16 Levels N = pg with Primes 3 < p <q

16.1 Weight 1 for Fricke Groups I'*(3¢)

In this and the following two sections we discuss eta products whose levels
N = pq are products of two distinct primes p,q, whence the number of
divisors of N is 4. In the present section we begin with the case of odd
primes 3 < p < ¢q. Then the denominator of an eta product of integral
weight is different from 8 and 24 (because the sum of an even number of
odd integers is even). Remarkably, in this case every new holomorphic eta
product of weight 1 belongs to the Fricke group I'*(pq).

For level N = 15 and weight 1, the only new holomorphic eta products are
two non-cuspidal eta products [17%,3% 5%, 157, [1%,371,57,15%] and two
cuspidal eta products [3, 5], [1, 15]. Therefore it follows from Theorem 3.9
that n(pz)n(qz) and n(z)n(pgz) are the only new holomorphic eta products
of weight 1 for levels N = pg # 15 with distinct odd primes p, q. The results
for the levels 15 and 21 are indicated in the Table in [65].

The non-cuspidal eta products of weight 1 and level 15 are identified with
FEisenstein series and theta series as follows:

Example 16.1 Let 1 denote the trivial character on [Ji5, and let xo be
the non-trivial character modulo 1 on the system Ji5 of ideal numbers for
Q(v/—15), as defined in Example 7.3. Then we have the identities

LEIE) - ?) = 3 4 e(nz
W(iss) — O1(F1812) = 1+Z<Z<15)> (nz),  (16.1)

n=1 “d|n
2 2 &
n”(2)n*(152)
= 01 (-15,x0,2) = a(n)e(nz), (16.2)
n(32)7(52) 2
where
T r(m d
a(3"m) = (-1) (3)2(3) for r>0,3tm
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The cuspidal eta products of weight 1 and level 15 combine to eigenforms
which are theta series for Q(v/—15):

Example 16.2 The residues of (v/3++/—=5) and —1 modulo 3 generate the
group (J15/(3)) =~ Zg X Zz. Four characters s, on Jis with period 3 are
fized by their values

s (A(V3+ VD) =C=20+vV=3),  Ws.(-1)=1

with 6,v € {1,—1}, such that (> = —3. The corresponding theta series of
weight 1 satisfy

©1 (=15, ¢s,, 5) = n(32)n(52) + dn(2)n(152). (16.3)

For the levels 21 and 33 we can identify some, but not all components of a
theta series with eta products:

Example 16.3 Let Jo1 be the system of ideal numbers for Q(/—21) as de-
fined in Example 7.6. The residues of %(\/g—&— V—T) and \/—T modulo 6 can

be chosen as generators of (J21/(6))* =~ Z1o X Z4. Fight characters s, on
Jo1 with period 6 are given by

90575,11(%(\/5 +V-T) =¢= %(5\/3—1— vi), Vsen(V=T)=¢

with §,e,v € {1,—1}, where £ is a primitive 12th root of unity for which
&3 = vi. The corresponding theta series of weight 1 decompose as

O1 (=84, 9500, 5) = f1(2) + 0V3 fs(2) + € f2(2) — 0ev/3 fi1(z), (16.4)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12. Those for j = 5,11 are eta
products,

f5(2) = n(32)n(72), fu1(z) = n(z)n(21z). (16.5)

Example 16.4 Let J33 be the system of ideal numbers for Q(v/—33) as de-
fined in Example 7.6. The residues 0f%(1+\/733), v—11 and —1 modulo 6

can be chosen as generators of the group (Jz33/(6))* =~ Z1o x Z3. Eight char-
acters X5, on J33 with period 6 are fized by their values

X(;,E,l/(%(]‘ +v _33)) == %(5\/5'*' Vi)v X&,E,V(V _11) =g,

Xoew(—1) =1

with d,e,v € {1,—1}, where & is a primitive 12th root of unity for which
&3 = vi. The corresponding theta series of weight 1 decompose as

O1 (—182, X5, 5) = 91(2) + 6VBgs(2) + 62V3gr(2) + egn(2), (16.6)
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where the components g; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12. Those for j = 5,7 are eta
products,

95(2) = n(2)n(332), 97(2) = n(3z)n(11z). (16.7)

Two linear combinations of the eta products of weight 1 and level 39 are
components of theta series:

Example 16.5 Let J39 be the system of ideal numbers for Q(/—39) as de-
fined in Example 7.8, with any choice of the root A = Azg of the equation
A® —5A* +16 = 0. The residues of A and —1 modulo 3 can be chosen as
generators of (Jag/(3))™ =~ Zia X Z3. Eight characters ps, and ps, on Jag
with period 3 are given by

pé,V(A) = € = %(5\/5_'_ Vi)v p&u(_l) =1,

ﬁ(;ﬂ/(A) = 5§2 = %(5 + Vi\/g)v ﬁéﬂ/(_l) =1

with 6,v € {1,—1}, where €3 = vi. The corresponding theta series of weight
1 decompose as

@1 (_397p5,l/7 %) = hl(z) + (5\/§h2(2)7

N - (16.8)
("‘)1 (*39, ﬁ&u, %) == hl(Z) + 5h2(2’)

where the components h;, Ej are normalized integral Fourier series with de-

nominator 3 and numerator classes j modulo 3, and where ho, ho are linear
combinations of eta products,

ho = [3,13] — [1, 39], hy = [3,13] + [1,39). (16.9)

For level N = 51 we have the eta product n(z)n(51z) with order 1 at oo and
numerator s = 1 mod 6. For the construction of eigenforms one would need
a complementing and overlapping component with numerator s = 1, and
therefore we cannot find an eta—theta identity in this case. For levels N = 3¢
with primes ¢ > 23 all eta products of weight 1 have orders > 1 at oo, and
therefore there seems to be no chance to identify them with constituents in a
theta series. In contrast, the situation for ¢ = 19, N = 57 is quite favorable
and similar to that in Example 16.3:

Example 16.6 Let J57 be the system of ideal numbers for Q(/—57) as de-
fined in Example 7.6. The residues of %(ﬁ—i— v—19) and v/—19 modulo 6

can be chosen as generators of (Js7/(6))* ~ Z12 X Zy. Eight characters Vs,
on Js7 with period 6 are given by

Vsew((VB+V=19)) =€ =5(=0eVB+vi),  sen(V-19) =€
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with §,e,v € {1,—1}, where &3 = vi. The corresponding theta series of weight
1 decompose as

O1 (=228, Vs, 35) = f1(2) + 6V3 f5(2) + € f2(z) — 6eV3 f11(2) (16.10)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12, and where f5, fi11 are eta
products,

f5(2) = n(2)n(57z), f11(2) = n(32)n(19z). (16.11)

16.2 Weight 1 in the Case 5 < p < ¢

It will be clear now that there are not many levels N = pg with primes
5 < p < ¢ for which our method of exhibiting eta—theta identities for weight
1 is successful. There is a nice result for level 35 where the eta products have
denominator 2:

Example 16.7 Let J35 be the system of ideal numbers for Q(v/—35) as de-
fined in Example 7.3. The residue of %(\/5 + V/—T7) modulo 2 generates the
group (Js35/(2))* =~ Zs. Four characters xs, on Jss with period 2 are fized

by their value
Xow (3(VB+V=T)) = ¢ = L(6 + viv3)

with §,v € {1,—1}, where (3 = —4. The corresponding theta series of weight
1 satisfy

©1 (=35, X5, 2) = n(52)n(72) + dn(z)n(35z). (16.12)

The characters x;, will appear once more in Example 31.22.

There is a partial result for level 55; a difference of two theta series can be
identified with a linear combination of eta products:

Example 16.8 Let Js55 be the system of ideal numbers for Q(v/—55) as de-
fined in Example 7.8, with any choice of the root A = Ass of the equation
A% +3A* +16 = 0. The residues of A and /—11 modulo 3 can be chosen as
generators of the group (Js5/(3))* ~ Zig x Za, where A* = —/—55mod 3,
A% = —1mod 3. Eight characters Ps.e 0on JTss with period 3 are given by

Ps.en(Ns5) = %(5 + vi), poen(V—11) =¢
with §,e,v € {1,—1}. The corresponding theta series of weight 1 satisfy

©1 (=55, pre,v, 2) — O1 (=55, p-1,c.0 3)
= 2V2 (n(52)n(11z) + en(2)n(55z)). (16.13)
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For N = 65 and N = 85 there are results comparable to those in Exam-
ples 16.3, 16.4, 16.6; for N = 85 we get another instance for an identity of
theta series on different number fields:

Example 16.9 Let Jg5 be the system of ideal numbers for Q(/—65) as de-
fined in Example 7.11, with any choice of the root A = Ags of the equation
A8 +8A* +81 = 0. The residues of A and /5 modulo 2 can be chosen as
generators of (Js5/(2))* ~ Zg x Zy. Eight characters ¢s5e, on Jes with
period 2 are given by

Soé,s,u(A65) = %(5 + VZ‘); 905,671/(\/3) =—6

with 6,e,v € {1,—1}. The corresponding theta series of weight 1 decompose
as

01 (=260, 0500, 2) = fro(2) + eV2 fa5(2), (16.14)

where the components f;s are normalized integral Fourier series with de-
nominator 4 and numerator classes j modulo 4, and where f3 ;5 are linear
combinations of eta products,

f3.6(2) = n(52)n(13z) + dn(2)n(652). (16.15)

Example 16.10 Let J51 and Jgs be the systems of ideal mumbers for
Q(vV/—51) and Q(v/—85) as defined in Examples 7.3 and 7.6. The residues of
(V3 —vy/=17), 2+ v/=51, 19 and —1 modulo 3(v/3 4+ vv/—=17)- V3 -4 =
6+2v+/=51 can be chosen as generators of the group (Js1/(6+2v+/=51))*

Zay X Z3. Characters Xs,e,0 0N J51 with periods 6+2v+/—51 are fized by their

values
Xoew(B(VB3—vV=17)) =&, Xs5.0(2+vV/—51) = b,
Xoew(19) = =1, Xsen(=1) =1
with 6,¢e,v € {1,—1}. The residues of —= (\/_ +/—17), (3 +v/—85) and
V=17 modulo 6 can be chosen as genemtOT‘S of (Jss/(6 ))X ~ Zg X Zy X Za,
where (%(\/5 + \/—_17))4 = —1mod 6. Eight characters 15, on Jgs with

period 6 are given by

1/1575,1/(%(\/5_’_ Vv _17)) = 57 wzs,s,u(%(?’ + v _85)) =

w(SE 1/(\/ _17) =E.
Let ideal numbers Jy 5 for Q(V/15) be chosen as in Evample 7.16. The
residues of /3 — 25\/—, 8 — 8v15 and —1 modulo My = 23 + 25\/@) are

generators of (jQ(\/ﬁ)/(Mg)) X~ Z39 X 222_ Hecke characters &5 . with period
Ms are fixed by their values

—desgn(p) V3 —25V5
s.c(p) = sgn(u) for  u=<{ 8—6y15  modMs;.

—sgn(p) -1
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The theta series of weight 1 for &5, X560 and Vs, are identical, and they
decompose as

O, (60766,67 %) = 6 (_51>X6,5,V7 %) = 06 (_34071/}6,6,117 %)
= fi(z) + e fs5(2) — 20e f7(2) + 20 f11(2), (16.16)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12, and where f7, fi11 are eta
products,

f2(2) = n(2)n(852), f11(2) = n(52)n(17z). (16.17)

For N = 95 we have two eta products with denominator ¢ = 1. They are
identified as constituents in three eigenforms which are theta series on the
fields with discriminants —19 and —95. For the latter field we need characters
with period 1, that is, characters of the ideal class group, so that we could
easily avoid ideal numbers:

Example 16.11 Let Jo5 be the system of ideal numbers for K = Q(1/—95)
as defined in Example 7.12, with any choice of the root A = Ags of the
equation A'® —13A% 4256 = 0. For §,v € {1,—1}, define the characters xs,,
of the ideal class group of K by

Xow () =&, f=%(5+vi) for  peA;,

0<j <7, with Aj as given in Ezample 7.12. Let p, be the characters on
019 with periods %(1 + vv/—19), which are given by

Pl(M) = (%)7

poi(p) =p(E) = (F2)  for p=4(x+yv—19) € O

The corresponding theta series of weight 1 satisfy the identities

©1 (=19, py, 2) = n(5z)n(192z) — n(z)n(952) (16.18)
and
O1 (=95, X5, 2) = n(52)n(192) + 1(2)n(952) + 6v/2g(2)

with an integral Fourier series g(z) =Y -, b(n)e(nz). We have

3 (©1(=95,x1,2) + O1 (=95, x-1,,2))
=n(52)n(19z) + n(z)n(95z). (16.19)

For N = 7-13 = 91 the eta products have denominator ¢ = 6 and numerators
s = 5mod 6, with a result resembling that in Example 16.9:
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Example 16.12 Let Jy1 be the system of ideal numbers for Q(/—91) as
defined in Ezample 7.3. The residues of +(V/7 + v/—13) and /7 modulo
6 can be chosen as generators of the group (Jo1/(6))* =~ Zay X Zz, where

(%(\/7—1— \/—13))12 = —1mod6. Eight characters @5, on Jo1 with period
6 are fized by their values

@6,5#( (\/_+ vV—13 )) = %(5\/—+ VZ) ‘P&,s,u(ﬁ) = —¢

with é,e,v € {1,—1}. The corresponding theta series of weight 1 decompose
as

01 (-9, 050, 2) = f1(2) — eg1(2) + 53 (f5(2) + £g5(2))  (16.20)

where the components f; and g; are normalized integral Fourier series with
denominator 6 and numerator classes j modulo 6, and where f5, gs are eta
products,

f5(2) = n(72)n(132), 95(2) = n(z)n(91z2). (16.21)

The eta products of weight 1 for N = 7-17 and N = 11-13 have denominator
t = 1. There are no linear combinations which are Hecke eigenforms. Some
partially multiplicative properties of the coefficients of [7,17] + [1,119] and
of [11,13] £ [1, 143] are a temptation to look for suitable complements which
would make up theta series. Conceivably the fields Q(1/—119) and Q(v/—143)
with class numbers 10 should be considered.

16.3 Weight 2 for Fricke Groups

For the Fricke groups I'*(3¢) with primes ¢ > 3 there are five eta products of
weight 2,
[]" 3) q7 (Sq)] ) [12’ (3q)2] ) [32’ q2] b
[13,3_17q_17(3q)3] ’ [1_17337q37(3q)_1} ’
and all of them are cuspidal. For I'*(15), in addition, there are two non-
cuspidal eta products [1*2, 34,54, 15’2] and [14,3’2, 572, 154}. We will list
some Hecke eigenforms which are linear combinations of these eta products.

For level N = 15 the eta product n(z)n(3z)n(5z)n(152) is an eigenform;
according to [93] it is the newform which corresponds to the elliptic curve
Y24+ XY +Y = X3+ X2 - 10X — 10 without complex multiplication.

The functions

- %5(1 +0V13) n*(32)n°(52) + €
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with d,e € {1, —1} are Hecke eigenforms, but not lacunary. The non-cuspidal
eta products combine to a function

1(774(32)774(52) L @0t (152) ) 1 i
2 n=1

2 \n?*(2)n*(15z) ~ n*(3z)n*(5z 2

with multiplicative coefficients a(n) which satisfy a(p”) = o1(p") for primes
p#3,p#5,and a(3") =1, a(5") = 20¢1(5") — 1.

For level N = 21 there are Hecke eigenforms

[33,73} B {13,213] V3 b,

1,21 3,7

13,213
3,7

33,78
[1 21

3

] +401,3,7,21] + [ } NS

g1 + 36 ([3%, 7] + [1%,21%]),
g1 + 0V13 ([3%, 7] — [12,217))

with 6 € {1,-1}, where fa(z) = >, _smoasdz(n)e(%), fo(z) =
ZnEQmodSEQ(n)e(%) and 91(2) = ZnEl mod6b1(n)e(%)’ gl(z) =
> =1 modg b1(n)e(%) are normalized integral Fourier series. None of these
eigenforms is lacunary. There is, however, another linear combination for
level 21 which is a Hecke theta series on the Eisenstein integers:

Example 16.13 The residues of 2 and w modulo 3(2 + w) can be chosen as
generators of (O3/(6+3w))* ~ ZZ. A character x on O3 with period 3(2+w)
18 fized by its values

x2)=-1, xw) =0

Let X be the character on O3 with period 3(2 + @) which is given by X(u) =
X (&) for uw € Os. The corresponding theta series of weight 2 satisfy

P

-3, X, %) + (8 = 3w) n*(72)n*(212)
=0, (=3,%, %) + (5+3w)n*(T2)n°(212)

= o — 3n(2)n(32)n(7z)n(212)

(16.22)

We remark that n?(7z)n%(212) is, after rescaling, the theta series on Os,
which is known from Example 11.5.
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For level N = 39 there are four Hecke eigenforms

[3i’;33] + 1(1+0v37) ([3%,137] - [12,397))

13,393 1
-5t e 3(7+6V37) fars

with 6,e € {1, =1} where f25(2) = 3, 5 1m0a5 @2,6(n)e(%) are normalized
Fourier series whose coefficients are algebraic integers in Q(+/37). These
functions are not lacunary.

For the Fricke groups I'*(pq) with primes 5 < p < ¢ there are only three
weight 2 eta products,

[L,p,q (p9)], [P*.d%, 1% (pg)?],

and they are cuspidal. For I'*(35), in addition, there are two non-cuspidal
eta products
[17%,5%, 73,3571,  [13,571, 771 357

For level 35 the linear combinations
[52,7%] + [12,357 and 52,74 — 1(1+0V17)[1,5,7,35] — [12,35%]

with § € {1, —1} are eigenforms; they are not lacunary.

16.4 Cuspidal Eta Products of Weight 2 for I';(15)

We are able to discuss only a few of the eta products of weight 2 and levels
N = pq for primes 3 < p < ¢q. Their numbers for T'y(15) and T'y(21) are given
in Table 16.1. We recall the remark from the beginning of Sect. 16.1, saying
that the denominators 8 and 24 cannot occur.

In this subsection we treat the cuspidal eta products of weight 2 for T'(15).
There are no eigenforms which are linear combinations of the eta products

Table 16.1: Numbers of new eta products of levels 15 and 21 with weight 2

denominator ¢ 1 2 3 4 6 12
T'o(15) cuspidal 0 4 4 14 12 26
I'y(15) non-cuspidal 8 0 6 0 0
I'p(21) cuspidal 2 6 6 6 22
I'p(21) non-cuspidal 5 0 5 0 0
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with denominator ¢ = 2,
(17,374,571, 15],  [17%,3,5°,157'], [1,3%5], [1,5,15%].

The cuspidal eta products with denominator ¢ = 3 combine to four eigenforms

[3’124] + 361 {1’;54} + 5%/5 (3(5+3i) [341’5] + (30 + 1) [14;5]>

with §,e € {1, —1}. They are not lacunary.

There are 8 linear combinations of the eta products with denominator ¢t = 4
which are theta series. We state the results in the following two examples.

Example 16.14 Let the generators of (O1/(12 4 61))* ~ Zg X Zy X Zy be
chosen as in Example 12.17. Two characters x1, on O1 with period 6(2 + ©)
are fixed by their values

X1e(2 1) =e5 (1+1), X1,e(243i) =1, X1,e(i) = —i
with e € {1, —1}. Let x_1, be the characters on Oy with period 6(2—1) which

are given by x—1,(1) = x1,() for uw € O1. The corresponding theta series
of weight 2 satisfy

4 2 2 >
@2 (—4, Xé,e» i) = %(1 + 561\/5) ((4 — 352) %
Lt Enbz) 0P (2)n82)n*(152)
T30 ) 0(52) >
+ 12— 6eiv2) ((1 + 361) 772(32)77;((:)77(152)
sy ()" (152) n(z)n'(52)
B vTe 7 7 R )

(16.23)

Example 16.15 The residues of %(1 —+/=5) and —1 modulo v/2(1++/=5)

generate the group (Js/(V2 + /—10))* ~ Zy x Zy. Two characters py . on
Js with period v/2(1 4+ /=5) are given by

pre(H(1—VB) ==&, pro(-1) =1

with e € {1,—1}. Let p_1 . be the characters on Js with period v/2(1 —+/=5)
which are given by p_1.(n) = p1,(7) for p € Js. The corresponding theta
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series of weight 2 satisfy

62 (_203p5,87 i) + %(1 - 62\/5) @2 (_207[)6,5, 3;1_2)
n'(32)n°(52)  n*(2)n(32)n°(152)

n(2)n(15z) n(5z2)
= (P BN (52)n(152) | P (2)n*(152)
* 5“/5( n(2) - n(3z)n(52) )
+evV2 (112(2)n(152) — 8ivBn(32)n°(52)). (16.24)

Only eight out of 14 eta products with denominator 4 are involved in the
identities in Examples 16.14, 16.15. Another four of these eta products appear
in the eigenforms

2 =3 13 1 2 1 ; 3 K2 1—6i 12 1 3
3,57 g [87] | g (L0 357 1o di [1215°]
15 3 2 |1 N E
with d,e € {1,—1}, which are not lacunary. We did not find eigenforms in-

volving the remaining two eta products [172,35 5,157 ! and [1,37!,572,15]
with denominator 4 in their components.

Now we consider the 12 eta products of level 15, weight 2 and denominator 6.
There are eight Hecke eigenforms which are linear combinations of eight of
these eta products,

1,3,53 33,5,15 13,5,15 1,3,153
] e [P (55 e M)
and

33,52 13,152 146 [32,53 1 -6 [12,153
S T AT R VY (il AN Rt L :
15 5 N 2 |3
with d,e € {1, —1}. None of these functions is a Hecke theta series. The re-
maining four eta products are [1_1, 35,5, 15_1]7 [3,52,15], [12,3,15],
[1,371,57,155]. They are the Fricke transforms of the eta products with

denominator ¢ = 2, and there are no linear combinations of these functions
which are eigenforms.

Finally we address the 26 eta products of level 15, weight 2 and denomi-
nator t = 12. Applying the Fricke involution W35 upon the eta products
which constitute the theta series in Examples 16.14, 16.15 yields eight linear
combinations of the eta products with denominator 12 which are theta series.

Example 16.16 Let x;. be the characters on O1 with period 6(2 + 1) for
0 = 1 and with period 6(2 — i) for § = —1, as defined in Example 16.14. The
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corresponding theta series of weight 2 satisfy

n(z)n*(32)n° (52)
_4 £y 15 =
92 ( » X, 12) 77(152)
) ' (2)n” (152)
n(3z)1(52)
N s<3 + i n*(32)n*(52) N 3 — i n*(2)n(52)n*(152)
V2 n(z)n(15z) V2 n(32)
: 77(32)774(15z)>
—98iv/2 S ) 16.25
”(52) 16:29)

The residues of %(3 + vV—=5), V=5 and —1 modulo 6 generate the group
(Js5/(6))* ~ Zy x Z2. Four characters v5. on Js with period 6 are given by

%,a(%(?’ + v _5)) = -5 w(;,a(\/ _5) = —(5, wé,a(_l) =-1
with §,e € {1,—1}. The corresponding theta series of weight 2 decompose as

O2 (—20,¢5c, 75) = g1(2) — 6ivBgs(z) — 3evV2g7(2) — 306iv10 g11(2),
(16.26)
where the components g; are normalized integral Fourier series with denomi-
nator 12 and numerator classes j modulo 12. They are eta products or linear
combinations thereof,

n*(32)n(152)
n(2)

+ 2(1 4 351)

+ (—4+ 301

1,32,52]  [1%152 32,547 [12,5,152
= ’ S ) 16.27
N [ 15 ]+[3,5}’ 95 {1,15] [ 3 ] (16:27)
g7 = [3°,5], g = [1,15%). (16.28)

Comparing (16.23) and (16.25) yields a complicated identity among eta prod-
ucts of weight 2 and level 45. We do not write it down here.

There are 18 eta products of level 15, weight 2 and denominator 12 which
do not occur in Example 16.16. Among them we could find only 8 linear
combinations which are Hecke eigenforms,

|:12’53

G } + 3(1+6V3) [32,5,15]

+ e ([13;)52] +3(1+6V3) [173,152]>

These functions are not lacunary.
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16.5 Some Eta Products of Weight 2 for I';(21)

The numbers of eta products of weight 2 for I'g(21) are listed at the begin-
ning of Sect. 16.4. We discuss only those among them which are involved
in theta identities. To begin with, there are two linear combinations of the
eta products [12,3,7], [171,32, 74,2171, [14,371, 771, 212], [1, 7%, 21] with de-
nominator ¢ = 2 which have multiplicative coefficients but violate the proper
recursions at powers of the prime 3. They are identified with linear combi-
nations of two theta series:

Example 16.17 The residues of —1 + 2w and w modulo 2(2 + w) generate
the group (Os/(4 + 2w))* ~ Z3 x Zg. A character 1 on Oz with period
2(2 4 w) is defined by

1/}1(71 + 2w) = ]., "Ll)l(w) =w.

Let v_1 denote the character on Oz with period 2(2 + @) which is given by
Y_1(p) = Y1(@). Then for 6 € {1,—1} we have the identity

O2 (3,95, 2) — 38iv3 02 (=3, s, %)

L ' . ) n?(32)n*(72)
= 3(1L+6iV3) 1 (2)n(32)n(T2) + 5(2 - 6iV3) “n(z)m(21z)
n*(2)n?(212) . 2
+ %W — (1 +30ivV3) n(z)n*(Tz)n(21z).  (16.29)

We get simpler results for the eta products with denominator ¢ = 3. One of
the identities involves four eta products with numerators s = 1 mod 3, the
other one two eta products with numerators s = 2 mod 3:

Example 16.18 Let the generators of (O3/(6 +2w))* ~ ZZ be chosen as in
Ezample 16.13. A character o1 on O3 with period 3(2 + w) is given by

1(2) =1, p1(w) =w.

Let ¢_1 denote the character on Os with period 3(2 + @), which is given by
w_1() = p1(w). Then for § € {1,—1} we have the identity

1 -y 1 (2)n(72) -y N2 (72)
@2 (*3,(,06,5) = Z(—1+5Z\/§)W + %(5*51@) 777(212)
L 33— 5ivA) n*(32)n(21z)
* n(z

n(32)n"(21z)

— 3(3+56iV3) T

(16.30)
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Let the generator of (O7/(3))* =~ Zg be chosen as in Ezample 12.3, and
define four characters ps. on O with period 3 by their value

poc (5(1+V=T7)) = J5e(1 - i)
with 6, € {1,—1}. The corresponding theta series of weight 2 satisfy

03 (=T,p56,5) = h1(2) + VT ha(z)
+ 5ei(VT = 0) (1’ (32)n(T2) + 6VTn(2)n’(212))  (16.31)

with normalized integral Fourier series hy, El with denominator 3 and nu-
merator class 1 modulo 3.

The Fricke involution W5, transforms the eta products in Example 16.17
into eta products with denominator ¢ = 6. For these functions there is a
rather simple theta identity, in contrast to (16.29), due to the fact that the
coefficients at multiples of the prime 3 vanish:

Example 16.19 The residues of 3 — w, —5 and w modulo 6(2 + w) can
be chosen as generators of the group (Oz/(12 + 6w))* ~ Zs x Z3 X Zg.
A character x1 on Oz with period 6(2 + w) is fized by its values

x1(3—w) =w, xi(=5) =1, x1(w) =w.

Let x_1 denote the character on O3 with period 6(2 + @) which is given by
X—1(p) = x1(&). Then for § € {1,—1} we have the identity

o 1 B2)nP(72) ‘
02 (=3,xs, %) = “(m21z) + (14 6iV3)n(2)n*(32)n(21z)
— (14 38iV3) n(32)n(72)n?(212)
i n*(2)n*(212)
+ (2 — 6iV/3) G (16.32)

There is a linear combination of the cuspidal eta products with denominator
t = 12 and numerators s = 1 mod 12 which has multiplicative coefficients
and which is closely related to the theta series in Example 11.17. We get an
identity relating eta products of weight 2 of levels 3 and 21:

Example 16.20 We have the eta identity
36,7 12,73 3,76 33,212
bl ) _ 1 ) _ Y
9{12 21}+5[ 21 ] 3{1,212} 9[ 1 }

= {135] +27 [2;5] (16.33)
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and this function is equal to

% (92 (_371/117 %) + @2 (_37’(/}717 %))
- %(62 (7351#1; %) - @2 (73711)—1’ %))a

where 15 are the characters on O3 with period 12 from Ezample 11.17.

There are four linear combinations of eight cuspidal eta products with de-
nominator 12 which are Hecke theta series:

Example 16.21 The residues of 3 —w, 3 +w, 13 and w modulo 12(2 + w)
are generators of (O3/(24 + 12w))* ~ Z& x Zy x Zg. Characters 11, on O3
with period 12(2 + w) are given by

¢1,5(3 - W) = ew, ¢1,5(3 + w) =w, ¢1,5(13) = —1, ¢1,5(w) =w.

Define characters v¥_1 . on Oz with period 12(2 + w) by Y_1.(1) = ¥1.(7).
Then for 6,e € {1,—1} we have the identity

02 (=3,¢5e,75) = fi(z) + Cs fis(2)
+ (Cs — 1) fis(2) + (C5+6) f25(2’)~

+&(Cs f2(2) + fi9(2) + (Cs5 +6) fio(z)
+(Cs5 = 1) f21(2)), (16.34)
where Cs = %(1 — 3v/38i), and where the components are eta products which

make up four pairs of Fricke transforms, with the subscripts indicating the
numerators,

33772 ~ 32773
fi = [ 51 ], fiz = [1%,3,21], fiz = [ - ]’ fas = [1,7,217]
(16.35)
13,212 ~ 12’213
fr=[1,3%7], fio = { - }, Fo = [3,72.21], fa = { : ]

(16.36)
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