Chapter 15
Verhulst and Poisson Distributions

The logistic curve (or Verhulst sigmoid curve) sometimes is used in spatial econo-
metrics (see, e.g., Domencich and McFadden, 1975; Paelinck and Klaassen, 1979,
pp- 6872, 156-168). Two examples will be given hereafter, one for estimation in
the binary case, the other for a dynamic specification. A related Poisson distribution
problem is then treated; the latter distribution is less frequently used, because count
data have to be available for econometric treatment.

15.1 Robust Estimation in the Binary Case: A Linear Logistic
Estimator (LLE)

For a binary variable z=1, let

dlié 1 — (1 + eXp(a,Xi‘l‘bi))_la (151)

which, for a variable with subscript i,. is the natural distance between / and the
logistic curve; equally, for z =0, let for a variable with subscript j

doj 2 (1 + exp(a’xj+bj) " (15.2)

which is that distance of the logistic curve from 0.
Furthermore let

_ A
a’xgi+ b= —1In (dil L_ 1) 25, (15.3)
and
’ -1 A
—a’xgj— bj= —1In (doj — 1) = 3, (15.4)
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In both cases, 6/0d > 0, and if d; = d;, then §; =9;.
Minimizing Y i87i + > i 60, and normalizing the vector 8, i being the unit column
vector, namely

min i'8 — %/2(8°6 — c), (15.5)
yields
i=28 = X*a, (15.6)
with
# X
X' = [_;(0] (15.7)

and a including the constant. Because A < 0, switching the sign of X¢ in Eq. (15.7),
replaces i by

A linear estimator of a is given by
a = (X’X)" X, (15.8)

with \ conveniently set equal to —/.
Therefore, for unit \.:

V(a) = (X’X) 1, (15.9)

and hence pseudo-7 values can be computed as follows
tk = ak/+/Xkks (15.10)
The method was applied to the following (unique) explanatory variable: 0.4, 0.5,

0.6, 0.92, 0.95, 0.98; Table 15.1 lists the results (pseudo-7 values in parentheses).
The results are graphically presented in Fig. 15.1.

Table 15.1 Estimation

results for model (15.8) Parameters Values
Slope —2.2169 (—40.7040)
Constant 1.1158 (30.3286)

R? 0.9988
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Fig. 15.1 The logistic resulting from Table 15.1
15.2 A Logistic Dynamic Share Model
Let 0 <ajj <1 be the share of sector i in region j; ) iaj; = 1, Vj.
Let the model be specified as follows
\T1-1
ajjt = [1 + exp (Zijaij’t'l —|—[31]>] (15.11)

a generalized logistic function. The superscripts refer to the subscripts of the left

hand member.
From Eq. (15.11) one can derive

—1 ij ij
ln(aijt -1 = Z ijaijaij,,t— 1+ BJ,
In equilibrium, a j; = a jjr1, Vi,j. Thus,
O . N
In(a — 1= ZOL”ijaijt +pY

1

i i
= OLJijaijt + I'J,

(15.12)

(15.13)

(15.14)
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Fig. 15.2 Equilibrium solutions for (15.13) and (15.14)

where r denotes the remaining terms. There are two possibilities according to the
sign of o;5. Figure 15.2 shows how possible solutions look (recall that 0 < aj; < 1).
In terms of stability, the following points can be made:

(1) There exists a confiner defined as follows:

max Zallijaij +pY (15.15)
ij

min Y oljjaij + B (15.16)
a ij

sty ag=1VY (15.17)

1 > a; > 0,Vi,j (15.18)
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Table 15.2 Test numbers for

model (15.11) t ar a1 a2 a2
1 0.30 0.70 0.65 0.35
2 0.32 0.68 0.64 0.36
3 0.32 0.68 0.64 0.36
4 0.34 0.66 0.62 0.38
5 0.37 0.63 0.62 0.38
6 0.38 0.62 0.61 0.39
7 0.39 0.61 0.59 0.41
8 0.41 0.59 0.57 0.43
9 0.41 0.59 0.57 0.43
10 0.42 0.58 0.56 0.44

(2) One can linearize (Taylor-expansion around 0.5) the left-hand member of
(15.12), yielding

a~ — 0.25 Aag_ 1 — 0.25(b — 2i). (15.19)

Convergence depends on —i < M(A) < i, whereas divergence is constrained by the
confiner. In the case of convergence, the attractor is:

a® = —0.25(1 + 0.25A)" (b — 2i). (15.20)

However, given the approximation, conditions (15.17) are not necessarily satis-
fied.

The following (fictional) numbers, reported in Table 15.2, have been used to test
the model.

Estimation (see Table 15.3) was performed by minimizing the sum of squares
between the observed aj;s and the SDLS endogenously generated ones (see Sect.
11.1.3). The resulting overall R? is 0.9989, and, moreover, conditions (15.17) are
very closely satisfied in both regions, with erratic divergences not exceeding 2%
[see comments about Eq. (15.20)].

Starting from the last observations, a 24-period simulation was performed.
Table 15.4 shows the results, which again obey conditions (15.17) very closely.
The simulation reveals the inherent dynamics of the model, which could hardly be
deduced from the “observed” series; Figs. 15.3 and 15.4 portray this once more.

15.3 A Linear Poisson Distribution Estimator

The Poisson probability mass function is given by

p(n) = exp(—pw)u"/n!. (15.21)
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Table 15.3 Estimation results from Table 15.2

Features ol V%31 a2 22

Parameters —6.16267 11.78416 9.939417 -13.3512
4.125329 3.303637 4.513609 -8.34668
—-6.61019 2.508025 —7.97125 3.446991

2.07069 -3.84603 -10.9558 6.180226
3.352769 —6.93088 2.237161 6.066311 Conditions (15.17)
SDLS 0.475024 0.505434 0.443078 0.572783 0.980458 1.015861
variables 0.316985 0.680277 0.63812 0.360616 0.997262  0.998736

0.324253 0.675817 0.640868 0.357918 1.000071  0.998786
0.343588 0.656204 0.626998 0.373463 0.999792 1.000461
0.36097 0.640596 0.616677 0.384327 1.001566 1.001004
0.379807 0.620659 0.601062 0.401076 1.000466 1.002138
0.394141 0.608216 0.591866 0.409607 1.002357 1.001473
0.40885 0.590948 0.575795 0.425779 0.999798 1.001574
0.414217 0.587613 0.571102 0.427662 1.00183 0.998764
0.417111 0.57954 0.557563 0.439539 0.996651 0.997101

Conditions 1.64E-09 -5.2E-10 1.2E-09 3.81E-10
(15.12) 1.27E-10  -1.1E-10  -1E-10 2.49E-11
1.1E-10 -1.5E-10  -8.6E-11 3.11E-11

1.37E-10  —6.8E-11 -1.5E-10  -1.3E-10

3.32E-13  —1E-10 —29E-10  -1.5E-10

—2.4E-10 1.02E-10  -64E-10  —4.1E-10

-1.9E-09 1.23E-10  —4.5E-10  5.47E-10

-12E-09  2.86E-10 -7.5E-10 1.23E-11

-33E-09  8.85E-11 2.75E-10  2.02E-09

SDLS minus 0.003015 0.000277 0.00188 0.000616
observed ajj  0.004253 0.004183 0.000868 0.002082
0.003588 0.003796 0.006998 0.006537

0.00903 0.010596 0.003323 0.004327

0.000193 0.000659 0.008938 0.011076

0.004141 0.001784 0.001866 0.000393

0.00115 0.000948 0.005795 0.004221

0.004217 0.002387 0.001102 0.002338

0.002889 0.00046 0.002437 0.000461

Its mean [ can be written as a function of various factors, x;; assume a linear
function. Then

In [p(nj)] = —pi + njlnpir — In n;! (15.22)

The first-order maximum likelihood conditions (the second-order ones also are
satisfied, as Eq. (15.22) is concave in the parameters) are, for some parameter a

ink = Znixik/ui (15.23)
i i
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Table 15.4 Simulation results

t a ] an axn Conditions (15.17)
1 0.42 0.58 0.65 0.35 1 1
2 0.602225 0.445547 0.496556 0.49466 1.047771 0.991216
3 0.671098 0.357977 0.399227 0.585599 1.029075 0.984826
4 0.663613 0.346834 0.367438 0.615801 1.010447 0.983239
5 0.611098 0.384416 0.383735 0.600675 0.995515 0.98441
6 0.537536 0.447841 0.428239 0.559126 0.985378 0.987366
7 0.457233 0.522775 0.487681 0.503906 0.980008 0.991587
8 0.382394 0.596658 0.551243 0.445049 0.979051 0.996292
9 0.325752 0.655956 0.606947 0.393426 0.981708 1.000373
10 0.295642 0.690855 0.644244 0.358716 0.986496 1.00296
11 0.291214 0.700626 0.659679 0.344255 0.99184 1.003934
12 0.304921 0.691703 0.657195 0.346493 0.996625 1.003688
13 0.328039 0.672193 0.643538 0.359153 1.000231 1.002691
14 0.353605 0.648826 0.624817 0.37652 1.002431 1.001337
15 0.376836 0.626439 0.60558 0.394357 1.003274 0.999937
16 0.394782 0.608214 0.588933 0.409789 1.002995 0.998723
17 0.406029 0.595901 0.576753 0.421086 1.001931 0.997839
18 0.410465 0.589988 0.569829 0.427519 1.000452 0.997348
19 0.409008 0.589897 0.568006 0.42923 0.998905 0.997236
20 0.403273 0.59429 0.570392 0.427041 0.997563 0.997433
21 0.395192 0.601406 0.575628 0.422208 0.996599 0.997836
22 0.386659 0.609425 0.582185 0.416144 0.996083 0.998328
23 0.379219 0.616776 0.588645 0.410161 0.995995 0.998806
24 0.373874 0.622369 0.593931 0.40526 0.996243 0.999191
25 0.371017 0.625685 0.597426 0.402014 0.996702 0.99944
If, on average, nj = 1, condition (15.23) also is satisfied on average.
Consequently

wi/ni = 1,; (15.24)
from which an OLS estimator can be derived as
a=X’X)" X’ (15.25)

where for the constant term elements n;~/ appear in X, because each element of the
usual unit column vector has to be divided by the counts observed.

The model has been applied to the data reported in Table 15.5.

Table 15.6 presents the results (pseudo-t values in parentheses) for a one-variable
(x;) with the n; ! terms as required.
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Table 15.5 Data to apply Eq.

(15.25)

Table 15.6 Estimation
results using data from
Table 15.5

15.4 Conclusion
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Xi nj
3 1
7 2
8 4
11 5
13 7
17 9
Parameters Values
Slope 0.4796 (5.7466)
Constant —0.4436 (—1.2584)

Again very robust and simple estimators have been developed for the Verhulst
and Poisson curve parameters. Although the processes might be complex, they are

readily calibrated.

The examples have shown that the obtained estimation results are readily usable
for consistent simulation, which moreover reveals properties that the original series
do not show at once. This demonstrates the utility of longer term extrapolations, as
the function—in this case, the Verhulst function—does not lead to analyses close to
that of classical dynamics (see Chap. 11).



	15 Verhulst and Poisson Distributions
	15.1 Robust Estimation in the Binary Case: A Linear Logistic Estimator (LLE)
	15.2 A Logistic Dynamic Share Model
	15.3 A Linear Poisson Distribution Estimator
	15.4 Conclusion



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




