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Abstract. We focus on the problem of linear regression estimation in
high dimension, when the parameter 3 is "sparse" (most of its coordi-
nates are 0) and "blocky" (8; and ;41 are likely to be equal). Recently,
some authors defined estimators taking into account this information,
such as the Fused-LASSO [19] or the S-LASSO [I0] among others. How-
ever, there are no theoretical results about the obtained estimators in
the general design matrix case. Here, we propose an alternative point of
view, based on the Iterative Feature Selection method [I]. We propose an
iterative algorithm that takes into account the fact that 3 is sparse and
blocky, with no prior knowledge on the position of the blocks. Moreover,
we give a theoretical result that ensures that every step of our algorithm
actually improves the statistical performance of the obtained estimator.
We provide some simulations, where our method outperforms LASSO-
type methods in the cases where the parameter is sparse and blocky.
Moreover, we give an application to real data (CGH arrays), that shows
that our estimator can be used on large datasets.

Keywords: Feature Selection, Sparsity, Linear Regression, Grouped
Variables, ArrayCGH.

1 Introduction

1.1 Setting of the Problem
We assume that we are in the gaussian linear regression setting
Yl 0’2 ... 0
Y., 0...02
where X is some (deterministic) real-valued matrix nxp and 8 = (f1,...,05,) €

R?, with possibly p > n (we use the convention that any u € RP is a column vec-
tor and we use the notation u’ for its transpose). Let X7, ..., X, be the columns
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of X, and let P denote the probability distribution of Y given by Equation [
(for the sake of simplicity, we assume that the data are normalized in such a
way that X J’~X ; =mn). Our purpose is to estimate 3, based on the observation of
both X and Y. We use as a criterion the quadratic loss, for any b € RP, we put

Lb) =X B)ll3-

It is well known that, as soon as p > n, it is not possible to build an estimator
with a small loss L(-) - unless some additional condition is satisfied. For example,
one may assume that (3 is sparse, which means that the number of non-zero
coefficients in 3 (usually refered as ||3||o) is small. If ||3|lo < n, the LASSO
estimator [I§|, the Dantzig selector [6] or the nonnegative garrote [4], among
others, may achieve good performance: see for example the simulations in [I§],
and the theoretical results in [5] and [3]. Also note that [2I] provides a nice
survey of the theoretical results for the LASSO and the conditions needed to
prove these theoretical results.

Here, we focus on the case where 3 is sparse and blocky. By this, we mean
that the non-zero coefficients of 3 are "grouped" in blocks where they have the
same value. For example, a typical parameter 5 could be

B =(0,0,0,5,5,5,0,0,0,0,0,1,1,1,2,2,0,0) .

An example of application is given in genomics, where models like the one in
(@) may appear. The observation Y; represents a characteristic of a tumor and
depends on some lesions appearing on the chromosomes of cancer cells X ;, the
index j representing the localization on the chromosome. Since a lesion generally
affects a whole part of a chromosome (duplication or deletion of a region), one
may expect that two consecutive parameters 3; and ;41 have some strong
relationship. For example, [I5] use such an assumption - the main difference is
that [15] considers the context of classification, and not of regression. They use
a Support Vector Machine with a penalization of the type

A 1B+ 1Y 185 = Bi-al,
j=1 =2

called Fused-SVM in the paper. Using such a penalisation, we expect to find
a sparse and blocky solution: the first term ensures sparsity when \ is large,
the second term ensures that for most j, 8; = B3;—1 and so there are blocks of
similar values in the solution. Such a penalization is also used in [I2] for genomic
applications, with a logistic regression model.

Some estimators have been proposed for the regression case. Let us mention
the Fused-LASSO [19], say Bit, given by

p p
min q [|Y — Xb|[3+2ns Y |8] +2nt > |8 — Bj-1]

=1 =2
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with s,¢ > 0, or the S-LASSO estimator, say 3°,, by

s,t
p p
min § [V = Xb3 + 2ns Zl 1851 + 2nt 2(@ —Bj)?
J= J=

proposed in [9] and studied in [I0] (the S-LASSO does not actually lead to
blocky solutions, but to smooth solutions: most 3; — §;_1 are small, but not
necessarily 0). See also the structured feature selection in [I7]. These estimators
can be approximated in practice even for large p: for example the Pathwise
Coordinate Optimization algorithm [8] can be used for the S-LASSO, and is used
for the Fused-LASSO in [8] when X = I, (from now I, will denote the indentity
matrix of size k). The Fused-LASSO can be approximated in the general case
using for example the algorithms in [I1] and [20]. However, note that no general
theoretical results were provided in order to estimate a sparse blockwise 3. Hebiri
[9] provides good guarantees for the S-LASSO under the sparsity assumption but
does not take any advantage of the smooth aspect of 3, if any. Rinaldo [16] gives
theoretical guarantees for the Fused-LASSO that can be applied only in the case
where X = [,,, and so n = p.

Finally, the Group-LASSO introduced by [22] has very interesting practi-
cal performance, as well as good theoretical properties studied in [7]. See also
[23]. However, this procedure requires the prior knowledge of the location of the
groups. The S-LASSO and Fused-LASSO do not require such a prior, and in this
paper, we are interested in the case where we do not have this knowledge. Our
setting is then:

— we know that most of the 5; = 0 but we do not know the j’s such that
B; # 0;
— we know that most of the 8; = ;11 but we do not know the j’s such that

Bj # Bj+1-

1.2 Overview of the Paper

In this paper, we propose an algorithm to estimate a sparse and blockwise 3 in
the model given by (), without prior knowledge on the location of the groups.
This algorithm is an iterative algorithm. It starts from the initial value 3(0) =
(0,...,0). Then, at each step m, we compute B+ from 3(™) in the following
way: a particular coordinate or group of consecutive coordinates is selected,
and then updated. The way to update this coordinate, or group of coordinates,
is described in Section 21 The way to select the coordinate, or the group, is
postponed to Section [Bl

Actually, in Section [3 we give the following result: with large probability,
at each step, whatever the choice of the coordinate (or group) to be updated,
L(Bm+1)Y) < L(B™). This is Theorem [l A refinement of this result, Theorem
2 allows to choose the particular coordinate (or group) that ensures the largest
possible decrease from L(3(™) to L(3(m+1),
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We then provide a simulation study in Section ] with a comparison to the S-
LASSO and the Fused-LASSO estimators. Our method outperforms the LASSO-
type estimators when the parameter is sparse and blocky. We also provide an
application to real data (arrayCGH) in Section [6l

Finally, the proof of Theorems [ and [2] are given in Section [G

2 Construction of Our Estimator

We now describe our algorithm. It is an iterative algorithm, that starts from
B = (0,...,0). At each step, we are going to compute 31 from 3™, Let
us define the soft thresholding function

Ve e R,Vu >0, v(z,u)=sign(z)(|z] —u)+

where sign(x) is the sign of z. For any given j € {1,...,p} and k € {1, ...,p—j+1}
let us define 1, € R? by (1) =1if i € {j,...,j+k—1}, and (1,%); =0
otherwise (in other words, 1;; € R? is the pattern of the group of variables
(j,j+1,...,54k — 1), of length k).

At each step, several possible moves are considered in our algorithm: a possible
move is to update a coordinate or a group of coordinates of maximal size K, for
a given K € {1,...,p}. Let us now describe the move for a chosen coordinate
or group of coordinates. The way to choose what group of coordinates is to be
updated is discussed in the next section, in view of some theoretical results. Let
us choose s > 0 (the value of s is also discussed in the next section).

Parameter update. Let us assume that we are going to update the group of
coordinates (j,j7 +1,...,j5 4+ k —1) (a single coordinate is a particular case with
k =1). We define 3(m+1) by

Am+1) _ A(m) (Y—-xpmy sitht x,,
j =0+ 1/ ,X/le,,j )8
ik

(m+1) _ A(m (Y=xBm)y $itht x,
ﬁg+k ﬁﬁrk 1t 1, X'X1; )8

and ﬁgm“) = @Sm) forany £ ¢ {j,...,5+k—1}.
Observe that in the case where k = 1, this expression is very natural:

Amt1) _ A(m) (Y — XBmyX;
] /8_7 +’y ( 78

n

and B§m+1) = Bém) for any ¢ # j. If we take K = 1, so we never consider groups
of coordinates, we obtain the Iterative Feature Selection algorithm studied in [IJ.
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3 Main Result and Comments

We now give some properties satisfied by any algorithm using only the kind
of moves described in the previous section. These results will also provide us a
rule to choose the group of coordinates that have to be updated at step m, to
calibrate the parameters s and K and, finally, to decide at which step m to stop
our iterations.

Note that the proof of the following result is given at the end of the paper, in
Section [6], page [44

Theorem 1. Let us assume that, as described previously, we start from B(O) =
(0,...,0), that at each step m we update one group of coordinates following
Equation [2 (the choice of the group may be data-driven). We assume that we
stop after M steps. We have

P|L(BM) <L(BMD)y<... < L(B(O))] >1— er—;f;

In a way, this result states that every strategy using only the kind of moves
described in Section [2] cannot result in overfitting: we are "almost certain" to
get closer to our (unknown) objective 3 at each step. We can quantify this
"almost certain": it means "with probability at least 1 —&", if we choose s such
that Kpexp(—ns?/(20?)) < e. For example,

o 202 log(pf)
n

gives a confidence level 1 —e. Note that it is very similar to the theoretical value
for the regularization parameter in the LASSO proposed in [3]. This link will be
made clearer in the conclusion of the paper.

Note that if we allow K = p (to test every group of size 1 to p), this will not
make a big difference because the threshold s will become

\/202 log(*”) \/402 log(?)
s = £ < &,
n n

However, when p is large, it could be more convenient to choose a smaller K
for algorithmic reasons. Let us stress this conclusion for K: K = p is probably
almost optimal in theory, but if p is large, we may want to choose a smaller
K to keep the computation time small (we will shortly discuss this point in
Subsection B.T]).

Also, note that this choice for s is not necessarily the best choice in practice:
it requires the knowledge of 02, and it is usually too large (see the experiments
in [2] for the case K = 1). Moreover it is not data-driven. Cross-validation will
provide better results in practice.

Finally, we still do not know "how much closer to 8" we can move at every
step, and we still have no idea of how to choose if we are going to update 1,2 ... or
K coordinates, and wich coordinates we are going to update - we just know that
in some sense, every choice is allowed. We now make some propositions.
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Sequential strategy. Just sequentially update j =1, 7 =2, ..., j = p with 1
coordinates moves, then (4,7 +1) = (1,2), ..., (4,4 +1) = (p — 1,p) with 2
coordinates moves, then (4,7 + 1,7+ 2) = (1,2,3) ... with 3 coordinates moves,
...up to K coordinates moves, and start again. This strategy (with K = 2) is
in some way similar to the one proposed for example in [§] for an algorithm
computing the Fused-LASSO estimate.

Now, a finer version of Theorem [I] will give us an opportunity to make a
data-driven choice of the group of coordinates to update at each step.

Theorem 2. In the same setting as for Theorem [1],

P(Vm € {1,...,M}: L(B™) < L(3™ D) — | X (B0 — 5"~ 1)|3
’?'Lﬁz
>1— Kpe 202,
Note that the proof of Theorem [2] will be included in the proof of Theorem [l

"Best single move" strateqy. We propose, at each step, to choose the move
that maximises || X (3™ — 3(m=D)||2. Moreover, this allows to define a stopping
criterion: we stop when all the possible moves give an improvement || X (B(m) -
Bm=D)|12 < 1/n2 for example.

Note that in any case we do not claim that this strategy is the best possible
one. It is possible that iterations gets stuck in some regions of R? that are not the
most interesting ones (in the same way that sequential optimization algorithms
may be trapped in some local minimum). A way to avoid this risk is not clear yet.
This is actually the object of an alternative estimator proposed in the conclusion
of this paper: see Equation [l page[d7l This estimator will be the object of a future
work. However, there are two things that we know for sure about this strategy:

’!L82
1. Theorem[Zensures that, after m steps, with probability at least 1— Kpe™ 202,

m

LB™) < L(B®) = 3" X (3% — 3=1)[3;

k=1

2. after m steps, only m coordinates, or groups of coordinates, have been up-
dated so we know that the solution is sparse and blocky, at least when m is
small. In our experimental study, very often, only a few moves are necessary,
ie. | X (6™ — 3m=1)|12 becomes very small after only a few steps.

3.1 A Note on the Computational Complexity of Our Method

Let us remark that we can easily upper bound the computational complexity
of the “best single move” strategy with a limited number of steps M (like in
Theorems [I] and [2]).
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First, we need to explore all the possible groups of variables, there are p +
(p—1)---4+ (p— K+ 1) < Kp such groups. Then for each group we have to
compute the quantities in (@), this costs roughly O(nk) = O(nK) operations.

This means that the computation time is roughly O(npK?2M). So, of course,
if we know that the blocks in 3 have a limited size, this is reasonable, but if we
do not have such an information and we take K = p, we can have trouble in the
case where p is large.

4 Simulations

4.1 Description of the Experiments

A toy example is proposed in the seminal paper of Tibshirani [I8]. We slightly
modify this example to have

ViG{l,...,50}, Y;:ﬁ’Xi-ng

with X; € RP, 8 € R? and the ¢; are i. i. d. from a gaussian N(0,02). The
X;’s are i.i.d., and each X; is drawn from a Gaussian distribution with mean
(0,...,0) and with variance matrix:

2(p) = (PN ieqr,.my
J€{1,....p}

for p € [0, 1. Note that Tibshirani’s toy example is set with p = 8. Here we will
consider p > 8.
We will use two values for (:

g* = (5,5,5,5,5,0,0,0,0,0,2,2,2,2,0,...,0) € R”,
B = (5,4.5,4,3.5,3,2.5,2,1.5,1,0.5,0,...,0) € R?,

(* is sparse and blocky while §** is sparse and, in some way, smooth (a context
that should be in favor of the S-LASSO estimator). We use two values for o
1 ("low noise") and 3 ("noisy case"); one value for p: p = 0.5, and finally two
values for p: p =15 < n and p = 100 > n.

The S-LASSO and Fused-LASSO estimators are computed via the Pathwise
Coordinate Optimization procedure described in [§]. Our procedure will be called
in the experiments ISBF (Iterative Selection of Blocks of Features). It is used
with the "best single move" strategy, and with K = 10.

We will finally use the parameters s and ¢ in a grid:

2
s,tegz{w—i/s\/" log(p), i:O,...,QO}. (3)

n

4.2 Results

In a first time, we present in detail the results for one particular experiment. We
then give an overview of the results in the whole set of experiments.
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First, we focus on an experiment realized in the case 8 = %, 0 =1, p =0.5
and p = 15. We define, for a given s € G, Ligpr,s as the loss obtained using the
ISBF method with threshold value s, and

. F
Lp s = arg min L(Bs+)

the oracle for the Fused-LASSO with s fixed. We define in the same way Lg s
for the S-LASSO. Figure [l gives a plot of Lispr,s, Lr s and Lg s as a function
of s.

Fig. 1. The quantities Lispr,s (thick line), Ly s (thin line) and Lg s (dotted line) as a
function of s. The horizontal axis gives i € {0, ..., 20}, the vertical axis is the value of
the risk Lispr,s, Lr,s and Ls s with s = s(¢) as defined in Equation

Note that Lispr,s is almost always under Ly s and Lg . So, for any reason-
able s, the ISBF procedure reaches a better performance than the oracle of the
Fused-LASSO and the S-LASSO — note that the oracles are not even available
to the practitioners. In practice, we use some data-driven method to choose s for
ISBF and (s,t) for the LASSO-type procedures, as cross-validation. Note that
ISBF is more easy to deal with as it involves only one parameter to tune.

Now, let us have a look at the whole set of experiments (for each pair (o, p)
we run 20 experiments). For the Fused-LASSO and the S-LASSO, we report the
performance of the oracle: namely, for each simulation, we define

Lp = in L(GF
p=arg min (Bs.¢)
the oracle loss for the Fused-LASSO, and we do the same to define the oracle
loss of the S-LASSO, Lg, and for the ISBF, Lisgr. The results for the estimation
of B* are reported in Table 1.
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Table 1. Results for the estimation of 8* (sparse and blocky)

o p Lr Ls Lisgr
1 15 median 0.41 0.18 0.10
mean 0.52 0.24 0.14
s.d. 0.28 0.15 0.11
3 15 median 0.49 0.70 0.41
mean 0.75 0.71 0.46
s.d. 0.58 0.39 0.28
1 100 median 0.51 0.55 0.35
mean 0.64 0.55 0.38
s.d. 0.32 0.13 0.16
3 100 median 0.92 1.32 0.75
mean 0.95 1.25 0.77
s.d. 0.46 0.29 0.32

We can see that ISBF clearly outperforms the other methods on this particular
set of experiments. The results for the estimation of §** are reported in Table
2. Here, the S-LLASSO is better.

Table 2. Results for the estimation of 8** (sparse and smooth)

o p Ly Lg Liser
1 15 median 0.51 0.12 0.21
1 15 mean 0.61 0.13 0.24
s.d. 0.52 0.05 0.08
3 15 median 0.85 0.36 0.63
mean 0.91 0.39 0.76
s.d. 0.37 0.28 0.44
1 100 median 0.44 0.31 0.66
mean 0.47 0.35 0.64
s.d. 0.12 0.12 0.08
3 100 median 0.81 0.70 1.21
mean 1.08 0.71 1.22
s.d. 0.80 0.22 0.22

A conclusion to the very short experimental study is that the IFSF seems
better in the case of a sparse and blocky parameter, while the S-LASSO is
better in the case of a sparse and smooth parameter.

5 Application on CGH Data

We now present an application to the detection of amplification or deletion of
DNA using CGH arrays. The data we have are partial CGH arrays (only for
chromosome 17) of cancer cells. The model (for one patient) is the following:

Y, =06 +¢&
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for 1 < i < n with n = 7728, here i represents ordered positions of measurements
on the chromosome. Remark that this is a particular case of Model () with p = n
and X = I, (this context is the one studied by Rinaldo [I6]), here i represents
ordered positions of measurements on the chromosome of the patient.

The data we use are on a logarithmic scale, so, 3; = 0 means no amplification
or deletion of DNA at position i, 5; < 0 means deletion and §; > 0 means
amplification. We use ISBF to estimate (3, the results are given in Figures[2] and
(for two different patients, with K = 100 and s ~ 0.01). Note that there is work
left to compare this method to the already available ones in this context. As an
illustration we also give here the results of the estimation using the S-LASSO
procedure with s = ¢t = 0.4, see Figures dl and Bl However, it is a good point
to see that our method works in a reasonable time on a large dataset and gives
reasonable results, probably more suited for interpretation by a practitioner.

Remark 1. All simulations and experiments were performed with the R soft-
ware [T4)]. The code is available from the author.

6 Proof of Theorem [

We now give the proof of our main result. First, we give some preliminary defi-
nitions and result.

Definition 1. For the sake of simplicity let us put K; = min(K,p — j + 1).

Actually K is the maximal length for a group {j,j+1,...,j+k—1} constrained
byj+k—1<pand k < K.

Definition 2. Let us put, for any s >0, j € {1,...,p} and k € {1,...,K,}:

.

h=j

U, X'X1;

GHk—1 vy
X, (Y - Xb
Rs’(],]{i):{beRp |Z h( )

and, for any s > 0 and b € R? let us define the event

K;

A(0) =) [ {b€ Rs(G.R)} -
j=1k=1

Lemma 1. For any s > 0 we have

P[Asw)]zl—K( _Kgl)e;?:z.

Proof. First, let us note that () implies that

X' (Y - XB) ~N(0,0°X'X)
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o 2000 4000 &000 8000 o 2000 4pa0n 600D BOOD

Fig. 2. The data Y (in black) and the es- Fig. 3. The data Y (in black) and the esti-
timated 3 (in red) using Iterative Selection mated 3 (in red) using Iterative Selection
of Blocks of Features, for Patient 1 of Blocks of Features, for Patient 2

Zbao 4000 6000 2000 0 2000 4000 5000 8000

Fig. 4. The data Y (in black) and the esti- Fig. 5. The data Y (in black) and the es-
mated 8 (in red) using the S-LASSO esti- timated 3 (in red) using the S-LASSO es-
mator, for Patient 1 timator, for Patient 2

and so for any j € {1,...,p} and k € {1,..., K,},

j+k—1
> XY = XB) ~ N(0,0%1), X' X1, 4)
h=j

or
j+k—1
Sl XL (Y — XB)

~ N(0,0%).
1, XX 15
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This implies that, for any j € {1,...,p}, for any k € {1,..., K;} and for any

s >0,
! - 82’!1.
p (10 =X s
1 X' X1k

and, by a union bound argument over all j € {1,...,p} and k € {1,..., K;},

j+k—1
S X - x|

Pl 3 1,... Jk 1,....K,}:
jef{l,....p}, Ik e{l,..., K;} 1L XX >s
Ny K(K—1
<e 202 (p—0)= [Kp— ( 9 )} e 207,
=0
This ends the proof. |

Definition 3. For any closed and convexr set C C RP we define I (.) the or-
thogonal projection on C with respect to the norm induced by X :

Me(b) = argmin | X (b - p)|3.
peC

We are now ready to give the proof of Theorem [l The proof heavily uses the
geometrical considerations given in [2].

Proof of Theorem [Il From now, let us fix s > 0 and assume that we are in
the event As(8) (according to Lemma [I] this is true with probability at least
1 — pK exp(—ns?/(20?))).

So, for any j € {1,...,p}, k € {1,..., K;}, we have 8 € Rs(j, k). Moreover,
note that Rs(j, k) is convex and closed. Using classical convex analysis result
(see [2] for example), we have, for any b € R?,

IX (TR, (.0 (b) = B)IIE < 1 X (0= B3 = | X UTr, iy (0) = V)3, (4)

see Figure [f] for an illustration.
The last point of the proof will be to remark that, once that j and k are fixed,
the B("+1) defined in the "1 coordinate move" satisfies

B = Iy (.0 (B™).

To see this, remark that the projection Il (; 1) (B(m)) is defined by the program
i X (6™ —u)|3
min,ere || X( u)||5

IR X (Y —Xw)

s.t. h=s

S
13-,kXIX1_7‘,k - 7

of which the solution is given by (2. |
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b

IR, k) (D)

IH Rs(ja k)

Fig. 6. Illustration of Equation @

7 Conclusion and Perspectives

In this paper, we tried to give an estimator that takes advantage of the sparsity of
0 as well as of its blockwise aspect in the setting of regression in large dimension.

We proposed a very simple algorithm that performs well in practice, and give
directions for the study of its theoretical performances.

In future works, we would like to give more precise theoretical results - in the
spirit of [3] on the LASSO.

Eventually, we would like to point out some similarities between our estimator
and other well-known estimators. In the proof of our main result, we presented
our sequence of estimators (B(m))m as successive projections on various confi-
dence regions of the form

< s} .

We may wonder what happens if we project directly the first value ﬂA(O)A =0
into the intersections of these confidence regions. We obtain an estimator 3(s,t)
defined by the following program:

i+k—1
I X (Y - Xb)
U X'X1j

Ry(j, k) = {beIRp ; ‘

arg minyers || X |3
Bls,t) = SR X =xy)| R
s.t.sup; g 1), X' X1 =9

If we fix K = 1 (so we only work with constraints defined by single variables
and not by groups of variables), we obtain

minyere ||Xb||%

st XY — Xb)|oo < 5
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that was proved to have as a solution the LASSO estimator given by

P
in ¢ [|Y — Xbl|5 + 2 b
min { | I3+ ns;\y\ :

see for example [I3] for the proof, and [2] for a discussion of the geometric role of
the constraint ||(1/n)X’(Y — Xb)||oe < s . So, in some way, the estimator 3(s, t)
is really a variant of the LASSO, that tries to take into account the fact that 3
has blocks. The study of ﬁ(s, t) will be the object of future works.
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