14 Levels N = p? with Primes p > 3

14.1 'Weight 1 for Level N =9

For primes p > 5 there are exactly 6 holomorphic eta products of weight 1 and

level N = p?. The only new one among them is 7(z)n(p®z). Since its order at

o0 is % > 1, there is little chance to find complementary eta products for

the construction of eigenforms which might be represented by Hecke theta
series,—at least when we stick to level p?. The chances are improved when
we consider 1(z)n(p?z) as an old eta product of level 2p?, and indeed the
function n(z)n(25z) will play its réle in Sect. 20.3.

Thus for weight 1 we are confined to the level N = 32 = 9. In this case there

are exactly 13 holomorphic eta products, among which only 4 are new. Two

of them are the cuspidal eta products [1, 9} and [1_1, 34, 9_1] for the Fricke

group I'*(9). The other two are non-cuspidal, [12,3_1,9] and [1,3_1,92],
1

with orders 3 and % at oo. In the first example of this section we describe

theta series whose components are the two cuspidal eta products:

Example 14.1 The residues of « =2+ ¢ and § = 2 + 3¢ modulo 18 can be
chosen as generators of (01/(18))* ~ Zyy x Zg. We have a®3® = imod 18,

a'? = —1mod 18. Four characters X;., on O1 with period 18 are fized by
their values
X5 (2+14) =€, X5 (2+30) = €2, with — €=¢,, = 3(0V3 +vi)

a primitive 12th root of unity, and 6,v € {1,—1}. The corresponding theta
series of weight 1 satisfy

01 (=4, X;,.5) = J1(2) + V3 f5(2) (14.1)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 12, and both of them are eta prod-
ucts,

4
n"(32)
fi(z) = ; f5(2) = n(2)n(92). (14.2)
n(z)n(92)
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The Fricke involution Wy maps Fs(z) = ©1(—4, X, 13) to Fs(Wgz) =
—3iz F5(2).

For the non-cuspidal eta products which we mentioned above we introduce
the notation

g1 = [12,3_1,9]7 g2 = [173_1792]7
6 = X bine (%) (143)
n=j mod 3

We find two linear combinations which are Eisenstein series whose divisor
sums involve non-real characters:

Example 14.2 For § € {1,—1}, let x, be the Dirichlet character modulo 9
on Z which is fived by the value x,;(2) = WO for the primitive root 2 modulo 9.
Then the eta products g1, go in (14.3) satisfy

g1(2) +0iv/3 g2(2) Z( )Zm(@)e(?). (14.4)
dn

The Fricke involution Wy transforms Gs = g1 + 8iv/3ga into Gs(Wyz) =
30z G_5(z).

The identity (14.4) implies that the coefficients b;(p) of g; at primes p are

b1(p) :{ _21 for pz{ 7’113 mod 18,

-1 5
ba(p) = 1 for p=< 11 modl18.
0 17
For the coefficients )\(pr) of G5 at prime powers p” we get the recursions
A1) = Ap)AP") = (§) A"

14.2 Weight 2 for the Fricke Group I'*(9)

There are 6 new holomorphic eta products of weight 2 for I'*(9), four of them
cuspidal and two non-cuspidal. Besides, there are 14 new cuspidal and 6 new
non-cuspidal eta products of level 9 which do not belong to the Fricke group.

We get 4 linear combinations of the cuspidal eta products for I'*(9) which
are Hecke eigenforms. Two eta products with orders % and % at oo combine
to the eigenforms

B 5 (e ame:),
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and the other two eta products with orders % and % at oo combine to the
eigenforms
1°(32)
n?(2)n*(92)
with § € {1, —1}. These functions are, however, not lacunary, and hence can-

not be identified with theta series. We remark that a few of their coefficients
at primes vanish, in accordance with Serre’s theorem [128].

+ 3517 (2)n*(92),

The non-cuspidal eta products of weight 2 for I'*(9) have orders 0 and 1 at oco.
One of them is the Eisenstein series E5 g9 1 from Proposition 1.8, the other
one is an Eisenstein series similar to those in Theorem 1.9:

Example 14.3 We have the identities

10 P o'}
% - Z( 2 d)e(”z) = Bz9.-1(2), (14.5)

n=1 \d|n,9td
SP92) _ (7
% = ;<(§> dE;d)dnz). (14.6)

14.3 Weight 2 for I'4(9)

One of the cuspidal eta products of weight 2 for T'g(9) is 1?(2)n(92) with
order % at co. It is an eigenform of the Hecke operators 7T}, for all primes
p # 3. It is completed to an eigenform by the oldform 7*(9z), yielding a
theta series which is well known from Example 11.7. Fricke transformation
leads to the eta product 1(2)n*(9z) with order I at co. We list the following
results:

Example 14.4 Let p = py be the character on Os with period 6 as defined
in Example 11.7. Then we have the identities

SH (—3,,0, %) = n3(2)n(92) + 3774(92), (14.7)
02 (<3.0.2) = 1'(=) + In(=n(92), (14.8)
and, with ©(z) as defined in (11.1),
O(32)n(32)n(92) = 1*(32)+9n(32)n°(272) = n*(2)n(92)+3n*(92). (14.9)

The Fricke involution Wy transforms F = [13,9] 4 3[9%] into F(Wyz) =
—322F(§).
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The only new cuspidal eta product of level 9, weight 2 and denominator 4 is
[13,371,9%], with order 2 at co. We could not find an eigenform involving
this eta product as a constituent in one of its components. The same must be
said for its Fricke transform [12, 31, 93] with order % at oo. However, there
are theta series whose components are old eta products with denominator 4:
These are the functions

[1%,3] +3(1 + V26i) 3,97
which were discussed in Example 11.18.

There are exactly two new cuspidal eta products of weight 2 with denomina-
tor 6. They are Fricke transforms of each other, and their linear combinations

43 4(3 9
Fy(z) = n(2)n"(32) 450" (32)1(92)
1(92) n(2)
are Hecke eigenforms. These functions are not lacunary, and hence there is
no theta series identity. We have Fs(Wyz) = —922Fs(2).

There are 9 new cuspidal eta products of weight 2 with denominator 12 for
I'v(9). One of them is [1273’1,93] which was mentioned before. For the
others we introduce the notations

fl = [1_173779_2]7 f5 = [1_273779_1]7
(14.10)
f7 = [127379]7 fll = [173792}7
= 1238971, = [17,3%,92),
N [ } 918 [ ] (14.11)
g5 = [14,37179]7 gir = [1a371794}'

Here the subscripts are equal to the numerators of the eta products, and

(f17f5), (f7,f11)7 (gl,glg), (g5,g17) are pairs of Fricke transforms. We get
four Hecke eigenforms

Fs. = f1 + V30cifs + 3eifr + 3V35 f11,

with d,e € {1,—1}, which are not lacunary. They satisfy Fj5.(Wyz) =
—90¢iF5,_.(2). There are four linear combinations of the eta products g;
which are represented by Hecke theta series:

Example 14.5 Let the generators of (O1/(18))* ~ Zas X Zg be chosen as
in Example 14.1, and define four characters v, . on Oy with period 18 by
1/16,5(2 + 7’) = 67 11)5,5 (2 + 32) = 71‘627
with € = 325e ((1+6V3) + (1 - 6v3)q)
a primitive 24th root of unity, and with 6, € {1,—1}. Then we have the
identity
62 (_47’(/}5,57 12_2) = 91(2) + 3\/§5g13(2)
+ 2eiV6(v3 = 0) (g5(2) — 3v30 g17(2)), (14.12)
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where the components g; are the eta products in (14.11). The Fricke involu-
tion Wy transforms Gs . = ©9 (74, s s %) into Gs(Woz) = —9822Gs _(2).

Primitive 24th roots of unity appeared in Example 13.18, with a similar
notation. Four of eight roots are involved here. We remark that £2 = %((5 V3—
i), & = sl—g, €6 = —i. Since i = (2 +4)%(2 + 3i)® mod 18, we obtain
¥, (i) = £8(—ig?)® = i"* = —i as it should be for weight k = 2. Formulae
such as pé — i€ = % ((m +1) —6vV3(x — y)) for u = x + yi are useful for the

evaluation of coefficients of O4 (—4, Vs.e %)

Now we discuss the non-cuspidal eta products of weight 2 and level 9. Two of
them, [13, 32,9’1] and [1*1, 32,93], with denominators 1 and 3, form a pair
of Fricke transforms which we could not identify with constituents of Hecke

eigenforms. For the others we introduce the notation
hl = [155372a9:|7 h4 = [127372794]7 (14 13)
hy = [14,372,9%],  hs=[1,372,9%]. '

All of them have denominator 3, the subscripts are equal to the numerators,
and (hy, hs), (ha, hs) are pairs of Fricke transforms. There are four linear
combinations which are eigenforms and can be represented by Eisenstein
series:

Example 14.6 Ford,c € {1,—1}, let p;_ and x, be the Dirichlet characters
modulo 9 on Z which are fixed by the values

Ps,e (2) = 5‘*}767 X (2) = w25
for the primitive root 2 modulo 9. Then the eta products h; in (14.13) satisfy

(hl(z) + 3A. h4(z)) + 5(145 ha(z) + 9h5(z))
= Z(ﬂg,s(n) > ox (d)d)e(%) (14.14)
n=1 d|n

where A = 1+w®. Let Hs . denote the functions in (14.14). Then the action
of Wy on Hs . is given by Hs.(Woz) = —9562% Hs o (2).

From (14.14) one can deduce explicit formulae for the coefficients of the eta
products (14.13). At primes they read as follows:

Corollary 14.7 Let the Fourier expansions of the eta products (14.13) be

written as
hi(z)= > ci(ne(%).

n=7 mod 3
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Then for primes p we have

p+1 0 1
alp) =4 1-2p, ca(p) = % for  p=4 4 mod9,
—1
p_2 *pT 7
)
Pl ey ’
c2(p)=9 —(p—1), cep)=q FH= for p=q 5 mod9.
0 71)9i1 8

14.4 Weight 2 for Levels N = p?, p > 5

For each prime p > 7 there are exactly 6 new holomorphic eta products of
weight 2 and level p?. There are 5 more of them for level 25. (In accordance
with Propositions 3.3, 3.5 we get more or at least the same number of eta
products for smaller primes.)

We start to discuss level 25. Among the 11 new eta products, 3 belong to
the Fricke group I'*(25). One of them is [1, 52, 25] with denominator 2 and
order % at co. It can be combined with old eta products to get an eigenform.
At the beginning of Sect. 12.3 we mentioned that [12,5%] is an eigenform.

Now we find that

F = [17,5°] 4+ 4[1,5%,25] + 5 [5°,25%]
is an eigenform and satisfies F(Wa52) = —2522F(2). Its coefficients at mul-
tiples of 5 vanish. With [12, 52} it shares the property that it is not lacunary.

The other two eta products for I'*(25) have denominator 6 and orders & and

6
% at co. They combine to an eigenform which is a theta series for the field

Q(vV=3):

Example 14.8 The residues of 2+w and w modulo 10(1+w) can be chosen
as generators of the group (O3/(10 + 10w))* ~ Zay X Zg. A character ¢ on
O3 with period 10(1 + w) is given by

PR —w,  Y(w) =,

The corresponding theta series of weight 2 satisfies

6
0 (-3.0.5) = 7 (52)

sy T AT, (1415)

For the construction of another eigenform involving [1*1, 59, 25’1] and
[12, 252} one would need a third constituent; we did not find one.
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The cuspidal eta products of weight 2 for I'g(25) are [1%,25], [1,25%], [12,
5,25, [1,5,25%] with orders I, £ 2 T at co. The orders are > 1, and the
numerators s and denominators ¢ satisfy s = 1 modt. These are the obstacles

why we did not find eigenforms involving these eta products as constituents.

A more favorable situation prevails for the non-cuspidal eta products of level
25 and weight 2. All of them have denominator 1. We denote them by
f1,..., fa where s is the order of fs at co.

Example 14.9 Put

fio= [1h57h25),  fo=[17571,25%],

0 o1 o3 s (14.16)
fa = [1%,575,25%,  fy=[1,57"25"].

For § € {1,—1}, let x, be the Dirichlet character modulo 5 on Z which is
fixed by the value x,(2) = i for the primitive root 2 modulo 5. Then we have
the identities

fi(2) + (44 300) f2(2) + 5(2+0i) f3(2) + 5(1 4 267) fa(2)

o}

= 3 (x, (o (n)) eln2), (14.17)

n=1

f1(2) + 3f2(2) + 5fs(z) + 5fa(2)
- Z(( )Z(n/d) )6(712), (14.18)

f1(2) + 5 f2(2) + 15 f5(2) + 25 fa(z)

Z(Z(n/d) ) e(nz —52(2(”“) )e(nz). (14.19)

n=1 “dn 5/n “dln

The holomorphic eta products of weight 2 and levels N = p? with primes p >
7are [1,(p)?, (P*)], 1%, (®*)?], [Lp, (0], [1, ®*)?], 120, (%)), [1%, (0?)].
All of them have orders > 1 at co. We did not find eigenforms involving any
of these eta products.
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