
11 The Prime Level N = 3

11.1 Weight 1 and Other Weights k ≡ 1 mod 6 for Γ∗(3)
and Γ0(3)

For Γ0(3) and weight k = 1 there are three holomorphic eta products,

[1, 3],
[
13, 3−1

]
,

[
1−1, 33

]
.

The first one is cuspidal and belongs to the Fricke group Γ∗(3), the others are
non-cuspidal. Here we have an illustration for Theorem 3.9 (3): The lattice
points on the boundary of the simplex S(2, 1) do not belong to S(3, 1), and
two of the interior lattice points in S(2, 1) are on the boundary of S(3, 1). At
this point it becomes clear that η(z)η(pz) is the only holomorphic eta product
of level p and weight 1 for primes p ≥ 5. The eta product η(z)η(3z) is iden-
tified with a Hecke theta series for Q(

√
−3); the result (11.2) is known from

[31], [75]. In the identities for higher weights we need the trivial character 1
on O3 and the corresponding theta series

Θ(z) = 6Θ1(−3, 1, z) =
∑

μ∈O3

e(μμz) = 1 + 6
∞∑

n=1

(∑

d|n

(
−3
d

))
e(nz) (11.1)

of weight 1 and level 3. It is an instance for a non-cusp form in Theorem 5.1
and appeared in Hecke [51] as an example of a modular form of “Nebentypus”.
It satisfies

Θ(W3z) = Θ
(

− 1
3z

)
= − i

√
3z Θ(z);

hence it belongs to the Fricke group Γ∗(3). The identities

E2,3,−1(z) = Θ2
1(−3, 1, z), E4,3,1(z) = E2

2,3,−1(z) = Θ4
1(−3, 1, z)

and several others are known from [74]; they are easily deduced from the fact
that certain spaces of modular forms are one-dimensional.
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Example 11.1 The residues of 2 + ω and ω modulo 6 can be chosen as
generators for the group (O3/(6))× � Z3 × Z6. Two characters ψ1 = ψ and
ψ−1 = ψ on O3 with period 6 are fixed by their values

ψν(2 + ω) = ω2ν = e
(

ν
3

)
= 1

2

(
−1 + ν

√
−3

)
, ψν(ω) = 1.

The corresponding theta series are not identically 0 for weights k ≡ 1 mod 6
and satisfy

Θ1

(
ψ, z

6

)
= Θ1

(
ψ, z

6

)
= η(z)η(3z) (11.2)

and, with Θ(z) and η3(z) = η(z)η(3z) from (11.1),

Θ7

(
ψ, z

6

)
=

(
Θ6(z) − 432 η6

3(z)
)
η3(z), (11.3)

Θ7

(
ψ, z

6

)
=

(
Θ6(z) + 648 η6

3(z)
)
η3(z), (11.4)

Θ13

(
ψ, z

6

)
=

(
Θ12(z) + 231120 Θ6(z)η6

3(z) − 93312 η12
3 (z)

)
η3(z), (11.5)

Θ13

(
ψ, z

6

)
=

(
Θ12(z) − 77760 Θ6(z)η6

3(z) + 5038848 η12
3 (z)

)
η3(z). (11.6)

The identities (11.3) and (11.4) imply that η7(z)η7(3z) is a linear combina-
tion of two Hecke theta series, and hence its Fourier expansion is lacunary.
According to the exhaustive list in [25], Theorem 1.3, this is the highest
weight eta product of level 3 which is lacunary.

We consider the coefficients in

η(z)η(3z) =
∑

n≡1 mod 6

c1(n) e
(

nz
6

)
, c1(n) =

∑

x,y > 0 , x2+3y2= 4n

(
12
xy

)
.

(11.7)
For primes p ≡ 1mod 6 we have p = μμ for some μ ∈ O3. From (11.2) and the
definition of the character ψ we obtain ψ(μ) = 1 and c1(p) = 2 if and only if
one of the conjugates of μ has residue 1 modulo 6. Then we may assume that
μ = 1+6a+6bω ≡ 1mod 6, and thus p = (1+6a+3b)2 +27a2 is represented
by the quadratic form x2 + 27y2. Otherwise we get c1(p) = ω2 + ω2 = −1.
We have proved statement (1) in the following Corollary:

Corollary 11.2 Let η3(z) = η(z)η(3z) and Θ(z) = 6Θ1(−3, 1, z) be given
as in Example 11.1. Then for primes p ≡ 1 mod 6 the following assertions
hold :

(1) The coefficient of η3(z) at p is c1(p) = 2 if p is represented by the
quadratic form x2 + 27y2, and c1(p) = −1 otherwise.

(2) Let c7(n) denote the Fourier coefficients of η7
3(z), and let p = x2 +xy+

y2. Then

c7(p) =
{

0
± 1

120 xy(x + y)(x − y)(2x + y)(x + 2y) if c1(p) =
{

2,
−1.
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Proof of assertion (2). From (11.3) and (11.4) we infer

η7
3(z) = 1

1080

(
Θ7

(
ψ, z

6

)
− Θ7

(
ψ, z

6

))
.

We have p = μμ = x2 + xy + y2 for some μ = x + yω ∈ O3 which is unique
up to associates and conjugates. This implies

c7(p) = 1
1080

(
ψ(μ)μ6 + ψ(μ)μ6 − ψ(μ)μ6 − ψ(μ)μ6

)
.

If c1(p) = 2 then ψ(μ) = ψ(μ) = 1, and hence we get c7(p) = 0. Otherwise
we have ψ(μ) = ω2, ψ(μ) = ω2 or vice versa, and we get

c7(p) = ± ω2 − ω2

1080
(μ6 − μ6) = ±

√
−3

1080
(μ2 − μ2)(μ2 + ωμ2)(μ2 + ω μ2).

Evaluating the factors yields the desired result. �

There is a famous theorem of Gauss (Werke, vol. 8, p. 5) on the representation
of primes by the quadratic form x2 + 27y2. It follows from a law of cubic
reciprocity; a proof is given in [59], Proposition 9.6.2:

Theorem (Gauss) Let p ≡ 1 mod 6 be prime. The polynomial X3 − 2 splits
completely into linear factors over the p-element field Fp if and only if p is
represented by the quadratic form x2 + 27y2.

For primes p ≡ −1mod 6 the order p − 1 of the cyclic group F×
p and the

exponent 3 are relatively prime, and therefore X3 − 2 splits into a linear
and an irreducible quadratic factor over Fp. Hiramatsu [56] says that a
reciprocity law for an irreducible polynomial f(X) over Z is a rule how f(X)
decomposes over the p-element fields Fp for primes p. One of his examples
(Theorem 1.1 in [56]) is the result on c1(p) in Corollary 11.2 (1). We state
several equivalent criteria for the splitting of X3 −2. The equivalence with (b)
in the following list is borrowed from Satgé [119]. The list will be prolonged
in Corollary 11.10:

Corollary 11.3 For primes p ≡ 1 mod 6 the following statements are equiv-
alent :

(a) The polynomial X3 − 2 splits into three linear factors over the field Fp.
(b) The prime p splits completely in the field Q(ω, 3

√
2).

(c) The prime p is represented by the quadratic form x2 + 27y2.
(d) The Fourier coefficient of the weight 1 eta product η(z)η(3z) at p is

equal to 2.
(e) The Fourier coefficient of the weight 7 eta product η7(z)η7(3z) at p is

equal to 0.
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We briefly deal with the non-cuspidal eta products of weight 1 for Γ0(3). An
inspection of their Fourier expansions yields the following identities:

Example 11.4 We have the identities

η3(z)
η(3z)

= 1 − 3
∞∑

n=1

(∑

d|n

(
d
3

)
)

e(nz) + 9
∞∑

n=1

(∑

d|n

(
d
3

)
)

e(3nz)

= − 3 Θ1(−4, 1, z) + 9Θ1(−4, 1, 3z), (11.8)
η3(3z)
η(z)

=
∑

n>0, 3 �n

(∑

d|n

(
d
3

)
)

e
(

nz
3

)
= Θ1

(
−3, ψ0,

z
3

)
, (11.9)

where 1 stands for the trivial character on O3 and ψ0 is the principal char-
acter modulo 1 + ω on O3.

The coefficients at n in the series (11.8) and (11.9) vanish whenever there is
an odd power of a prime p ≡ 5 mod 6 in the factorization of n. Therefore,
both these series are lacunary. According to [25], Theorem 1.4, η3(z)/η(3z)
and η3(3z)/η(z) are the only non-cuspidal eta products of the form [1a, N b]
with level N ≥ 3 which are lacunary.

11.2 Even Weights for the Fricke Group Γ∗(3)

The only holomorphic eta product of weight 2 for Γ∗(3) is η2
3(z) with η3(z) =

η(z)η(3z). Another modular form of weight 2 for this group is Θ(z)η3(z)
where Θ(z) is defined in (11.1). Both functions are Hecke eigenforms and
can be identified with Hecke theta series for Q(

√
−3). Theorem 5.1 predicts

period 3 for a character ψ to represent η2
3(z). For weight 2 we must have

ψ(ω) = ω, and ψ is uniquely determined by this value.

Example 11.5 Let η3(z) = η(z)η(3z) and Θ(z) = 6Θ1(−3, 1, z) as in
Sect. 11.1. The residue of ω modulo 3 generates the group (O3/(3))× � Z6.
Let ψ be the character with period 3 on O3 which is fixed by the value
ψ(ω) = ω, and let ψ be the conjugate complex character. The theta series for
ψ are not identically 0 for weights k ≡ 2 mod 6 and satisfy

Θ2

(
ψ, z

3

)
= η2

3(z), (11.10)

Θ8

(
ψ, z

3

)
=

(
Θ6(z) − 162 η6

3(z)
)
η2
3(z), (11.11)

Θ14

(
ψ, z

3

)
=

(
Θ12(z) − 8262 Θ6(z)η6

3(z) − 157464 η12
3 (z)

)
η2
3(z). (11.12)

The theta series for ψ are not identically 0 for weights k ≡ 0 mod 6 and
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satisfy

Θ6

(
ψ, z

3

)
= E4,3,−1(z)η2

3(z), (11.13)

Θ12

(
ψ, z

3

)
=

(
Θ6(z) − 2052 η6

3(z)
)
E4,3,−1(z)η2

3(z), (11.14)

Θ18

(
ψ, z

3

)
=

(
Θ12(z) − 131112 Θ6(z)η6

3(z)

+ 2496096 η12
3 (z)

)
E4,3,−1(z)η2

3(z). (11.15)

Corollary 11.6 Let c1(n) be the coefficients of η3(z) = η(z)η(3z) as in
(11.7), and define c2(n) by the expansion

η2
3(z) =

∑

n≡1 mod 3

c2(n)e
(

nz
3

)
.

Then for primes p ≡ 1 mod 6 the following assertions hold :

(1) We have p � c2(p) and

c2(p) ≡
{

p + 1 mod 36,
p − 8 mod 18,

c2(p) ≡
{

2
−1 mod 6 if c1(p) =

{
2,

−1.

(2) Let a4(n) denote the coefficients of η4(z). Then c2(p) = a4(p) holds if
and only if c1(p) = 2.

(3) We have c2(p) = −1 if and only if 4p = 27v2+1, and we have c2(p) = 2
if and only if p = 108v2 + 1 for some v ∈ N.

(4) We have |c2(p)| ≤
√

4p − 27 with equality if and only if 4p = m2 + 27
for some m ∈ N.

Proof. We have p = μμ = x2 + xy + y2 where we can choose μ = x + yω
among its associates and conjugates such that x ≡ 1 mod 3, y ≡ 0 mod 3.
Then μ ≡ μ ≡ 1 mod 3, ψ(μ) = ψ(μ) = 1, and (11.10) implies

c2(p) = μ + μ = 2x + y.

Hence c2(p) is even if and only if y is even. But then x is odd, μ ≡ 1 mod 6,
whence c1(p) = 2 by Corollary 11.2. Otherwise, if y is odd, we have c1(p) =
−1. This proves the congruences modulo 6 in (1).

We write x = 1 + 3u, y = 3v. Then we obtain c2(p) = 2 + 6u + 3v and
p+1 = 1+(1+3u)2+3v(1+3u)+9v2 = c2(p)+9(u2+uv+v2) ≡ c2(p) mod 9.
If y is even then we get u2 + uv + v2 ≡ 0 mod 4 and p + 1 ≡ c2(p) mod 36.
If v is odd then u2 + uv + v2 is odd, hence p + 1 ≡ 9 + c2(p) mod 18.—Since
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(μ) and (μ) are distinct prime ideals in O3, c2(p) = μ + μ is not a multiple
of either of them. This establishes the assertions in (1).

The character ψ′ in the representation (9.10) of η4(z) as a theta series (de-
noted by ψ in Example 9.3) and the character presently denoted by ψ satisfy
ψ′(μ) = ψ(μ) = 1 if μ ≡ 1 mod 2(1+ω), and in this case we get c2(p) = a4(p),
c1(p) = 2. Otherwise, different values of ψ′(μ) and ψ(μ) yield different values
of a4(p) and c2(p). This proves (2).

We write y = 3v. Then c2(p) = 2x + y = −1 is equivalent to p = 1
4 ((2x +

y)2 + 3y2) = 1
4 (1 + 27v2). Similarly, c2(p) = 2x + y = 2 is equivalent to

p = 1
4 (4 + 27v2). Necessarily, v is a multiple of 4. We write 4v instead of v

and obtain p = 108v2 + 1. This proves (3).

We get large values of |c2(p)|/√
p when μ is close to the real axis. Hence

we get an upper bound if we take y = 3. In this case, c2(p) = 2x + 3 and
4p = (2x + 3)2 + 3 · 32 = c2(p)2 + 27. This implies (4). �

For the representation of Θ(z)η3(z) as a theta series on O3 we need a character
with period 6. From Example 11.1 we know that the residues of 2 + ω and ω
modulo 6 generate the group (O3/(6))×.

Example 11.7 A pair of characters ρ1 = ρ and ρ−1 = ρ on O3 with period
6 is given by

ρν(2 + ω) = 1, ρν(ω) = ω−ν = e
( −ν

6

)
= 1

2 (1 − ν
√

−3).

Let η3(z) and Θ(z) be defined as in Example 11.5. The theta series for ρ are
not identically 0 for weights k ≡ 2 mod 6 and satisfy

Θ2

(
ρ, z

6

)
= Θ(z)η3(z), (11.16)

Θ8

(
ρ, z

6

)
=

(
Θ6(z) − 1296 η6

3(z)
)
Θ(z)η3(z), (11.17)

Θ14

(
ρ, z

6

)
=

(
Θ12(z) − 229392 Θ6(z)η6

3(z) + 42830208 η12
3 (z)

)
Θ(z)η3(z).

(11.18)

The theta series for ρ are not identically 0 for weights k ≡ 0 mod 6 and satisfy

Θ6

(
ρ, z

6

)
= E4,3,−1(z)Θ(z)η3(z), (11.19)

Θ12

(
ρ, z

6

)
=

(
Θ6(z) − 76896 η6

3(z)
)
E4,3,−1(z)Θ(z)η3(z), (11.20)

Θ18

(
ρ, z

6

)
=

(
Θ12(z) + 24930288 Θ6(z)η6

3(z)

+ 3142188288 η12
3 (z)

)
E4,3,−1(z)Θ(z)η3(z). (11.21)

The character ρ = ρ1 will reappear in Example 14.4.
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Corollary 11.8 Let η3(z), Θ(z), c1(n), c2(n) and a4(n) be given as in Ex-
ample 11.5 and Corollary 11.6. For primes p ≡ 1 mod 6 the coefficients γ2(p)
in the expansion

Θ(z)η3(z) =
∑

n≡1 mod 6

γ2(n)e
(

nz
6

)

have the following properties:

(1) We have p � γ2(p),

γ2(p) ≡
{

p + 1 mod 36,
p − 2 mod 18,

γ2(p) ≡
{

2
−1 mod 6 if c1(p) =

{
2,

−1,

and γ2(p) = c2(p) if and only if c1(p) = 2.
(2) We have γ2(p) = −1 if and only if 4p = 3m2 + 1 with m ≡ ±5 mod 12.
(3) We have |γ2(p)| ≤

√
4p − 3 where equality holds if and only if 4p =

m2 + 3 with m ≡ ±5 mod 12.

Proof. In p = μμ = x2 + xy + y2 we choose μ = x + yω ≡ 1 mod 3 as in the
proof of Corollary 11.6. If y is even then μ ≡ 1 mod 6, ρ(μ) = 1, and we get
γ2(p) = 2x + y = c2(p) = a4(p), c1(p) = 2. Otherwise, when y is odd, an
inspection of the values ρ(μ) yields γ2(p) = −x − 2y if x is odd, γ2(p) = y − x
if x is even. Now we argue as in the proof of Corollary 11.6 and obtain the
assertions in (1).

It follows that γ2(p) = −1 if and only if y = 3v is odd and x + 2y = 1 or
x−y = 1. This is equivalent to 4p = (2x+y)2+3y2 = 3(2y ±1)2+1 = 3m2+1
with m = 6v ± 1 ≡ ±5mod 12. Thus we have proved (2).

For even y the upper bound in Corollary 11.6, (4) is valid for γ2(p) = c2(p).
For odd y = 3v we get maximal values of |γ2(p)|/√

p when ωμ = y + xω or
ωμ = −y+(x+y)ω is close to the real axis. This means that γ2(p) = −x − 2y
with x = 1 or γ2(p) = y − x with x + y = 1, and gives the asserted estimate
|γ2(p)| ≤

√
4p − 3 with equality for 4p = m2 +3, m = 6v ± 1 ≡ ±5mod 12. �

In the following discussion of weights k ≡ 4 mod 6 we need the Eisenstein
series of weight 3 for Γ∗(3) which were introduced in Sect. 1.6. One verifies
the identities

E3,3,i(z) = Θ3(z), E3,3,−i(z) Θ(z) = E4,3,−1(z).

The products E3,3,i(z)η3(z) = Θ3(z)η3(z) and E3,3,−i(z)η3(z) are cusp forms
of weight 4 for Γ∗(3). Lists of coefficients display multiplicative properties
and gaps which suggest that they are both eigenforms and Hecke theta series
for Q(

√
−3). Again, we need characters with period 6.
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Example 11.9 Let η3(z) and Θ(z) be defined as in Example 11.5. A pair of
characters χ = χ1 and χ = χ−1 on O3 with period 6 is given by

χν(2 + ω) = ω−2ν = e
( −ν

3

)
, χν(ω) = −1.

The corresponding theta series are not identically 0 for weights k ≡ 4 mod 6
and satisfy

Θ4

(
χ, z

6

)
= Θ3(z)η3(z), (11.22)

Θ10

(
χ, z

6

)
=

(
Θ6(z) + 7776 η6

3(z)
)
Θ3(z)η3(z), (11.23)

Θ16

(
χ, z

6

)
=

(
Θ12(z) − 4239216Θ6(z)η6

3(z)

− 186437376 η12
3 (z)

)
Θ3(z)η3(z), (11.24)

Θ4

(
χ, z

6

)
= E3,3,−i(z)η3(z), (11.25)

Θ10

(
χ, z

6

)
=

(
Θ6(z) + 4752 η6

3(z)
)
E3,3,−i(z)η3(z), (11.26)

Θ16

(
χ, z

6

)
=

(
Θ12(z) + 2994192Θ6(z)η6

3(z)

+ 8864640 η12
3 (z)

)
E3,3,−i(z)η3(z). (11.27)

For the coefficients in

Θ3(z)η3(z) =
∑

n≡1 mod 6

γ4(n)e
(

nz
6

)
,

E3,3,−i(z)η3(z) =
∑

n≡1 mod 6

γ′
4(n)e

(
nz
6

)

at primes p ≡ 1mod 6 one can deduce similar properties as in the preceding
cases. We omit the proofs, but note the results

γ4(p) ≡ γ′
4(p) ≡

{
2

−1 mod 18 if c1(p) =
{

2,
−1,

(11.28)
{

γ4(p) = γ′
4(p) = a8(p)

γ4(p) + γ′
4(p) + a8(p) = 0 if c1(p) =

{
2,

−1,
(11.29)

where a8(n) denote the coefficients of η8(z) in Sect. 9.4,

γ4(p) ≤ −(6p − 8) or γ4(p) ≥ 3p − 1 if c1(p) = 2,

|γ4(p)| ≤ (p − 3)
√

4p − 3 if c1(p) = 2.

We continue the list of equivalent statements in Corollary 11.3, using Corol-
laries 11.6, 11.8 and (11.28), (11.29):

Corollary 11.10 Let η3(z) and Θ(z) be defined as in Example 11.5. For
primes p ≡ 1 mod 6, the statements in Corollary 11.3 and the following state-
ments are equivalent to each other :
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(f) The coefficient c2(p) of η2
3(z) at p satisfies c2(p) ≡ 2 mod 6.

(g) The coefficients of η2
3(z) and η4(z) at the prime p are equal to each

other.
(h) The coefficient γ2(p) of Θ(z)η2

3(z) at p satisfies γ2(p) ≡ 2 mod 6.
(i) The coefficients of Θ(z)η3(z) and η4(z) at the prime p are equal to each

other.
(j) The coefficient γ4(p) of Θ3(z)η2

3(z) at p satisfies γ4(p) ≡ 2 mod 18.
(k) The coefficients of Θ3(z)η3(z) and η8(z) at p are equal to each other.
(l) The coefficients of Θ3(z)η3(z) and E3,3,−i(z)η3(z) at p are equal to each

other.

11.3 Weights k ≡ 3, 5 mod 6 for the Fricke Group Γ∗(3)

We continue to use the notations η3(z) = η(z)η(3z) and Θ(z) = 6Θ1(−3, 1, z)
from Sect. 11.1. There are three cusp forms of weight 3 for Γ∗(3), with
expansions

η3
3(z) =

∑

n≡1 mod 2

c3(n)e
(

nz
2

)
, (11.30)

Θ(z)η2
3(z) =

∑

n≡1 mod 3

γ3(n)e
(

nz
3

)
, Θ2(z)η3(z) =

∑

n≡1 mod 6

λ3(n)e
(

nz
6

)
.

(11.31)
Lists of coefficients suggest that all of them are Hecke theta series for Q(

√
−3).

According to Theorem 5.1, we need characters with periods 2, 3 and 6, re-
spectively. The group (O3/(2))× is cyclic of order 3 with the residue of ω
modulo 2 as a generator.

Example 11.11 A character ψ2 on O3 with period 2 is fixed by the value
ψ2(ω) = −ω. The corresponding theta series are not identically 0 for weights
k ≡ 3 mod 6 and satisfy

Θ3

(
ψ2,

z
2

)
= η3

3(z), (11.32)

Θ9

(
ψ2,

z
2

)
=

(
Θ6(z) + 48 η6

3(z)
)
η3
3(z), (11.33)

Θ15

(
ψ2,

z
2

)
=

(
Θ12(z) − 2256 Θ6(z)η6

3(z) + 58752 η12
3 (z)

)
η3
3(z). (11.34)

The theta series for the conjugate complex character ψ2 are not identically 0
for weights k ≡ 5 mod 6 and satisfy

Θ5

(
ψ2,

z
2

)
= Θ2(z)η3

3(z), (11.35)

Θ11

(
ψ2,

z
2

)
=

(
Θ6(z) − 288 η6

3(z)
)
Θ2(z)η3

3(z), (11.36)

Θ17

(
ψ2,

z
2

)
=

(
Θ12(z) + 6480 Θ6(z)η6

3(z) − 255744 η12
3 (z)

)
Θ2(z)η3

3(z).
(11.37)
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Corollary 11.12 For primes p ≡ 1 mod 6 the coefficients c3(p) of η3
3(z) have

the following properties:

(1) We have c3(p) ≡ 2pmod 12 and c3(p) ≡ 2 mod 24.
(2) Every odd prime divisor q of c3(p) satisfies q ≡ ±1 mod 12 and

(
p
q

)
=

(
2
q

)
.

(3) We have c3(p) = 2 if and only if p = 2u2 − 1 and u2 − 3v2 = 1 for some
u, v ∈ N.

(4) We have −2(p − 2) ≤ c3(p) ≤ 2(p − 6). Equality c3(p) = −2(p − 2)
holds if and only if p = 12m2 + 1, and equality c3(p) = 2(p − 6) holds
if and only if p = 4m2 + 3 for some m ∈ N.

(5) The coefficient λ5(p) of Θ2(z)η3
3(z) at p satisfies λ5(p) = (c3(p))2 − 2p2.

Proof. We have p = μμ = x2 +xy +y2 where we can choose μ = x+yω ∈ O3

with μ ≡ 1mod 2. Then ψ2(μ) = ψ2(μ) = 1, and (11.32) implies

c3(p) = μ2 + μ2 = 2p − 3y2 = (2x + y)2 − 2p. (11.38)

Since y is even, we get c3(p) = 2p − 3y2 ≡ 2pmod 12. Since p ≡ 1 or 7mod 12
according to y ≡ 0 or 2 mod 4, we also get c3(p) ≡ 2mod 24. Thus (1) is
established.

Let q be an odd prime divisor of c3(p). Then 6p − (3y)2 ≡ 2p − (2x + y)2 ≡
0 mod q, hence

(
6p
q

)
=

(
2p
q

)
= 1. Therefore we get

(
p
q

)
=

(
2
q

)
and

(
3
q

)
= 1,

i.e., q ≡ ±1mod 12. Thus we proved (2).

From (1) it is clear that c3(p) ≥ 2 or c3(p) ≤ −22. The case c3(p) = 2 means
that 2p − 3y2 = (2x + y)2 − 2p = 2. Here, y = 2v and 2x + y = 2u are even,
and we obtain p = 2u2 − 1, u2 − 3v2 = 1. This proves (3).

From |c3(p)| < 2p and (1) it is clear that −2(p − 2) ≤ c3(p) ≤ 2(p − 6).
From (11.38) we see that c3(p) = 2p − 12 holds if and only if y2 = 4, and
this means that p = (x + 1)2 + 3 = 4m2 + 3 for some m ∈ Z. Also, we see
that c3(p) = −2p + 4 holds if and only if (2x + y)2 = 4, and this means that
p = 1 + 3

4y2 = 1 + 12m2 for some m ∈ Z. This proves (4).

With μ chosen as before, (11.35) implies λ5(p) = μ4+μ4 = (μ2+μ)2−2μ2μ2 =
(c3(p))2 − 2p2, which is (5). �

Remark. All positive solutions um, vm of Pell’s equation u2 − 3v2 = 1 in
Corollary 11.12 (3) are given by um+vm

√
3 = (2+

√
3)m. If pm = 2u2

m −1 is a
prime then m = 2a is a power of 2, according to Theorem 10.4. Thus p1 = 7,
p2 = 97, p8 = 708158977 are the only primes below 1035 with c3(p) = 2,
since p4 = 31 · 607 and p16 = 127 · 7897466719774591 are composite. We
recall relation (10.40) for the coefficients of η8(z)η−2(2z) which lead us to
the “even” solutions u2m, v2m of u2 − 3v2 = 1.
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Example 11.13 Let ψ2 and ψ2 be the characters with period 3 on O3 which
are fixed by the values ψ2(ω) = −ω, ψ2(ω) = ω2 and which are the squares
of the characters ψ, ψ in Example 11.5. The theta series for ψ2 are not
identically 0 for weights k ≡ 3 mod 6 and satisfy

Θ3

(
ψ2, z

3

)
= Θ(z)η2

3(z), (11.39)

Θ9

(
ψ2, z

3

)
=

(
Θ6(z) + 216 η6

3(z)
)
Θ(z)η2

3(z), (11.40)

Θ15

(
ψ2, z

3

)
=

(
Θ12(z) + 16308 Θ6(z)η6

3(z) + 903960 η12
3 (z)

)
Θ(z)η2

3(z).
(11.41)

The theta series for ψ2 are not identically 0 for weights k ≡ 5 mod 6 and
satisfy

Θ5

(
ψ2, z

3

)
= Θ3(z)η2

3(z), (11.42)

Θ11

(
ψ2, z

3

)
=

(
Θ6(z) + 972 η6

3(z)
)
Θ3(z)η2

3(z), (11.43)

Θ17

(
ψ2, z

3

)
=

(
Θ12(z) + 65448 Θ6(z)η6

3(z)

− 14486688 η12
3 (z)

)
Θ3(z)η2

3(z). (11.44)

From (11.39) one derives properties of the coefficients of Θ(z)η2
3(z). We omit

the proofs, which are similar to preceding cases, except for part (3):

Corollary 11.14 For primes p ≡ 1 mod 6 the coefficients γ3(p) of Θ(z)η2
3(z)

have the following properties:

(1) We have γ3(p) ≡ 2pmod 27 and

γ3(p) ≡
{

2
−1 mod 12 if c1(p) =

{
2,

−1.

Moreover, γ3(p) = c3(p) if and only if c1(p) = 2.
(2) Every odd prime divisor q of γ3(p) satisfies q ≡ ±1 mod 12 and

(
p
q

)
=

(
2
q

)
.

(3) There is no prime with γ3(p) = 2. The only prime with γ3(p) = −1 is
p = 13.

(4) We have −2p + 1 ≤ γ3(p) ≤ 2p − 27. Equality γ3(p) = −2p + 1 holds
if and only if 4p = 27m2 + 1, and equality γ3(p) = 2p − 27 holds if and
only if p = m2 + 3m + 9 for some m ∈ N.

Proof of part (3). As in the proof of Corollary 11.12 (3), one finds that
γ3(p) = 2 if and only if p = 2U2 − 1 and U2 − 27V 2 = 1 for some U, V ∈ N.
The positive solutions Um, Vm of Pell’s equation U2−27V 2 = 1 are Um = u3m,
Vm = v3m where um, vm is defined in the remark after Corollary 11.12. Now
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Theorem 10.4 says that all numbers Pm = 2U2
m − 1 = p3m are composite.—

We have γ3(p) = −1 if and only if 2p = u2 + 1, u2 − 27v2 = −2 for some
u, v ∈ N. The positive solutions um, vm of u2 − 27v2 = −2 are given by
um + vm

√
27 = (5 +

√
27)(26 + 5

√
27)m−1. An easy induction shows that all

numbers p′
m = 1

2 (u2
m + 1) are multiples of the prime p′

1 = 13. �

Example 11.15 Let ρ2 be the character with period 6 on O3 which is fixed by
the values ρ2(2+ω) = 1, ρ2(ω) = −ω and which is the square of the character
ρ in Example 11.7. The corresponding theta series are not identically 0 for
weights k ≡ 3 mod 6 and satisfy

Θ3

(
ρ2, z

6

)
= Θ2(z)η3(z), (11.45)

Θ9

(
ρ2, z

6

)
=

(
Θ6(z) − 4320 η6

3(z)
)
Θ2(z)η3(z), (11.46)

Θ15

(
ρ2, z

6

)
=

(
Θ12(z) − 72144Θ6(z)η6

3(z)

− 118506240 η12
3 (z)

)
Θ2(z)η3(z). (11.47)

The theta series for the conjugate complex character ρ2 are not identically 0
for weights k ≡ 5 mod 6 and satisfy

Θ5

(
ρ 2, z

6

)
= Θ4(z)η3(z), (11.48)

Θ11

(
ρ 2, z

6

)
=

(
Θ6(z) − 33048 η6

3(z)
)
Θ4(z)η3(z), (11.49)

Θ17

(
ρ 2, z

6

)
=

(
Θ12(z) + 6728832Θ6(z)η6

3(z)

− 1562042880 η12
3 (z)

)
Θ4(z)η3(z). (11.50)

From (11.45) one obtains properties of the coefficients of Θ2(z)η3(z). We
omit the proofs.

Corollary 11.16 For primes p ≡ 1 mod 6 the coefficients λ3(p) of Θ2(z) ×
η3(z) have the following properties:

(1) We have

λ3(p) ≡
{

2p mod 108,
2p − 3 mod 72,

λ3(p) ≡
{

2
−1 mod 12 if c1(p) =

{
2,

−1.

Moreover, λ3(p) = c3(p) if and only if c1(p) = 2.
(2) Every odd prime divisor q of λ3(p) satisfies q ≡ ±1 mod 12 and

(
p
q

)
=

(
2
q

)
.

(3) We have −2p+1 ≤ λ3(p) ≤ 2p−3. Equality λ3(p) = −2p+1 holds if and
only if 4p = 3y2 + 1 for some y ≡ 1 mod 6, and equality λ3(p) = 2p − 3
holds if and only if p = x2 + x + 1 for some x ≡ 2 or 3 mod 6.
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It can be shown that λ3(p) �= −1 for all primes p. If λ3(p) = 2 then we
also have γ3(p) = 2, and the statements in Corollary 11.14 and the following
remark apply.

With Corollaries 11.12, 11.14, 11.16 it is easily possible to prolong the list of
equivalent statements in Example 11.5 and Corollary 11.10. We refrain from
stating the results.

11.4 Weight k = 2 for Γ0(3)

For level N = 3 and weight k = 2 there are seven new holomorphic eta
products. In Example 11.5 the function η2(z)η2(3z) was identified with a
theta series. Of the remaining 6 functions, there are 4 cuspidal and 2 non-
cuspidal eta products. For two of the cusp forms with denominator t = 12
there is a neat representation by Hecke series:

Example 11.17 The residues of 2+ω, 5 and ω modulo 12 can be chosen as
generators of the group (O3/(12))× � Z6 × Z2 × Z6. A pair of characters ψδ

on O3 with period 12 is given by

ψδ(2 + ω) = δω, ψδ(5) = 1, ψδ(ω) = ω

with δ ∈ {1, −1}. The corresponding theta series of weight 2 have a decom-
position

Θ2

(
−3, ψδ,

z
12

)
= f1(z) + 3

√
3δi f7(z) (11.51)

with normalized integral Fourier series fj with denominator 12 and numera-
tor classes j modulo 12 which are eta products,

f1(z) =
η5(z)
η(3z)

, f7(z) =
η5(3z)
η(z)

. (11.52)

The cuspidal eta product η3(z)η(3z) has denominator 4 and numerator 1.
Its coefficients enjoy partially multiplicative properties, but it is not a Hecke
eigenform. We do not get an eigenform by adding a complementary Fourier
series for the remainder 3 modulo 4. But in the following example we will
obtain a theta series by adding an old eta product of level 9 with order 5

4 at ∞.
The eta product η(z)η3(3z) is cuspidal with order 5

12 at ∞, and its coefficients
also have some partially multiplicative properties. Here one can construct an
eigenform, which also is a theta series, by adding a complementary component
for the remainder 1 modulo 12. It turns out that the missing component
is obtained by rescaling the variable in η3(z)η(3z), thus passing from level
N = 3 to the higher level 9. So we get identities which are more complicated
than those in the examples so far in this section.
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Example 11.18 Let the generators of (O1/(6))× � Z8 × Z2 be chosen as in
Example 9.1, and define a pair of characters χδ on O1 with period 6 by the
assignment

χδ(2 + i) = δ√
2
(1 + i), χδ(2 + 3i) = 1

with δ ∈ {1, −1}. The corresponding theta series of weight 2 have a decom-
position

Θ2

(
−4, χδ,

z
12

)
= f1(z) + 3

√
2 δi f5(z) (11.53)

with normalized integral Fourier series fj(z) with denominator 12 and nu-
merator classes j modulo 12. The component f5 is an eta product, and f1 is
a linear combination of eta products. We have

f1(z) = η3
(

z
3

)
η(z) + 3η(z)η3(3z), f5(z) = η(z)η3(3z), (11.54)

Θ2

(
−4, χδ,

z
4

)
= η3(z)η(3z) + 3(1 +

√
2 δi) η(3z)η3(9z).

The Fricke involution W9 acts on Fδ(z) = Θ2

(
−4, χ

δ
, z

4

)
by Fδ(W9z) =

−3
√

3(1 +
√

2δi)z2 F−δ(z).

We introduce coefficients for the functions in the last example by setting

η3(z)η(3z) =
∑

n≡1,5 mod 12

a(n)e
(nz

4

)
,

η(3z)η3(9z) =
∑

n≡5 mod 12

b(n)e
(nz

4

)
,

and Fδ(z) =
∑

n≡1,5 mod 12 λδ(n)e
(

nz
4

)
. Then we use (8.3), (8.15) to relate

a(n), b(n) to the positive solutions of x2 + y2 = 2n and 9x2 + y2 = 2n with
x odd and gcd(y, 6) = 1. It follows that b(n) = −3a(n) for n ≡ 5mod 12 and

λδ(n) =
{

a(n)
−

√
2δi a(n)

for n ≡
{

1
5 mod 12.

The non-cuspidal eta products of weight 2 and level 3 are the squares of the
functions in Example 11.4, η6(z)/η2(3z) and η6(3z)/η2(z). Below, for the
first one we present a complicated identity with Eisenstein series. The second
one has denominator 3 and numerator 2, and one needs a complementary
component with numerator 1 to construct eigenforms:

Example 11.19 We have the identities

η6(z)
η2(3z)

= 1 + 3
∞∑

n=1

( ∑

9 � d | n

d

)
e(nz) − 9

∑

n≡1 mod 3

σ1(n)e(nz), (11.55)
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f1(z) + 3
η6(3z)
η2(z)

=
∑

3 � n

σ1(n)e
(

nz
3

)
, (11.56)

f1(z) − 3
η6(3z)
η2(z)

=
∞∑

n=1

(
n
3

)
σ1(n)e

(
nz
3

)
(11.57)

with f1(z) =
∑

n≡1 mod 3 σ1(n)e
(

nz
3

)
.

11.5 Lacunary Eta Products with Weights k > 2 for Γ0(3)

Cooper, Gun and Ramakrishnan [25] determined all lacunary eta products
of levels N = 3, 4 and 5. The preceding examples in this section comprise
all those of level 3 which have weights k ≤ 2 or belong to the Fricke group.
Besides, there are 8 more with weights k > 2, and all of them have weight 4.
The representations of these eta products by theta series have already been
established by Gordon and Hughes [42] and Ahlgren [2]. The first example
from [2] shows that

[
110, 3−2

]
and

[
1−2, 310

]
are lacunary:

Example 11.20 Let the generators of (O3/(6))× � Z3 × Z6 be chosen as in
Example 11.1, fix a character ψ1 on O3 with period 6 by its values

ψ1(2 + ω) = −ω = e
(

− 1
3

)
, ψ1(ω) = −1,

and let ψ−1 = ψ1 be the conjugate complex character. Then for δ ∈ {1, −1}
the corresponding theta series of weight 4 satisfy

Θ4

(
−3, ψδ,

z
6

)
=

η10(z)
η2(3z)

+ 27δ
η10(3z)
η2(z)

. (11.58)

The next example from [2] shows that
[
19, 3−1

]
and

[
1−3, 311

]
are lacunary

since they are linear combinations of Hecke theta series:

Example 11.21 Let the generators of (O1/(6))× � Z8 × Z2 be chosen as
in Example 9.1. For δ ∈ {1, −1}, define a pair of characters ϕδ on O1 with
period 6 by

ϕδ(2 + i) = δξ = δ 1 − i√
2

, ϕδ(2 + 3i) = 1.

The residues of 1 + 2ω and ω modulo 4 generate the group (O3/(4))× �
Z2 × Z6. A pair of characters ψδ on O3 with period 4 is given by

ψδ(1 + 2ω) = δ, ψδ(ω) = −1.
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Let ψ′
δ be the imprimitive character on O3 with period 4(1 + ω) which is

induced by ψδ. Then the corresponding theta series of weight 4 satisfy

η9(z)
η(3z)

− 9
η11(3z)
η3(z)

= 1
2 (1 + i

√
2)Θ4

(
−4, ϕ1,

z
4

)

+ 1
2 (1 − i

√
2) Θ4

(
−4, ϕ−1,

z
4

)
, (11.59)

η9(z)
η(3z)

+ 9
η11(3z)
η3(z)

= 3
2

(
Θ4

(
−3, ψ′

1,
z
4

)
+ Θ4

(
−3, ψ′

−1,
z
4

))

+
(
Θ4

(
−3, ψ1,

z
4

)
+ Θ4

(
−3, ψ−1,

z
4

))
. (11.60)

The identities (11.59), (11.60) imply relations among the coefficients of the
two eta products: Let us write

η9(z)
η(3z)

=
∑

n≡1 mod 4

a(n)e
(

nz
4

)
,

η11(3z)
η3(z)

=
∑

n≡1 mod 4

b(n)e
(

nz
4

)
.

Then we have

b(n) =
{

9a(n)
−9a(n) for n ≡

{
5
9 mod 12.

For primes p ≡ 1 mod 12 we have p = μμ = x2 + y2 where we can choose
μ = x + yi ∈ O1 with 3|y, x ≡ 1 or 2 mod 6, and we have p = λλ = u2 + 12t2

with λ = u + 2t
√

−3 ∈ O3. Then the characters in Example 11.21 satisfy
ϕδ(μ) = ϕδ(μ) = 1, ψδ(λ) = ψδ(λ) = ±1, and we get

a(p) − 9b(p) = μ3 + μ3 = 2x(x2 − 3y2),

a(p) + 9b(p) = ±(λ3 + λ
3
) = ±2u(u − 6t)(u + 6t).

Under the Fricke involution W3, the functions
[
19, 3−1

]
± 9

[
1−3, 311

]
in Ex-

ample 11.21 are transformed into multiples of
[
111, 3−3

]
± 81

[
1−1, 39

]
. The

representations of these functions by Hecke theta series looks somewhat sim-
pler than the preceding identities. Moreover, we identify

[
13, 35

]
and

[
15, 33

]

with components of theta series, thus proving their lacunarity as in [42]:

Example 11.22 Let ϕδ, ψδ and ψ′
δ be defined as in Example 11.21. Then

we have

η11(z)
η3(3z)

− 81
η9(3z)
η(z)

= 1
2

(
Θ4

(
−4, ϕ1,

z
12

)
+ Θ4

(
−4, ϕ−1,

z
12

))
,

(11.61)
η11(z)
η3(3z)

+ 81
η9(3z)
η(z)

= 1
2

(
Θ4

(
−3, ψ′

1,
z
12

)
+ Θ4

(
−3, ψ′

−1,
z
12

))
.

(11.62)
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Moreover, we have decompositions

Θ4

(
−3, ψ′

δ,
z
12

)
= f1(z) + 18δi

√
3 f7(z), (11.63)

3 Θ4

(
−3, ψ′

δ,
z
4

)
− 2 Θ4

(
−3, ψδ,

z
4

)
= g1(z) − 6δi

√
3 g3(z), (11.64)

where the components fj and gj are normalized integral Fourier series with
denominators 12 and 4, respectively, and numerator classes j modulo their
denominators, and all of them are eta products or linear combinations thereof,

f1(z) =
η11(z)
η3(3z)

+ 81
η9(3z)
η(z)

, f7(z) = η5(z)η3(3z), (11.65)

g1(z) =
η9(z)
η(3z)

+ 9
η11(3z)
η3(z)

, g3(z) = η3(z)η5(3z). (11.66)


	The Prime Level N = 3
	Weight 1 and Other Weights k 1  mod 6 for Gamma*(3) and Gamma0(3)
	Even Weights for the Fricke Group Gamma*(3)
	Weights k 3,  5  mod 6 for the Fricke Group Gamma*(3)
	Weight k = 2 for Gamma0(3)
	Lacunary Eta Products with Weights k > 2 for Gamma0(3)



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


