13 Level N =14

13.1 Odd Weights for the Fricke Group I'*(4)

There are six new holomorphic eta products of weight 1 for the Fricke group
I'*(4). They are the sign transforms of 7%(z) and of the five eta products
for T'g(2) listed at the beginning of Sect. 10.1. Therefore the representations
by theta series are quite similar to those in Sect. 10.1. A minor difference
is that we need larger periods for the characters. It is easy to verify the
following result, which allows a comfortable construction of modular forms
for the Fricke group I'*(4):

Lemma 13.1 If f(2) is a modular form of weight k for T'v(2) (or, in partic-
ular, for the full modular group T'v1) then its sign transform g(z) = f (z + %)
is a modular form of weight k for the Fricke group T*(4). If vy denotes the
multiplier system of f then the multiplier system vy of g is given by

1 -1 a b a+2 b—c+ 42
UQ(W4)_vf(2 —1>’ Ug<4c d>_vf( 4c 03—2(:2 >
for( &b ) eTo(4).

In the particular case of the Eisenstein series Fy(z) we see from (10.57)
that its sign transform FEjy (z + %) is a linear combination of eta products
for T'*(4).—We begin with [172,26,472], the sign transform of 7%(z). Not
surprisingly, we find identities with theta series on three quadratic number
fields as before in Example 9.1:

Example 13.2 The residues of 2+, 14 6i and i modulo 12 can be chosen
as generators of the group (O1/(12))* ~ Zg x Zy x Zy. Two characters x,
on O1 with period 12 are fized by their values

XV(2 + Z) = vi, XV(]- + 62) =1, Xu(i) =1
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with v € {1,—1}. The residues of 1 + 2w, 1 — 4w, 5 and w modulo 8(1 + w)
can be chosen as generators of (Os3/(8 + 8w))* =~ Zy x Z3 x Zg. Characters
1, on Oz with period 8(1 4+ w) are defined by

U, (14 2w) = v, U,(1 —4dw) =1, ¥, (5) = —1, ¥y, (w) = 1.

The residues of 2 + \/g, 1+ 2v3 and —1 modulo 4v/3 can be chosen as
generators of (Z[\/3]/(4V3))* ~ Z, x Z3. A Hecke character & on Z[/3]
modulo 4v/3 is given by

_ | sen(p) _ 2+V3
f(,u)—{ —sen(y) for ,u:{ 11+9V3 mod 4v/3.

The corresponding theta series satisfy

6 z
01(12.6.45) = 1 (—hus) = O (Bbundy) = e
(13.1)
6 2 6 5 5
O (4 5) = EMz—f—%)%—%u (%) |
(13.2)

7
O7 (*3,¢V7 %) = FEg (Z -+ %) 772(726;,722?412) — 360VZ\/§ <77(22)z)) )

(13.3)

The characters x,, ¢, and the eta product [1_2,2674_2] will reappear in
identities in Example 15.3.

Now we deal with the sign transforms of the eta products in Sect. 10.1. We
obtain theta identities involving the same fields as before in that section.

Example 13.3 The residues of 2 + i, 3 and i modulo 8 can be chosen as
generators of the group (O1/(8))* ~ Z4 X Zy X Zy4. A pair of characters X3
on O1 with period 8 is fized by the values

2+ =vi, B =1 x@)=1
with v € {1,—1}. The residues of 1 ++/—2, 3 and —1 modulo 4v/—2 can
be chosen as generators of (Oa/(4v/—=2))* =~ Zy x Z3. Characters 1} on Oq
with period 4v/—2 are defined by

The residues of 1+ /2, 3 and —1 modulo 4v/2 generate the group (Z[v/2]/
(4v2))* ~ Zy x Z2. A Hecke character £ on Z[v/2] modulo 4v/2 is given by

& (1) = { _:gﬁgzg for p= { 1+_\/1§’ 3 mod 4v/2.
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The corresponding theta series satisfy

01 (8, 6.2) = O (—dx5z) = O (-840 %) = % (13.4)
_ Ly 1@ e Y
r (i) = Buacs (o 3) s - v (GRS )
(13.5)
O3 (=8,95,3) = Fas 1(2+3) 7 32) +4m’\/§<7n4(22) >3
vss e 27 m(z)n(42) (2)n(4z) )
(13.6)
_ US| n (22)
( 8ww8) - E4»271( +2) 77(2)( )
— 8vi z4 1 77)4(22) ’
wivieaa () (ag) - w

Remark. The stars in the character symbols have been introduced to avoid a
clash of notation in Example 15.30 where these characters will occur together
with some other characters.

Example 13.4 The residues of 2+1i, 1+6i, 5 and i modulo 24 can be chosen
as generators of the group (01/(24))* ~ Zg X Zy X Za x Zy. Four characters
Xs,» on O1 with period 24 are fived by their values

Xé,l/(Q + Z) = 57 Xzs,ll(]- + 62) = Viv X5,V(5) = ]-7 X(s,u(i) =1

with §,v € {1,—1}. The residues of V3 + /=2, 1 + /=6, 7 and —1 mod-
ulo 4y/=6 can be chosen as generators of (Js/(4v/—6))* ~ Z2 x Z3. Four
characters s, on Js with period 4v/—6 are defined by

(»05,1’(\/5—’— % _2) = 57 @5,1/(]- +v _6) =V,
(pé,u(’?) = -1, 505,11(*1) =1
The residues of 14 \/6, 5, 7 and —1 modulo 4+/6 can be chosen as generators

of the group (Z[V6]/(4V6))* ~ Z4 x Z3. Hecke characters & on Z[v/6]
modulo 4/6 are given by

dsgn(p) 1+v6
&s(p) = ¢ sgn(u) for u 57  mod4v6.
—sgn(p) -1

The corresponding theta series of weight 1 satisfy the identities

61 (24, 553 22_4) = @1 (_47X5,Va i) = @1 (_247S05,l/7 ﬁ) = fl(z) + 26f5(z)
(13.8)
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with normalized integral Fourier series f; with denominator 24 and numera-
tor classes j modulo 24. Both the components are eta products,

Another identification with eta products for these theta series will be pre-
sented in Example 15.23, a third one in Example 24.17, and another one for
f1 in Example 25.24.

For weights 3 and 5 we have decompositions

Os (—47 X5,v5 ﬁ) = f51(2) — 146 f55(2) + 2400 f513(2)
+ 4800V f517(%),
O3 (24,050, 55) = 93,1(2) + 20 g35(2) + iV g3.7(2)
+ 85Vi\/693711(z),
O5 (=24, 05, %) = g5.1(2) — 468 g55(2) — 400iV6 g5 7(2)

— 8061iv6 gs.11(2)

where f5,;(z) = anj mod 24 a5,j(n)€(%> and gy, j(2) = anj mod 24 Ok, j (1) X
e(%) are normalized integral or rational Fourier series and where expressions
for the components f5 ; and gy, ; in terms of eta products are obtained by
taking the sign transforms of corresponding components in Examples 10.20
and 10.24.

Closing this subsection, we state analogues for the identities in Example 10.6
for the non-cuspidal eta products of weight 1 for I'*(4):

Example 13.5 The non-cuspidal eta products of weight 1 for T*(4) are

m = 1+ 4§:<Z <dl>>e(nz) = 40:(—4,1,2), (13.10)

n=1 “djn
G - £ EEHE o

where 1 stands for the trivial character on O1 and x denotes the character
modulo 4 on Oy which is given by x(u) = (—=1)2% = (%) foru=xz+yie
O1, ¢ # ymod 2.

The character x and another identity for © (—4, X i) will appear in Exam-
ple 24.26. Another identity for ©1(—4, 1, z) will be given in Example 24.31.
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13.2 Even Weights for the Fricke Group I*(4)

There are 12 new holomorphic eta products of weight 2 for the Fricke group
I'*(4). Among them, 10 are cuspidal and 2 are non-cuspidal. All of them are
sign transforms of eta products of levels 1 or 2. We begin with a description
of the sign transforms of n?(z)n?(22) and 7*(z), and then we look for the
transforms of the functions in Sect. 10.4.

Example 13.6 The residues of 1 4+ 2i and i modulo 4 generate the group
(01/(4))* ~ Zy x Zy. A character x on Oy with period 4 is fized by the
values x(1 + 2i) = 1, x(i) = —i, and explicitly given by x(x + yi) = (_71) if
y is even, x(x +yi) = fz(_Tl) if x is even. The corresponding theta series
of weight 2 satisfies
0, (,4 % z) = M (13.12)
AT P (2)n?(42)

Another eta identity for this theta series will be presented in Example 15.21.
Identities for weights 6, 10 and 14 can be derived from corresponding identi-
ties in Example 10.7 by taking sign transforms. In this process we should be
aware that possibly the numerical factors in front of the terms get twisted.—
Primes p = 1 mod 4 can be written as p = 22 + y? with 2 odd, and then the
coefficient of 1°(22)/(n*(2)n?(4z)) at p is given by (=) - 2z.

Example 13.7 Let the generators of (O3/(4 + 4w))* =~ Z3 x Zg be chosen
as in Example 9.1, and define a character ¢» on Os with period 4(1 + w) by
its values

P(1+2w) =1, P(1 —4w) = -1, Y(w) =w.

The corresponding theta series of weight 2 satisfies

12
n°(22)
— ) = ————— 13.1
02 (50:8) = i) 349
There is a linear relation among eta products,

12 2 10 4(2\n2 2

) R GO (22" (22) (13.14)
nt(z)n(4z) 0 (5)n*(22) n?(2)

We will meet the character ¢ and the eta product [17%,2!% 47| again in
Examples 13.15, 13.24.

As before, identities for weights 8, 14 and 20 are obtained from identities in
Example 9.3 by taking sign transforms. The linear relation (13.14) might
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look spectacular, but it can be proved by elementary arguments: We divide
it by n?(22) and obtain the equivalent version

that is,
20%(22) = 0%(2) + 0*(z + 1).

p. 104, entry (26), or [36], p. 266) and shown as fol-

This is well known ([24],
(8.8) in Theorem 8.1, the identity (13.15) is equivalent

lows: Using (8.7) and

to the relations
2 > 1= 3 [+

2(x24y2)=n 24+y2=n

for all n > 0, where in both sums the summation is on all z,y € Z satisfying
the indicated equation. Here, obviously, both sides are 0 if n is odd. If
n = 2% +y? is even then (—1)**Y =1, and (x +vi)/(1+1i) = 2’ +y'i induces
a bijection of the terms on the right hand side to those on the left hand side.

Let ¢(n) denote the coefficients in (13.13),
12
n'2(2z) (nz>
— = ce(n)el — .
e 2,

We can write this eta product as a product of two simple theta series in
two different ways, [17%,2'2,474] = [173,29,473][171,23,471] = [175,2'3,
475][1,271,4]. Now when we use (8.4), (8.6), (8.16), (8.20), we get the
identities

c(n) = > () (F)y = > (Z) (5)z.

z,y>0,2243y2 =4n z,y>0,2243y2 =4n
Now we treat the sign transforms of the eta products in Sect. 10.4.

Example 13.8 Let the generators of (Oz/(4v/—2))* ~ Z, x Z3 be chosen
as in Example 13.3, and define a pair of characters 15 on O with period

4v/—2 by
Ys(1+vV=2) = —di, ¥s(3) =1, Ys(—1) = -1
with 6 € {1,—1}. The corresponding theta series of weight 2 satisfy

Os (8,15, 2) = fi(z) +2V26 f3(2) (13.16)

with normalized integral Fourier series f; with denominator 8 and numerator
classes j modulo 8. Both the components are eta products,

n'(2z)

Sy B = e ). a31)

fi(z) =
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Example 13.9 Let the generators of (O1/(12))* ~ Zs X Zy x Zy be chosen
as in Example 13.2, and define a pair of characters x5 on O1 with period 12
by its values

Xs(2+1) =0, xs(1+6i) =1, X (i) = —i
with 6 € {1,—1}. The corresponding theta series of weight 2 satisfy
O (—4,xs, 15) = f1(2) +46 f5(2) (13.18)

with normalized integral Fourier series f; with denominator 12 and numera-
tor classes j modulo 12. Both the components are eta products,

n'%(2z)
n%(2)n8(4z)’

Example 13.10 Let the generators of (Js/(4v/—6))* ~ Z2 x Z3 be chosen
as in Example 13.4, and define a quadruplet of characters p5e on Js with

period 44/—6 by
806,5(\/5 +v=2) =4, V5.e(1+vV—6) = —¢i,
80575(7) =1, <)05,8(_1) =-1

with §,e € {1,—1}. The corresponding theta series of weight 2 satisfy
Os (=24, 05, %) = f1(2)+2V30 f5(2)+2v6e fr(2) —4v20e f11(2) (13.20)

fi(z) = f5(2) = n(2)n*(42). (13.19)

with normalized integral Fourier series f; with denominator 24 and numera-
tor classes j modulo 24. All the components are eta products,

218 210 26 13,43
flz [W]a f5: {m}7 f7: |:1’4:|a fllz |:2—2:|
(13.21)

Identities for the non-cuspidal eta products of weight 2 for I'*(4), [1*8, 220,
4’8] and [14, 2’4,44]7 have already been stated in Sect. 10.4.

13.3 Weight 1 for I'y(4)

In Table 13.1 we list the numbers of new holomorphic eta products of weights
1 and 2 for I'g(4) which do not belong to I'*(4), specified according to their
denominator ¢ and according to their property of being cuspidal or non-
cuspidal.

In the present subsection we will identify the cuspidal eta products of weight
1 with (components of) Hecke theta series both on real and on imaginary
quadratic fields, and we will present some identities for the non-cuspidal eta
products of weight 1.
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Table 13.1: Numbers of new eta products of level 4 with weights 1 and 2

denominator ¢ 1 2 3 4 6 8 12 24
k =1, cuspidal 0 0 0 0 2 0 0 4
k =1, non-cuspidal 2 0 0 0 0 4 0 0
k = 2, cuspidal 0 2 6 2 4 8 8 24
k = 2, non-cuspidal 6 0 0 4 0 8 0 0

Example 13.11 Let the generators of (O3/(8 + 8w))* ~ Zy X Z3 x Zg be
chosen as in Example 13.2, and define four characters s, on Oz with period
8(1 +w) by their values
’(/}(5,1/(1 + 2w) = 627 wﬁ,u(l - 4‘4)) = 5”7 wé,y(5) - 17 w&,u(w) =1
with 8, v € {1,—1}. Let the generators of (Js/(4v/—6))* =~ Z2 x Z2 be chosen
as in Example 13.4, and fix a quadruplet of characters s, on Js with period
4v/—6 by
P (V3+V=2)=v,  psu(l+V-6)=4di,
esu(T)=—1,  wsu(-1) =1
The residues of 1+ /2 and 3 + /2 modulo 6+/2 generate the group (Z[v/2]/

(6v/2))* ~ Zg x Zy, where (3++/2)? = —1mod 6v/2. Hecke characters &5 on
Z[ﬂ] modulo 6v/2 are given by

_ [ sen(n) _ [ 1+V2

&(p) = { 5i sen(j1) for  pu= { 343 mod 6v/2.
The corresponding theta series of weight 1 are identical and decompose as
("')1 (87 €5a %) = @1 (_37w5,l/7 %) = @1 (_247305,117 %) = fl(z) + 201 f7(Z)

(13.22)

where the components f; are normalized integral Fourier series with denom-

inator 6 and numerator classes 7 modulo 24. They are linear combinations
of two eta products which are sign transforms of each other,

fr=5(1722% 47 + 17,271, 4]),
fr=1([172,25,471 — [12,271,4]).
The action of the Fricke involution Wy on F5 = f1 + 2dif7 is given by

Fs(Waz) = 22 2([171,2°,47°] = 280 [1,271,4%]). (13.24)

(13.23)

Formula (13.24) shows that [171,25,472] —24i [1,271,4%] is a pair of Hecke
eigenforms. Taking the sign transforms gives another such pair, [1, 22, 4*1] -
241 [1*1, 22, 4]. Their representations by Hecke theta series are given in the
following example. We need characters with period 16(1 + w) on Os.



13.3. Weight 1 for I'y(4) 195

Example 13.12 Let the characters &5 on Z[\/6], Y5, on Oz and s, on
Js be defined as in Example 13.11. The residues of 1 + 2w, 1 — 4w, 7 and w
modulo 16(14w) can be chosen as generators of the group (O3 /(16+16w))™ ~

Zg X Zy X Zy X Zg. Define characters 15, on Os with period 16(1 + w) by
their values

Vsp(1420) = 8i,  Ys,(1—dw) =vi, U5, (T)=—1, s, (w)=1

with 6,v € {1,—1}. Let the generators of (Js/(4v/—6))* >~ Z2 x Z2 be chosen
as in Ezample 13.4, and define characters ps, on Js with period 4/—6 by

pé,y(\/§+ \ —2) = 1, p57y(1 —+ Vv —6) = 57,’
pé,u(’?) = -1, pé,u(_l) =1

The residues of 1 + \/§, 3+ \/5, 5 and —1 modulo 12v/2 can be chosen as
generators of (Z[/2]/(12v/2))* ~ Zg x Zy x Z3. Hecke characters &5 on
Z[\/2] modulo 12v/2 are given by

_ sgn(u) 14++/2
§s(u) = disgn(pu) for  p=1{ 3+v2 modl12v2.
—sgn(pu) -1

The theta series of weight 1 for &s, s, and @5, are identical, and those for
&5, Y5, and ps, are identical, and they decompose as

@1 (87 657 22_4) = 61 (_3711)5,117 22_4) = 61 (_247805,117 i)
= g1(2) +2digr(2), (13.25)

61(87 g&»ﬁ) = 91(_37¢5,U3i) = @1 (_247[)5,1/;%)
where the components h; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24, and where g;(4z) = f;(z) with
fi(2) as declared in Example 13.11. All the components are eta products, and
(g1, h1) and (g7, h7) are pairs of sign transforms. We have

g1 = [1717257472] ; hy = [1722a471],

13.27
g7 = [172_1742] ’ h7 = [1_1722,4}a ( )
and

[471,8%,1672] + 24i [4,87",167]
— L1 +60) 172,254 + L(1 = 5i) [1,271,42] . (13.28)

Other versions of the identities for g;, h; will be given in Example 19.3. The
characters 95, and ps, will appear in another identity in Example 15.23.
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An equivalent version for (13.28) is

[471,8%°,167%] =
[4,871,16%] =

([172,2%, 471 + [1,271,4%)),
([172,2°,471] — [1,271,42]).

= N

For the six non-cuspidal eta products of weight 1 we introduce the notation

F o= [17227,47%], F=[1%2,47"],
fl = [13527274]7 f3 = [15272a43]a
g1 = [173,277472}a g3 = [17172a42]'

We observe that F and F have denominator 1 and numerator 0, while f;, g;
have denominator 8 and numerator j. We have three pairs (F,F), (f1, 1),
(fs,g3) of sign transforms. The Fricke involution Wy interchanges f1 and fs,
and it transforms F and F into g1 and g3, respectively. Now we present six
linear combinations which are Eisenstein series or Hecke theta series. They
are non-cuspidal Hecke eigenforms (according to Theorem 5.1) since all the
characters are induced by the norm.

Example 13.13 For 6 € {1, —1}, let 15 be the character on O with period
2v/—2 which is given by

B (—1)E-1/8 _ [ 1mods,
s (1) { (61-)(/“7—3)/8 i = 3mod 8.

Define the characters QZ(; on Oz by
1;5(#) — §ur—=1)/2
for 24 pm, such that zzl is the principal character modulo /—2 and 1;_1 18

the non-principal character modulo 2. Then with notations from above we
have the identities

n=1 d|n

L ~ e -1 -2
1(F(z) = F(z)) = ;((7> dzh; (7>>e(nz), (13.30)
O1(—8,vs,2) = fi(z)+20i f3(2), (13.31)
O1(—8.95.2) = gi(2)+20gs(2). (13.32)

The characters 12;5 will reappear in Examples 15.2, 15.9, 15.30, 19.8, 26.9.
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13.4 Weight 2 for I'y(4), Cusp Forms with Denominators
t<6

The cuspidal eta products of weight 2 and denominator 2 form a pair of sign
transforms [172,2% 4], [12,27%,43]. The Fricke involution W, transforms
them into eta products with denominator 8. We get the identities (13.33),
(13.34), (13.53), (13.54), similar to those in (13.22), (13.23), (13.28).

Example 13.14 The group (O3/(2v/—2))* =~ Z, is generated by the residue

of 1 ++/—2 modulo 2+/—2. A pair of characters xs on Oy with period 2+/—2
is fized by the value xs5(1 + /—2) = §i and explicitly given by

(_71) . ) even,
(=1) si iy sy pad,

with 6 € {1,—1}. The corresponding theta series of weight 2 decompose as

xs(x +yv/=2) = {

02 (—8,xs,5) = f1(2) + 20i f3(z) (13.33)

with normalized integral Fourier series f; with denominator 8 and numera-
tor classes j modulo 8. The components are linear combinations of two eta
products which are sign transforms of each other,

fi=3([17%,2%,4] + [12,271,4%)),

fa= i([1_2,25,4] - [12’2—1743}). (13.34)

The action of the Fricke involution Wy on F5 = f1 + 2dif3 is given by

Fs(Wyz) = — 2580 2% ([1,2°,47%] — 200 [1°,271,4%]). (13.35)

The cuspidal eta products of weight 2 and denominator 3 form three pairs of
sign transforms [17%,2'0,472] [1%,272,42]; [172,27,47], [1%,2,4];
[1’2, 23, 43], [12, 273, 45}. The Fricke involution Wy transforms the first pair
into eta products with denominator 12, the other two pairs into eta products
with denominator 24.

Example 13.15 Let the generators of (O3/(4+4w))* ~ Z3 x Zg be chosen
as in Example 9.1, and define characters 1¥s on Oz with period 4(1 4+ w) by
their values

s(1+20) =6, g5l —dw)=—1,  ts(w) = —w?
with 6 € {1,—1}. Put

F=[17%210472], F=[1%272 4.
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The corresponding theta series of weight 2 satisfy

02 (=3,91.2) = 1(F(2)+F(2)), (13.36)
0 (-3.01.3) = HF()-F(3). (13.37)
The action of Wy on Us(z) = O4 (—371/)5, %) is given by
U (Waz) = —22°([17%,2"947%] +4[1%,272,4Y]),  (13.38)
U (Wez) = —3222([47%,8",1671] —4[4%,872,16*]). (13.39)

We will return to these identities in Sect. 13.5, Example 13.24 when we discuss
eta products with denominator 12.

In the following example there are some subtleties in the identification of
four theta series involving the remaining four eta products with denomina-
tor 3. Matter will become simpler when we study their Fricke transforms in
Sect. 13.6.

Example 13.16 The residues of V3 + /=2, 1 ++/—6 and —1 modulo 2v/3
generate the group (Js/(2V/3))* ~ Z3. The residues of \/3 + /=2 and —1
modulo 3 generate (Js/(3))* ~ Zg X Z3. Pairs of characters ps on Jg with
period 2v/3 and $s with period 3 are fized by their values

()05(\/3_’_\/__2):57 @5(14—\/—_6):—1, @5(_1):_17

Ps(V3+v=2) =4, Ps(—1) = —1
with 6 € {1,—1}. Put

o= [172,27,471], Gy = [1%,2,4],
B, = [17%,2%4%], Gy=[1%,27%,4%].

The corresponding theta series of weight 2 satisfy

O, (—24,(,05, g) = % (F1(2) + G1(2)) + %52(F2(z) — Gg(z)),
(13.40)
0y (-24,%5,5) = 6(—%)%(F( ) + Ga(w))
+e(—3) 559 (Fi(w) — Gi(w)) (13.41)

where w = 5(z — 1). The action of Wy on ®5(z) = Oz (—24,¢s, %) is given
by

D5(Waz) = —3i6iz%([1%,2%,47%] —2[1°,27%,4%]
—2v20i [171,27,47%] - 4V246i[1,2,4%]).  (13.42)
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We note that § (Fo(%) + G2(%)) and 1 (Fi(%) — G1(%)) are normalized inte-
gral Fourier series with denominators 3 and numerators 1 and 2, respectively,
whose sign transforms are the components in (13.41). The eta products in
(13.42) will be discussed in Example 13.26.

The cuspidal eta products with denominator 4 form a pair of sign trans-
forms [1_4, 21174_3]7 [14, 2_174]. We get a result similar to those in Exam-
ples 13.11 and 13.14.

Example 13.17 Let the generators of (O1/(4 + 4i))* ~ Z3 x Z4 be chosen
as in Example 10.1, and define a pair of characters xs on O1 with period
4(1+14) by

xs(1+2i) =4, Xs(3) =1, Xs(i) = —i
with 6 € {1,—-1}. Put
F=[17%2"473], F=[1*27"4].
The corresponding theta series of weight 2 satisfy
0: (—4, x5 %) = fil2) + 40ifs(2) (13.43)

with normalized integral Fourier series f; with denominator 4 and numerator
classes 7 modulo 8 which are linear combinations of F' and F,

fi(z) = L(F(z) + F(z)), fs(2) = L(F(2) - F(2)). (13.44)
The action of Wy on Hs(z) = ©4 (—4, X5, i) s given by

H;(Wyz) = —V2(1+8i) 22 ([173,21,47%] — 40i[1,271,4%]).  (13.45)

The cuspidal eta products with denominator 6 form two pairs of sign trans-
forms

F=[17%2Y47%,  F=[1%527%4],

- ) (13.46)

G=[172,2747%], G=[1?2,2%471],
all of which have numerator 1. The Fricke involution W, transforms them
into eta products with orders 2—14, %, %, %, respectively, at the cusp oo.
Not surprisingly, the Fricke transforms will allow a simpler result (in Exam-

ple 13.27) than the next one:

Example 13.18 Let the generators of (O3/(8 + 8w))* ~ Zy x Z3 x Zg be
chosen as in Example 13.2, and define four characters ¢s. on Oz with period
8(1 4+ w) by their values

/(/)6,€<1 + 2‘4)) = _5i7 "/}6,5(1 - 4w) = 557 ¢5,5(5) = ]-7 wﬁ,s("‘)) - _W2
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with 6, € {1,—1}. The corresponding theta series of weight 2 satisfy

02 (=3, vsc, 2) 55 6o.c (F(2) — €i F(2) + 0V3G(2) + 0eiV3 G (2))

= f1 (Z) + 2\/§(5f7(2:) — 4\/§(557;f13(2) + 8€if19(2)
(13.47)

with primitive 24th roots of unity
Ee = 5i5 (1 +0V3) + (1 - 6v/3) &)

and with components f; which are normalized integral Fourier series with
denominator 6 and numerator classes j modulo 24, and which are linear
combinations of the eta products in (13.46),

ho= HF+F+3G+3G),  fr=%F-F+G-G), (13.48)
fis = H(F+F-G-Q), fio = & (F — F—3G +3G). (13.49)

[=2]

The action of Wy on Fs.(z) = Oq (—3,1#5,6, %) is given by

F5e(Waz) = —&.e22([17°,2'%,47%) +2v35[17%,2%,477]
+4v/30ei [171,2%,4%] — 8ei [1,273,4%]).  (13.50)

We note some striking properties of the coefficients of F' and G:

Corollary 13.19 Let the expansions of the eta products in (13.46) be written
as

F(z)= Z a(n)e (%), G(z) = Z b(n)e (22).

n=1mod6 n=1mod 6

Then the following assertions hold.

(1) For alln = 1mod6 we have
—6 12 -2
=5 (F)a = ¥ (Z)(F)n
r243y2 =4n 2243y2 =4n Y

with summation on all positive integers x,y satisfying the indicated
equation.

(2) We have

a(n) = (=1)b(n) for n=1,19mod 24,
a(n) = =3(=2)b(n) for n=17,13mod 24.
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(3) Let p = 1mod6 be prime and write p = u? + 3v? with unique positive
integers u,v. Then

alp) = =+2u for p=1,19mod 24,
a(p) = =£6v for p="T7,13mod 24.

Here the sign is (u:gv) for p = 1mod24, and —(u:gv) for p =
13 mod 24.

Proof. We can write F' and G as products of two simple theta series of
weights %,

_ nP(22)  n?(22)
()0’ (4z)  n(2)

We use (8.20), (8.5) and (8.16), (8.3). This yields assertion (1). Since (F, F),
(G, Q) are pairs of sign transforms, the identities (13.47), (13.48), (13.49)
imply assertion (2).

F(z)

o Gl = ) (42) “1(2).

Let a prime p = 1mod6 be given, and write p uniquely in the form p =
u? + 302 with positive integers uw,v. This means that p = i where p =
(u—v)4+2vw and T = (u+v) —2vw. A table of values 95 . (1) as in Figs. 9.1,
12.1 shows that 5. (&) = s, (1) for p = 1,19 mod 24 and ¥s5 . (&) = —10s5,c (1)
for p = 7,13 mod 24. For the coefficient A(p) of O2 (73, Vs g) at the prime
p this implies that A(p) = ¥s5-(1) (0 + 1) = ¥s5.(1) 2u for p = 1,19mod 24
and A(p) = vs.-(1) (= 1) = s5.(1) 202w — 1) = 5() V3i2v for p =
7,13 mod 24. We use (13.47), (13.48), (13.49) again and obtain a(p) = +2u
for p=1,19mod 24, a(p) = +6v for p = 7,13 mod 24.

Now we assume that p = 1 mod 24. Then u is odd and v is a multiple of 4.
It follows that 15 (1) = ¥s5.(u — 3v) = (-=5-), and hence a(p) = (-75-)2u.

u—3v u+3v

Finally, let p = 13mod 24. Then u is odd and v = 2mod 4. We get ¢s5 (1) =
Vs, (u—3v —4(w + 1)) = (;=%-)de, and hence a(p) = —(u;gv)GU. Thus we
have proved assertion (3). It would also be possible to find rules for the sign

in the remaining two cases. [

13.5 Weight 2 for I'y(4), Cusp Forms with Denominators
t=8,12

Now we discuss the cuspidal eta products of weight 2 and denominator 8. We
start with the Fricke transforms of the functions in Example 13.14. Rescaling
the eta products gives a pair of functions which are interchanged by the action
of the Fricke involution.
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Example 13.20 Let xs be the characters on Oy with period 2v/—2 as defined
in Fxample 13.14. The corresponding theta series of weight 2 satisfy

02 (—8,x5,2) = g1(2) + 20igs(2) (13.51)

with normalized integral Fourier series g; with denominator 8 and numerator
classes 7 modulo 8 which are eta products,

g1 =[1,2°,477], g3 = [1%,271,47]. (13.52)

We have the identities
[4,8°,167%] =
[4%,871,16°] =

([172,2°,4] + [1%,271,4°]), (13.53)
([172,2%,4] — [17,271,4%)). (13.54)

IS

The action of Wy on

n(22)n°(4z) 95 n3(22)n?(82)

Fy(2) = 02 (=8,xs,§) = n2(82) n(42)

18 given by
Fs(Waz) = —2v2(1 + 6i)22F_5(2).

Corollary 13.21 Let a;(n) for j € {1,3} denote the coefficients of the func-
tions f; in (13.33) and, simultaneously, of the functions g; in (13.52). Let
p =1 or3mod8 be prime and write p = x> +2y? with unique positive integers
z,y. Then

ai1(p) = (%) 2z  for p=1mods,

1
as(p) = (S)z  for p=3mod8.

x

Proof. The character values y;s(z + yv/—2) are explicitly given by a formula
in Example 13.14. We write p uniquely in the form p = ug = 22 + 232
with p = 2+ yv/=2 € Oy, 2 > 0, y > 0. Here y is even if p = 1modS8,
and y is odd if p = 3mod8. Now we can compute the coefficient A(p) =
Xo(p)p + xs()E = xs(1) 22 of O2(—8, xs,-) at p, and the assertion follows
from (13.51), (13.52).

The result can also be deduced directly from the Jacobi and Gauss identities
(8.5), (8.8), (8.15) when we decompose the eta products

[1,2°,47%] = [172,2°,472] [17], [1°,271,4%] = [1°] [271,47]
into products of two simple theta series. Then we get
ai(n) = > (e am)= > (F)e
x>0, y€Z, z24+8y? =n z,y>0,2242y2=n

for arbitrary n. O
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Next we deal with the Fricke transforms of the eta products in Example 13.17.
The result is quite similar to that in Example 13.20.

Example 13.22 Let x5 be the characters on Oy with period 4(1 + 1) as de-
fined in Example 13.17. The corresponding theta series of weight 2 satisfy

with normalized integral Fourier series g; with denominator 8 and numerator
classes 7 modulo 8 which are eta products,

g1 = [17321 474, g5 = [1,271,4%]. (13.56)
We have the identities

(273,41 871 = ([17% 2" 47+ [1%,27,4]),  (13.57)
[2,471,8 = L([17%2",47%] - [1*,27"4]).  (13.58)

The action of W4 on

n'(2v2z) + asi n(v22)n*(4v/22)

Gs(z) = @2(—4,X6a 4\2/5) = 773(\/5'2)774(4\/5'2) ! 77(2\/52)

is given by

Gs(Wyz) = —2v2(1 + 6i)22 G_5(2).

Here again, we can write
(173,21 474 = [173,29,473] [22,471], [1,271,4%] = [4°] [1,27",4]

as products of two simple theta series. Then we use (8.6), (8.7), (8.15), (8.16)
and obtain the formulae

a(n) = > (—1)¥(22)a,

>0, y€Z, z2+16y2 =n

> (5H) Gy

z,y>0,22+4y2 =n

as(n)

for the coefficients a;(n) of the eta products g; in (13.56). These formulae
can also be deduced from (13.56) and the definition of the characters xs.

The remaining four cuspidal eta products with denominator 4 are the sign
transforms of the functions discussed so far. They form two pairs of functions
which are transformed into each other by W, and which combine to theta
series:
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Example 13.23 Let the generators of (O1/(8))* =~ Zy X Zy X Z4 and of
(O2/(4y/=2))* ~ Zy x Z3 be chosen as in Example 13.3. Define two pairs of
characters xs on Oy with period 8 and s on Oz with period 4+/—2 by their
values

Xs(2+1) =6, xs(3) = -1, Xas(1) = -1,
Ps(1+V=2) =94, ¥s(3) =1, Ps(—1) = -1
with § € {1, —1}. The corresponding theta series of weight 2 satisfy

62 (747X57§) = f1(2)+45f5(2), (1359)
02 (—8,¢s,2) = g1(z) +26g3(2), (13.60)

where f; and g; are normalized integral Fourier series with denominator 8
and numerator classes j modulo 8. All of them are eta products,

A o= 17,2247, fs=[171,2%,4%], (13.61)
g = [17,28,477], g3 =[17%,28,471]. (13.62)

The action of Wy on F5(z) = Oq (74,)(5, g) and on Gs(z) = O4 (78, Vs, %)
18 given by

Fs(Wyz) = —402* F5(2), Gs(Wyz) = —462% G5(2). (13.63)

As before, the eta products are products of two simple theta series, and they
are the sign transforms of the eta products in Examples 13.20, 13.22. There-
fore the coefficients a;(n), b;(n) of the eta products f;, g; in Example 13.23
are given by the formulae

ar(n) = > (—1)¥(Z)x,

x>0, yEZ, 2 +16y2 =n

as(n) = > (55w,

z,y>0,22+4y2 =n

bi(n) = > (—1)¥ ()=,

>0, yEZ, 22 +8y%2 =n

bs(n) = > (e

z,y>0,2242y2 =n
which are quite similar to those we got before.
Four of the cuspidal eta products with weight 2 and denominator 12 are

210 12’ 44 ]_27 24 24’ 42
flim,ﬁ: 52 |’ n=|—"p |0 =1 |

(13.64)
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Here, (f1,91) and (f7,g7) are pairs of sign transforms, and g1, g; are inter-
changed by Wy. The transforms of f1, f7 under W, were discussed in Exam-
ple 13.15. Two linear combinations of fi, f7 are, after rescaling, transformed
into themselves by Wy, and one of them is the eta product for I'*(4) which
was discussed in Example 13.7. The four eta products combine to theta series
as follows:

Example 13.24 Let 5 be the characters on Os with period 4(1 + w) as
defined in Example 13.15. Let the generators of (O3 /(8+8w))* ~ Zyx Z3x Zg

be chosen as in Example 13.2, and define a pair of characters 15 on Oz with
period 8(1 + w) by

s(1 + 2w) = 6, ¥s(1 —dw) =1, s(5) = —1, vs(w) =@
with 6 € {1,—1}. The corresponding theta series of weight 2 satisfy
Oz (=3,v5,5) = [fi(z)+40 f(z), (13.65)
Oo( = 3,05, 5) = g1(2) +46g7(2), (13.66)

where the components f; and g; are equal to the eta products defined in
(13.64). The action of Wy on Gs(z) = Oz (3,15, ) is given by Gs(Wyz) =
—462%2 G5(2). We have the eta identities

1 "2z ' (2)n*(42)\ _ n"(22)
fildz) +afildz) = 2(774(Z)n2(42) P(22) > Tz
(13.67)
10/ z 4(z\,,2 2
- - Yo THD) e

The action of Wy on Fs(z) = @2( — 3,5, §) is given by Fy(Wyz) = —422 x
F1(Z), F_l(W4Z) = —%22 F_l(Z).

The eta products f;, g; in (13.64) are products of two simple theta series.
So as before we get formulae which relate their coefficients a;(n), b;(n) to
quadratic forms,

a(n) = > Bz, wm= > ()
x>0,yEZ,x2+12y2=n x7y>073$2+4y2=n
and similar formulae for b;(n).

The other four cuspidal eta products with denominator 12 form two pairs of
sign transforms

[174,21%,47%], F=[1%2,47"],

F:
- (13.69)
G=[1"2%47"], G=[1%,27%4%
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with numerators 1 and 5. By W, they are transformed into eta products with

5 17 1 13 ; . .
orders 57, 57, 51, 51, respectively, at the cusp co. The Fricke transforms will

be discussed in Example 13.28. The functions (13.69) combine to four theta
series as follows:

Example 13.25 Let the generators of (O1/(12 + 12i))* ~ Zg x Z3 X Zy be
chosen as in Example 10.5, and define four characters 5. on O1 with period
12(1 +4) by their values

906,5(1 + 2i) = i, 906,5(1 + Gi) = -9, @6,5(11) =1, ‘Pé,e(i) =—1

with §,e € {1,—1}. The corresponding theta series of weight 2 satisfy

O, (—4, Ps,e5 %) = f1(2) + 2¢1 f5(2) + 4(51f13(2> — 8(55f17(2), (1370)

where the components f; are normalized integral Fourier series with denom-
inator 12 and numerator classes j modulo 24 which are linear combinations
of the eta products in (13.69),

fi = F+F),  fis=iF-F), (13.71)
s = HG+G),  fr=3G-0). (13.72)

The action of Wy on Fs.(z) = 62( —4, 05, %) is given by

Fse(Wyz) = —ei(l+0i)V222([171,2%,47%] — 2ei[17°,2"3, 474
—46i[13,273 4%] — 86e[171,2,4%)). (13.73)

There are decompositions of F' and F into products of two simple theta series
which imply coefficient formulae similar to those before. We did not find such
a decomposition for G or G.

13.6 Weight 2 for I'y(4), Cusp Forms with Denominator
=24

We start the discussion of the 24 cuspidal eta products of weight 2 and denom-
inator 24 with the Fricke transforms of the eta products with denominator 3
in Example 13.16.

Example 13.26 Let the generators of (Js/(2V/3))* ~ Z3 be chosen as in
Ezample 13.16, and define four characters ps. on Js with period 2v/3 by
their values

805,6(\/3"‘ \/__2) = 55; @6,5(1 + \/__6) = —¢, 906,5(_1) =-1
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with 0, € {1,—1}. The corresponding theta series of weight 2 satisfy

Oz (=24,05.0, %) = [1(2) +2V208ei f5(2) + 2 f7(2) — 4V26if11(2), (13.74)

where the components f; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

fl = [137237472]7 f5 = [1717277472]7

f7 = [1572_3742]7 fll = [172742]' (1375)

The Fricke involution W4 maps @2( — 24, P55 ﬁ) to a multiple of
(172,27, 471 —e[1%,2,4] — eiv2([172,2%,4%] + £[1%,273,47]).

We have the identities

[8%,16%,327%] —2[8°,1677,32?] = 1([172,27,47'] + [1%,2,4]),
(13.76)
[871,167,327%] +2[8,16,32%] = $([17%,2°,4%] —[1%,27%,4%]).
(13.77)

We note that the characters ¢s_; in Example 13.26 coincide with the
characters ¢_s in Example 13.16. Therefore the identities (13.76), (13.77)
follow from (13.40), (13.74), (13.75). We have the decompositions f; =
[1°,22][172,25,47%], f; = (2,42 [171,22], fr = [17,272][2",42],
fi1 = [1%,271,4%][171,2?] into products of simple theta series. Therefore
the identities in Sect. 8 yield coefficient formulae for the eta products (13.75)
similar to those in preceding cases.—The sign transforms of these eta prod-
ucts will appear in Example 13.29.

In the next example we treat the Fricke transforms of the eta products in
Example 13.18. Rescaling the theta series in that example produces theta
series whose components are eta products with denominator 24; rescaling
differently, we get functions which are permuted by the Fricke involution Wy.

Example 13.27 Let 15, be the characters on Oz with period 8(1 + w) as
defined in Example 13.18. The corresponding theta series of weight 2 satisfy

02 (=3, Y5, 57) = 91(2) +2V33 g7(2) — 46iV/3 g13(2) + 8eigag(2), (13.78)

where the components g; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,
g1 = [17572157476]7 gr = [1737297472]7

13.79
gi13 = [1—1,23742], g19 = [172—3’46}. ( )
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We have the identities g,;(4z) = f;(z) where the f; are the linear combinations
(13.48), (13.49) of the eta products F', F', G, G in (13.46). The action of Wy
on Gse(z) = @2(—3, Ys.e, %) s given by

G57E(W4z) = —4 5(57622 G57_E(Z)

with the 24th roots of unity &5 . from Example 13.18.

There are obvious decompositions of the eta products (13.79) into products
of two simple theta series. They imply coefficient formulae similar to those
in preceding cases. The sign transforms [15, 4’1], [13, 4], [1, 43}, [1’1, 45]
of the functions (13.79) will be discussed in Example 13.30. Now we turn to
the Fricke transforms of the eta products in Example 13.25. We get a result
quite similar to that above:

Example 13.28 Let ;5. be the characters on Oy with period 12(1 + 1) as
defined in Example 13.25. The corresponding theta series of weight 2 satisfy

O, (74, Ds,e) i) = g1(2) + 2ei g5(2) + 40i g13(2) — 8deg17(2), (13.80)

where the components g; are normalized integral Fourier series with denom-

inator 24 and numerator classes j modulo 24. All of them are eta products,
g1 = [171a29a474}a g5 = [1757213a474}a

3 o3 1 4 (13.81)

913:[1a2_74}7 917:[1_7274]~

We have the identities g,;(2z) = f;(z) where the f; are the linear combinations
(13.71), (13.72) of the eta products F, F, G, G in (13.69). The action of Wy
on Gse(z) = @2(—4, Do ﬁ) s given by

Gs.e(Wyz) = —2V2¢ei(1 4 6i) 22 G5 (2).

We can write g5 = [175,21%,475][4], g17 = [272,4%][171,2%,471] as prod-
ucts of two simple theta series, but apparently there are no such decompo-
sitions for ¢g; and gi3. The sign transforms of the functions (13.81) will be
discussed in Example 13.31. Now we describe theta series whose components
are the sign transforms of the eta products in Example 13.26.

Example 13.29 Let the generators of (Js/(4v/—6))* ~ Z2 x Z3 be chosen
as in FExample 13.4, and define characters 5. on Js with period 4/—6 by

wé,a(\/g‘F V _2) = —det, %,5(1 + Vv _6) =g,
¢5,5(7) =1, '(/]575(_1) = -1
The corresponding theta series of weight 2 satisfy

O (=24, 5.0, %) = g1(2) + 2v/202 g5(2) + 22 g7(2) + 4V20 g11(2), (13.82)
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where the components g; are normalized integral Fourier series with denomi-
nator 24 and numerator classes j modulo 24. They are equal to eta products,

g1 = [1_3a21274_5]7 gs = [172474_1]7

13.83
gr=[17%,2"2473], g =[17",2%4]. ( )

The functions g; are the sign transforms of the eta products f; in Exam-

ple 13.26. The action of Wy on Gs.(z) = 62( — 24, 5.¢, ;—4) s given by
Gs5e(Waz) = —4e 22 Gse(2).

The decompositions of the functions f; in Example 13.26 into products of sim-

ple theta series imply analogous decompositions for their sign transforms g;.

In the following two examples we describe theta series whose components are
the sign transforms of the eta products in Examples 13.27, 13.28.

Example 13.30 Let the generators of (O3/(16+16w))™ ~ Zg X Zy X Za X Zg
be chosen as in Example 13.12, and define four characters ps. on Oz with
period 16(1 + w) by

ps.e(1+2w) = —d1, ps.e(1 — dw) = dei, pse(7) =1, pse(w)=w
with 0, € {1,—1}. The corresponding theta series of weight 2 satisfy
Os (=3, pscr ) = hi(2) +2V38 hy(2) + 4v/30e hug(2) + 8¢ hug(2), (13.84)

where the components h; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

hy=[1°47",  hr=[1°4], hiz=[1,4°], hi=[1"1,4°]. (13.85)

The functions h; are the sign transforms of the eta products g; in Exam-
ple 13.27. The action of W4 on Hs.(z) = Oq (—S,pg,g, 22—4) is given by

Hse(Wyz) = —4e 22 Hs.(2).
Example 13.31 Let the generators of (O1/(24))* ~ Zg X Zy x Zy x Zy be
chosen as in Example 13.4, and define four characters xs5. on Oy with period
24 by their values
X6,5<2 + Z) = —¢t, X6,5(1 + 62) = _57;, X5,5(5> =1, X&,e(’o =—1

with 6, € {1,—1}. The corresponding theta series of weight 2 satisfy

02 (=4, Xs5es %5) = h1(z) + 2 hs(z) + 40 hiz(2) + 85c har(2),  (13.86)
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where the components h; are normalized integral Fourier series with denom-
inator 24 and numerator classes j modulo 24. All of them are eta products,

h1 = [1,2674_3]7 h5 = [15;2_2a4:|?

[ 13.87
hiz = [173,20,4], hip=[1,272,4%]. ( )

The functions h; are the sign transforms of the eta products g; in Exam-
ple 13.28. The action of Wy on Hj . (z) = @2( —4, X565 ﬁ) is given by

Hs.(Wyz) = — 46 2° Hs ().

13.7 Weight 2 for ['y(4), Non-cuspidal Eta Products

The table at the beginning of Section 13.3 indicates that there are altogether
18 new non-cuspidal eta products of weight 2 for T'g(4). We start with the
discussion of those with denominator 8. They form four pairs of sign trans-
forms, and they are not lacunary. There are eight linear combinations whose
Fourier expansions are of Eisenstein type.

Example 13.32 Consider the eta products

fl = [1_77217a4_6}a f3 = [1_5521174_2]7

fs=[172,2°,4%],  fr=[17127149 (13.88)

with normalized integral Fourier expansions fj(z) = 3, _; ods aj(n)e(%).

8
Then for é,e € {1,—1}, the linear combinations

Fse(2) = fi(2) + 26 fa(2) + 42 f5(2) + 80 fr(2) = > Ase(n)e (%)

n>0 odd

have coefficients

el =0 Y (7;) d (13.89)

d|n
where
N ;
o5:(n) = (%) (%) = g for n= g mod 8.
5 7

The coefficients are multiplicative and satisfy the recursion

Mo @) = Xsc(P)Ase(07) = ()P Ao (™)
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for odd primes p. For the sign transforms fj of the functions f;,

A=[1727%4], fi=[1%2744%, f3=[1%2744%, fr=[1,27%47],
(13.90)
we have the linear combinations

Fse(2) = fi(2) +20 fa(z) +4e fs(2) + 80 fr(2) = Y Nse(n)e (%)

n>0 odd

with coefficients X578(n) = (—1)("_”0)/8)\5,8(71) where ng s the smallest posi-
tive residue of n modulo 8. The action of Wy on Fj. is given by

F5.(Wyz) = —40¢ 2% Fs . (2).

The Fricke involution Wy sends the eta products f; in (13.88) into eta prod-
ucts with denominator ¢ = 1 and order 0 at the cusp co. We denote them
by

g1 =[175217477], gy =[172,21,477],

13.91
gs = [127257473]7 gr = [1672717471]' ( )
Then the functions Fj. in Example 13.32 satisfy

Fs..(Waz) = —=2V22% (g1(2) + 0g3(2) + £g5(2) + d2gr(2)) -

Correspondingly, we get four linear combinations of the eta products g; which
are Eisenstein series and, in particular, have multiplicative coefficients:

Example 13.33 The eta products g; in (13.91) form two pairs (g1, 97),
(g3, 95) of sign transforms. They satisfy

%(91 + g7+ 93+ 95) (%)

I
D=
_|_

I MS

L

sl tor—gs—gs)(3) = >

K

%(91 — 97— 93+ 95)(2)

Il
[]e
7N
—~ —~
slL s
SN— S—
— —
S
~[D ~[no
u By
S— S—
QU QU
N~
2
3
™
N~—
I
e
|
—
—
oo
Ny

o)
—~
N
183
~
|
K

—
=
—~
(0]
I8
~—

25(91 — g7+ 93 — 95)(2)

where Fs . is defined in Example 13.32.
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We observe that Fy1(8z) and F_; _1(8%) are the partial sums with odd-

z

numbered coefficients in %(gl +g97+93+9s5) (5) and 31—2(91 +97—93—9s5) (%),
respectively. For the coefficients in g;(z) = > - bj(n)e(nz) we observe

bi(n) =3b3(n) for n=+1mods,
3b1(n) = bs(n) for n=43mods,

and some more complicated rules relating b, (n), bs(n) for even n.

We have two more non-cuspidal eta products of weight 2 with order 0 at the
cusp co. They form a pair of sign transforms, and their Fricke transforms
have denominator ¢ = 4. We denote these functions by

— 1—47214’4—6 ; ~: 14,2274—2 ,
! [ 6 ol4 4] ! [ 2 92 ]1 (13'92)
hy = [17°,2M,47], hy = [17%,2% 4%].

The remaining two non-cuspidal eta products of weight 2 with denominator
4 are the sign transforms of h; and hs. We denote them by
g1 = [15,27% 4], g3 = [12,27%,49]. (13.93)

Example 13.34 The functions in (13.92) combine to the Eisenstein series

n=1 d|n
Foy = —50 0+ 7)) = —1+ X (0 X d)etna)
n=1 d|n, 4¢d
hi(z) +4hs(z) = Y oi(n)e(),
n>0 odd

hl(z) — 4h3(z) =

—~
|
#IL
~—
Q
=
—~
S
~—
o)
—~
3
]
~—
|
T
—~
NI
~—

n>0 odd
The Fricke transforms of F and F are
F(Wyz) = -2 F(2), F(W,z2) = =822 (hy(42) + 4hs(42)).

The functions in (13.93) combine to the Eisenstein series
g1(2) +4g3() = Y () or(n)e (%),
g1(2) —4gs(z) = Y (2)oiln)e (%)

The Fricke transform of Gs(z) = g1(z) +40g3(z) is Gs(Wyz) = —4622Gs(2).
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13.8 A Remark on Weber Functions

In [137], pp. 86, 112, Heinrich Weber introduced and used three modular
functions which he denoted by f, fi, fo and which we will denote, quite
similarly, by f, f1, fo. The definitions are

AT el 7’ (2)
= " 1 2) = — 5 13.94
f(z) = 4 L[l( +q"7) MEMCRE (13.94)
LT n—1 n(3)

= " 1 - 2) = 13.95

e = o 10 - o) = 72 (13.95)

R(z) = V2gu [[ (1 +q¢") = \/§7Z7(<2ZZ)) (13.96)

n=1
where ¢ = e(z). Immediate consequences are the relations ff; fo = /2,

f(2) f1(2) = F1(22), F1(22)f2(2) = V2. We mention the Weber functions
because all the pairs of sign transforms of eta products in this section are
related to the modular function

J) = HeRe) = [[a+a)a+e)
n=1

(14 ¢*) (14 ¢ )2

[
3

3
Il
-

°(22)
2)n(4z)’

—~|

= (13.97)

The eta product representation shows that the sign transform of J is the
reciprocal of J itself, that is,

1
1
) = . 13.
T3) = 55 (13.98)
The product expansions show that the coefficients in
o0
J(z) = Z A(n)e(nz) (13.99)
n=0

allow an interpretation in terms of partitions: We have A(n) = > p 2r(P)
where the summation is on all partitions P of n in which even parts are not
repeated and odd parts are repeated at most once, and where r(P) is the
number of those odd parts in P which are not repeated. It is easy to see that
A(n) is positive and even for all n > 1 and that the sequence of numbers
A(n) is strictly increasing with the sole exception of A(1) = A(2) = 2. The
function J transforms according to J(Lz) = v;(L)J(z) for L € T'y(4) where
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vy(L) is a certain 8th root of unity which can be computed from Theorem 1.7.
We have vy(L) = 1 for L € T'4(32), that is, J is a modular function for I'g(32).
From (13.98) one can deduce a recursion formula which expresses A(2n) in
terms of the products A(j)A(2n — j) with j < n. Efficient formulae for A(n)
are obtained when we write J as a quotient of simple theta series which are
sign transforms of each other,

J=[1712% 47 /1] = [172,2°,472]/[2%, 47 = 171, 2%] /1,271, 4].
In this way we get, for example,
An) =26, —2 > (=1)"A(n— 227
x>0, 222<n
where §,, = 1 if n is a square and §,, = 0 otherwise.

Because of (13.98) it is not very surprising that the quotients of pairs of sign
transforms of the eta products in this section are powers of the function J.
For instance, Example 13.10 leads to

[1—7721874—7}/[17’2—3] — J7, [1—3721074—3]/[13,2] — J3,
[171,20,471]/[1,2°] = J, [13,272,4%) /172,27 = J 2.
Example 13.15 gives
[1—4’21074—2]/[1472—2’42] — J4’ [1—27210’4—4]/[12724,4—2] — J2,

and so on through all the examples in this section.
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