominant lottery rules is related to the notion of strictly proper scoring
rules for categorical variables. There is no immediate equivalence between these
two concepts, but there are certain algebraic transformations between them.
Moreover, there are geometric characterizations of scoring rules in a spirit similar
to that of our geometric approach of Section 2. In particular, our spherical lottery
rule is based on a high dimensional sphere, and so is the spherical scoring rule
(though these are two different spheres).

VCG mechanisms are a method for eliciting the true value that a bidder has
for items that are sold in an auction. The incentives are built into the monetary
payments that the bidder makes if he wins the item.

Due to lack of space, most details on the relation between scoring rules, VCG
mechanisms and responsive lotteries are deferred to the full version of this paper.

1.2 Our Results

We view the introduction of the concept of truthful dominant responsive lotteries
as one of the contributions of this work. Our main results are as follows:

1. We present a geometric approach for designing truthful dominant responsive
lotteries, and use it to design what we call the spherical lottery rule. This
lottery rule is continuous – a small change in the reports results in a small
change in the probabilities of the alternatives. See Section 2

2. For three alternatives we present an algebraic approach for designing truthful
dominant lottery rules. These rules are continuous. See Section 3.

3. We present methodologies for transforming any truthful dominant lottery
rule over three alternatives to a truthful dominant lottery rule over n > 3
alternatives. The resulting lottery rule is not continuous. See Section 3.1.

Additional results discussed in the full version of this paper include:

1. We show a transformation from bounded proper scoring rules for n events to
truthful dominant lottery rules for n alternatives. The resulting lottery rule
is not continuous. The transformation does not apply if the scoring rule is
unbounded (such as the logarithmic score).

2. We show how the VCG mechanism (which involves money and multiple
agents) can be used to design truthful dominant lottery rules (that involves
only one player and no money). Also here, the resulting lottery rules are not
continuous.

3. We show a transformation from truthful dominant lottery rules for n + 2
alternatives to proper scoring rules for n events. By way of example, we use
this transformation to derive a well known proper scoring rule, the quadratic
score. We also show a transformation from truthful dominant lottery rules
for n + 1 alternatives to proper scoring rules for n events. Combining this
with item (5) implies a methodology for deriving strictly proper scoring rules
from the VCG mechanism.
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1.3 Some Remarks

In our lotteries exactly one alternative wins. Our lottery mechanisms do not
assume that if no alternative wins then the player gets 0 utility. If we wish to
encompass situations in which valid outcomes include the possibility that no
alternative wins, or that more than one alternative wins, the lottery mechanism
needs to add these possible outcomes as additional alternatives.

The way of providing incentives to the player is by the choice of the winning
alternative. There is no transfer of money involved in our mechanisms. Money
can be introduced into our mechanisms by specifying alternatives that involve
receiving or paying money.

The incentives in a truthful dominant lottery rule only refer to reporting the
exact true utility function. In our mechanisms, there will also be some correlation
between how close a report is to the true utility function and the expected value
of the report. However, we make no formal claims regarding the nature of this
correlation, and do not exclude the possibility that among two different reports,
the one “further away” from the true utility function (according to some metric
to be chosen by the reader) results in higher expected payoffs.

Some of the lottery rules that we design are continuous – a small change
in the reports results in a small change in the probabilities of the alternatives.
We view continuity as a desirable property for lottery rules, if one wishes them
to be used in practice. Discontinuity of the lottery rule might have negative
psychological effects on players who are not sure about their utility functions.
They might spend too much time deliberating among reports that are almost
identical but that lead to very different probability vectors. We note that for all
our lottery rules, even the discontinuous ones, the value of their expected payoff
is continuous (even though the probability vector might not be continuous),
provided that the reports are honest.

An important aspect of a lottery mechanism is its economic efficiency. Namely,
we want the winning alternative to be the one that is actually preferred by the
player. For more than two alternatives, there are no economically efficient lottery
rules that are truthful dominant. However, we remark that there are truthful
dominant lottery rules that achieve almost perfect economic efficiency, though
we do not advocate using them (see Section 4).

Our lottery rules provide ex-ante incentives to reveal the true utility function.
However, this does not exclude the possibility that the player will experience
ex-post regret. This issue too will be discussed in Section 4.

1.4 Ordinal Utilities

Though our work is concerned with cardinal utilities, it may be instructive to
consider first the case of ordinal utilities. In this case a responsive lottery is
truthful dominant if the unique optimal report for the player is to report the
alternatives in his order of preference (and specify ties, if there are any).

If n = 1, the problem is not interesting. The winning alternative is determined
regardless of what the voter reports. If n = 2, the voter may report his preferred
alternative, and the winning alternative is the reported alternative. If n ≥ 3,
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there is no deterministic lottery with the rational uniqueness property. There are
n! different ranking orders (in fact more, if one allows ties), and only n possible
winners. For any deterministic mechanism with n ≥ 3, there are different orders
that result in the same winner. Even if with respect to both orders reporting the
truth gives the best payoff to the player, there is no incentive to the player in
distinguishing between these two orders in the report.

This motivates considering randomized mechanisms (lotteries). Given a report
that ranks the alternatives from 1 to n, we may let the jth alternative win with
probability 2(n−j)

(n−1)(n−2) (or any other probability distribution that decreases with
rank). If the player possesses a complete order over the alternatives, then the
dominant strategy for the player is to report his true ranking.

Note however what happens if the player views two of the alternatives as
being equivalent (a tie). Then asking the player to report a total order (with no
ties) forces the player not to be truthful. Hence we should allow the player to
report a tie among some alternatives. It is natural in this case to redistribute
the probability of winning equally among the tied alternatives. Note however
that by now we lost both the rational uniqueness property and the rational
invertibility property. In case of a tie in the ranking, reporting a tie is not the
unique best strategy. Reporting an arbitrary order among the tied alternatives
gives the same expected payoff to the player as reporting a tie. This illustrates
part of the challenges in designing truthful dominant mechanisms.

In this work we shall be interested not only in learning ordinal utilities, but
cardinal utilities. Hence we wish to learn more than just the ranking, but we also
have greater control of the rewards. The player can be incentivized not only by
the choice of order among winning alternatives (which alternatives have higher
probability of winning then others), but also by the choice of the actual values
of these probabilities.

2 A Geometric View of Truthful Dominant Lottery Rules

We present here a geometric view of truthful dominant lottery rules. We use it to
design what we call the spherical lottery rule (which shares some common prin-
ciples with the spherical scoring rule). More generally, the approach presented
here leads to a geometric characterization of a wide class of truthful dominant
lottery rules.

We shall use the following notation. The number of alternatives is n, the util-
ity vector of the player is U = (u1, . . . , un), the report vector is X = (x1, . . . , xn),
and the probability vector is P = (p1, . . . , pn), taken from an infinite set P of
feasible probability vectors (P is the range of f for the lottery rule). Observe
that all vectors P ∈ P are nonnegative and lie on the hyperplane

∑
pi = 1. Let

1̄ = 1√
n
(1, . . . , 1) denote the unit vector in the direction of the n-dimensional all 1

vector. Given an arbitrary vector Y , it can be decomposed into Y = αY 1̄+βY Y ⊥,
where Y ⊥ is a unit vector orthogonal to 1̄, αY = 〈Y, 1̄〉 and βY = 〈Y, Y ⊥〉. We
assume w.l.o.g. that the sign of Y ⊥ is chosen so that βY ≥ 0. Observe that for
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all P ∈ P we have that αP = 1√
n
. Given a utility function U = αU 1̄ + βUU⊥

and a probability vector P = 1√
n
1̄ + βP P⊥ for the responsive lottery, the payoff

to the player is 〈U, P 〉 = αU/
√

n + βUβP 〈U⊥, P⊥〉. The rational report X for
the player is the one for which P = f(X) maximizes 〈U, P 〉, and hence the
maximum expected payoff attainable by the player is maxP∈P{〈U, P 〉}. Observe
that the optimal choice of P ∈ P is the one maximizing βP 〈U⊥, P⊥〉 (since βU

is positive). The optimal P is preserved under positive affine transformations to
U , because these transformations only change αU and βU (without flipping its
sign) but not U⊥.

We now describe a methodology for deriving truthful dominant lottery rules.
(Presumably this methodology characterizes all continuous truthful dominant
rules. Proving this appears to be an exercise in formalities that does not add
interesting insights, and hence will not be pursued here.) A compact convex body
K will be called nice if (1) for every point z on its boundary ∂K there is a unique
hyperplane H such that H ∩ K = z, and (2) for every two points on ∂K, the
line joining them lies entirely within K. For example, balls, ellipsoids and eggs
are nice convex bodies, whereas polyhedrons are not. For nice convex bodies,
for every vector v, there is a unique value t(v) such that the closed halfspace
H(v) = {x|〈x, v〉 ≤ t} (whose defining hyperplane is orthogonal to v) contains
K and ∂H ∩ ∂K �= ∅. Moreover, ∂H and ∂K interset in exactly one point.

Consider the (n − 1)-dimensional subspace of Rn defined by the hyperplane∑
pi = 1. Within its nonnegative orthant (satisfying pi ≥ 0 for every i) consider

an arbitrary nice convex body K. Let P (the set of feasible probability vectors for
a responsive lottery) be precisely ∂K. Given a report X , consider the halfspace
H(X⊥) as described above, and choose P = f(X) to be the unique point z ∈ ∂K
intersecting ∂H(X⊥). This maximizes the projection of P on X⊥, and hence
maximizes 〈P, X〉. For this choice of lottery rule f , given a utility vector U ,
reporting X = U maximizes the expected payoff. Moreover, for any report X �=
U , the probability vector P = f(X) will be one that is strictly inferior to f(U)
in terms of the expected payoff.

It is natural to require (though not necessary) that the nice convex body K
has geometric symmetries that reflect the intention that a-priori, all alternatives
are treated symmetrically. In particular, in this case the center of mass of K
will be at 1√

n
1̄. Of all convex bodies, the most symmetric one is the ball, and its

boundary is a sphere. Our spherical lottery rule uses a sphere centered at 1√
n
1̄. To

maximize the the variability in expected payoffs, this sphere has maximum possi-
ble radius. This radius is governed by the need to stay in the nonnegative orthant.
A closest point P on the boundary of this orthant to the center of the sphere is
(0, 1/(n− 1), . . . , 1/(n− 1)) for which P⊥ = (−1/n, 1/n(n− 1), . . . , 1/n(n− 1)).
Hence the radius of the sphere is 1/

√
n(n − 1) (implying among other things

that no entry in P is larger than 2/n). Observe that using the spherical lottery
rule, given a report X ! = αX 1̄+βXX⊥, the probability vector P is derived sim-
ply by projecting X⊥ on the sphere (along the line connecting X⊥ to the center of
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the sphere). We can assume that X⊥ �= 0, by the assumption that the player is
not indifferent. Hence

f(X) =
1√
n

1̄ +
1

√
n(n − 1)

X⊥ = (
1
n

, . . . ,
1
n

) +
1

√
n(n − 1)

X⊥

One readily observes that P (= f(X)) is an affine transformation of the report
X . Hence the spherical lottery rule can be viewed as a normalization of the
utility vector U with αU = 1/

√
n and βU = 1/

√
n(n − 1), and following this

normalization one simply takes P = U .

Theorem 1. The spherical lottery rule described above is truthful dominant.

The proof of Theorem 1 is implicit in the discussion preceding it. But let us
sketch here yet another proof. Observe that for the spherical lottery rule, all
vectors in P have the same norm 1/

√
n − 1. Hence the inner product 〈U, P 〉 is

maximized by the vector in P that minimizes the angle with U . This vector is
precisely the projection of U on the sphere, and f(X) is this projection if and
only X is a positive affine transformation of U .

3 Three Alternatives

In this section we design truthful dominant responsive lottery mechanisms for
three alternatives. We assume that the utility function of the player is normalized
to be unit range 0 = u1 ≤ u2 ≤ u3 = 1, and so are his reports.

If all reports are identical, then we set pi = 1/3 for every alternative. If the
reports are not identical, let the reports (after normalization) be 0 = x1 ≤ x2 ≤
x3 = 1. For simplicity of notation, let x = x2.

Theorem 2. Any responsive lottery over three alternatives satisfying all the
following conditions is truthful dominant.

1. pi ≥ 0 for i ∈ {1, 2, 3}.
2.

∑
pi = 1.

3. p1 ≤ p2 ≤ p3, with p1(x) = p2(x) iff x = 0 and p2(x) = p3(x) iff x = 1.
4. p2 is strictly increasing in x and p1 and p3 are strictly decreasing in x.
5. The derivatives satisfy xp′2(x) + p′3(x) = 0 for every 0 ≤ x ≤ 1.

Proof. Conditions 1 and 2 are satisfied by every responsive lottery. Condition 3
ensures that in the optimal reports, the alternatives are ranked in their true
order of preference (satisfy the ordinal aspect of the utility function). Specifically,
u1 ≤ u2 ≤ u3, with u1 = u2 iff x1 = x2 and u2 = u3 iff x2 = x3. Note that we
assume that the player is not indifferent, and hence u1 < u3. After normalization
to unit range, we have 0 = u1 ≤ u2 ≤ u3 = 1. For simplicity of notation, let
u = u2. We need to prove that the optimal report x is x = u.

The payoff to the voter is v = u1p1(x) + u2p2(x) + u3p3(x) = up2(x) + p3(x).
The derivative of v with respect to x is up′2(x)+p′3(x) which equals 0 if x = u, by
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Condition 5, and only if x = u, by Condition 4 that implies that the derivatives
are nonzero. This is the unique extremum for v. Condition 4 implies that this is
a maximum rather than a minimum. ��
We remark that replacing condition 5 in Theorem 2 by the weaker condition
that −p′3(x)/p′2(x) is strictly increasing in x, from 0 to 1, will result in a rational
invertible mechanism, though not necessarily incentive compatible.

Theorem 2 allows for many truthful dominant mechanisms. It is natural to
limit the possible choices by normalizing the rewards such that there is some
report for which p1 = 0. It is easy to see that in conjunction with Theorem 2
this amounts to postulating that when x = 1 we have p1 = 0 and p2 = p3 = 1/2.
By way of example, we present two mechanisms that satisfy Theorem 2 and
this additional requirement. They are named after the largest degree in the
polynomials that are involved.

– The 3-alternative quadratic lottery rule: p1 = 1−2x+x2

6 , p2 = 1+2x
6 , p3 =

4−x2

6 .
– The 3-alternative cubic lottery rule: p1 = 1−3x2+2x3

8 , p2 = 1+3x2

8 , p3 = 6−2x3

8 .

3.1 Extension to More Than Three Alternatives

Here we present two approaches for extending truthful dominant responsive lot-
teries over three alternatives to truthful dominant responsive lotteries with n > 3
alternatives.

The first of these approaches is as follows. Given the report of the player,
pick uniformly at random three alternatives. If all three have the same reported
utility, let each one of them win with probability 1/3. Otherwise, normalize the
part of the report of the player that refers to these three alternatives so that
it becomes unit sum, and apply a 3-alternative truthful dominant responsive
lottery on these three alternatives. It is not hard to see that this gives a truthful
dominant responsive lottery.

In the full version of this paper we present another approach in more detail.
When there are n + 2 alternatives A0, . . . , An+1 and the reports are 0 = x0 ≤
x1 ≤ . . . ≤ xn ≤ xn+1 = 1, it will give the ((n+2)-alternative) quadratic lottery
rule for which the probabilities are derived from the following expressions after
dividing by n2 + 3n + 2:
p0 = n − ∑n

i=1 2xi +
∑n

i=1(xi)2;
pi = n + 2xi for 1 ≤ i ≤ n;
pn+1 = 2n + 2 − ∑n

i=1(xi)2.

4 Convex Combinations

In general, given one truthful dominant mechanism, one can generate others
by the method of taking convex combinations. We say that a mechanism is a
convex combination of two mechanisms M1 and M2 if there is some probability
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0 < q < 1 such that with probability q the mechanism employs M1 and with
probability 1− q it employs M2. Equivalently, given the reports, the probability
of a given alternative to win is the convex combination (with weights q and 1−q)
of the respective probabilities in M1 and M2. The following proposition is self
evident.

Proposition 1. A convex combination of a truthful dominant responsive lottery
with an incentive compatible responsive lottery is truthful dominant.

As an example for the use of Proposition 1, the following responsive lottery is
truthful dominant. Choose the alterative with highest reported value as a winner
with probability q, and with the remaining probability employ the spherical
lottery rule. Observe that as q approaches 1, this voting rule converges to optimal
economic efficiency, but at the cost of weakening the incentives for the player to
distinguish in his report between the less desirable alternatives.

As another example, consider the issue of ex-post regret involved in responsive
lotteries. Even though reporting the true utility function is optimal for the player
ex-ante, the player may suffer ex-post regret after the lottery is held. For the
3-player quadratic lottery rule, given any report other than (0, 1, 1) the least
desirable alternative might win the lottery, and then the player may regret not
having reported (0, 1, 1) which would have avoided this possibility. To prevent
this ex-post regret, one may take a convex combination of the quadratic rule
with the uniform rule (each alternative equally likely to win), which ensures
that regardless of the report of the player, the least desirable alternative has
some probability of winning. This decrease in ex-post regret comes at the cost
of economic efficiency (among other things).

The availability of several (infinitely many) mechanisms that are truthful
dominant allows one to introduce some additional objective function, and select
the mechanism that optimizes this additional property. For example, among all
truthful dominant mechanisms one may want to select the mechanism minimiz-
ing the maximum probability with which the least desirable alternative wins.
(This probability is 1/6 for the 3-player quadratic lottery rule.) However, for
this particular objective function, there is no truthful dominant mechanism that
minimizes it. For every truthful dominant mechanism, the value of this objective
function is strictly positive. But then it can be lowered by taking a convex com-
bination with an incentive compatible mechanism. This relates to the fact that
the notion of truthful dominant mechanisms is defined using strict inequalities,
and its closure is the incentive compatible mechanisms.

5 Applications

The notion of truthful dominant responsive lotteries is a mathematical construct
that may have practical applications. We believe that in choosing a truthful dom-
inant lottery rule for a practical application, one would need to strike a careful
balance among several considerations (such as ex-post regret, economic efficiency
and the strength of the incentives, see Section 4), and this will be possible only if



160 U. Feige and M. Tennenholtz

the number of alternatives is fairly small (four alternatives appears to be a good
number). Also, we believe that a carefully designed user interface may help the
players understand the concept of responsive lotteries and the effect of the choice
of report on the expected reward. For example, one may imagine an interface
which includes sliding bar controls for each alternative, and a screen showing a
pie chart for the relative probability of each alternative winning. As the player
moves the sliding bars to indicate to which extent he values each alternativ! e,
the pie chart changes dynamically. Having such a user interface in mind is one of
the reasons why we wish lottery rules to be continuous (and among our lottery
rules for more than three alternative, only the spherical one is continuous).

Though the purpose of this manuscript is mainly to develop the mathematical
theory of truthful dominant responsive lotteries, we briefly and informally discuss
some potential applications. A formal treatment of these and other potential
applications will hopefully be undertaken elsewhere. In all cases below we assume
that the winning alternative can actually be given to the player after the lottery
is held (or at least, that the player believes that this is what will happen).

Experimental Psychology. If one wishes to gain a quantitative understanding
of preferences of people over a set of alternatives, one may in principle use truth-
ful dominant responsive lotteries. For example, a psychophysical experiment may
study the relative sensation of pleasure or pain associated with various temper-
atures, and the alternatives may be those of putting one’s hand in containers of
water of various (possibly unpleasant but not harmful) temperatures. One may
not want to repeat such an experiment many times with the same subject, due to
effects of adaptation, and responsive lotteries may serve as a way of eliciting more
information in fewer experiments. As always in experimental settings, caution is
needed in performing experiments and in interpreting the results (which at best
indicate what were the true preferences of the subject under the conditions of
the experiment).

Market Research. A company may use responsive lotteries to gain under-
standing of the preferences of its potential costumers. For example, an airline
company may offer some passengers on a flight a responsive lottery over the
choice of seat (say, a window seat, an aisle seat, or a middle seat) so as to get a
sense of what the true preferences of costumers are.

Multiple-agent Mechanism Design. In many settings one is interested in
designing a mechanism in which agents report their utilities, and then some
global decision is taken so as to optimize some objective function that depends on
the true utilities of the agents. The difficulty is often in incentivizing the agents
to reveal their true utilities. Mechanisms based on statistical approaches often
take a small sample of agents, ask them for their utility function, and use this
output so as to reach a global decision that effects the agents not in the sample.
In such a setting (and assuming no externalities), the agents in the sample
have no incentive to not tell the truth, and hence are sometimes assumed to
be truthful. See for example [2] for the use of a statistical approach in the design
of combinatorial auctions. If this statistical approach is combined with truthful
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dominant responsive lotteries then there is more justification in assuming that
the agents in t! he sample are truthful. Let us provide a hypothetical example.

Suppose a company wants to reward each one of its employees with a $100
gift certificate to some store chain. There are two store chains that are being
considered (say one specializes in electronics, one in sports). However, (almost)
all gift certificates should be to the same store chain, as then the company gets a
big discount from the store chain. How can the company decide among the store
chains? One option is to sample at random a small number of employees and
offer each one of them a truthful dominant responsive lottery over four alterna-
tives, where two of them are the gift certificates to the two chains, and the other
two alternatives are $50 and $100 in cash (for calibration). Each employee in
the sample actually does get the alternative that wins the respective lottery. All
remaining employees get gift certificates to just one store chain, and this store
chain is determined based on the information elicited by the responsive lotteries
(and on the objective of the company, which may be for example to maximize
welfare). Arguably, employees in the sample will actually reveal their true refer-
ences. If the total number of employees is large, then with high probability this
mechanism leads to almost optimal economic efficiency: the sample size may be
chosen to be large enough to be representative, yet small enough to make the
marginal inefficiencies small (inefficiencies resulting from giving sampled employ-
ees more expensive rewards, and from occasionally giving sampled employees less
favorable rewards, due to the random nature of responsive lotteries).

Acknowledgements

We thank Ran Smorodinsky and Aviv Zohar for many helpful discussions.

References

1. Allen, F.: Discovering personal probabilities when utility functions are unknown.
Management Science 33(4), 542–544 (1989)

2. Dobzinski, S., Nisan, N., Schapira, M.: Truthful randomized mechanisms for com-
binatorial auctions. In: STOC 2006, pp. 644–652 (2006)

3. Gneiting, T., Raftery, A.: Strictly proper scoring rules, prediction, and estimation.
Journal of the American Statistical Association 102, 359–378 (2007)

4. Kahneman, D., Tversky, A.: Prospect Theory: An Analysis of Decision under Risk.
Econometrica XLVII, 263–291 (1979)

5. Mas-Colell, A., Whinston, M., Green, J.: Microeconomic Theory. Oxford University
Press, Oxford (1995)

6. McCarthy, J.: Measures of the value of information. Proceedings of the National
Academy of Sciences 42, 654–655 (1956)

7. von Neumann, J., Morgenstern, O.: Theory of games and economic behavior, 3rd
edn. Princeton University Press, Princeton (1954)

8. Nisan, N., Roughgarden, T.: Eva Tardos and Vijay Vazirani. Algorithmic Game
Theory, Cambridge (2007)

9. Savage, L.J.: Elicitation of personal probabilities and expectations. Journal of the
American Statistical Association 66, 783–801 (1971)


	Responsive Lotteries
	Introduction
	Related Work
	Our Results
	Some Remarks
	Ordinal Utilities

	A Geometric View of Truthful Dominant Lottery Rules
	Three Alternatives
	Extension to More Than Three Alternatives

	Convex Combinations
	Applications
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 149
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 149
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 599
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




