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Abstract. This paper provides a probabilistic derivation of an identity
connecting the square loss of ridge regression in on-line mode with the
loss of a retrospectively best regressor. Some corollaries of the identity
providing upper bounds for the cumulative loss of on-line ridge regression
are also discussed.

1 Introduction

Ridge regression is a powerful technique of machine learning. It was introduced
in [9]; the kernel version of it is derived in [15].

Ridge regression can be used as a batch or on-line algorithm. This paper proves
an identity connecting the square losses of ridge regression used on the same data
in batch and on-line fashions. The identity and the approach to the proof are not
entirely new. The identity implicitly appears in [2] for the linear case (it can be
obtained by summing (4.21) from [2] in an exact rather than estimated form).
The proof method based essentially on Bayesian estimation features in [10],
which focuses on probabilistic statements and stops one step short of formulating
the identity. In this paper we put it all together, explicitly formulate the identity
in terms of ridge regression, and give a simple proof for the kernel case. The
identity is obtained by calculating the likelihood in a Gaussian processes model
by different ways. Another proof of this fact is given in unpublished technical
report [1§].

We use the identity to derive several inequalities providing upper bounds for
the cumulative loss of ridge regression applied in the on-line fashion. Corollaries[2]
andBldeal with ‘clipped’ ridge regression. The later reproduces Theorem 4.6 from
[2] (this result is often confused with Theorem 4 in [I7], which, in fact, provides
a similar bound for an essentially different algorithm). Corollary @ (reproduced
from [18]) shows that in the linear case the loss of (unclipped) on-line ridge
regression is asymptotically close to the loss of a retrospectively best regressor.

In the literature there is a range of specially designed regression-type algo-
rithms with better worst-case bounds or bounds covering wider cases. Aggre-
gating algorithm regression (also known as Vovk-Azoury-Warmuth predictor) is
described in [I7], [2], and Section 11.8 of [6]. Theorem 1 in [I7] provides an up-
per bound for aggregating algorithm regression, which is better than the bound
given by Corollary 3] for clipped ridge regression. The bound from [I7] has also
been shown to be optimal. The exact relation between the performances of ridge
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regression and aggregating algorithm regression is not known. Theorem 3 in [I7]
describes a case where aggregating algorithm regression performs better, but in
the case of unbounded signals. An important class of regression-type algorithms
achieving different bounds is based on the gradient descent idea; see [5], [I1], and
Section 11 in [6]. Algorithms in [8] and [4] provide regression-type algorithms
dealing with changing dependencies.

The paper is organised as follows. Section Pl introduces kernels and kernel
ridge regression in batch and on-line settings. We take the simplest approach
and use an explicit formula to introduce ridge regression. Section [3 contains the
statement of the identity and Section [ discusses corollaries of the identity. The
rest of the paper is devoted to the proof of the identity. Section [ introduces a
probabilistic interpretation of ridge regression in the context of Gaussian fields
and Section [f] contains the proof. Section [ contains an outline of an alternative
proof based on the aggregating algorithm.

2 Kernel Ridge Regression in On-Line and Batch Settings

2.1 Kernels

A kernelon a domain X, which is an arbitrary set with no structure assumed, is a
symmetric positive semi-definite function of two arguments, i.e., L : X x X — R
such that

1. for all z1,22 € X we have K(x1,x2) = K(2z2,21) and
2. for any positive integer T, any x1,x3,...,2x7 € X and any real numbers

a1,qs,...,ar € R we have Zi,j:l Kz, zj)oqa5 > 0.

An equivalent definition can be given as follows. There is a Hilbert space F of
functions on X such that

1. for every x € X the function K(z, ), i.e., K considered as a function of the
second argument with the first argument fixed, belongs to F and

2. for every x € X and every f € F the value of f at x equals the scalar
product of f by K(z,-), i.e., f(x) = (f,K(x,-))r; this property is often
called the reproducing property.

The second definition is sometimes said to specify a reproducing kernel. The
space F is called the reproducing kernel Hilbert space (RKHS) for the kernel K
(it can be shown that the RKHS for a kernel K is unique). The equivalence of
the two definitions is proven in [IJ.

2.2 Regression in Batch and On-Line Settings

Suppose that we are given a sample of pairs

S = ((z1,11), (x2,92), ..., (x7,97)) ,
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where all z; € X are called signals and y; € R are called outcomes for the
corresponding signals. A pair (z¢,y:) is called an example.

The task of regression is to fit a function (usually from a particular class) to
the data. The method of kernel ridge regression with a kernel K and a real reg-
ularisation parameter a > 0 suggests the function frr(x) = Y'(K + al) " k(z),
where Y = (y1,y2,...,yr) is the column vector of outcomes,

K(z1,21) K(x1,22) ... K(x1,27)

X K(xo,z1) K(xa,22) ... K(x2,27)

K(zr,z1) K(zr,22) ... K(x1, 27)

is the kernel matriz and
K(z1,x)
K(zo,x)
k(z) = .

K($;“, x)

Note that the matrix K is positive-semidefinite by the definition of a kernel,
therefore the matrix K + al is positive-definite and thus non-singular.

It is easy to see that frr(z) is a linear combination of functions K(x,x)
(note that x does not appear outside of k(x) in the ridge regression formula)
and therefore it belongs to the RKHS F specified by the kernel K. It can be
shown that on this f the minimum of the expression Zz;l(f(x) —y)? +al f|%
(where || - || £ is the norm in F) over all f from the RKHS F is achieved.

Suppose now that the sample is given to us example by example. For each
example we are shown the signal and then asked to produce a prediction for
the outcome. One can say that the learner operates according to the following
protocol:

Protocol 1

for t=1,2,...
read signal
output prediction 7
read true outcome ¥,

endfor

This learning scenario is called on-line or sequential. The scenario when the
whole sample is given to us at once as before is called batch to distinguish it
from on-line.

One can apply ridge regression in the on-line scenario in the following nat-
ural way. On step t we form the sample S; from the ¢ — 1 known examples
(z1,y1), (x2,92), -, (xi—1,y:—1) and output the prediction suggested by the
ridge regression function for this sample.

For the on-line scenario we will use the same notations as in the batch mode
but with the index ¢ denoting the time. Thus K; is the kernel matrix on step ¢
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(note that its size is (t—1) x (t—1)), Y; is the vector of outcomes y1,¥ya2, - - ., Yr—1,
and k; is k(z) for step ¢t. We will be referring to the prediction output by on-line
ridge regression on step ¢ as YR

3 The Identity

Theorem 1. Take a kernel K on a domain X and a parameter a > 0. Let F
be the RKHS for the kernel K. For a sample (x1,vy1), (z2,Y2), ..., (zr,yr) let
ARR ARR U ARR be the predictions output by ridge regression with the kernel
K and the parameter a in the on-line mode. Then

o~ ("~ ) . N 1
Z 1+dt/a _I}HEIE (tz_:l(f(wt)_yt) +a||f||]:> =aY/(KT+1 —|—a,_[)7 Y ,

where dy = K(z1, 1) — kj(2)(K; + aI) " ki(2¢) > 0 and all other notation is as
above.

The left-hand side term in this equality is close to the cumulative squared loss
of ridge regression in the on-line mode. The difference is in the denominators 1+
di/a. The values d; have the meaning of variances of ridge regression predictions
according to the probabilistic view discussed below.

Note that the minimum in the middle term is attained on f specified by batch
ridge regression knowing the whole sample. It is thus nearly the squared loss of
the retrospectively best fit f € F.

The right-hand side term is a simple closed-form expression.

4 Corollaries

In this section we use the identity to obtain upper bounds on cumulative losses
of on-line algorithms.

It is easy to obtain a basic multiplicative bound on the loss of on-line ridge
regression. The matrix (K;+al) ™! is positive-definite as the inverse of a positive-
definite, therefore k| (z;)(K;+al)  ki(z,) > 0 and dy < K(z¢, 2¢). Assuming that
there is ¢z > 0 such that K(z,z) < ¢% on X (i.e., the evaluation functional on
F is uniformly bounded by cx), we get

T c2 T
Z R —y)? < (1+ ;)?22 <Z(f($t)_yt)2+a”f”§?> =

t=1 t=1

2
a (1 + C;) Y'(Kri +al)”'Y . (1)

More interesting bounds can be obtained on the following assumption. Suppose
that we know in advance that outcomes y come from an interval [-Y,Y], and Y’
is known to us. It does not make sense then to make predictions outside of the
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interval. One may consider clipped ridge regression, which operates as follows.
For a given signal the ridge regression prediction v®R is calculated; if it falls
inside the interval, it is kept; if it is outside of the interval, it is replaced by the
closest point from the interval. Denote the prediction of clipped ridge regression
by YRRY If y € [-Y,Y] indeed holds, then (yRRY —4)2 < (yBR — 9)2 and
(Y )2 <ay?.

Corollary 2. Take a kernel K on a domain X and a parameter a > 0. Let F be
the RKHS for the kernel KC. For a sample (z1,y1), (z2,y2), ..., (zT,yr) such that
ye € [-Y,Y] forallt =1,2,...,T, let 'yRR Y 'yg‘R’Y, e ,'VIPER’Y be the predictions
output by clipped ridge regression with the kernel IC and the parameter a in the
on-line mode. Then

T

Do —y)? <

t=1

T
min (Z(f(xt) —y)? + a||f||2f> +4Y? In det <I + cltKT+1> )

fer P

where K141 is as above.
Proof. We have

1 - . dt/a
1—|—dt/a_ 1+dt/a
and 0/
t/Q .
1+ di/a (1 +di/a) ;

indeed, for b > 0 the inequality b/(1 4+ b) < In(1 + b) holds and can be checked
by differentiation. Therefore

T T

o =)

t=1

T
di/a
RR,Y RRY_ 2 M
Z(% vt) 1+dt/a+; vt 1+di/a

H_
Il
_

1
(" = ye)? Lrdjat 4y? Zln(l +di/a) .
t t=1

M=

1

o~
Il

Lemma [7] proved below yields
T

1 1
H(l +di/a) = oT det(Kr41 + al) = det <I + aKT+1>
t=1

O

There is no sublinear upper bound on the regret term 4Y 2 Indet (I + iKTH)
in the general case; indeed, consider the kernel

1 ifxy = xo;
5(.%‘1,.%‘2):{ ! 2

0 otherwise.

However we can get good bounds in special cases.
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It is shown in [I6] that for the radial-basis kernel K(z1,22) = e‘b“xl_“‘F,
where z1,22 € R% we can get an upper bound on average. Suppose that all
xs are independently identically distributed according to the Gaussian distribu-
tion with the mean of 0 and variance of ¢I. Then for the expectation we have
Elndet (I + !Kry1) = O((InT)%*?) (see Section IV.B in [16]). This yields a
bound on the expected loss of clipped ridge regression.

Consider the linear kernel K(z1,22) = zjz2 defined on column vectors from
R"™. We have K(x,z) = ||x||?, where || - || is the quadratic norm in R"™. The
reproducing kernel Hilbert space is the set of all linear functions on R™. We
have K; = XX, where Xp1 is the design matriz made up of column vectors

21,2, ...,27. The Sylvester determinant identity (see, e.g., [7]) implies that
1 1 1 &
det (I + ax;ﬂxﬂl) = det (1 + aXTHX’TH) = det (I + ;xtag;>

Estimating the determinant by the product of its diagonal elements (see, e.g.,
Theorem 7 in Chapter 2 of [3]) and assuming that all coordinates of x; are
bounded by B, we get

T n
1 T B2
det <I+ " g :Egré) < <1 + " )

t=1
We get the following corollary.

Corollary 3. For a sample (z1,v1), (z2,y2), ..., (z7,yr), where x; € [-B, B]"
and yy € [-Y,Y] for allt =1,2,...,T, let ’leY,’yg{RY,...,’y?RY be the pre-
dictions output by clipped linear ridge regression with a parameter a > 0 in the
on-line mode. Then

3 - T B2
RRY , 9 ) )
< _
; min (Z(em W) +a||e|>+4y nln (1+ : )

t=1

It is an interesting problem if the bound is optimal. As far as we know, there
is a gap in existing bounds. Theorem 2 in [I7] shows that Y2nInT is a lower
bound for any learner and in the constructed example |||/ = 1. Theorem 3 in
[1I'7] provides a stronger lower bound, but at a cost of allowing unbounded xs.
For the linear kernel the expression d;/a in the denominator of the identity
can be rewritten as follows:
. 1

a = [K(mt,xt) — k£($t)(Kt + aI)flk;t(xt)]

—Q

" (22 — (2, X)) (X[ X¢ + al) (X 24)]

We can apply the matrix identity A(BA+1)~ = (AB+1)~1A (it holds if both
the inversions can be performed and can be proven by multiplying both the sides
by BA+ I and AB + I and opening up the brackets) and further obtain
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dy

Q ~=Q =

[z} — 2} (Xe X[ + al) 7 Xy X2y

[23(I — (Xe X + al) "' Xy X]) 2]
=2, (X¢ X[ +al)™!

We will denote X; X/ + al by A;. One can easily see that

t—1 n t—1
Ay =al + E T =a E eies + E i
im1 i=1 i=1

where e; are unit vectors from the standard basis. If one assumes that the norms
llz¢|l, t = 1,2,... are bounded, one can apply Lemma A.1 from [12] and infer
that 2, A7 'z, — 0 as t — oo. Note that this convergence does not hold in the
general kernel case. Indeed, if K = § defined above and all x; are different, we
get dy = 1.

The leftmost side of the identity is thus asymptotically close to the cumulative
loss of on-line ridge regression and the regularised loss of the retrospectively best
regressor in the linear case. We will reproduce a corollary from [I8] formalising
this intuition.

Corollary 4. Let x; € R", t = 1,2,... and sup,_, 5 _|lz;|| < oo; let 4R be
the predictions output by on-line ridge regression with the linear kernel and a
parameter a > 0. Then

1. if there is € R™ such that Z:;(yt —0'z4)? < 400 then
Z 2 < 4o ;
t=1
2. if for all 0 € R™ we have > o, (yr — 0'x1)? = +00, then
T
i Zt;l(yt —7)?
7= mingegn (31, (4 — 0'a)? +all6])

Proof. Part 1 follows from bound ().
Let us prove Part 2. First note that x;A;laxt > 0 implies

T T Ry2 T
_ )2 > o a2 2
> (e -~ Z +xtA o, = Hin (Z(yt 0'x,)% + a0 )

t=1 t=1 t=1

=1. 2)

and thus the fraction in () is always greater than or equal to 1.

Let us show that mingegn (Zle(yt —0'x;)? —|—a\|9||2) — +4o00 as t — 0.
Suppose that this does not hold. Then there is a sequence T} and 67, such
that the expressions Zzil(yt — 0, x¢)* + al|fr, ||> are bounded. Hence there
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is C < +oo such that 7% (y; — 0% x)? < C for all k = 1,2,... and the
norms of fr, are also bounded unlformly in k. Therefore the sequence 67, has
a converging subsequence. Let 6y be the limit of this subsequence. Let us show
that Zﬁl(yt — 0hx4)? < C. Indeed, let Zﬁl(yt — x4)? > C. For sufficiently

large m the sum Zz;’“l(yt — 07, x;)? is sufficiently close to ZZT:kl(yt — 0x4)? so

that
T, Ty
> (e — 0,20 > (g — 0, 1) > C
=1 i=1

which contradicts ngi(yt—O%'ylxt)z < C. In the limit we get Y oo, (v —00x¢)* <
C < 400, which contradicts the condition of Part 2.

Take € > 0. There is Ty such that for all T' > Ty we have 1—|—:E’TA;1wT <l+e¢
and

T To T
> (e — )2 = Z(yt R/ R SN (P &
t=1 t=Tp+1
T RR)
(1+e€
v O t; 1+ 2l Ap ar

Moﬂ HMH )

9eR" \ £

t=1

T
(e =) + (14 ¢) min (Z(yt —0'w)’ +a I9|2>
Therefore for all sufficiently large T the fraction in (2] does not exceed 1+¢. O

5 Probabilistic Interpretation

We will prove the identity by means of the probabilistic interpretation of ridge
regression.

Suppose that we have a Gaussian random field] 2, with the means of 0 and the
covariances cov(zg, , 2z,) = K(21,22). Such a field exists. Indeed, for any finite set
of x1,xs, ...,z our requirements imply the Gaussian distribution with the mean
of 0 and the covariance matrix of K. These distributions satisfy the consistency
requirements and thus the Kolmogorov extension (or existence) theorem (see,
e.g., [13], Appendix 1 for a proof sketc}E can be applied to construct a field
over X.

Let ¢, be a Gaussian field of mutually independent and independent of z,
random values with the variance 0. The existence of such a field can be shown
using the same Kolmogorov theorem. Now let y, = 2z, + £,. Intuitively, €, can

1 We use the term ‘field’ rather than ‘process’ to emphasise the fact that X is not
necessarily a subset of R and its elements do not have to be moments of time; some
textbooks still use the word ‘process’ in this case.

2 Strictly speaking, we do not need to construct the field for the whole X in order to
prove the theorem; is suffices to consider a finite-dimensional Gaussian distribution
of (Zzy, Zagy -y Zap)-
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be thought of as random noise introduced by measurements of the original field
Zg

The learning process can be thought of as estimating the values of the field y;
given the values of the field at sample points. One can show that the conditional
distribution of z, given a sample S = ((x1,y1), (z2,¥2), ..., (x7,yr)) is Gaussian
with the mean of YRR = Y/(K + 02I)~1k(z) and the variance d, = K(x,x) —
k'(z)(K + 02I)~'k(x). The conditional distribution of y, is Gaussian with the
same mean and the variance o2 + K(x,z) — k' (2)(K + o%I)7'k(z) (see [14],
Section 2.2, p. 17).

If we let a = 02, we see that y*R and a + d; are, respectively, the mean and
the variance of the conditional distributions for y,, given the sample S;.

Remark 5. Note that in the statement of the theorem there is no assumption
that the signals x; are pairwise different. Some of them may coincide. In the
probabilistic picture all zs must be different though, or the corresponding prob-
abilities make no sense. This obstacle may be overcome in the following way. Let
us replace the domain X by X’ = X x N, where N is the set of positive integers
{1,2,...}, and replace x; by z} = (x,t) € X'. For X' there is a Gaussian field
with the covariance function K'((z1,t1), (z2,t2)) = K(x1,22). The argument
concerning the probabilistic meaning of ridge regression stays for X’ on X’. We
can thus assume that all z; are different.

6 Proof of the Identity

The proof is based on the Gaussian field interpretation. Let us calculate the
density of the joint distribution of the variables (yu,, Yy, - - - » Yur) at the point
(y1,Y25---,yr). We will do this in three different ways: by decomposing the
density into a chain of conditional densities, marginalisation, and, finally, direct
calculation. Each method will give us a different expression corresponding to a
term in the identity. Since all the three terms express the same density, they
must be equal.

6.1 Conditional Probabilities
We have

pymlangv'wyzrl—v (y17y27 e )yT) =
psz (yT | ywl = y17y(1?2 = y27 A »sz,l = nyl)‘
pywpyzga---,sz,l (y17y27 oo anyl) .

Expanding this further yields

pymlangv'wyzrl—v (y17y27 e )yT) =
psz (yT | ywl = y17y(1?2 = y27 A »sz,l = nyl)‘
Pyer UT | Y2y = Y1, Yzs = Y25 ooy Yoy = Y7—2) Py, (Y1) -
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As we have seen before, the distribution for y,, given that y., = y1,Yz, =
Y2,y Yo, = Ye—1 is Gaussian with the mean of %RR and the variance of
d; + o2. Thus

pymT (yt ‘ Y1 = Y15 Yzo = Y25+ s Yz = yt—l) =

1 1 1 (=2
e 2 dyto?
V2 d; + o2
and
Pyay agrotrey (Y15 Y25, YT) =
PR —y)?
1 _é ZZ=1 tdt+ay2f

©2m)T/2\/(dy + 02)(dy + 02) ... (dr + o2)

6.2 Dealing with Singular Kernel Matrix

The expression for the second case looks particularly simple for non-singular K.
Let us show that this is sufficient to prove the identity.

All the terms in the identity are in fact some continuous functions of T'(T+1)/2
values of K at the pairs of points x;,x;, 4,7 = 1,2,...,T. Indeed, the values of
YRR in the left-hand side expression are ridge regression predictions given by
respective analytic formula. Note that the coefficients of the inverse matrix are
continuous functions of the original matrix.

The optimal function minimising the second expression is in fact frg(z) =
23:1 K (x¢,x), where the coefficients ¢; are continuous functions of the values
of IC. The reproducing property implies that

T T
Ifrrll® =) cic; (K@i, ), Ky, Nr = > cciK(ai, ) -
i,j=1 1,5=1

We can thus conclude that all the expressions are continuous in the values of .
Consider the kernel Ky (21, 22) = K(z1, 22) + ad(z1, x2), where

1 ifxy = xo;
(5(%1,%2):{ ! 2

0 otherwise

and a > 0. Clearly, 0 is a kernel and thus I, is a kernel. If all z; are differ-
ent (recall Remark [l), kernel matrix for K, equals K + al and therefore it is
nonsingular.

However the values of IC, tend to the corresponding values of I as a — 0.

6.3 Marginalisation

The method of marginalisation consists of introducing extra variables to ob-
tain the joint density in some manageable form and then integrating over the
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extra variables to get rid of them. The variables we are going to consider are
Zays Zagy -+ s Bagee

Given the values of z,,, 24, .., 24, the density of Yz, Yus, .-, Yup 1S €asy
to calculate. Indeed, given zs all ys are independent and have the means of
corresponding zs and variances of o2, i.e.,

pymlvym27---7ymT (y17y2a YT | Zxy = RlyRxy = B2y -y Ryp_1 — zT—l) -
1 1 _1wi—20% 1 1 _1(wa—22)72 1 1 _1wr—2p)?
e 2 o2 e 2 o2 PR e 2 o =
Voro Voo Voo
1 672;2 23;1(.%*21)2
(2m)T/26T
The density of 2z, 2z,, - - ., 2z, 1S given by
1 1 ge—1
~1z'Kk-' 7
Dz, 1 2@ sy R (Zlaz27"'aZT) - e 2 T+1 )
! 2 T (27T)T/2\/det KT+1
where Z = (21, 22,. .., 27), provided Ky is nonsingular.
Using
pyml,me,...,ymT,zml,zm2,...,zmT (y17 y27 crt yT’ Zl, Z2’ ) ZT) =
pyzl,yzz,...,sz (yl»yQ; ceYyr ‘ Zpy = Rly Ry = 2y ey Rypp_q — ZT*I)'
pzzl,sz,...,zmT (Zlv 22y n ey ZT)
and

pyzlaym27"'7y$T (ylv Y2,. .. 3yT) =
/ Pyey Yoo, Yog 22y 220, Zag (ylv Y2, YT, 21,225+ -+, ZT)dZ
RT

we get

Pyey yaose o Yar (y1,92,-..,y1) =

: 1 / e 202 Lim =20’ =3 2K Z g
(27T)T/20'T (27T)T/2\/det KT+1 o

To evaluate the integral we need the following lemma (see [3], Theorem 3 of
Chapter 2) .

Lemma 6. Let Q(0) be a quadratic form of 6 € R™ with the positive definite
quadratic part, i.e., Q(0) = 0’ A0 + 0'b + ¢, where the matriz A is symmetric
positive definite. Then

n/2

/ QO gy — o—QUO0) T
n Vdet A

)

where fy = arg mingn Q.
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The quadratic part of the form in our integral has the matrix éK ;}’1 + 2;_2 I and
therefore

pyzl,ng,m,sz(yhy%'“ayT) =
1 T
ToT  /det K. L x
(2m)ToT\/det Kri1 \/det(2 71+ o)

—1
e mmZ('za? Cim—z)?=3 2 KT+1Z)

1 1
\/det <2I+ 2% 2KT+1>

\/det (Krg1 +02I) .

T2

We have

1
V/det KTH\/det( Kriq + 5 21)

- 2T/2 T

Let us deal with the minimum. We will link it to

T
M = min (Z(f(xt) — )+ 02||f||3¢>

F
fe t=1

The representer theorem implies that the minimum in the definition of M is
achieved on f from the linear span of K(x1,-),K(x2,:),...,K(zr,-), i.e., on a
function of the form f(z) = Zle ctfC(x¢, -). For the column vector Z(z) =
(f(z1), f(z2),..., f(zr)) we have Z(z) = Kpr41C, where C = (c1,¢2,...,cr)".
Since K41 is supposed to be non-singular, there is a one-to-one correspon-

dence between C and Z(x); we have C' = K;}rlZ(a;) and || f||% = C'Kr41C =
Z’(x)K;}rlZ(x). Thus

1
len<22Z 24 ZKT Z) 202M.
For the density we get the expression

1 M
Pyay oo yor \Y1, Y2, -+, YT ) = ¢ 252 .
Yoy e o ( ) (27r)T/2\/det(KT+1 +02)

6.4 Direct Calculation

One can easily calculate the covariances of ys:
oV (Yay s Yaz) = E(2a, + €a1) (22, + €a,)
= B2y, 24, + Eegi€q,

= K(xl,l'g) + 025(1’1,1'2) .
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Therefore, one can write down the expression

Pyey yao e Yo (V1,925 -, y7) =
1

(2m)T/2\/det(Kr41 + 021)

6—5Y%+1(KT+1+021)71YT+1

6.5 Equating the Terms

It remains to take the logarithms of the densities calculated in different ways.
We need the following matrix lemma.

Lemma 7
(di + 0*)(do + %) ... (dr + 0®) = det(K7 11 + 1)

Proof. The lemma follows from Frobenius’s identity (see, e.g., [1]):

A _
det <U, Z) =(d—vA u)det A ,

where d is a scalar and the submatrix A is non-singular.
We have

det(KT+1 + 0'21) = (K:(.Z‘T,J‘T) + o2 — k&w(l‘T)(KT + 0'21)_1167“(.1‘7“))'
det(Kr + o?1)
= (dT + 0’2) det(KT + 0’21)

:(dT+02)(dT71 +02)...(d2+0'2)(d1 +0’2) . a

We get
T RR 2
Z — 1
(%df + o'y;) o 0-2M = Y/(KTJrl + 021)_1Y .

The theorem follows.

7 Alternative Derivations for the Linear Case

In this section we outline alternative ways of obtaining the identity in the linear
case.

A Gaussian field z, with the covariance function zx2 on R™ can be obtained
as follows. Let 6 be an n-dimensional Gaussian random variable with the mean
of 0 and the covariance matrix I; let z, = 6’z and y, = 2, + €., where ¢, is
independent Gaussian with the mean of 0 and the variance of o2 (recall that we
let 02 = a). Estimating y, given a sample of pairs (24, ;) can be thought of as
going from the prior distribution for 6 to a posterior distribution. The learning
process described in Section [l can thus be thought of as Bayesian estimation. It
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can be performed in an on-line fashion (the term ‘sequential’ is more common
in Bayesian statistics): the posterior distribution serves as the prior for the next
step. This procedure leads to the Gaussian distribution for y with the mean
equal to the on-line ridge regression prediction. The linear case is thus a special
case of the kernel case.

There is an entirely different way to look at this procedure; it is based on
the aggregating algorithm (described, e.g., in [17]). Consider the following game
between a predictor and the reality. On step ¢ the reality produces x;; the pre-
dictor sees it and outputs a prediction, which is a Gaussian distribution on R
with the density function p;. Then the reality announces y; and the predictor
suffers loss — In p;(y:). Suppose that there is a set of experts who play the same
game and we are able to see their predictions before making ours. The aim of
aggregating algorithm is to merge experts’ predictions so as to suffer cumulative
loss comparable to that of the best expert. The game we have described happens
to be perfectly mixable, so the merging can be done relatively easily.

Let us consider a pool of experts &, 6 € R™, such that on step t expert &
outputs the Gaussian distribution with the mean of #’x; and the variance 0. The
aggregating algorithm requires a prior distribution on the experts. Let us take
the Gaussian distribution with the mean of 0 and the covariance matrix I. The
distribution is updated on each step; one can show that the update corresponds
to the Bayesian update of the distribution for 6. Finally, it is possible to show that
the distribution output by the aggregating algorithm on step ¢ is the Gaussian
distribution with the mean v, = V; X; A, 12, i.e., the ridge regression prediction,
and the variance UzactAt_lact + 02, i.e., the conditional variance of y; in the
estimation procedure.

The equality between the first two terms in the identity from Theorem [l can
be derived from a fundamental property of the aggregating algorithm, namely,
Lemma 1 in [I7], which links the cumulative loss of the predictor to experts’
losses. For more details see [I§].

An advantage of this approach is that we do not need to consider random
fields, estimation, prior and posterior distributions etc. All probabilities are no
more than weights or predictions. This is arguably more intuitive.
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