17 Weight 1 for Levels N = 2p with Primes
p=9

17.1 Eta Products for Fricke Groups

For primes p > 5 there are exactly four new holomorphic eta products of
weight 1 for the Fricke group I'*(2p), namely,

227 p2 12, 2p 2
) J ) [2, p] ) [17 2p] .
1,2p 2, p
By Theorem 8.1, each of them is a product of two simple theta series. All
of them have denominator 8 if p = 1mod3, while for p = —1mod3 the

denominators are 8 for the first and second, and 24 for the remaining two eta
products. Some of the identities in this subsection are mentioned in [65]. We
begin with the discussion of the case p = 5, where we will meet theta series
on the fields with discriminants 40, —40 and —4:

Example 17.1 Let Ji9 be the system of integral ideal numbers for Q(v/—10)
as defined in Example 7.2. The residues of 1 ++/—10, v/5 and —1 modulo 4
can be chosen as generators of (Ji0/(4))* ~ Z4 x Z3. Four characters s,
on Jio with period 4 are given by

Vs (LHV=10) =dvi,  dsu(VB) =6,  u(-1)=1
with 0,v € {1,—1}. The residues of 2 — vi, 5+ 2vi, 1 — 4vi and vi modulo
4+12vi = 4(1+vi)(2+vi) are generators of (O1/(4+12vi))* ~ Zyx Z2x Zy.
Characters x5, on O1 with periods 4 + 12vi are fized by their values
Xow(2—vi) =0, x5,(5+2vi)=06, xs.(1—4vi)=-1, xs.,(vi)=1
Let ideal numbers \7@(@) for Q(\/ﬁ) be chosen as in Example 7.16. The

residues of 1+v/10, /5 and —1 modulo 4 generate the group (‘7@(@)/(4)) X~
Zy x Z3. Hecke characters &5 on j@h/ﬁ) with period 4 are given by

sgn(p) 1++10
&) = ¢ dsgn(p) for — p= VB mod 4.
—sgn(p) —1
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The corresponding theta series of weight 1 are identical and satisfy

01 (40, &,2) = O1(—40,¢5.,%) = 01 (—4, x50, 2)
 n2(22)n%(52) n?(2)n?(10z)
= oo T @G a7.1)

The sign transforms of the eta products in (17.1) belong to I'g(20) and will
be discussed in Example 24.10.

Example 17.2 The residues of 1 ++/—10, 3+ v/—10, 3v/5 +2v/=2 and —1
modulo 12 can be chosen as generators of (Jo/(12))* ~ Zg x Zy x Z3. Eight
characters 5., on Jio with period 12 are given by

©s.e.0(1+v—10) = —de, ©s.e.0(3+vV—10) = vi,

<)06,E,V(3\/5+ 2v _2) =9, 905,6,11(_1) =1

with §,e,v € {1,—1}. The residues of /3 — v/=2, 1 +v\/—=6, T — 4v/—6
and —1 modulo 12 +4v/—6 = 4\/5(\/5—1—1/\/—_2) can be chosen as generators
of (Js/(12+4v\/—6))* ~ Zgx Zy x Z3. Characters ps..,, on Js with periods
12 4 4v+/—=6 are given by

Psen(V3—1V=2)=6,  pscn(l+vV=6)=¢,

06,5711(7 —4vy _6> = -1, p5,€,l/(_1) =1

The residues of 4 ++/15, V/5, 1 +2v/15 and —1 modulo M = 4(3 4+ /15) are

generators of (JQ(\/B)/(M))X ~ 72 x Z3. Hecke characters &5 on Jo(/15)
with period M are given by

sgn (i) 4415
_ ) dsgn(p) _ V5
Es.e(p) = Se sgn () for p= 14215 mod M.
—sgn(u) -1

The corresponding theta series of weight 1 are identical and decompose as

61 (607 55,67 ﬁ) = @1 (_40780576,117 i) = 61 (_247p5,€,l/7 ﬁ)
= fl(Z) + 5f5(Z) + 2€f7(Z) — 2(55f11(z), (172)

where the components f; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24, and where f;, fi11 are eta
products,

f2(2) = n(22)n(52), f11(z) = n(z)n(10z). (17.3)
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The components f1, f5 will be identified with linear combinations of eta
products in Example 27.9. We note that the period 4(3 + v/15) of &5 and
its conjugate 4(3 — 1/15) are associates; their quotient is the unit —4 — v/15.

The eta products of weight 1 for I'*(14) combine to eigenforms which are
Hecke theta series for the field Q(y/—14):

Example 17.3 Let J14 be the system of integral ideal numbers for Q(v/—14)

as defined in Example 7.7, where A = Ay = \/V/2 + /=7 is a root of A® +
10A* + 81 = 0. The residues of A, /=7 and —1 modulo 4 can be chosen
as generators of (Jia/(4))* ~ Zs x Z3. Eight characters x5, on Jia with
period 4 are fixed by their values

X5,E,V(A) = %(6 + Vi), Xé,a,u(\/ _7) = —¢, X&,E,y(_l) =1

with é,e,v € {1,—1}. The corresponding theta series of weight 1 decompose
as

O1 (=56, X6, 2) = f1(2) + OV2 f3(2) + 0eV2 f5(2) — € fr(2)  (17.4)

where the components f; are normalized integral Fourier series with denom-

inator 8 and numerator classes j modulo 8. All of them are eta products,

12,142
2,7

2 =2
n=tn) amen f-naa s

] . (17.5)
The results for level 22 are similar to those for level 10. They are even more
complete since in Example 17.5, in an analogue to (17.2), we can identify all
the components of a theta series with (linear combinations of) eta products,
which, however, do not all belong to the Fricke group:

Example 17.4 Let Jao be the system of integral ideal numbers for Q(v/—22)
as defined in Example 7.2. The residues of 1 ++v/—22 and v/11 modulo 4 can
be chosen as generators of (Jaz/(4))* ~ Z3. Four characters s, on Jao
with period 4 are given by

Vs (1 +v/=22) = dvi, V5., (V11) =6

with d,v € {1,—1}. The residues of 3 — vy/—2, 1 4+ 8vv/—2 and —1 modulo
4(34+v+/=2) can be chosen as generators of (Oz/(12+4vy/—=2))* =~ Zaygx Z3.
Characters x5, on Oa with periods 4(3 + v+/—2) are fized by their values

Xo.v(3—vvV—=2) =, Xo.o(14+8vv—=2) = —1, Xo.o(—1) =1

The residues of 2 + V11, 1 + 2v/11 and —1 modulo M = 4(3 + \/ﬁ) are
generators of (Z[V11]/(M))* ~ Z4 x Z2. Hecke characters & on Z[v/11]
with period M are given by

_ [ sen(w) _ 1+ 2V11
56(/1)—{ —sgn(p) for M:{ 24+ V11, -1 mod M.
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The corresponding theta series of weight 1 are identical and satisfy

01 (44, &, %) O1 (—88,15,,2) = O1 (=8, X505 %)
n*(22)n°(112) n*(2)n°(222)
n(z)n(222) n(22)n(11z)

(17.6)

Similarly as before in Example 17.2, the character period 4(3 4+ +/11) and its
conjugate 4(3 — v/11) are associates.

Example 17.5 The residues of 14++/—22, 3++/—22 and v/11 modulo 12 can
be chosen as generators of (Jae/(12))* ~ Zs x Z3. Eight characters ps., on
Joo with period 12 are fized by their values

psen(l+V—-22) =¢, ps.e (3 +V—=22) = —6vi,
P50 (V11) = b

with 6,e,v € {1,—1}. Let Jss be the system of integral ideal numbers for

Q(v/—66) as defined in Example 7.10, with A = Ags = /3 +/—22. The
residues of A, 1++/—66, 5 and /—11 modulo 4v/3 can be chosen as generators

of (JTs6/(4V/3))* =~ Zgx Zyx Z2, where A*(14++/—66)% = —1mod 4v/3. Eight
characters 5., on Jss with period 4+/3 are given by

(‘0575’”(A) =v 906,671/(1 +V —66) = —¢v,

0sew(d) =—1,  ©se(V—11) = de.

The residues of 2 — ev/3, 23, 17 + 8¢v/3, 11 — 2¢v/3 and —1 modulo M, =
4(3—5¢/3) can be chosen as generators of (Z[/3]/(M.))* ~ Zogx Z3. Hecke
characters &s. on Z[\/3] with period M. are given by

sgn (1) 2 —ev/3, 23, 17+ 823
&e =14 —Osgn(p) for u= 11 — 2ev/3 mod M, .
—sgn(p) -1

The corresponding theta series of weight 1 are identical and decompose as

01 (12, &6, %) ©1 (=88, P50, 55) = O1(—264, 95,0, 57)
fl(Z) + 66 fll(z) + 26f13(2’) + 2€f23(2),(177)
where the components f; are normalized integral Fourier series with denomi-

nator 24 and numerator classes j modulo 24 which are eta products or linear
combinations thereof,

fi(z) = n(Z)UQ(HZ) i 2772(22)7](222)
1 n(222) )
17.8
fulz) = n*(2)n(112) 277(22)772(222) ( )
! n(2z) n(llz)

fis(z) = n(22)n(112),  fas(2) = n(z)n(222). (17.9)
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The eta products in (17.8) will appear once more in Example 17.21 in the
components of another theta series.

For level N = 26 we find six eigenforms which are theta series and involve,
besides the four eta products, two components which are not identified with
eta products. Here for the first time we meet a field with class number 6:

Example 17.6 Let Jag be the system of integral ideal numbers for Q(v/—26)

as defined in Example 7.14, where A = Ayg = /1 + /=26 is a root of the
polynomial X® — 2X3 + 27. The residues of A and v/—13 modulo 4 can be

chosen as generators of the group (Jas/(4))* ~ Z1a X Zy. Eight characters
Vs5,e,0 0N Ja26 with period 4 are given by

¢5,E,V(A) = %(5\/3 + VZ’)? wﬁ,s,u< \% _13) =9
with é,e,v € {1,—1}. The characters ps, = wg)s’y on Jag with period 4 are
defined by
ws.u(A) = vi, s, (V—13) = 0.
The residues of 3 —2vi, 5 —6vi, 14+ 10vi and vi modulo 4(1 + vi)(3+2vi) =

4+ 20vi can be chosen as generators of (O1/(4 + 20vi))* ~ Z1a X Z3 x Zy.
Characters x5, on O1 with periods 4(1 + 5vi) are given by

Xo.o(3—2vi) =0,  Xs5.,(5—6vi) =—0, xs.,(1+10vi) =0, xs.(vi)=1.

Let the ideal numbers JQ(\/%) be given as in Example 7.16. The residues of

1+/26, V13 and —1 modulo 4 are generators of (JQ(\/%)/(ZL)) “ o~ Zyx Z2.
Define characters & modulo 4 on JQ(\/%) by

sgn(f) 1+/26
&(p) =4 dsgn(p)  for p= V13 mod 4.
—sgn() -1

The corresponding theta series of weight 1 satisfy the identities
O1 (=104, Y50, 2) = fi(2) +eV3 f3(z) + 6 f5(2) — deV3 f2(z), (17.10)

O1 (104, &, 2) = ©1 (=104, 5., %) = O1 (=4, X502, 2) = 91(2) — 6 g5(2),

(17.11)
where the components f;, g; are integral Fourier series with denominator 8
and numerator classes j modulo 8 which are normalized with the exception
of gs. Those for j = 1,5 are linear combinations of eta products,

12,262
2,13 |’

f= {22’132] FL26), fs = (213 + { (17.12)

1,26
12,262
2,13

22,132
91:|: . 3:|_2[1726]a 95:2[2a13]_|:

56 } . (17.13)
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Similar results for the sign transforms of the eta products in (17.12), (17.13)
will be given in Example 22.18.

In the following two examples we describe theta series which contain the eta
products of weight 1 for T"*(34) in their components: The sign transforms
of the eta products in (17.16) belong to I'g(68) and will be discussed in
Example 22.10.

Example 17.7 Let J34 be the system of integral ideal numbers for Q(v/—34)

as defined in Ezample 7.7, where Asy = /2v/2 ++/—17 is a root of the
polynomial X8 — 18X* 4 625. The residues of Asy and 1 + /—34 modulo
4v/2 can be chosen as generators of the group (Jza/(4))* ~ Zg x Zy, where
A3, = —1mod4. FEight characters @5, and psp on Jza with period 4 are
fized by their values

o (Asa) = 61, s, (14 V=34) = —bvi,

pé,V(A34) = 67 ,0571/(1 + v _34) =i
with §,v € {1,—1}. Let Ji7 be the system of integral ideal numbers for

Q(vV/—17) as defined in Example 7.9, where A1z = /(1 4+ /=17)/\/2 is a root

of the polynomial X® + 16X* + 81. The residues of Ay7, 1+ 2v/—17 and 3
modulo 4 can be chosen as generators of the group (Ji7/(4v/2))* ~ Zy6 x Z3,
where A§; = —1mod 4v/2. Four characters Vs, on Jir with period 4/2 are
given by

w(g)y(Alﬂ =V, w57y(1 + 24/ —17) = (SV7 w57y(3) = —1.

The residues of 2 4+ vi, 3+ 8vi, 7 — 2vi and vi modulo 4(1 + vi)(4 — vi) =
20 + 12vi are generators of (O1/(20 + 12vi))* ~ Z15 X Z3 x Z4. Characters
Xs,v on O1 with periods 4(5 + 3vi) are given by

Xow(2+vi) =0, x5,(3+8vi)=-1, x5.,(7T—20vi)=0, xs5,(vi)=1.

The residues of 1 — 6v/2, 5+ 6v/2 and —1 modulo Ms = 4(5 — 25\/5) are
generators of (Z[\/2]/(Ms))* ~ Zig x Z4 X Za. Define characters £ modulo
M; on Z[\/2] by

G ={ B g a2 {7V

Let j@(\/ﬁ) be given as in Example 7.18. The residues of A = /3 + /34 and

—1 modulo 4 are generators of (JQ(\/@)/(ZL)) ¥ ~ Zs X Zy. Define characters
&s modulo 4 on ._7(@(\/@) by

G ={ 00 o

A
{ 1 mod 4.
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The theta series of weight 1 for &5, w5, Vs, are identical, and those for &5,
ps.w, X5 are identical, and we have the decompositions

61 (87 §§7 %) = 61 (_1367()06,117 é)
= O1(=68,0s5.,2) = f1(2) + 20 f(2), (17.14)

©1 (136, &,2) = O1(—136,p5., 2)
= O1(~4,X6,,2) = g1(2) +20g5(z) (17.15)
where the components f;, g; are normalized integral Fourier series with de-

nominator 8 and numerator classes j modulo 8, and where f1, g1 are linear
combinations of eta products,

22 172 12,342 22 172 12,342
_ % ) S L B kol N ST
h [1,34}+{2,17]’ g [1,34} {2,17] (17.16)

Example 17.8 Let J34 be given as in the preceding example. The residues
of Asq, 3+ /=34 and 3v/2 + /=17 modulo 12 can be chosen as generators
of the group (J34/(12))* ~ Z1s x Z3, where (3 4+ /—34)%(3v/2 + /—17)? =
—1mod 12. Sizteen characters Xs.e o 0N J34 with period 12 are fized by their
values

Xé,s,u,o(A34) = %(5 - VO'i), X(S,E,u,a(g + v *34) = —¢eot,

Xo.ewo (3V2 4+ V=17) = i

with 6,e,v,0 € {1,—1}. The corresponding theta series of weight 1 decompose
as

01 (=136, Xscv,0025) = hi(z) + 6V2hs(2) + vV2hr(2) + 260 hyy(2)
— 56\/5 hlg(z) +e€ h17(2’)
— 28 hig(2) + evV2 has(2), (17.17)

where the components h; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24, and where hi1, hig are eta
products,

hi11(2) = n(z)n(34z), hig(z) = n(22)n(17z). (17.18)

For T'*(38) there are four eta products of weight 1 whose denominators are
8 and whose numerators occupy all the residue classes modulo 8. But there
are no linear combinations of these functions which are eigenforms. We do
not pursue the levels N = 2p for larger primes p.
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17.2 Cuspidal Eta Products for I'y(10)

For primes p > 7 there are exactly ten new holomorphic eta products of
weight 1 for T'g(2p). All of them are products of two simple theta series, and
in fact only 1(z), n?(2)/n(2z) and n?(22)/n(z) are needed to concoct these
ten eta products. Specifically, we have two non-cuspidal eta products

(12,274, p%, (2p) 7], [171,2%,p7", (2p)?]
and eight cuspidal ones,
2,p%, (2p)7], [17h2%p], [1%,27Y,2p], [Lp ' (2p)%],

[Lp%p) 7], [1h27hp], [17h2%2p], [207(20)7].
For those in the last line the denominator ¢ = 24 does not depend upon p. For
Iy (10) there are, in addition, four non-cuspidal and four cuspidal eta products
of weight 1. In this subsection we discuss the 12 cuspidal eta products of level
10. Two of them have denominator 12; they appear in theta series for the
fields with discriminants 60, —4 and —15:

Example 17.9 Let Ji5 be the system of integral ideal numbers for Q(v/—15)
as defined in Example 7.3. The residues of \/—5, 7, 2++/—15 and —1 modulo
2(3++/—15) can be chosen as generators of (Ji5/(6+2v/—15))* ~ Z, x Z3.
Four characters 15, on Jis with period 2(3++/—15) are fized by their values
w&,u(\/ _5) = (%7 d)&,u(?) = _17 wé,u(Q + v _15) =V, 1/)6,1/(_1) =1

with 6,v € {1,—1}. The residues of 2+ vi, 7 and vi modulo 6(1 + vi)(2 —
vi) = 6(3 + vi) can be chosen as generators of (O1/(18 + 6vi))* ~ Zg x Z3.
Characters x5, on O1 with periods 6(3 + vi) are given by

Xo.v (2 + vi) = 01, Xo.(7) = —1, X, (vi) = 1.

The residues of /34 2v5 and v/5 modulo M = 2(3+ \/1—5) are generators of
the group (JQ(\/E)/(M))X ~ 73, where (v/3 4+ 2v/5)?> = —1mod M. Define
characters g} modulo M on j(@(\/ﬁ) by

V3+ 25

&) = { _(SstZir(lLl;) for  up= { NG mod M.

The corresponding theta series of weight 1 are identical and decompose as

61(60,52%%) = @1( 15 wﬁua 2)

= 01 (4, x50, 5) = f1(2) + difs(2), (17.19)
where the components f; are eta products,
22)n?(52 2(2)n(10z
fi(z) = w f5(2) = M (17.20)

n(10z) 1(22)
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The sign transforms of the eta products in (17.20) belong to I'g(20) and will
be considered in Example 24.11.

Let F5 = f1+ difs denote the functions given by (17.19), (17.20). The Fricke
involution Wy acts on Fs according to F5(Wipz) = —2v/5iz Gs(z), where
Gs = [1_1722,5} + 01 [1,5_1, 102} is a linear combination of eta products
with denominator ¢ = 3. One would expect that the functions G5 are Hecke
eigenforms and representable by theta series. However, although the coeffi-
cients of G5 are multiplicative, they violate the proper recursion formula for
powers of the prime 2, and therefore G5 is not a Hecke theta series. We get
an eta—theta identity when we rectify the bad behavior at the prime 2, using
the eta products with denominator ¢ = 12:

Example 17.10 Let Ji5 be given as before in Example 17.9. The residues
of 3(V3 + vW/=5) and —1 modulo 1(V3 + 3vV/=5) are generators
of (J15/(3(V3+43v\/=5)))* = Zy x Z. Characters ps,, on Ji5 with periods
%(\/ng 3vy/—=5) are given by

w5 (2(V3+vV=5)) = di, osu(—1) =1

with 6,v € {1,—1}. The residues of 2 — vi and vi modulo 3(2 + vi) generate
the group (O1/(6 + 3vi))* ~ Zs x Zy. Characters ps, on Oy with periods
3(2 + vi) are given by

ps.(2 —vi) = di, ps.(vi) = 1.

The residue of \/5 modulo /3 is a generator of (jQ(\/ﬁ)/(\/g))X ~ Z4.
Hecke characters & on Jgy( /5 modulo V3 are given by &s(u) = 0isgn ()

for 1= +v/5mod /3. The corresponding theta series of weight 1 are identical
and decompose as

©1 (603 557 %) = 0 (_15a Ps,vs %)
= 06 (—4,p5,,,, %) = q1(2) + dige(2), (17.21)
where the components g; are normalized integral Fourier series with denom-

inator 3 and numerator classes j modulo 3 which are linear combinations of
eta products,

n(z/2)n*(5z) | n*(22)n(202)

9l =GR O -
0(z) = P (2)n(52/2)  n(42)n*(10z)
’ n(=/2) n@0s)

The eta products in (17.22) have expansions to powers e (%)n But in the

linear combinations all coefficients at odd n vanish thanks to coincidences
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of coefficients of the eta products with denominators 3 and 12, and hence
the expansions of g1, g2 proceed to powers e ( %)n Much simpler formulae
for g1, go will be given in Example 24.5 in terms of the sign transforms of

[171,22,5], [1,57",10] which belong to T'g(20).

There are eight eta products with denominator ¢ = 24, and we find eight theta
series which involve these eta products in their components. The results will
be described in the following three examples where we will exhibit the two
remarkable identities (17.29), (17.30) connecting eta products of levels 10
and 2.

Example 17.11 Let [J39 be the system of integral ideal numbers for
Q(v/=30) as defined in Example 7.5. The residues of 1+ /=30, v/5 4+ /=6,
2v/10 4+ /=3 and —1 modulo 4v/—3 can be chosen as generators of the group
(J30/(4V/=3))* ~ Z} x Z3. Eight characters 1 = 5., on Jao with period
4+/=3 are fized by their values

P(1+V=30) = v, P(VE+V=6) = dvi, P(2VI0+V=3) =ev, P(-1)=1

with é,e,v € {1,—1}. The residues of 2 — vi, 3 — 2vi, 11, 11 + 6vi and
vi modulo 12(1 — vi)(2 + vi) = 12(3 — vi) can be chosen as generators of
(01/(36 — 12v4))* ~ Zg x Zy x Z3 x Zy. Characters X = Xs.c., on O1 with
periods 12(3 — vi) are given by

xX(2—vi)=0i, x(3—2vi)=¢, x(11)=-1, x(11+6vi)=¢, x(vi)=1.

Let ideal numbers JQ(\/%) be given as in Example 7.19. The residues of
1+ \/%, V3 + V10 and —1 modulo 4v/3 can be chosen as generators of
(‘7(@(\/%)/(4\/@)X ~ 73 x Zy. Hecke characters & on JQ(\/%) with period
4+/3 are defined by

—disgn(p) 14++/30
Es,e(p) = Oeisgn(p) for V34++/10 mod 4V/3.
—sgn(p) -1

The corresponding theta series of weight 1 are identical and decompose as
@1 (1205 5(5787 ﬁ) = 91 (_120?w5,E,V7 ﬁ) = 91 (_47X57E,V) ;_4)
fi(2) + 0i f5(2) + 2e fi3(2) — 26ei fiz(2), (17.23)

where the components f; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

1,52 12,5
R e
(17.24)
o [22,10 ~ [2,10?
f13— |:1:|7 f17—[5]
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We will meet the theta series (17.23) once more in Examples 24.13, 24.16,
27.10 when we will find identities relating the components f; with eta prod-
ucts on I'g(20) and on I'*(40). The sign transforms of the eta products in
(17.24) will be identified with components of theta series in Example 24.19.

Example 17.12 Let the generators of (O1/(36—12vi))* be chosen as before
in Example 17.11. Characters ps, on Oy with periods 12(3 — vi) are fized by
their values

pov(2—vi)=0di, ps,(3—2wi)=v, psi,(11)=—1, ps,(11+60i)=—v

and ps,(vi) = 1 with 6,v € {1,—1}. Let the generators of (Js/(12 +
4v+/—6))* be chosen as in Example 17.2. Characters s, on Js with pe-
riods 4(3 + vv/—6) are given by

©s.,(V3 — vv/=2) = di, 5. (1 +1vV—6) = v,

50(5,1/(7 —4dvy 76) =-1, 50(5,1/(*1) =1

The residues of 1 + /6, 7, 5 — 46 and —1 modulo M = 4(3 — \/6)(1 — \/6)
can be chosen as generators of (Z[v/6]/(M))* ~ Z3 x Z2. Hecke characters
&5 on Z[\/6] with period M are given by

07 sgn(p) 1+6
Es(p) = segn(u) for = 7 mod M.
—sgn(f) 5—4v6, —1

The corresponding theta series of weight 1 satisfy

01 (24, &, %) = O1 (4, psu,55) = O1 (24,050, %) = g1(2) + digs(2),

(17.25)
where the components g; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24 which are linear combinations
of eta products,

2,54 24,5 14,10 1,10%
g1=3 [1 102} -2 [12 10]’ 9 [22 5] e {2 52] (1720

Example 17.13 Let &5, x5, and Vs, be the characters on Z[\V6], O1 and
Js, respectively, as defined in Example 10.5. The corresponding theta series
of weight 1 satisfy

(] (247 557 ﬁ) = 0O (743 Xo,vs i)
= @1 <_24aw5,l/7 ﬁ)
= hi(2) + 20ihs(2), (17.27)
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where the components h; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24 which are linear combinations
of eta products,

2. 54 24 5 14.10 1,104
hi = ’ — 4 | == hs = ) 2 . 17.2
1=0 {1,102} {12,10}’ ’ [2275] o [2,52] (17.28)

Observe that the same four eta products show up in (17.26) and in (17.28).
When we compare the results in Examples 10.5 and 17.13, we obtain the
remarkable eta identities

n(22)n'(52) 4774(22)77(52) _ 1% (2) (17.29)

(
n(2)n?(102) n?(2)n(10z)  n(22)

n*(2)n(10z) 577(2)774(102:) n°(2z)

5

= . 17.30
PG TR () (17:30)
Playing around with these formulae yields
(2,541 18 L 103
1,102 |2 5 |’
- - (17.31)
2451 [1° +5 10°
[12,10] |2 5 17
(14,107 53 23
I —_ e _ 4 =
#5) — ol 5]
- : (17.32)
1,107 [2° 5%
12,52 ] |1 10]°

These identities tell that the eta products of level 10 on the left hand sides
are combinations of products of two simple theta series. For example, let
a(n) and B(n) for n = 1mod 24 denote the coefficients of [17,2,5%,1072]
and of [172,2%,5,107]. Then

MOR ORI SR €

x>0, y€Z, x2+24y%2=n

whenever 5 { n.

17.3 Non-cuspidal Eta Products for I'y(10)

The non-cuspidal eta products of weight 1 for I'g(10) have denominators 1
and 4, three at a time in each case. Two of those with denominator 4 combine
to an Eisenstein series which is well known from Examples 10.6 and 15.11:
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Example 17.14 Let xo denote the principal character on O1 with period
1+4+14. Then

or(-ix0d) = X (X))

n odd d|n
1/ n22)n°(52)  n’(2)n(10z)
1 (50~ otue) 17
and
), ey L (1@262)  (2)n(102)\ _ n*(102)
;%%; ( 2%;( ¢ )> (%) =1 ( n(2)n(102)  n(2z)n(5z) ) n?(52)

Comparing the results from Examples 10.6, 15.11, 17.14 yields the eta iden-
tities

24 1 2,53 12,10 8° 42,167

_ — ? — ? = _ 2 ’ . 1 . 4

=i 0] - [57) - el +2 [ ) or
Multiplying (17.30) with 7(22)/n(z) gives another identity for [172,24] which

together with (17.34) implies
13,10 21 10*
5] = o] o [ or

2.50) _[21] _ [0
1,10 |12 52 |’

The eta product with denominator 4 and numerator 3 is the sign transform
of an eta product for I'*(20). It is a component in two Eisenstein series which
are theta series on the field with discriminant —20. The other component is
a linear combination of two eta products for I'g(20) whose sign transforms
belong to I'*(20) and which will appear in Examples 24.1 and 24.3.

Example 17.15 Let )y, and y_1 denote the trivial and the non-trivial char-
acter on Js with period \/2, respectively. Then for 6 € {1,—1} we have

o1 (-20.053) = ¥ (DX (F))e(5) =) +2 7).
n >0 odd d|n
(17.36)
where the components f; are normalized integral Fourier series with denom-
inator 4 and numerator classes j modulo 4 which are eta products or linear
combinations thereof,

42,10° 25,202
2,52, 202 12,4210’

2 2
i [ 22,10 ].

fy = { s (17.37)
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We will meet the series in (17.36) again in Example 24.27, and then we get
other identifications of f;, f3 with eta products. We note that the components
f1 and f3 of the theta series come from the summation on Os and on J5 \ Os,
respectively. The characters ¥s in Example 17.15 take the values vs5(x +
yv/—5) = 1 for x # ymod 2, 1s((x + yv/—5)/v2) = d for z = y = 1 mod 2,
and ©s(u) = 0 if pp is even.

The eta product [1,27!,571,10%] with denominator 1 is identified with an
Eisenstein series. Its coefficients are multiplicative, but they violate the
proper Hecke recursions at powers of the prime 2, and therefore this func-
tion is not a theta series. Its sign transform is both a theta series and an
Eisenstein series, as will be shown in Example 24.31. The coefficients of
(1,271,571 103] and of [171,23,5,1071] coincide at all indices n for which
5t n, and the difference of these two functions is an Eisenstein series which
is well known from Example 10.6:

Example 17.16 We have the identities

Finally, the eta product [12,271, 52 107!] with denominator 1 is not identified
with a constituent of an Eisenstein or theta series. But it is a difference of eta
products of level 20. This will be deduced in Example 24.4 from an identity
for its sign transform which belongs to I'*(20).

17.4 Eta Products for I'y(14)

The 8 cuspidal eta products of weight 1 for T'g(14) combine nicely and make
up 8 eigenforms which are Hecke theta series. The precise results are stated
in the following two examples:

Example 17.17 Let Jo1 be the system of integral ideal numbers for
Q(v/—21) as defined in Example 7.6. The residues of %(\/ﬁ ++/=7) and

V3 + 2v/=7 modulo 2v/6 can be chosen as generators of (Ja1/(2v6))* =~
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Zig X Z4, where (\/5—&- 2\/—7)2 = —1mod 2v6. Four characters Xs,e on J21
with period 2v/6 are fized by their values

Xoe(5(V3+V=D)) = Jole +6i), o (V3+2V/=T) =4
with §,e € {1,—1}. The corresponding theta series of weight 1 decompose as
O1 (=84, X5, 55) = f1(2) + 6iV2 f5(2) + ci f2(2) + dev2 fi1(2) (17.40)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12. All of them are eta products,

2,72 227
fl = |:14:|a f5_|:T:|7 -
12,14 1,142 (17.41)
f7 - |: 2 :|7 f11—|: 7 :|

Example 17.18 Let J21 be given as before in Example 17.17, and let Jy2o
be the system of ideal numbers for Q(v/—42) as defined in Example 7.5. The
residues of %(\/ng V=T7), V34+2v=T7, 1+2v—21 and —1 modulo 46 can

be chosen as generators of the group (Ja1/(4V6))* =~ Zs x Zy x Z3. Eight
characters p = ps.. on Jo1 with period 4/6 are given by

p (VD) =i, p(VB+2V=T) = —ei,

p(1+2v-21) = -dev, p(—-1)=1

with §,e,v € {1,—1}. The residues of 1 + /=42, \/6 — /=7 and 2v/2 +
V=21 modulo 4v/3 can be chosen as generators of (Juz/(4V3))* ~ Z3, where
(2\/§ + 721)2 = —1mod4/3. FEight characters s, on Jio with period
4+/3 are given by

Vsen(l+V—42) =v, ¢6,e,y(\/6 - \/—_7) = —€vi,

Vs.e (2V2 + V=21) = —bv.

The residues of 1+ 5\/?, 3— 6\/5, 13 and —1 modulo Ms = 12(3 + 6\/5) are
generators of (Z[\/2]/(Ms))* =~ Zay x Zy x Z3. Define Hecke characters &5
on Z[v/2] with period Ms by

0 sgn(p) 1+6v2
s.c(p) = q eisgn(p) for p=4 3-6v2 mod M.
—sgn(p) 13, -1
The corresponding theta series of weight 1 are identical and decompose as
S (87 55,67 ﬁ) = 6 (_847 Péevs ﬁ) =0, (_1687 1/)5767117 i)

= g1(2) + cigr(2)
+ 20¢e1 g17(Z> + 20 923(2)7 (1742)
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where the components g; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

{1,72] [12,7} {22,14] [2, 142]
g1 = s gr = ) gir = , 923 = .

14 2 1 7
(17.43)

We will return to the eta products (17.43) and their sign transforms in Ex-
ample 23.24. We note that (g1, g17), (g7, 923) are pairs of transforms with
respect to Wi4.

One of the non-cuspidal eta products of weight 1 for I'g(14) is an Eisenstein
series and a theta series for the field Q(y/—7). The other one has multiplica-
tive coefficients which behave like those of an Eisenstein series at odd indices
but do not satisfy the proper Hecke recursions at powers of the prime 2. The
corresponding identities in the following example can be deduced directly
from (8.5), (8.7) and from the arithmetic in the factorial ring O7:

Example 17.19 Let xo and Xo denote the principal characters on Or with
periods %(1 +=T7) and %(1 — /=T7), respectively. Then we have

I 1y oy = T22)0°(142)
©1 (=7, x0,2) = ©1 (=7, X0, 2) nﬂ(%:ﬂ(d)) (nz) W)
(17.44)

Moreover, we have

PETPT) | N vimelns). where A2 m) — —(r _
77(22)77(14,2)*1 2;/\()( ) h A(2"m) = —( 1)Z(d)

dlm
(17.45)
if m is odd and r > 0.

17.5 Eta Products for I'j(22)

The four eta products with denominator 12 combine to four eigenforms which
are theta series for Q(1/—33):

Example 17.20 Let [J33 be the system of integral ideal numbers for
Q(v/—33) as defined in Example 7.6. The residues of %(\/3 + V—11),

V=11 and —1 modulo 2v/6 can be chosen as generators of the group
(j33/(2\/6))>< ~ Zg X Z3. Eight characters X5, on Js3 with period 2v/6 are
fixed by their values

Xé,s,u(%(\/g"_ \% _11)) = %(V—l—{fi), XJ,E,V(V _11) = 55a
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Xsew(—1) =1
with é,e,v € {1,—1}. The corresponding theta series of weight 1 decompose
as

O1 (—132, X5, 55) = f1(2) + 0iV2 f5(2) + €iV2 f7(z) + de fi1(2) (17.46)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12. All of them are eta products,

2,112 1,222
fl = |: 29 :|a f5_|: 11 :|a

2 2
o= |:2 ,111:|’ Fip = |:1 ,222:|-

The four eta products with denominator 24 make up two of the components
of the theta series in Example 17.5 which belong to the Fricke group T'*(21).
Another two linear combinations form two of the components of four eigen-

forms which are theta series for the fields Q(v/11), Q(v/—66) and Q(v/—6):

(17.47)

Example 17.21 Let the generators of (Jss/(4v/3))* ~ Zg x Zy x Z3 be
chosen as in Erxample 17.5, and define eight characters s, on Jss with
period 443 by

w5>57V(A> = €i7 7/)6,5,11(1 + \/——66) = —6y7

Vsewn(5) =1, s (V—11) =46

with 6,e,v € {1,—1}. The residues of 1 + /=6, /3 — 2v/=2, 23 and —1
modulo 4v/3(\/3 + 2vy/=2) = 4(3 + 2v\/—6) can be chosen as generators of
(Jo/(12 4+ 8u\/—6))* ~ Zag x Zy x Z3. Characters ps., on Js with periods
4(3 4 2v\/—6) are given by

ps.e.(1+ vV —6) = det, pévgyy(\/g — 2/ =2) =,

pé,s,u(23) = _]-7 p&,e,u(_l) =1

The residues of 24++/11, 104+3+v/11, 14+6v/11 and —1 modulo M = 12(3+\/ﬁ)
are generators of (Z[\/11]/(M))* ~ Zg x Z4 x Z3. Define Hecke characters
&5 on Z[\V/11] with period M by

deisgn(p) 2 ++11
_ sgn(u) ) 10+3v11
81 =1 §sgn(u) Jor H=4 4 6vid d M.
—sgn(p) -1

The corresponding theta series of weight 1 satisfy

@1 (447 55,67 i) = @1 (_26471/)5,671/7 ﬁ) = @1 (_24a Pé,evs i)
91(2) + 2eigs5(2) + 20ei g7(2) + d g11(z), (17.48)
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where the components g; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24, and where g1, gi11 are linear
combinations of eta products,

_ 1,112 _ 9 22,22 _ 12,11
g1 = 29 1 ) g11 = B

The coefficients of the non-cuspidal eta products [12,271 112 2271]
and [171,22 1171,222] for I'(22) are closely related to the arithmetic in
Q(v/—11). There is a linear combination of one of these eta products and a
rescaling of the other one which is identified with an Eisenstein series: We
have

2,222
—2[ . ] (17.49)

1 n*(2)n? (1z) 1 (42)n° (447)
T2 en(22s) | n(en(222)

e P

n=1

17.6 Weight 1 for Levels 26, 34 and 38

The eta products of weight 1 and denominator 24 for I'4(26) combine neatly
to a quadruplet of theta series, similarly as those of levels 10 and 14 in
Examples 17.11 and 17.18:

Example 17.22 Let Jrs be the system of ideal numbers for Q(v/—78) as
defined in Example 7.5. The residues of 14+ /=78, 2¢/2 4+ /=39 and 2v/6 +
V=13 modulo 4v/3 can be chosen as generators of (Jrs/(4V/3))* ~ Z3, where
(2\/6 ++v/=13)? = —1mod 4+/3. FEight characters V5,0 0N T8 with period
4+/3 are fized by their values

Vsen(1+V=T8) =bev, 5.0, (2V2 +vV—=39) = vi,

s.ew(2V6 + V=13) = —

with 6,e,v € {1,—1}. The residues of 2 + vi, 5, 7T+ 12vi, 5 + 6vi and vi
modulo 12(1+vi)(3—2vi) = 12(5+4vi) are generators of (O1/(60+12vi))* ~
Ziay X Zy X Z3 x Zy. Characters p = @5, on O1 with periods 12(5+ vi) are
given by

e(24vi)=46i, p(B)=1, e(7+12vi)= -1,

o(b+6vi)=¢, @vi)=1.
Let jQ be given as in Example 7.19. The residues of \f—}-\ﬁ 1+2\F

X

V13 and —1 modulo M = 4(9 ++/78) are generators of (jQ(Jﬁ)/(M)) o~
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Zy x Z3. Hecke characters &5 on jQ(ﬁ) with period M are given by

—dei sgn(p) V6 + V13
Es,e(p) = € sgn () for p= V13 mod M.
—sgn () 1+ 278, —1

The corresponding theta series of weight 1 satisfy the identities

01 (3]—2> 55,63 ﬁ) = 0 (_312a 111)5,6,1/) ;_4) =06, (_47 Ps,e,vs ﬁ)
= fi(z) + 26i f5(2) + € f13(2)
+ 26¢ei f17(,23)7 (17.51)

where the components f; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

1,132 ~[2%,26
fl = |: 2 :|a f5_|: 1 :|7

12,13 2,262
fis = [ : ] fu_[ = }

(17.52)

The sign transforms of the eta products (17.52) belong to I'g(52) and will be
handled in Example 22.21.

The other four cuspidal eta products of weight 1 for I'g(26) are [2,13%,2671],
[12,271,26] with denominator 12 and their Fricke transforms [171,22 13],
[1,1371,26%] with denominator 3. For each pair the numerators are con-
gruent to each other modulo the denominator. Therefore complementing
components are needed to obtain eigenforms. In the following example we
describe theta series which represent the eigenforms with denominator 12:

Example 17.23 Let J39 be the system of ideal numbers for Q(v/—39) as
defined in Example 7.8, where A = Asg = 1/ 2(v/13++/=3) is a root of the

polynomial X8 —5X*+16. The residues of%(l—kx/ —39), 2++/-39, 5 and —1
modulo 4/—3A can be chosen as generators of the group (J39/(4v/—3\))* ~
Zg x Z3. FEight characters w5 and Ps, on Jzg with period 44/=3A are
defined by

o (35 (1+V=39)) =di, ©s.,(2+V-39) =,

@sv(5) = -1, @s,(—1) =1,
Yo (sx(1+V=39)) =v,  ¥5,(2+V=39) = ov,
1;/]5,1/(5) = —].7 1/}571,(—1) =1

with 0,v € {1,—1}. Let Ji3 be the ideal numbers for Q(v/—13) as defined in
Ezample 7.1. The residues of %(5 ++v/—13) and 2 + /—13 modulo 6v/2 can
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be chosen as generators of (Ji3/(6v/2))* ~ Z3, where ((5+ \/—13)/\/5)4 =
—1mod 6+/2. Four characters psp on Jiz with period 62 are given by
ps. ((5+V=13)/V2) = évi, P (2 +V/—13) = —vi.

The residues of 2 + vi, 6 + vi and vi modulo 6(1 + vi)(3 — 2vi) = 6(5 + vi)
are generators of (O1/(30 + 6vi))* ~ Zoy x Z3. Characters xs, on O1 with
periods 6(5 + vi) are given by

Xo.v (2 + vi) = 61, Xo.0 (6 4+ vi) = —1, Xo.v (Vi) = 1.

The residues of%(%l—\/@), 14+2v/39, 5 and —1 modulo M = 4+/2(6++/39)

are generators of (jQ(\/@)/(M)) * ~ Zg x Z3. Hecke characters &5 on Jo(v39)
with period M are given by

&4 sgn(p) %(7 +/39)
E(p) =< segn(p) for = 1+2v/39  mod M.

—sgn () 5 —1

The residues of 1 — 26v/3, 4 + §v/3 and —1 modulo Ms = 209 + 5\/§) are
generators of (Z[\/3]/(Ms))* =~ Zio x Zy x Zy. Hecke characters Z5 on
Z[\/3] with period Ms are given by

Zs(pu) = —sgn(p)  for p=1-26V3, 4463, —1 mod M;.
The corresponding theta series of weight 1 satisfy

©1 (156, &, %) = ©1(—39,9s., 5)
= 01 (4, X0 13)
= gi(2) + 20ig5(2), (17.53)

@1 (12, Eg, %) = 61 (739711)5#3 ﬁ)
= @1 (—527[)6 1/71Z_2)
hi(z) + 26 hi1(2), (17.54)

where g; and h; are normalized integral Fourier series with denominator
12 and numerator classes j modulo 12. The components g1, hy are linear
combinations of eta products,

2.132 12,26 2.132 12,26
glz{v }% ’ } hlz{’ }—[ ’ ] (17.55)

26 2 26 2

The sign transforms of the eta products in (17.55) will be discussed in Ex-
ample 22.20, with similar results.
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The Fricke involution Wag transforms the functions (17.55) into the linear
combinations [171,22 13] £ [1,1371,262] of eta products with denominator
t = 3 and numerators s = 2mod 3. One would expect that these functions
are components of Hecke eigenforms. Indeed it is easy to construct comple-
menting components with numerator 1 such that the resulting combinations
have multiplicative coefficients. However, they violate the proper relations at
powers of the prime 2, and hence are not eigenforms of the Hecke operator T3
and cannot be represented by a theta series. But we get a more complicated
representation by sums of two theta series:

Example 17.24 Let ¢s, and 15, be the characters on Jzg with period
4v/—3A as defined in Example 17.23. The residues of A, 5 and —1 mod-

ulo /=3 X = (3 4+ v/=39) can be chosen as generators of (J30/(3(3 +
V=39)))* ~ Zy x Z3. Characters x5 and ps on Jsg with period %(3++/—39)
are fixed by their values

X5(A) = —di, X5(5) =-1, X5(_]-) =1,

ps(A) = =0, ps(5) = —1, ps(—1) =1

with 6 € {1,—1}. For the corresponding theta series of weight 1 we have the
identities

01 (=39, 950, 2) + 601 (=39, x5, %) = G1(2) + i ga(2), (17.56)

01 (=39, %5, 2) + 601 (=39, p5,2) = hu(2) + Sha(2), (17.57)

where the components g;, h; are normalized integral Fourier series with de-

nominator 3 and numerator classes j modulo 3, and where go, ho are linear
combinations of eta products,

22,13 1,262 ~ 22,13 1,262
o — ? ? h: ? — ! . 17.
S R b R o R B

The identities continue to hold true when xs, ps are replaced by the characters
Xs, Ps on Jag with period (3 —/=39), which are given by Xs(1) = x5(1),
ps (1) = ps(m) for p € Tso.

One of the non-cuspidal eta products of weight 1 for I'y(26) is identified with
a component of two theta series on Q(v/—13). It turns out that the other
component is a linear combination of non-cuspidal eta products for T'g(52):

Example 17.25 Define characters v_1 and 11 on Ji3 with period v/2 by

() = (;;) i) = 9% = xo(uR)
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for n € Ji3, where xqo denotes the principal (Dirichlet) character modulo 2
on Z. The corresponding theta series of weight 1 decompose as

01 (=52,05, %) = fil2) + 20 fo(2), (17.59)

where the components f; are normalized integral Fourier series with denom-
inator 4 and numerator classes j modulo 4 which are eta products or linear
combinations thereof,

42 265 25522 22 262
_ ) ) |2 . 17.60
h [2,1327522} + {12,42726] JRE [ 1,13 } (17.60)

The identities (17.59), (17.60) can be deduced by elementary arguments from
(8.5), (8.8) and from the theory of binary quadratic forms with discrimi-
nant —d2.

Concerning the cuspidal eta products of weight 1 for I'g(34), each two of
them have denominators 6 and 12, and four of them have denominator 24.
We find theta identities only for the latter four:

Example 17.26 Let Jip2 be the system of ideal numbers for Q(v/—102) as

defined in Example 7.5. The residues of /—17, /6 ++/—17 and \/3+2/—34
modulo 4v/3 can be chosen as generators of (Jio2/(4V3))* =~ Z3, where

(V34 2y/=34)?> = —1mod 4v/3. Eight characters V5,0 0n J102 with period
4+/3 are defined by

1/15’5,1’( \ _17) = _5€i7 7/}5,5,1/(\/6"' Vv _17) =1,

Ysen(V3+2V=34) = —0v

with 0,e,v € {1,—1}. The residue classes of 2+ vi, 4 + vi, 11 + 6vi, 35 and
vi modulo 12(1 4+ vi)(4 — vi) = 12(5 + 3vi) can be chosen as generators of
(01/(60 + 36v1))* ~ Z16 x Zg X Z3 X Zy. Characters X = Xs,., on O1 with
periods 12(5 + 3vi) are given by

X(2+wvi) =61, x(4+vi)=—dei,

x(1146vi) =e, x(35) =-1, x(vi)=1.
Let T oz) be given as in Example 7.19. The residues of V3+34, 1+/102

and —1 modulo 4v/3 are generators of (jQ(m)/(4\/§)) * ~ 72 x 7Zy. Define
Hecke characters £5. on «7@(\/@) with period 4+/3 by

dei sgn(p) V3434
Es.e(p) = —d4 sgn(p) for 1+ /102 mod 4v/3.
—sgn(p) -1
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The corresponding theta series of weight 1 are identical and decompose as

O (408,&s5., %) = ©O1(—408,¢5c, Z) = O1 (4, Xo.es )
+ 2¢ fi3(z) — d¢ei fi7(2), (17.61)

where the components f; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

1,172 2,342
fl_ |:34:|7 f5_|:17:|a

2234 fir = 12,17
1 ) 17 — 2 .

The sign transforms of the eta products in (17.62) will be discussed in Ex-
ample 22.11.

(17.62)

i3

Each four of the cuspidal eta products of weight 1 for I'g(38) have denom-
inators ¢t = 12 and t = 24. For ¢t = 12 there is a theta series all of whose
components are identified with eta products, while for ¢ = 24 there is a theta
series with eight components, and only four of them are identified with eta
products:

Example 17.27 Let Js7 be the system of ideal numbers for Q(v/—57) as
defined in Example 7.6. The residues of %(\/5 +v/=19) and /3 + 2/—19

modulo 2v/6 can be chosen as generators of (Js7/(2v/6))* ~ Zg x Z,, where
(V34 2v/=19)2 = —1mod 2v6. Eight characters Vs On Js7 with period
2v/6 are given by

90575,11(%(\/3"" Vv _19)) = %(_65 + Vi)a @6,571/(\/54_ 2y _19) =ov

with §,e,v € {1,—1}. The corresponding theta series of weight 1 decompose
as

@1 (_2287 Ps,e,vs 1Z_2)
= g1(2) + 6iV2g5(2) + cigr(z) — 0eV2g11(2), (17.63)

where the components g; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12. All of them are eta products,

2,192 1,382
38 ) gs = 19 )

. 12,38 . 22,19
gr = 5 , g1l = 1 .

g1
(17.64)




290 17. Weight 1 for Levels N = 2p

Example 17.28 Let Ji14 be the system of ideal numbers for Q(v/—114) as
defined in Example 7.10 where A = Ay14 = V V6 + /=19 is a root of the
polynomial X8 +26X*+625. The residues of A, v/24+/—57 and 2v/24++/—57
modulo 4v/3 can be chosen as generators of (Ji14/(4v3))* ~ Zg x Z3, where
(2v2 + V/=57)2 = —1mod4V/3. Sizteen characters Psevo 0N Ji1a with
period 4\/3 are defined by

Poewa(N) = J5(0 +vi),  Psewo(V2+V=5T) =4,

Ps.cwo(2V2 4+ V=57) = —cvo

with d,e,v,0 € {1,—1}. The corresponding theta series of weight 1 decompose
as

O1 (=456, pscvor27) = hi(z) + viv2hs(2) + 6vivV2he(2) + 28 hi1(2)
+ evV2hys(z) + 2eihyz(z)
+ dei hlg(Z) + (55V\/§]’L23(2§), (1765)

where the components h; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. Those for j = 1,11,17,19 are
eta products,

1,192 2,382
hy = |= hi = |2
1 [ 38 :| ) 11 |: 19 :| ) (17 66)
Lo [2s8] _[1%19 '
17 — 1 ) 19 — 2 .

The sign transforms of the eta products in (17.66) belong to I'¢(76) and will
be identified with components of theta series in Example 21.12.
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