Approximation Stability and Boosting

Wei Gao and Zhi-Hua Zhou

National Key Laboratory for Novel Software Technology
Nanjing University, Nanjing 210093, China
{gaow,zhouzh}@lamda.nju.edu.cn

Abstract. Stability has been explored to study the performance of
learning algorithms in recent years and it has been shown that stability is
sufficient for generalization and is sufficient and necessary for consistency
of ERM in the general learning setting. Previous studies showed that Ad-
aBoost has almost-everywhere uniform stability if the base learner has
L stability. The L, stability, however, is too restrictive and we show that
AdaBoost becomes constant learner if the base learner is not real-valued
learner. Considering that AdaBoost is mostly successful as a classification
algorithm, stability analysis for AdaBoost when the base learner is not
real-valued learner is an important yet unsolved problem. In this paper,
we introduce the approrimation stability and prove that approximation
stability is sufficient for generalization, and sufficient and necessary for
learnability of AERM in the general learning setting. We prove that Ad-
aBoost has approximation stability and thus has good generalization,
and an exponential bound for AdaBoost is provided.

1 Introduction

Stability has been considered as an important tool for studying the performance
of learning algorithms in recent years. Intuitively, the stability of a learning al-
gorithm can be referred as perturbation sensitivity in the training sample. It
was first introduced in [5] for estimating leave-one-out error and further used to
bound empirical risk of regression [I0], which discovered a connection between
finite VC dimension and stability. Bousquet and Elisseeff [3] obtained an expo-
nential bound for uniform stability and proved that the Tikhonov regularized
algorithms hold uniform stability property. Kutin and Niyogi [12] generalized the
uniform stability to almost-everywhere algorithmic stability and derived general-
ization error bounds with extensions of McDiarmid’s inequality. Stability has also
been employed to bound the bias and variance of estimators for ERM (empirical
risk minimization) or general algorithm [I7]. An influential work of Mukherjee
et al. [16] showed that stability is sufficient for generalization and sufficient and
necessary for consistency of ERM in supervised regression and classification.
Later, this result was extended to general learning setting by Shalev-Shwartz et
al. [22].

AdaBoost [6], [7] is one of the most influential learning algorithms during the
past decades. Many theoretical efforts have been devoted to studying the mys-
teries behind the great success of AdaBoost. There are different interpretations
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from different aspects, and they have shed important insights for understanding
the behaviors of AdaBoost. However, debates are still lasting to date, for ex-
ample, on margin-based interpretation [4, 21 [19] [25] and statistical-view-based
interpretation [2, [9, [15].

Considering the recent advances in stability, it is interesting to study the
stability issues of AdaBoost. Kutin and Niyogi [T1] proved that AdaBoost has
almost-everywhere uniform stability if the base learner is L; stable. To the best
of our knowledge, this is the only stability result for AdaBoost. The requirement
of Ly stability, however, is too restrictive, and as we will show in Section [
AdaBoost becomes constant learner when the base learner is not real-valued
learner. Note that as Freund and Schapire [§] indicated, AdaBoost is a classi-
fication algorithm, and so it is important to study the situation when the base
learner is not real-valued learner.

In this paper, we introduce the notion of approzrimation stability, and prove
that the approximation stability is sufficient for generalization, and is sufficient
and necessary for learnability of AERM (asymptotical empirical risk minimiza-
tion) in the general learning setting. Then, we prove that AdaBoost has approx-
imation stability and thus has good generalization, and an exponential bound
for AdaBoost is provided. All bounds obtained in this paper do not rely on any
space complexity measure, but rather on the way the algorithm searches the
space, and thus can be used even when the VC dimension is infinite.

In the rest of this paper we begin by introducing some notations and back-
ground knowledge in Section @I Then, we give our results in Sections [ and [E]
and finally present the detail proofs in Section

2 Preliminaries

2.1 Notations

Let Z denote an instance space and D denote an unknown probability distri-
bution over Z. We use Prp[] to refer to the probability with respect to D and
Prg[-] to denote the probability with respect to a uniform distribution over the
training sample S. Similarly, we use Ep[] and Eg[-] to denote the expected val-
ues, respectively. For a positive number n, we denote by [n] the set {1,2,--- ,n}.
Given two distributions p and ¢ with finite support, ||p — ¢|| is defined to be
the Li-norm of p —gq, ie., |[p —q|| = >, .z Ip(2) — q(2)|. For a given sample
S ={21,22, " ,2,} drawn i.i.d. according to distribution D, let S* = S'\ z; be
the sample with the i-th example z; removed from S. For any u € Z, we denote
by S%% = S U {u} the sample with the i-th example z; replaced by u in S.

A learning algorithm is a function A which maps a distribution p over Z onto
a function A, € H, where H is a specific hypothesis class. Note that Ag means
A, where p is the uniform distribution on the training sample S. Throughout
this paper, we consider symmetric algorithms, i.e., algorithms depend upon the
given sample but not on the order of examples in the sample.

To measure the performance, we introduce a cost function ¢: H x Z — R.
We assume such cost function is bounded by some constant B, i.e., |c(h, z)| < B
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for every h € H and z € Z. Given a sample S with size n and function h € H,
define the empirical risk and expect risk, respectively, as

Rs(h) = E.slc(h,2)] = rlz Zc(h, z) and R(h) = E,plc(h, 2)].
z€S

The general learning setting [24] is to minimize the expect risk, i.e., ming e R(h).

Such setting comprises density estimation, stochastic optimization and super-

vised classification and regression. For instance, in supervised learning, z = (z,y)

is an instance-label pair and ¢(h, z) = ¢(h(x),y) is the prediction loss for h € H.
Classical learning theory focuses on ERM, that is,

Rs(As) = Rs(hs) = }Lrélﬁ Rs(h),

where we denote by hg = argminyey Rg(h). A learning algorithm A is said to
be AERM with rate €erm(n) under distribution D if

Egpn [RS (AS) - RS(ES)} < €erm(”)~

We focus on AERM learning problems in this paper and ERM can be resolved
in a similar way.
We say a learning algorithm A is consistent with rate e.on(n) under distribu-
tion D if
Es.pr[R(Ag) — R(h™)] < €con(n) for all n,

where h* = argmingey R(h). An algorithm A is universally consistent with
rate €con(n) if it is consistent with rate econ(n) under all distributions D over
Z. A problem is learnable if there exists a universal consistent algorithm. The
most influential result in classical learning theory for supervised classification
and regression is that a problem is learnable if and only if the empirical risk
Rs(h) converges to the expect risk R(h) [24]. This equivalence, however, does
not always hold in the general learning setting [T}, 23].

We say a learning algorithm A generalizes with rate €gen(n) under distribution
D if

Egpn[|R(As) — Rs(Ag)|] < €gen(n) for all n.

An algorithm A universally generalizes with €gen(n) if it generalizes with rate
€gen (1) under all distributions D over Z. In this paper we require €erm (1), €con (1),
€gen(n) — 0 as n — oo.

2.2 Stability

Stability has been explored as an alternative for learnability. Definitions 1 and
2 show the CV stability [12], 17] and uniform stability [3], respectively.

Definition 1. A learning algorithm A has CV stability n(n) under distribution
D if
Vie [’Iﬂ, ES”UNDTHJHC(AS, u) — C(ASi,u,U)H < n(n)
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Algorithm 1. AdaBoost
Input: Sample S = {z1 = (z1,y1),22 = (T2,¥2),  , 2n = (Tn,yn)} € Z", base learner
A and iteration rounds 7.
Initialization: P4(z;) = 1/n for each z; € S.
fort=1to T do
1. Call A with respect to distribution P& to obtain a hypothesis Apé.

2. Choose a5 = 4 In 1::2% with errly = E..ptlc(Apy, 2)], where c(Apy, z) =
I[Apg (z) # yl.
3. Update Pt (z;) = th Pi(z) exp(—afgyiApé (1)), where Z; is a normalization
factor (such that P5™" is a distribution).
end for
Output: The learner sgn(Hs(z)) where Hs(z) = >/, angpg ().

Definition 2. A learning algorithm A has uniform stability B(n) if
VSeZt Vien andV z,u € Z, |c(Ag,z) — c(Agiu, z)| < B(n).

A relevant concept, on-average-LOO stability [22], is defined as follows:

Definition 3. A learning algorithm A has on-average-LOO stability B(n) if

’711 Zj:1 Es~pnlc(Agi, zi) — c(As, zi)]| < B(n).

Here and whenever talking about “stability” 8(n) and n(n), we require 8(n), n(n)
— 0asn — oo.

In this paper we will introduce approzimation stability which is a kind of re-
placement version stability. As Shalev-Shwartz et al. [22] indicated, previously
many researchers defined stability with respect to the deletion rather than re-
placement of an example. For instance, the deletion version uniform stability
[5], the hypothesis stability [3], the cross-validation-(deletion) stability [I7], the
CVoo stability [16], etc. It is worth noting, however, that the deletion version
stability implies the replacement version stability but not vice Vers; this is the
reason why we focus on replacement version stability in this paper.

2.3 AdaBoost

Algorithm 1 shows a commonly used description of AdaBoost [6]. Kutin and
Niyogi [11] studied the stability of AdaBoost and proved that when the base
learner has L stability and is real-valued with loss function c(h, z) = |h(x) — y|,
AdaBoost has almost-everywhere uniform stability. The L; stability is given in
Definition [ which is equivalent to uniform stability, and the main result of [11]
is shown in Theorem [l using our notations.

! An example can be found in [I6]: Let Z = X x {41, —1} with X being uniform on
[0, 1]. Suppose the target function is t(x) = 1 with 0/1 loss function. Given a sample
Sp of size n, a non-AERM algorithm Ag, () = (—1)". Note that As does not have
any deletion version stability but has replacement version uniform stability.
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Definition 4. A learning algorithm A has Ly stability A (constant) if |c(Ap, z)—
c(Ag,2)] < Nlp — ¢ql| for any z € Z and any given distributions p and g on Z
with finite support.

Theorem 1. Suppose the base learner A has Ly stability \, and let

€ = ; nlLII;O inf Fgpn S‘eZi:Ll,fmgn Rs(Ag)| > 0.
Then, for all sufficiently large n and for all T, it holds for AdaBoost that

Prspn[Vi € [n],V u,z € Z,|c(Hg, 2) — c(Hgiw, 2)| < B(n)] > 1 - d(n),
where B(n) = 2 ZZ;I 2 HL(X + 1)t /€21 and 6(n) = exp(—ne2/2).

To the best of our knowledge, this is the only stability result for AdaBoost.
It is worth noting, however, that it was obtained based on real-valued learner
with the loss function c(h,z) = |h(z) — y|. We will show in Section Hl that
for this result, AdaBoost becomes constant learner when the base learner is
not real-valued learner. As Freund and Schapire [§] indicated, AdaBoost is a
classification algorithm and therefore, it is important to study the stability of
AdaBoost when the base learner is not real-valued learner, with the loss function
c(h,z) = I[h(z) # y] that is popularly used by classification algorithms; this
remains an open problem and we will try to tackle it in the following sections.

3 Approximation Stability

We first introduce the empirical stability, expected empirical stability, validation
stability and expected validation stability:

Definition 5. A learning algorithm A has empirical stability 3(n) if
vVSeZ" Vie [n] andV u € Z, ‘Rs(As) — Rgiu (Aszu)| < ﬁ(n)
A learning algorithm A has expected empirical stability 5(n) under distribution
D if
| < B(n).

Definition 6. A learning algorithm A has validation stability 5(n) under dis-
tribution D if

Vien], Egywpr+i[|Rs(As) — Rgiu(Agiu)

VSeZ"andV i€ n], |R(As)— Eyplc(Agiu,u)]| < B(n).

A learning algorithm A has expected validation stability B(n) under distribution
D if
Vie [n], ES~D"HR(AS) — EuND[C(Asi,u7U)]H < ﬁ(n)

An algorithm A has universally expected validation stability S(n) if the stability
holds with 3(n) for all distributions D over Z. Combining the expected empirical
stability and expected validation stability gives approximation stability:
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Definition 7. A learning algorithm A has approximation stability (51 (n), B2(n))
under distribution D if it exhibits both expected empirical stability B1(n) and
expected validation stability Ba(n).

We prove that approximation stability is sufficient for generalization in the fol-
lowing theorem:

Theorem 2. If an algorithm A has approzimation stability (61(n), B2(n)), then
A generalizes with rate €gen(n) = B/v/n+\/3B1(n)B/2 + 4B2(n)B + 3B2//n,
that is,

Bson[|R(As) — Rs(As)l] < B/v/n+/361(n)B/2 + 46a(n) B + 382/ .

Note that the CLT (central limit theorem) guarantees that the average of i.i.d.
random variables converges to expectation. However, Ag is dependent on S and
thus the CLT is not applicable. The proof in Section [Bl shows that the combi-
nation of expected validation stability and expected empirical stability implies
generalization, though neither the expected validation stability nor the expected
empirical stability is sufficient.

Next, we study the relationship between the approximation stability and the
learnability of AERM in the general learning setting. Lemma [I shows that
AERM implies expected empirical stability. Hence we only need to study the
relationship between the expected validation stability and the learnability of
AERM. Theorem [3] establishes the equivalence between them.

Lemma 1 (AERM = Expected empirical stability). If a learning algo-
rithm A is AERM with rate €.rm(n) under distribution D, then A has expected
empirical stability B(n) = 2€crm(n) + 2B /n.

Proof. For any i € [n] and any u € Z, we have
Rs(As) — Rs(hs)]]

| + Eg~pn[|Rgiu (hgin) — Rgiu(Agin)|]
< 2€erm(n) + 23/”,

Rs(As) — Rsiu(Agin)|] < Esapn|
Rs(hs) — Rgiu(hgi)

Espn]
+ Egpn [

since |Rg(hs) — Rgi.u(hgiw)| < 2B/n from the definition of ERM. O
Theorem 3. The following are equivalent for an AERM:

— Unaversal expected validation stability;
— Unaversal consistency;
— Unaversal generalization.

The equivalence between the on-average-LLOO stability and learnability has been
established in [22]. We thus work by establishing the equivalence between the ex-
pected validation stability and on-average-LOO stability under AERM, though
this equivalence does not always hold in general and we use other techniques in
such case in the proof.
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It is worth noting that the uniform stability [3], which could be strictly
stronger than any other stability, is not necessary for learnability [22]. Mukherjee
et al. [I6] suggested that LOO stability implies generalization, and is necessary
and sufficient for consistency of ERM via uniform convergence of Rg(h) to R(h).
It is well-known that uniform convergence is not equivalent to ERM consistency
[1, 23] and thus their work is specific to supervised learning. In the general learn-
ing setting, the equivalence between on-average-LLOO stability and learnability
has been established for AERM [22]. However, out of the AERM framework
there are also many useful learning algorithms, on which the on-average-LOO
stability could not be applied. For instance, we could not guarantee that Ad-
aBoost is AERM, and thus our approximation stability is meaningful for its
analysis. Overall, comparing to previous stabilities, our approximation stability
does not only promise generalization for general algorithm, but also guarantee
sufficiency and necessity of learnability of AERM in the general setting.

Finally, we derive a bound for learning algorithm A which has both empirical
stability and validation stability. The following theorem shows that the empirical
risk converges to expect risk with high probability when £ (n) = o(n_é) and
o(n)

n

Ba(n) = o(n~2) where o(n) represents — 0 asn — oo.

Theorem 4. If a learning algorithm A has both empirical stability $1(n) and
validation stability B2(n) under distribution D, then, for alln > 1 and € > 0,

IHSNDwzuAs>—zaxAsnzze+%%0ﬂ]SQ@XP(}mﬁmnffzﬁxnnz)'

Uniform stability is sufficient for exponential generalization bound [3], however,
it can only be used for regression or classification with real-valued learners. Note
that the uniform stability implies empirical stability and validation stability,
but not vice versa. Thus we get an exponential bound though our assumption is
weaker than that used by [3] for the uniform stability bound.

Proof. Let F(S) = R(Ag) — Rs(Ag). For any i € [n], we have
|Es~pn [F(9)]] < |Esu~pri[R(As) = Rgiu(Agin)|
+ [Es,u~pn+1[Rgiu(Agin) = Rs(Ag)]| = |Eg unpn+1[R(As) — Rgiu(Agiu)]],
by using Eg y~pn+1[Rgiwu(Agin)] = Egupn[Rs(Ag)]. From symmetry and i.i.d
assumption, Eg ,pn+1[Rgiu(Agiu)] = Eg yupn+1[c(Agiu,u)], which leads to
|Eg y~pnt1[R(As) — Rgiu(Agiu)]|
= |Es~pn [R(As) — Eyapc(Agiu, u)]]| < B2(n).
Thus we bound |Eg~pn[F(S)]| < f2(n). Meanwhile, it holds
IF(S) — F(S")] < |R(As) — R(Agi)| + [Rs(As) — Rs(Asin)
< |R(Ag) — E.oplc(Agiz, 2)] + E.oplc(Agiz, 2)] — R(Agiw)
+ B1(n) < Bi(n) +2B2(n).
This theorem follows by applying McDiarmid formula [T4] to F(S). 0
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4 Approximation Stability for AdaBoost

The following lemma shows that the L stability is too restrictive for non real-
valued learners with cost function c(h, z) = I[h(x) # y].

Lemma 2. If a learning algorithm A has Ly stability A, then Ag, is a constant
algorithm for n > 2.

Proof. From the definition of L, stability, we have
VSezZ'Vie[n]andV z,u € Z, |c(As,z) — c(Agiu,2)] < 2)\/n.

It follows Ag(z) = Agiu(2) since c¢(h,z) € {0,1} and |c(Ag, z) — c(Agiu, 2)] <1
for n > 2X. We can also prove Ag(z) = Agi(z) for all z € Z in a similar way. O

If the base learner in AdaBoost is not real-valued learner for large-size sam-
ple, then the base learner is a constant learner according to the above lemma.
This follows that AdaBoost becomes a constant learner. Thus, Theorem [l the
only stability result for AdaBoost, does not completely explain the stability of
AdaBoost for general base learner.

Since AdaBoost is mostly successful as a classification algorithm, in contrast
to considering real-valued base learner with loss function c(h, z) = |h(z) — y|,
it may be more interesting to consider non real-valued base learner with loss
function c(h,z) = I[h(x) # y] which is adopted by classifiers such as decision
trees and decision stumps that are popularly used with AdaBoost in practice.

Below we will discuss the stability of AdaBoost. Observing that

Prly # sen(Hs(2))] = Es[I[yHs(z) < 0]] < Esexp(—yHs(2))],

we choose the cost function for Hg(z) as ¢(Hg, z) = exp(—yHg(z)). This is also
in accordance with the theory that AdaBoost can be regarded as a coordinate
descent algorithm [4] 9] T3], (18] for minimizing Rg(Hg). For base learner, we set
the cost function ¢(AL, z) = I[A%L(z) # y] described in Algorithm 1.

We assume the iteration number 7' for AdaBoost is given in advance, and thus
T is a constant since stability could not be used to analyze AdaBoost for unfixed
or infinite 7. We also assume v < erry, < 1 — « for some small v > 0, because
¢(Hg, z) may approach to infinity if erry, — 0 or erry, — 1, which goes beyond
our discussion (bounded cost function). Such assumption can be viewed as a
variation of “bounded edges” in [20]. A bound for ¢(Hg, z) is given as follows.
Lemma 3. For constant T > 1 and any S € Z", if the base learner in each

iteration satisfies v < erry <1 —~ with v > 0, then c(Hg, z) < ((1 — 7)/7)T/2.

Proof. Since oy =  In((1—errk) /err’y) and v < errly < 1—+, we have § In(v/(1—
7)) < ak < éln((l —v)/7). It follows ¢(Hg, z) = exp ( _ thTzl atsApg(fE)) <
€Xp (23:1 lak]) < ((1- 7)/7)”2 as desired. 0

Denote by B the bound of ¢(Hg, z) for notational simplicity. We have the fol-
lowing theorem on the approximation stability of AdaBoost:
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Theorem 5. AdaBoost has approzimation stability (81(n),B2(n)) for constant
T > 1, if the base learner in each round has CV stability n(n), and for any
ue Z,i€[n],teT] and small v > 0, the following holds:

Eg yepntiflerty —erryi |l <¢(n)  and v < erry, errlyin <1—7.

Here

p1(n) T and B2(n) = BT <77(n) In L—y I ¢(n) > .

_
VY1 —=7) 2 ¥ (1 —7)

Also, we have

Espr[|R(Hs) — Rs(Hg)|] < B/v/n + \/351(71)3/2 +462(n)B + 3B%//n.

We can also have a tighter bound for AdaBoost by considering Theorem [

Theorem 6. AdaBoost has empirical stability $1(n) and validation stability
Ba(n) for constant T > 1, if for any u,S € Z", i € [n], t € [T] and small
v > 0, the following holds:

Eupllc(As,u) — c(Agiw,u)]] <n(n), |erry — errgi‘u < {(n),
and v < errly, errly, . <1—~. Here
()T _ BT < et ¢(n) )
For € > 0, we have
—2¢2
Prs~pn[|R(Hs) — Rs(Hs)]| > € + f2(n)] < 2exp <n(ﬁ1(n) L 2ﬁ2(n))2> ~
5 Proofs

This section presents detail proofs of our main theorems. Before proceeding our
proofs, we introduce some tools which will be used:

Proposition 1. [22] Let |X;| < B and X =", |, X;/n for i.i.d. X;. Then we
have E[|X — E[X]|] < B//n.

Proposition 2. [22] If X, Y are random variables s.t. X <Y almost surely,
then E[|X|] < |E[X]| + 2E[]Y]].

Proposition 3. If a learning algorithm A has expected validation stability 5(n)
under distribution D, then Eg ypn+1[|R(Ag)—R(Agiw)|] < 28(n) for alli € [n].

| =

The last proposition follows from the fact Eg ,pn+i[|R(As) — R(Agiu)
-ES,uN'D"‘*'1 HEzmaD[C(AS’v Z) - C(Asi‘z ) Z) + C(ASLZ ) Z) - C(ASL“ ) Z)} H
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5.1 Proof of Theorem

We start by introducing a ghost sample S = {21, 22, -+ , 2, } drawn i.i.d accord-
ing to distribution D and denote Rg(As) = D" | ¢(Ag, 2;)/n. It follows

Espn[|Rs(As) — R(As)|] < Eg g pen[|[R(As) — Rg(As)|]
+ Eg gopen[[Rs(Ag) — Rg(As)]].

We bound the first term by Eg g _p2n[|R(As) — Rg(As)[] < B/y/n from Propo-

sition [I] since Ag is independent of S. For the second term, using the Jensen’s
inequality,

Eg s pen[lRs(As) — Rg(As)] < \/Es,§~pzn [(Rs(As) — Rg(As))?].

To bound this expression, we introduce a random permutatlon which swaps
elements between S and S i.e., a permutation o on {1,2,--- ,n, 1,2, , M} s.t.
{o(i),0(i)} = {i,7}. Denote by 57 and 57 the permuted samples of S and S,
respectively, and define 2z and 2{ in an obvious way. Since .S and S are chosen
i.i.d according to distribution D, Eg g _pan[(Rs(As) — Rs(Ag))?] equals to

By gupwn | Y, (Bse(hse) = Rga(hse))"/2"]

1 Eg 5 pom { Z (c(Ase, 2]) — c(Ase, 27)) (c(Ase, 27) — c(Aso, A;))} .

n22n <
,7,0

Givgn o and 1, we deﬁpe two permutations ¢, and o9 as follov{s: o1(i) = 1,
o1(t) =1, 02(i) =14, 02(z) =i and o1 (k) = o2(k) = o(k) for k # i,. It holds

Z (c(Ase, 27) — c(Ase, 27)) (c(Ase, 27) — c(Age, 27)
= Z c(Aser, 2]) = c(Aser, 271)) (c(Aser, 271) — c(Ager, 271)) /2
+ Z (c(Agos, 27?) — c(Asez, 277)) (c(Agor, 277) — c(Agez, 277)) /2
=D ( Qij + Aij)/2
where @ij = X3(X4 — X2) and Aij = X2(X1 + Xg) with X1 = C(AS”l,Z?l) _
clhser, 50%), xa = s, 27) = clhser, 57°), Xa = clbsea, 57%) — clbsa, 27°)
and x4 = C(Asaa, 2) — C(Asaz, 2). Noting o1 and o3 are independent of j,
n n n
Egg {Zizl ijl Qij/”ﬂ = ES,S[Zizl (c(Asea, 2{?) = c(Ase, 277))

X (Rsaz (Asorz) — Rgo1 (As’”l) + Rgal (AS"'l) - RSWQ( So2 ))/n}
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Since |c(Ag, z)| < B and A has approximation stability (31(n), 32(n)), we obtain
ES,S’~D2" HRS”l (AS”l) — RS”Z( So2 )H < ﬁ1( ) and
Eg gop2nllRgos (Asoz2) = Rgoy (Aser)|] < Eg g pon[|Rgor (Asez) — R(Asoe2 )]
+ Eg gopenl|Rgor (Aser) — R(Aser)[] + Eg g pea[[R(Ase1) — R(Age2 )]
< 26(n) +2B/v/n, (1)
from Proposition [l and Proposition Bl Thus we show
1 n n
’Es,ﬁ [nz Z; Z; @ij] ’ < 2Bf1(n) + 4Bfa(n) + 4B* /v/n. (2)
i=1 j=

For Eg [>212, >0 Aij/n?], we also have

Es,ﬁ[nlz Zn:Zn:Au] = [ Z:L; Rgo1(Aser) — Rgoy (Aser))

i=1 j=1
X (clBgor, 2) = c(hgm, 507) + clAgoa, 27%) = clhges, 27))]

This expression could not be summed directly since o1 and o2 are dependent on
7. But from symmetry and i.i.d assumption, we have

ss{nz ZZAU] = B 5[(Rgei (Agoi) — Rgoi (Aget))

=1 j=1
X (C(AS”T s Zl) — C(AS”T R 21) + C(AS”5 s 2:’1) — C(AS”§ R 21))},

where o7 (1) = 1, 0(1) = 1, 05(1) = 1, 03(1) = 1 and o7 (k) = 05 (k ) o(k) for
k # 1,1. Let z, 2 be two new examples and set S; = S1#, §; = S¥%. In a similar
way to prove Eq.(2), we have

Es 82l Bgot (Agor) = Rgot (Agot) = Rooi (B ger) + By o (Aot )]
< Bi(n) +232(n) +2B/vn. (3)
Since z; and 2; are independent to S; and 5’1, it holds
B 502 [(clhgor, 21) = clhgor s 21) + elbgag, 51) = clhgos, 1)) X
(Rsff (Bgrt) = R ot (g ))} ‘ - ‘Esl’gl’z’ff [(Rsff (Bgri) = Rg ot (Agei )
X (EZ1~D[C(A3"T ,21) = C(As”é 21)] + E21~D[C(As”§ s £1) — C(As”T ) 21)})] ‘
< 4Bf(n).
Thus we derive ’Es,ﬁ [ng PRI D Aij] ’ < 4B(B1(n)+3082(n)+2B/y/n) from

Eq. @), which yields By 5_pon [(Rs(hs) — Rg(hs))?] < 3B (n)/2+ 4Bfa(n) +
3B%/\/n from Eq.[@). This theorem follows. a



70 W. Gao and Z.-H. Zhou

5.2 Proof of Theorem 3l

The equivalence between the universal consistency and universal generalization
has been established in [22]. Combining Lemma [Tland Theorem 2 proves that A
generalizes with rate €gen(n) = \/3€crm(n)B + 402(n)B + 3B2/\/n + 3B2/n +
B/y/n if A is AERM with rate €qm(n) and has expected validation stability
B2(n). Thus Theorem B follows from the following lemma.

Lemma 4 (AERM + generalization + consistency = Expected vali-
dation stability). Suppose A is consistent with rate €.ons(n), generalized with
rate €gen(n), and AERM with rate €crm(n) such that neerm(n) — 0 as n — oo.
Then A has expected validation stability 5(n) = €gen + 4€cons + 2n€erm(n).

Proof. For i € [n], since |Ey~plc(Ag,u) — c(Agiu,u)]] < |Eyplc(As,u) —
E. plc(Agi=,u)]]| + |Fu~p|Eznplc(Agi=, u)] — c(Agiw, u)]|, we have

Esnpn|[|[Eunple(As, u) — c(Agiu, u)]|]
< Egsnprn[|[Eunp(c(Ag, u) — c(Agiz, u)][]+
Espr||Ey sop2[c(Agiz,u) — c(Agiw,u) + c(Agiu, 2) — c(Agiz, 2)]|]/2.

For the first term, we can easily upper bound
Eg snpn+i[[Eunplc(As, u) — c(Agiz, u)][] < Eg upnni[|[R(As) — R(R7)]]
+ Egznpri[|[R(R7) — R(Agis)|] < 2€cons(n)  (4)
from the consistency of Ag. For the second term, it holds
Espn||Ey snp2[c(Agiz, u) — c(Agiu, u) + c(Agiu, 2) — c(Agiz, 2)]|]] =

nEgpn HEu,ZND? [Rsi‘u (Agiz) — Rgivu(Agiw) + Rgiz (Agiu) — Rgi.z (Aslz)m
= 2nEs~pn[| By cnp2 [Rein (Agin)] — Rgiu(Agiz)]].

We will use Proposition [2] to bound the above expression. It holds
|Esnpn [Eyznp2[Rgin(Agiu)] — Rgiu(Agi:)]]
= ‘ES,u,zva”Jr? [C(Asi,u y u) — C(Asi,z 3 u)] \/n

Meanwhile, it is easy to obtain Eg ,~pn+1[c(Agiu, u)] = Eg ypntt [Rgiu(Agiu)]
and Eg, opn+2[c(Agiz,u)] = Eg,opnt1[R(Agi-)] from symmetry and ii.d
assumption. This leads to

‘ESND" [Eu,zer? [Rsi,u (Aszu)] — Rgiu (ASLZ)H < egen/n + 2€C0ns/n.
For ERM, Rgiu(Agiu) — Rgiu(Agiz) < Rgiu(Agin) — Rgiu(hgiu) and
ES7uN'Dn+1HRSi‘u (Asi,u) — RSi‘u,(iLSi,u) ] < Germ(’n).

By Proposition [2, we have
nEgpn HEu,zva? [Rsi,u (Asi,u)} — RSi,u (AS»Z)H < €gen + 2€cons + 2neerm(n),
which concludes this lemma by combining with Eq.( ). a
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5.3 Proofs of Theorems [B] and

The two proofs are relatively similar, and thus we only give the detail proof
of Theorem [l Set err(t) = errf, err’(t) = errk, ., a(t) = of, /() = ok,
hi(z) = Ap (z) and hy(z) = Apf u( z) for short in this subsection. The following
lemma establishes AdaBoost’s emplrlcal stability.

Lemma 5. For any u,S € Z"*1, any i € [n], any t € [T and small v > 0, if

base learner satisfies v < erry, errl, . <1 —~ and |errly — errgl .| <¢(n), then
the combined learner Hg(x) has empirical stability B1(n) = T/\/W(l —7)
Proof. From [21] we derive
Rs(Hg) = 27 H Vierr(t)(1 — err(t))
RSl u (HS7 u — 2T H \/el‘r ]. — err (t))
Since v < err(t) < 1—1, it is easy to get /(1 — ) < y/err(t)(1 — err(t)) < 1/2,

which leads to
|err(t)(1 — err(t)) — v/err’ (t)(1 — err/(t))|
|err( ) —err’(¢ )| x |1 —err(t) — err’(t)| ¢(n)/2
<
\/err (1 —err(t)) + Jerr’'(t)(1 —err’ (1)) ~— /v(1—7)
and Rg(Hg) < 1. Thus |Rs(Hg) — Rgi.«(Hgi.)| is bounded by

27— 1‘ H\/err (1 —err(t H\/err (1 —err’ (t))‘
T—1
+ 2T’\/err(T)(1 — err(T)) — \/err!(T)(1 — err’(T))‘ H Verr(t)(1 — err(t))

, (o)
<2T 1’ H\/err 1—81‘1' H\/eI‘I‘ 1—eI‘I‘ (t))‘_'_ \/’y(l—’}/)

which leads to |Rs(Hg) — Rgiw (Hgiw)| < ((n)T/1/v(1 —7) as desired. O
Lemma 6. If hi(x), hi(z) are two binary learners with cost function c(h, z) =
I[h(z) # y], then we have E,p[|lht(x) — hi(x)|]] = Ezupl|c(ht, 2) — c(h}, 2)]].

This lemma holds from the fact [I[h:(x) # y| — I[hi(x) # y]| = |he(z) — hi(2)].
The following lemma establishes the validation stability of AdaBoost.

Lemma 7. For any u,S € Z"*1, any i € [n], any te[T] and 0 < v < 1/2,
if the base learner satisfies v < errly, errs, , -7, lerrg — erry; .| < ((n)
and Eypllc(Asg,u) — c(Agiu,u)]] < n(n), then Hs(x) has validation stability

— n 1— ¢(n
B2(n) = TB("(2 ) In S+ 2W((17)W)).
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Proof. We first set u = (z,y). From mean value theorem and v < err(¢), err’(t) <
1 —~, we have |a(t) — &/ (t)| < {(n)/(2y(1 —7)). It follows from Lemma [l that

Eunolla)hi(z) — o/ $)hi(2)]] < Eu~plla(®)|he(z) — hi(2)]]

/ ’ nn), 1—v ¢(n)
+ Eanpll)la) — ) < "3 w4 S0 )

Using mean value theorem again, we obtain

lexp (—ya(t)hi(x)) — exp (—ya(t)hi(z))]
< VA =)/ lath(z) - ()]

Combining with Eq.() gives
(055) = Eucpl ()| < Buv llesployel (7)) X T+
By [ ex yza ) (exp(—yalT)hr(x)) — exp(—ya' (T)Hy(2)))]
< (Ba()/2) (1= 2)/2) + BCm)/ (291 =) + Bum 111 = )/

where I' = exp (—yZ?:jl a(t)ht(a;)> - eXp( yzt L (O)hi(z )) This com-
pletes the proof by straight evaluation. O

By Lemmas Bl and [[] we get that AdaBoost has empirical stability and validation
stability, respectively. Thus, by using Theorem [ we get Theorem
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