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Abstract. We revisit compressed learning in the PAC learning frame-
work. Specifically, we derive error bounds for learning halfspace concepts
with compressed data. We propose the regularity assumption over a pair
of concept and data distribution to greatly generalize former assump-
tions. For a regular concept we define a robust factor to characterize
the margin distribution and show that such a factor tightly controls the
generalization error of a learned classifier. Moreover, we extend our anal-
ysis to the more general linearly non-separable case. Empirical results on
both toy and real world data validate our analysis.

1 Introduction

The recent years have witnessed a surge of interest in compressed learning [2],
i.e., learning with randomly projected data (compressed data) instead of original
data. Compressed learning is necessary in two aspects: efficiency and privacy [13].
On one hand, learning with compressed data saves considerable running time and
storage since random projection can effectively reduce the dimension of data. On
the other hand, compressed learning can also be served as an important alter-
native for protecting data privacy. For example, in health care, security and
finance related applications [9], data often contain sensitive information. Private
database owners are only permitted to provide analyst with factitiously per-
turbed data rather than the original data. Random projection is a commonly
used method to mask the original appearance of data for such privacy con-
cerns [9]. In these scenarios, learning and analysis is only permitted to carried
out on those randomly projected data. Existing works dealing with compressed
data cover a variety of topics in machine learning such as classification, regres-
sion and manifold learning [1, 2, 4, 7, 10, 12, 13]. In this paper, we concentrate
on the classification case.

A key issue in classification with compressed data is the learnability, whether
the concept in the original space can be accurately learnt using the randomly
projected data. There are two representative works on this problem.
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One is the loss function based analysis presented in [2]. They analyze the hinge
loss of the linear classifier learned by support vector machine on compressed data
and show the hinge loss of the compressedly learned classifier would not deviate
much from that of the classifier learned on original data. However, they cannot
guarantee the two classifiers have similar generalization error rates.

The other directly addresses the generalization error of a learned classifier on
compressed data in the PAC framework [1]. The key factor affecting the gen-
eralization error of a learned classifier is the margin distribution of a concept,
where the margin is defined as the distance between a sample and the separating
boundary [6]. Since random projection perturbs data, a sample will very likely
be wrongly classified if its margin is tiny. Therefore the learnability can only
be guaranteed with some restrictions over the pair of concept and data distribu-
tion such that original data with small margins are of a nonessential proportion.
Arriaga and Vempala [1] introduce the �-robustness assumption (� > 0) which
requires the margin of every sample is at least �. Since random projection approx-
imately preserves the margin of a finite set of samples [1], compressed learning
of an �-robust concept is in fact the classical problem of learning with a margin.
They further show that an �-robust halfspace concept can be accurately learned
simply by a perceptron. However, the �-robustness assumption is so restrictive
that every halfspace concept is not �-robust under many commonly adopted
assumptions on data distributions (e.g., normal distributions and uniform dis-
tributions). Moreover, in real world problems, compressed data cannot always
be well separated with a margin.

In this paper, we propose the regularity assumption to relax the �-robust as-
sumption to a more general case, under which the learnability of compressed
learning halfspace concepts is revisited. The regularity assumption also imposes
restrictions over a pair of concept and data distribution, but only requires that
“almost” every sample has a nonzero margin. For example, a halfspace concept
is regular with any continuous distribution. Hence we can work with more data
distributions. However, under this relaxed assumption, compressed data may be
wrongly classified since margins in the original space can be arbitrarily small.
Therefore, we further define the robust factor for each regular concept to charac-
terize the margin distribution. Under the regularity assumption, we revisit the
problem of learning halfspace concepts with compressed data. We use the voted-
perceptron algorithm proposed by Freund and Schapire [5] to perform the learn-
ing task on compressed data. Generalization error bounds based on the robust
factor are derived for a learned classifier. We show that under some reasonable
conditions on the robust factor, a regular halfspace concept can be accurately
learned. The error analysis is also extended to the linearly non-separable case.
Numerical experiments validate our analysis.

2 Preliminaries

The training set is denoted as S = {(x1, y1), ..., (xm, ym)}. xi ∈ R
n is sampled

independently from an unknown distribution D in R
n and then normalized onto
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the unit ball. The label yi ∈ {−1, +1} is given by an unknown halfspace concept
w ∈ R

n, i.e., yi = sign
(
wT xi

)
. Assume ‖w‖ = 1, where ‖·‖ is the Euclidean

norm. R is a matrix of size k × n. w′ = Rw is the projection of w under R. We
use w · x to denote the inner product between w and x. v(x) = |w · x| is the
distance between x and the hyperplane w. This is the margin of x with respect
to w as used in [6]. The generalization error of a classifier f(x) under distribution
D is defined as

errD (f) = PD {x : f(x) �= y} ,

where PD is the probability measure of D.

2.1 Random Projection

Random projection is the technique of projecting a set of samples into a lower
dimensional space by a random matrix. One of the most important properties
of random projection is that it approximately preserve distance, which is stated
by the following Johnson-Lindenstrauss lemma [1, 3, 8].

Theorem 1 (Johnson-Lindenstrauss lemma [1, 3, 8]). Let u, v ∈ R
n. R

is a k × n random matrix with entries chosen independently from N(0, 1/k).
u′ = Ru, v′ = Rv. For any ε with 0 < ε < 1,

P
{
(1 − ε) ‖u − v‖2 ≤ ‖u′ − v′‖2 ≤ (1 + ε) ‖u − v‖2

}
≥ 1 − e−

ε2k
8 .

The statement of Theorem 1 is due to Arriaga and Vempala [1].
In Theorem 1, the probability P is taken over the randomness of the matrix

R. Specifically, if denoting P as the set of all the possible random matrices as in
Theorem 1, then P is the probability measure over P defined by the construction
of R. The corresponding distribution is denoted as RP(k, n).

Theorem 1 has a direct corollary as follows, which states that random projec-
tion also approximately preserves inner product.

Corollary 2. Let u, v ∈ R
n with ‖u‖ , ‖v‖ ≤ 1. Let R ∼ RP(k, n) and u′, v′ be

the projections of u, v under R. Then for any ε > 0,

P {u · v − ε ≤ u′ · v′ ≤ u · v + ε} ≥ 1 − 2e−
ε2k
8 .

Theorem 1 and Corallary 2 are crucial to our analysis.

2.2 �-Robust Concepts

Our definition of a regular concept is motivated by the �-robust concept, which
is firstly introduced in [1].

Definition 3 (�-robust halfspace concepts). A half-space concept w ∈ R
n

in conjunction with a distribution D in R
n is said to be �-robust (� > 0), if

PD {x : |w · x| ≤ �} = 0. (1)
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Note that �-robustness is an assumption placed over the couple (w,D). It requires
almost surely the margin of a sample is greater than �. This margin measures
how much one can alter a sample value without affecting its label. Therefore, the
margin distribution characterizes the robustness of a concept to noise in sample
values.

3 Regular Concepts and Robust Factors

In this section, we define regular halfspace concepts to generalize their �-robust
counterparts. For a regular concept, a corresponding robust factor is defined to
characterize its margin distribution.

3.1 Regular Concepts

The formal definition of a regular concept is as follows.

Definition 4 (regular halfspace concepts). Let (w,D) be a halfspace concept
and data distribution pair in R

n. (w,D) is called regular, if

PD {x : |w · x| = 0} = 0. (2)

When (w,D) is regular, we call w a regular concept with respect to D or simply a
regular concept when there is no confusion about D. Clearly, an �-robust concept
is also a regular concept. A regular concept w requires points on the separating
hyperplane forming a set of measure zero under D. Therefore, almost surely
every sample has a nonzero margin. Since under any continuous distribution
in R

n the volume of an n − 1 dimensional simplex is zero, every hyperplane is
regular if the data distribution is continuous. Moreover, (w,D) is not regular if
there exists an ε > 0, such that PD {x : |w · x| = 0} = ε. Therefore, w is not
regular when distributions are those placing nonzero measures on the separating
hyperplane. This type of concept is unstable to noise in sample values, since any
slight perturbation of a sample lying on the separating boundary will make it
wrongly classified. We will not consider them here.

There exists an important property for a regular concept, which leads to the
definition of the robust factor. The proof is a simple use of the monotone property
of probability measures.

Proposition 5. (w,D) is regular if and only if for any ε > 0, there exists an
� > 0, such that

PD {x : |w · x| ≤ �} ≤ ε. (3)

3.2 Robust Factors

The real number � in (3) plays a similar role as that in an �-robust concept,
both characterizing the margin distribution of a concept. With a given ε > 0, it
is reasonable to believe that a pair (w,D) with a larger � corresponding to (3)
is more robust to noise. This inspires us to introduce the following definition of
the robust factor for a regular concept.
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Definition 6 (robust factor). The halfspace concept w is regular in conjunc-
tion with D in R

n. Denote

Lε = {� ∈ [0, 1] : � satisfiesPD {|w · x| ≤ �} ≤ ε}
for a given ε > 0. Define φ(ε) = sup�∈Lε

� as the robust factor with respect to
(w,D).

It can be easily shown that φ(ε) ∈ Lε. When the distribution is continuous,
φ(ε) is simply the largest real number � such that PD {|w · x| ≤ �} = ε. See the
following examples, where φ(ε) can be explicitly expressed or bounded.

Example 7 (robust factor of uniform distribution on the unit sphere in R
3). Let

w = [1, 0, 0]T be the halfspace concept. D is the uniform distribution on the unit
sphere in R

3. Then φ(ε) = ε
4π .

Generally, the robust factor of uniform distribution on the unit sphere in R
n has

the following upper bounds.

Example 8. w = [1, 0, · · · , 0]T ∈ R
n (n > 3) is the halfspace concept. D is the

uniform distribution on the unit sphere in R
n. Then for any ε ∈ (0, 1), we have

φ(ε) ≤
{

Γ ( n
2 )ε

8π(n−1)/2 n is even,

sin
(

Γ ( n
2 )ε

4π(n−1)/2

)
n is odd.

Proof. Transforming to the spherical coordinate system, we can represent the n
Cartesian coordinates as follows

x1 = cos θ1,

x2 = sin θ1 cos θ2,

· · · ,

xn−1 = sin θ1 · · · sin θn−2 cos θn−1,

xn = sin θ1 · · · sin θn−2 sin θn−1,

where θi ∈ [0, π] for 1 ≤ i ≤ n − 2 and θn−1 ∈ [0, 2π]. Furthermore, we have
|w · x| = |cos θ1|. Let θ ∈ [0, π/2] such that cos θ = φ(ε). Denote Aφ(ε) =
PD {|w · x| ≤ φ(ε)}. We have

Aφ(ε) =
∫ π−θ

θ1=θ

∫ π

θ2=0

· · ·
∫ π

θn−2=0

∫ 2π

θn−1=0

dS

=
∫ π−θ

θ

dθ1 sinn−2 θ1

∫ π

0

dθ2 sinn−3 θ2 · · ·
∫ π

0

dθn−2 sin θn−2

∫ 2π

0

dθn−1

=
2π(n−1)/2

Γ
(

n−1
2

)
∫ π−θ

θ

dθ1 sinn−2 θ1,

where dS is the area element of the n-sphere, i.e.,

dS = sinn−2 θ1 sinn−3 θ2 · · · sin θn−2 dθ1 · · · dθn−1,
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and we obtain the last equality by using the surface area formula of the n-
sphere. By the technique of integration by parts, we have the following recurrence
formula:

∫ π−θ

θ

sinn−2 t dt =
2 sinn−3 θ cos θ

n − 2
+

n − 3
n − 2

∫ π−θ

θ

sinn−4 t dt.

Since θ ∈ [0, π/2],

∫ π−θ

θ

sinn−2 t dt ≥ n − 3
n − 2

∫ π−θ

θ

sinn−4 t dt. (4)

If n is even, by (4), we have

∫ π−θ

θ

sinn−2 t dt ≥(n − 3)(n − 5) · · · 1
(n − 2)(n − 4) · · · 2

∫ π−θ

θ

dt = 2
Γ (n−1

2 )
Γ (n

2 )

(π

2
− θ

)
.

Therefore,

ε = Aφ(ε) ≥ 4π(n−1)/2

Γ (n
2 )

(π

2
− θ

)
.

We have π
2 − θ ≤ Γ ( n

2 )ε

4π(n−1)/2 . And the robust factor can be bounded by

φ(ε) = cos θ ≤ sin
(

Γ (n
2 )ε

4π(n−1)/2

)
.

If n is odd, we have
∫ π−θ

θ

sinn−2 t dt ≥(n − 3)(n − 5) · · · 2
(n − 2)(n − 4) · · · 3

∫ π−θ

θ

sin t dt = 4
Γ (n−1

2 )
Γ (n

2 )
cos θ.

Therefore,

ε = Aφ(ε) ≥ 8π(n−1)/2

Γ (n
2 )

cos θ.

And this directly gives the upper bound of the robust factor, i.e.,

φ(ε) ≤ Γ (n
2 )ε

8π(n−1)/2
.

Thus the result follows.

The robust factor of an �-robust concept satisfies φ(0) = � > 0. This is a very
strong condition and does not generally hold for a regular concept. We only
assume φ(0) = 0 in the following discussion. Hence, as ε → 0, φ(ε) also decreases
to 0. The speed that φ(ε) approaches zero is an important characteristic of the
margin distribution which greatly affects the learning result. We prefer those
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decreasing slowly near ε = 0. This is because the robust factor with a smaller
decreasing rate will eventually take a larger value when ε is sufficiently close to
zero. Only for those concepts with their robust factors not decreasing too fast
near ε = 0, can we learn a classifier accurate enough. Based on this idea, we
introduce the following additional assumption to control the decreasing rate of
a robust factor. This assumption can be viewed as a slight variant of Tsybakov’s
noise condition [11].

Assumption 9. Suppose there exist constants 0 < ε0 < 1, C > 0 and 0 ≤ α <
1/4 such that for every ε ∈ [0, ε0), φ(ε) satisfies

φ(ε) ≥ Cεα. (5)

If the assumption holds, there does not exist such a neighborhood of the origin
that φ(ε) ≤ C̄εβ holds for all ε in the neighborhood, where C̄ > 0 and β > α.
And the rate of φ(ε) decreasing to zero is no faster than that of a polynomial
with order less than 1/4. Not all robust factors satisfy this assumption, e.g., the
above two examples. We will give experimental results on toy data to show that
failing to satisfy it will greatly affect the accuracy of the compressedly learned
classifier. It will also be shown in the following section that if the assumption
holds, an sufficiently accurate classifier can be learned based on compressed data.

4 Learning Regular Halfspace Concepts

In this section, we present error bounds for learning regular halfspace concepts
with compressed data. We first summarize our main results then give the proofs.

4.1 Main Results

We use the voted-perceptron algorithm proposed in [5] as the base algorithm
to learn from compressed data. The outputs of the algorithm is a weighted
ensemble of linear classifiers. There is a parameter T in the algorithm which
represents the number of iterations. In the following analysis, we simply set
T = 1 for convenience. Note that our main results are not particular for the base
algorithm, since the analysis does not depend on the detailed structure of the
algorithm. In fact, any algorithm with a comparable generalization guarantee
can be used to obtain similar results.

Theorem 10. Let w ∈ R
n be a halfspace concept with ‖w‖ = 1. D is a distribu-

tion over R
n. Suppose (w,D) is regular. Let R ∼ RP(k, n) be a random matrix.

S is the training set of size m. S′ is its projection under R. For any given ε > 0
and δ > 4ε, with probability at least 1−δ, the generalization error of the classifier
f(x) output by the voted-perceptron algorithm based on S′ satisfies

errD (f) ≤ 1
φ2

(
16 (1 + ε)2 + 16δ

m + 1
+ 40ε + 18δ

)

, (6)
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if k = max
{

32
φ2 log 2

ε(δ/4−ε) ,
8
ε2 log 2(m+2)

δ

}
where φ = φ

(
ε2

)
, provided m + 1 ≥

1
2ε2 log(8/δ).

The generalization error depends critically on the robust factor. If the robust
factor takes a larger value, the learned classifier will be more accurate. This is
consistent with our intuition that, if samples own larger margins, the learning
problem should be easier.

Also, as the sample size m approaches infinity, the upper bound approaches
c(ε+δ)

φ2 , where c is some constant. And the convergence rate is 1/m. Hence, when
training sample is enough, the accuracy of the compressedly learned classifier is
determined by the intrinsic hardness of the problem, i.e., the margin distribution.

As a simple corollary of Theorem 10, it can be shown that under Assumption 9,
the learned classifier f(x) can be arbitrarily accurate by suitably choosing the
dimension k and sample size m. This guarantees we can learn a regular halfspace
concept with satisfactory accuracy on compressed data.

Corollary 11. We invoke Assumption 9. Let α and ε0 be the constants from
Assumption 9. For any ε > 0, let ε1 = min

{
ε0, c1 (ε/2)

1
1−4α

}
, where c1 is some

fixed constant. If δ satisfies 4ε1 < δ < c2ε1 for some constant c2, then with
probability at least 1 − δ, the learned classifier f(x) in Theorem 10 satisfies

errD (f) ≤ ε,

if k = max
{

32
φ2 log 2

ε1(δ/4−ε1) ,
8
ε21

log 2(m+2)
δ

}
and m ≥ max

{
160/φ2, log(8/δ)

2ε21

}
,

where φ = φ
(
ε21

)
.

Specifically, when (w,D) is �-robust, the sample complexity in Corollary 11 is
Õ

(
1/�2

)
in terms of �, the same order as Arriaga and Vempala’s [1], where the

Õ(·) notation hides the logarithmic factors. However our lower bound on the
projection dimension k is k ≥ Ω (log m), which improves the bound k ≥ Ω (m)
obtained in [1] .

We will give the detailed proof of Theorem 10 in the following part of this
section. The proof of Corollary 11 is direct and mainly technical. We omit it
here.

4.2 Proofs

For a given w, define the product set E ⊂ P × R
n as

E = {(R, x) : sign (w · x) �= sign (w′ · x′)} ,

where w′ = Rw, x′ = Rx. For a point x ∈ R
n, the x cross section of E is defined

as Ex = {R : (R, x) ∈ E} = {R : sign (w · x) �= sign (w′ · x′)}. Similarly, the R
cross section of E is ER = {x : (R, x) ∈ E} = {x : sign (w · x) �= sign (w′ · x′)}.
We first need to build some propositions and lemmas.
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Lemma 12. Given w, x ∈ R
n with ‖w‖ = ‖x‖ = 1, for any � ∈ (0, 1),

P {Ex} ≤ 2e−
�2k
8 + I (|w · x| ≤ �)

holds, where I (·) is the indicator function.

Proof. Decompose Ex according to whether F = {|w · x| ≤ �} happens or not.
Since Ex ∩ F ⊆ F and Ex ∩ F c ⊆ {|w · x − w′ · x′| > �}, the lemma follows
directly by Proposition 5 and Corollary 2.

Proposition 13. Let w ∈ R
n be a halfspace concept. ‖w‖ = 1. D is a distri-

bution over R
n. Suppose (w,D) is regular. R ∼ RP(k, n) and w′ ∈ R

k is the
projection of w under R. Then for any 0 < ε < δ, we have

P {errD (w′) > ε} ≤ δ,

if k ≥ 8
φ(ε2)2 log 2

ε(δ−ε) .

Proof. Clearly, |errD (w) − errD (w′)| = errD (w′). We will first show that for a
fixed R ∈ P,

|errD (w) − errD (w′)| ≤ PD {ER} . (7)

In fact by rewriting probability into an integral of the corresponding indicator
function, we have

∣
∣errD (w) − errD

(
w′)∣∣ =

∣
∣
∣∣

∫
I (sign (w · x) �= y) dPD −

∫
I

(
sign

(
w′ · x′) �= y

)
dPD

∣
∣
∣∣

≤
∫ ∣∣I (sign (w · x) �= y) − I

(
sign

(
w′ · x′) �= y

)∣∣ dPD

=

∫
I (ER) dPD = PD {ER} .

The expectation of errD (w′) with respect to the randomness of the random
matrix is

E {errD (w′)} =
∫

errD (w′) dP =
∫

|errD (w) − errD (w′)| dP

≤
∫

PD {ER} dP =
∫ ∫

I (E) dPD dP

=
∫ ∫

I (E) dP dPD =
∫

P {Ex} dPD

≤
∫

2e−
φ(ε2)2

k

8 + I
(|w · x| ≤ φ

(
ε2

))
dPD

≤ 2e−
φ(ε2)2

k

8 + ε2,



172 J. Lv et al.

where the first equality of the third line is obtained by Fubini’s Theorem and
the last inequality but one is because of Lemma 12. Therefore, by Markov’s
Inequality, we have

P {errD (w′) > ε} ≤ E {errD (w′)}
ε

≤ 2
ε
e−

φ(ε2)2
k

8 + ε.

By solving 2
ε e−

φ(ε2)2
k

8 + ε ≤ δ for k, the proposition follows.

We also have the following result. The proof is very similar with that of Proposi-
tion 13. The key idea is using Fubini’s Theorem to change the integration orders.
We omit the details here.

Proposition 14. Let w ∈ R
n be a halfspace concept. ‖w‖ = 1. D is a distribu-

tion over R
n. Suppose (w,D) is regular. x is a random sample with distribution

D. R ∼ RP(k, n). Let w′, x′ ∈ R
k be the projection of w, x under R, respectively.

Then for any 0 < ε < 1/2, δ > ε, if k ≥ 32
φ2 log 2

ε(δ−ε) ,

P {PD {|w′ · x′| ≤ φ/2} > ε} < δ (8)

holds where φ = φ
(
ε2

)
.

We also need the following error bound of the base learning algorithm due to
Freund and Schapire [5].

Theorem 15. Let S be a set of m samples with ‖xi‖ ≤ r. Let (xm+1, ym+1) be
a test sample. For h ∈ R

n, ‖h‖ = 1 and γ > 0, let

Dh,γ =

√√√
√

m+1∑

i=1

ξ2
i =

√√√
√

m+1∑

i=1

max {0, γ − yi (h · xi)}2
.

Then the probability (over the choice of all m + 1 samples) that the voted-
perceptron algorithm with T = 1 does not predict ym+1 on the test sample xm+1

is at most

ED

{
2

m + 1
inf

‖h‖=1;γ>0

(
r + Dh,γ

γ

)2
}

,

where ED {·} is the expectation over the m + 1 samples.

Now we are in the position of presenting the complete proof of Theorem 10.
Proof of Theorem 10. Let (x′

m+1, ym+1) be the projection of the test sample

(xm+1, ym+1). Take k = max
{

32
φ2 log 2

ε(δ/4−ε) ,
8
ε2 log 2(m+2)

δ

}
, where φ = φ

(
ε2

)
.

By Proposition 13 and Proposition 14,

P {errD (w′) ≥ ε} ≤ δ/4,

P {PD {|w′ · x′| ≥ φ/2} ≥ ε} ≤ δ/4
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both holds. Moreover, by Theorem 1, ‖w‖ = 1, and ‖xi‖ = 1, 1 ≤ i ≤ m + 1, we
have P {‖w′‖ ≥ 1 + ε} ≤ δ

2(m+2) and P {‖x′
i‖ ≥ 1 + ε} ≤ δ

2(m+2) , for 1 ≤ i ≤
m + 1. Define the “good” set of random matrix as:

G = {R : errD (w′) ≤ ε} ∩ {R : PD {|w′ · x′| ≤ φ/2} ≤ ε}

∩ {R : ‖w′‖ ≤ 1 + ε}∩
{

R : max
1≤i≤m+1

‖x′
i‖≤1+ε

}
.

Hence P {G} ≥ 1 − δ. Fix a R ∈ G in the following. S′ is the projection of S
under R. Denote A′ = S′ ∪ {

(x′
m+1, ym+1)

}
. The empirical error of w′ on A′ is

errA′ (w′) =
1

m + 1

m+1∑

i=1

I (sign (w′ · x′
i) �= yi) .

By the Chernoff bound, we have

PD {|errA′ (w′) − errD (w′)| ≥ ε} ≤ 2e−2(m+1)ε2 <
δ

4
.

Since R ∈ G, errD (w′) ≤ ε. Therefore, we obtain

PD {(m + 1)errA′ (w′) ≤ 2ε(m + 1)} ≥ 1 − δ

4
,

provided m + 1 ≥ log(8/δ)
2ε2 . Similarly, we can also bound the number of samples

correctly classified by w′ but with margin less than φ/2, i.e.,

PD

{
m+1∑

i=1

I (0 < yi (w′ · x′
i) ≤ φ/2) ≤ 2ε(m + 1)

}

≥PD

{
m+1∑

i=1

I (|w′ · x′
i| ≤ φ/2) ≤ 2ε(m + 1)

}

≥ 1 − δ

4
.

Setting γ = φ/2, D2
h,γ can be upper bounded by (m + 1)(1 + ε + φ/2)2. Hence

inf
‖h‖=1,γ

(
r + Dh,γ

γ

)2

≤ 1+ε+2(m+1) (1+ε+φ/2)2

φ2/4
,

if m ≥ 4. What’s more, D has a tighter bound. With probability at least 1− δ/2
over the randomness of all m + 1 samples, we have

D2
w′,φ/2 =

m+1∑

i=1

max {0, φ/2 − yi (w′ · x′
i)}2

≤(1+2ε+ε2+φ/2)2
m+1∑

i=1

I (sign (w′ · x′
i) �= yi)

+ φ2/4
m+1∑

i=1

I (0 < yi (w′ · x′
i) ≤ φ/2)

≤2ε(m + 1)
(
4 + 2φ + φ2/2

)
.
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Note that Dw′/‖w′‖,φ/(2‖w′‖) = Dw′,φ/2/ ‖w′‖. Therefore, if m ≥ 2/ε, with prob-
ability at least 1 − δ/2,

inf
‖h‖=1,γ

(
r + Dh,γ

γ

)2

≤
(

(1 + ε)2 + Dw′,φ/2

φ/2

)2

≤
(1 + ε)4 + 2D2

w′,φ/2

φ2/4

≤(1 + ε)4 + 4ε(m + 1)(4 + 2φ + φ2/2)
φ2/4

,

Hence, we can finally bound the error rate

errD (f) ≤ ED

{
2

m + 1
inf

‖h‖=1;γ>0

(
r + Dh,γ

γ

)2
}

≤
(

1 − δ

2

)
(1 + ε)4 + 4ε(m + 1)(4 + 2φ + φ2/2)

(m + 1)φ2/8

+
δ

2
1 + ε + 2(m + 1) (1 + ε + φ/2)2

(m + 1)φ2/8

≤ 16
m + 1

(1 + ε)2 + δ

φ2
+

40ε + 18δ

φ2
.

5 Linearly Non-separable Case

Our analysis can be further extended to the case when data are linearly non-
separable in the original space. We would like the compressedly learned classifier
to be not much worse than the best linear classifier in the original space. We
need to generalize the definition of regularity to a general linear classifier. Here,
we only consider linear classifiers passing through the origin.

Definition 16. A linear classifier h with a distribution D in R
n is regular, if

PD {x : |h · x| = 0} = 0. (9)

The definition is the same as that of a regular concept. However, here errD (h) is
generally nonzero. Let ĥ = argminh∈Rn errD (h) with η the minimal error rate.
The following result bounds the generalization error of the classifier f(x) learned
on compressed data in terms of η.

Theorem 17. D is a distribution in R
n. Let ĥ ∈ R

n be the linear classifier
with the minimal error rate η under D.

∥
∥
∥ĥ

∥
∥
∥ = 1. Suppose (ĥ,D) is regular. R ∼

RP(k, n). S is the training set of size m. Let S′ be the projection of S under R.
For any given ε > 0 and δ > 8ε, with probability at least 1− δ, the generalization
error of the classifier f(x) output by the voted-perceptron algorithm based on S′

satisfies,

errD (f) ≤ 1
φ2

(
4(1 + ε)2 + 2δ

m + 1
+ 10(ε + η) + 8δ

)
,
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if k = max
{

8
φ(ε2)2

log 2
ε(δ/8−ε) ,

32
φ2 log 2

ε(δ/8−ε) ,
8
ε2 log 2(m+1)

δ

}
,

where φ = φ
(
(ε + η)2

)
.

This result shows that if the margin distribution places little mass on small
margins, one can learn a linear classifier with compressed data which would not
be much too worse than the best linear classifier one can learned with original
data. When m is sufficiently large, the upper bound approximates c(ε+η+δ)

φ2 , and
the convergence rate is 1/m.

The proof is similar with that of Theorem 10. We omit it here and provide it
in the supplementary material.

6 Experiments

In this section, we provide experimental results on synthesize data. The purpose
of these experiments is to test how different distributions affect the accuracy of
a classifier trained on compressed data and whether these effects are consistent
with our analysis. We first introduce the experimental setups, and then provide
the detailed experimental results.

6.1 Experimental Setup

For each data set used in our experiment, we randomly choose 90% of the sam-
ples as the training set, and the rest is used as the testing set. We then train
two classifiers using the base algorithm on the original training set and com-
pressed training set respectively, where the compressed training set is obtained
by projecting the original training set to a k-dimensional space with a random
matrix. Finally the classification accuracy is evaluated on the original and com-
pressed testing set with the originally and compressedly trained classifier. To
reduce the training bias, we repeat the above procedure for N rounds and re-
port the averaged results. In this way, we totally trained M × N classifiers on
compressed data, and the averaged accuracy of compressedly trained classifiers
are also reported to compare with that of the classifiers trained on original data.
We choose several different values of dimension k and plot the test accuracy
curve as a function of the dimension. In the experiments, we set M = 50, N = 5
and T = 10 in the base algorithm.

6.2 Numerical Experiments

We synthesize data to test two aspects of our analysis: the effect of failing to
satisfy Assumption 9 and the effect of different values of robust factors, on the
compressedly learned classifiers.

First, we show that when Assumption 9 does not hold, the compressedly learned
classifier could be significantly worse than the classifier learned on the original
data. From Example 8, it can be seen that the robust factor of uniform distribu-
tion on the unit sphere in R

n fails to satisfy the assumption. We test this type of
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Fig. 1. Classification accuracy result on the uniform distribution over the unit n-sphere

distribution with n = 1000. The toy data set consists of 1000 i.i.d. samples gener-
ated from the distribution. w = [1, 0, · · · , 0]T is the halfspace concept to learn. The
averaged classification accuracy result is shown in Figure 1, which shows that the
compressedly learned classifier is much worse than the classifier trained on orig-
inal data, with a non-negligible error gap between the two classifiers even when
the dimension k is greatly larger than the original dimension n.

Second, we test the effect of the robust factor on the generalization error of
a learned classifier. Specifically, we want to show that if the robust factor of
a distribution takes a larger value, the learned classifier will be more accurate.
We choose w = [1, 0, · · · , 0]T as the common halfspace concept and obtain a
sequence of distributions with different robust factors near ε = 0 by modifying
a 1000-dimensional uniform distribution on the unit sphere as follows. When
a sample x is generated from the uniform distribution, we compute the value
v(x) = |w · x|. If v(x) is less than a threshold (0.01 in our experiments) we reject
this sample with probability 1 − p. Otherwise we simply accept it. The robust
factor of the obtained distribution has a larger value near ε = 0 than that of the
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Fig. 2. Accuracy curves for four distributions with different robust factors. Small values
of p give relatively large values of robust factor near ε = 0.
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uniform distribution. A smaller p gives a larger value of the robust factor near
ε = 0. We test four different values of p: 1, 0.5, 0.1, 0.01. From each distribution,
we generate 1000 samples. The averaged classification accuracy result is shown
in Figure 2. For a common k, a distribution with a larger robust factor near
the origin results in a more accurate classifier. This results approve our analysis
using robust factor to bound the error rate of a learned classifier.

7 Conclusion

In this paper, we study the problem of learning regular halfspace concepts with
compressed data. We notice that the hardness of compressed learning is captured
by the margin distribution. Therefore, we define the robust factor to characterize
the margin distribution of a regular concept. We show that the generalization
error of a compressedly learned classifier is tightly bounded in terms of the ro-
bust factor. Our analysis is also extended to the linearly non-separable case.
Both theoretical and experimental results are provided to show that under cer-
tain conditions, learning halfspace concepts accurately with compressed data is
possible.
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