Appendix D
Applications of Angular Momentum Algebra

In this appendix we consider four applications of the angular momentum algebra
theory described in Appendices A and B. In these applications we obtain explicit
expressions for quantities that occur in the main body of this monograph. We first
derive expressions for the long-range multipole potential coefficients, which arise in
our discussion of both non-relativistic and relativistic electron—atom and electron—
ion collisions. We then derive expressions for the long-range multipole potentials
which arise in R-matrix—Floquet theory and in time-dependent R-matrix theory of
multiphoton processes. Finally, we obtain an expression for the atomic differential
photoionization cross section.

In these applications it is important to adopt a consistent phase convention
throughout the analysis, although the final physical observables will not depend
on the phase convention chosen. We have pointed out in Appendix B.4 that two
phase conventions for spherical harmonics have been used in applications, referred
to as the Condon—Shortley and the Fano—Racah phase conventions. In this appendix
we adopt the Fano—Racah phase convention which has been used in many applica-
tions of R-matrix theory. However, in order to illustrate the importance of adopting
a consistent phase convention in the analysis, we also derive explicit expressions
in Appendix D.1.1 for the long-range multipole potential coefficients in non-
relativistic electron collisions with atoms and ions when the Condon—Shortley phase
convention is adopted.

D.1 Long-Range Electron-Atom Potential Coefficients

D.1.1 Non-relativistic Collisions

In this section we derive explicit expressions for the long-range multipole potential
coefficients in non-relativistic electron collisions with atoms and ions using both
the Fano—Racah and the Condon—Shortley phase conventions. We consider first the
expression obtained using the Fano—Racah phase convention.
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We have shown in Sect. 5.1.3 that the long-range local potential completely
describes the electron—target interaction beyond some radius ag where the non-local
exchange and correlation potentials are negligible. This enables R-matrix propaga-
tor methods to be used to solve the resultant coupled differential equations (5.29) in
this external region. We also note that the long-range potential coefficients are used
in the development of asymptotic expansion methods for solving these equations,
described in Appendix F.1.

In the absence of relativistic effects, the long-range potential coefficients aiI;/ , in
(2.73) and (5.30) are defined by the equation
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where the integration in this equation is carried out over all the (N + 1)-electron
space and spin coordinates except the radial coordinate of the (N + 1)th or scat-
tered electron. We expand P, (cos Oxy1) in (D.1) in terms of spherical harmonics
satisfying the Fano—Racah phase convention, using (B.77) which we rewrite here as
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and we define the channel functions Eir in (D.1) as follows
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and an analogous expression for @;, . We also introduce the tensor operators
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Substituting these results into (D.1) and carrying out the summations over the spin
magnetic quantum numbers, which yield ég;s,,, then gives
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The integration over the scattered electron angular coordinates 1 in (D.6) can be
carried out using (B.71) yielding
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In order to carry out the summation over the orbital magnetic quantum num-
bers, we introduce the reduced multipole moments of the target expressed as
(o L; i ||MfR| |y Lir S;rrir) which are defined by the equation
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This result follows from the Wigner—Eckart theorem (Wigner [965], Eckart [282])
which states that the dependence of the matrix element (®;|M;,,|®;) on the mag-
netic quantum numbers My, M Ly and m 1is entirely contained in the Clebsch—
Gordan coefficient (L; M Li,)»m|L,<M ;). The reduced multipole moments of the
target thus depend on the detailed atomic structure of the target states but not on
their magnetic quantum numbers.

We now collect together the terms involving the orbital magnetic quantum num-
bers from (D.6), (D.7) and (D.8). We define the summation
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This summation can be evaluated using the symmetry property of the Clebsch—
Gordan coefficient
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which follows from (A.21) and (A.23) and the definition of the Racah coefficient
given by (A.46). We then obtain

S = (=D L1 + )QL; + D1Y> W(L; Ly €:¢;; AL), (D.11)
where we have also used the symmetry properties of the Racah coefficients given

by (A.48) and (A.49). Using this result, we find that the expression given by (D.6)
for the long-range potential coefficients reduces to
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where we note that the term i%+4'—* = 41, since it follows from (A.27) that

(£;0101€;:0) = O unless £; + £;; — A is even. It also follows from (D.12) that O‘il;/x is
real and from (D.1) that ozil;,/\ is symmetric so that 041.1;,A = al.F,M.

We next derive an explicit expression for the long-range potential coefficients
when we adopt the Condon—Shortley phase convention. We again commence from
(D.1), but we now expand P, (cosfxy+1) in terms of spherical harmonics using

(B.48) which we rewrite here as
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and we define the channel function 5; in (D.1) as follows
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Substituting these results into (D.1) and carrying out the summations over the spin
magnetic quantum numbers then give
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The integration over the scattered electron angular coordinates Fy 4 in (D.17) can
be carried out using (B.45) yielding
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and we introduce the reduced multipole moments of the target by the equation
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Substituting (D.18) and (D.19) into (D.17) and collecting terms involving the orbital
magnetic quantum numbers then yield the following summation

S=Y" > > (=D"™(LiMptimg,|LML)(Li My, €img, LML)

m Mpmey; My, me,

X (A —mlyme, |€ime,) (LM, Am|LiMy,), (D.20)

which is the same as (D.9) and can thus be evaluated yielding (D.11). Substitut-
ing this result into (D.17) then gives the following expression for the long-range
potential coefficients using the Condon—Shortley phase convention
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Comparing this result with (D.12) we see that the Condon—Shortley reduced mul-
tipole matrix element is replaced by the equivalent Fano—Racah matrix element
and the overall phase factor is modified, although in both cases oel.I;,)L is real and
symmetric. Hence, as pointed out in the introduction to this appendix, a consistent
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phase convention must be adopted throughout the analysis in order to obtain correct
results for the physical observables.

D.1.2 Inclusion of Relativistic Effects

The above analysis has to be extended as the nuclear charge number Z increases and
relativistic effects start to play an important role in low- and intermediate-energy
electron collisions with atoms and atomic ions. In this section we derive explicit
expressions for the long-range potential coefficients, using the Fano—Racah phase
convention, when relativistic effects can be accurately described by the Breit—Pauli
Hamiltonian discussed in Sect. 5.4.2.

We commence by deriving an expression for the long-range potential coefficients
when relativistic effects in the target can be neglected. Adopting the pair-coupling
scheme, defined by (5.116), we obtain the following expression for the long-range
potential coefficients oziji{j\ in terms of the long-range potential coefficients, oe[.];, )
defined by (D.1) in the absence of relativistic effects,
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We see that the transformation in this equation has the same form as the transfor-
mation of the K-matrix defined by (5.119). We can carry out the summation over
L and S in (D.22) using the expression for the recoupling coefficients in terms of
Racah coefficients given by (5.118) and for the long-range potential coefficient o il;, 2
given by (D.12). After using the orthogonality relation and the sum rule satisfied by
the Racah coefficients, given by (A.50) and (A.52), we find that (D.22) reduces to
o7y = TSR QG + DY+ D@y + DIV
x (L;0A0[L:OVW (£ i it Jirs KiM)W (LiJiLirJir; SiA)
x (et Li Simti || M|ty Lir Sy i) 85,5, 0k, K. - (D.23)

This equation can be further simplified by introducing the following reduced multi-
pole moments corresponding to the fine-structure levels of the target
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where the reduced multipole moment on the right-hand side of this equation is
defined by (D.8). The expression (D.23) for the long-range potential coefficients
then becomes
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In (D.24) and (D.25) we have introduced the quantities S; and K K; which are
the integral parts of S; and K;, respectively, so that S; Ki = S — K;.
This ensures that the transformed reduced multipole moments of the target
(0 Li Si Jimi ||IMR||oy Ly Sy Jyr7rir) defined by (D.24) are real. It follows from
(D.24) and (D.25) that the long-range potential coefficients are diagonal in the quan-
tum numbers S; and K;.

When relativistic effects in the target are important then the long-range
potential coefficients must be transformed using the term-coupling coefficients
f(AiJimi; o; L; Simri) defined by (5.122). The transformed long-range potential
coefficients are then given by

Wq Z Z F (AT o Ly i) f( Ay Jymyrs oy Ly Sy,
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where the channel subscripts u and ©’ on the coefficients o /ﬁi/ , are defined by

w=A; Ui 4 Ki 5, w =4y Jy b Ky 5 (D.27)

The summation over S; and S;s in (D.26) means that the transformed long-range
potential coefficients are no longer diagonal in the spin quantum number S;. How-
ever, it follows from (D.25) and (D.26) that these coefficients are still diagonal in
the quantum number K;. This conservation rule follows from the definition of the
pair-coupling scheme given by (5.116). Since the total angular momentum quan-
tum number J is conserved, and since the spin s; of the scattered electron is also
conserved in the external region, where electron exchange effects are zero, then the
quantum number K; is also conserved. As discussed in Sect. 5.4.2, conservation of
K; results in the coupled second-order differential equations, describing the radial
motion of the scattered electron in the external and asymptotic regions, sub-dividing
into two uncoupled sets of equations with considerable saving in computational
effort.

In conclusion, we see from (D.12), (D.25) and (D.26) that the problem of calcu-
lating the long-range potential coefficients has been separated into two distinct parts:
first, the calculation of the Clebsch—Gordan and Racah coefficients which depend on
the target orbital angular momenta, the total angular momentum and X and second,
the calculation of the reduced multipole moments of the target which involves the
detailed atomic structure of the target states.
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D.2 R-Matrix-Floquet Multiphoton Potential

As our second application of angular momentum algebra theory, we derive explicit
expressions for the long-range potential which arises in R-matrix—Floquet theory of
atomic multiphoton processes, discussed in Sect. 9.1, where in this analysis and in
later examples discussed in this appendix we adopt the Fano—Racah phase conven-
tion discussed in Appendix B.4. We have shown in Sect. 9.1.3 that this potential is
defined by (9.41) as follows

WYY = vEY 4 vPY L vPr, (D.28)

We consider these three terms successively below.

First, VEY arises from the electron—electron and electron—nuclear potential terms
in the Hamiltonian Hy 1 defined by (5.3). Its matrix elements are defined by (9.42)
as follows
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where the integration in this equation is carried out over all the (N + 1)-electron
space and spin coordinates except the radial coordinate of the (N + 1)th electron.
Also the term —N/ry41 is included so that the long-range Coulomb interaction
experienced by the ejected or scattered electron is completely included on the left-
hand side of (9.38). Using expansion (B.49) for the 1/r;y 1 terms in (D.29) we
obtain

A max
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which is the same as the long-range potential arising in electron collisions with
atoms and atomic ions defined by (2.73) and (2.74). An explicit expression for the
real coefficients O‘i);")» has been derived in Appendix D.1.1 and is given by (D.12)
using the Fano—Racah phase convention, where we observe that in these expressions
the total orbital angular momentum L = L’ is conserved. The potential V(r) in
(9.61) is then given in terms of VE7 by

e+ 2AZ-N)
r
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where the first two terms on the right-hand side of this equation are diagonal
matrices.
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Next, the V27 term in (D.28) arises from the dipole length operator Dy in (9.34)
which we write here using the Fano—Racah phase convention as

[ . i fan\'? LY
Dy = Eso;zi =—iDy =—3 (T) &);riym(ei, ¢i),  (D.32)

where we have taken the z-axis to lie along the laser polarization direction €. The
matrix elements of Dy, defined by (9.43), are then given by
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We expand the channel functions 5,}: 1; and 52:, ;v in terms of the residual atom or
ion states @; and @;s by an equation analogous to (D.3). The summation over the
orbital magnetic quantum numbers in (D.33) can then be carried out by introducing

the reduced dipole matrix elements of the target (o; L;S;m;||Dn||ejLir Sirmrir), in
analogy with (D.8). That is, we write

(@: (XN Dy Dy (Xy)) = QL; + 1)Ly My, 10|11 My,)
x (o L;i Simi||Dn||ejr Lir Syrmwir ). (D.34)

Following the angular momentum algebra procedure adopted in the simplification
of aiyi, , defined by (D.6) we find that (D.33) reduces to
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We see that the VP7 term is independent of the radial coordinate r of the ejected or
scattered electron and connects channels where

n=n+1, Li=Ly,Ly+1, ¢;=¢y, L=L,L'+1, Mp=M; (D.36)
and also where the spin quantum numbers are conserved.

The symmetry properties of VP7 follow immediately from the symmetry
relations satisfied by the Clebsch—-Gordan and Racah coefficients in (D.35)



656 Appendix D Applications of Angular Momentum Algebra

and the following symmetry property of the reduced matrix element in this
equation

(a; Li Simti||Dnlley Lir Syrmrir) = {or Ly Spmwir || Do Li Si i) (D.37)

Also, this reduced matrix element can be shown to be real. Hence it follows that
py\ ¥ D py\T D
(V V) — VD7 and (V V) — vDr (D.38)

so that VL7 is pure imaginary, antisymmetric, hermitian and independent of r. We
also note that the potential D in (9.61) is given in terms of V27 by

D= —2vPr, (D.39)

We observe that if instead of using the Fano—Racah phase convention for the spheri-
cal harmonics we had used the Condon—Shortley phase convention then V7 would
have been real, symmetric and hermitian.

Finally, the VX7 term in (D.28) arises from the dipole velocity operator Py
defined by (9.35). Its matrix elements are defined by (9.44) as follows:

VPV _ ( —1 5)’ (X B ) 'ﬂ" -1
nLin'Lit = TN 1 Pnri (AN ENFION+1) |15 7€ - PN+1] Ty
—y .
X @0 (XNs ENa108 1)) (Suw1 — Sun—1) - (D.40)

In order to evaluate this expression we again take the z-axis to lie along the laser
polarization direction € so that € - p is defined by (B.72). Also, we remember
that the channel functions 53/ are defined by (D.3) using the Fano—Racah phase
convention and the matrix elements of € - p in a spherical harmonic basis are
given by (B.73). We then find after some angular momentum algebra that (D.40)
reduces to

vEr

Ag 0t r_7.
aLin'Lit = 5 Ol — S i Tl (=D ETETL20; + (2L + 1)]'V?
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where f(¢;:, £;) is defined by (B.70) with the primed and unprimed quantities inter-
changed. In addition, following our analysis of (B.74), we observe that the 1/r term
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in the brackets in (D.41) arises from the operation of € - py+1 in (D.40) on the

radial wave function r—! F nVLVl ; (r), where the reduced radial wave function F nVLyl j (r)

satisfies (9.38). Hence we find that ang,n/ 1+ defined by (9.42), operates, as required,
on the reduced radial wave function F' :Z . (r) in (9.38).

The symmetry properties of V7 follow immediately from (D.41) and (B.70).
Since ¢; = £; £ 1 in (D.41) then jitr=t = Fi, and since all other terms in this
equation are real then V77 is pure imaginary. The potentials P and Q in (9.61) are
defined in terms of VF7 by

d 1
P— + Q- = —2vPr, (D.42)
dr r

It then follows from (D.41) and (D.42) that P and Q are pure imaginary and inde-
pendent of the radial coordinate r. It follows from the symmetry properties of the
Clebsch—Gordan and Racah coefficients, given in Appendix A, and the symmetry
of the function f(¢;, ¢;), defined by (B.70), that

PI=P and Q'=-Q, (D.43)
where PT and QT are the transposes of P and Q. Hence it follows that
P'=—-P and Q' =Q, (D.44)

where P™ and QT are the hermitian conjugates of P and Q, respectively, so that P is
antihermitian and Q is hermitian.

If instead of using the Fano—Racah phase convention for the spherical harmonics
we had used the Condon—Shortley phase convention then both P and Q would have
been real but (D.44) would still have been satisfied. In both cases it follows from
(D.41) and (D.42) that the diagonal elements of P and Q are zero.

D.3 Time-Dependent Multiphoton Potential

As our third application of angular momentum algebra theory we derive explicit
expressions for the long-range potential that arises in time-dependent R-matrix
theory of atomic multiphoton processes, discussed in Sect. 10.1, using the Fano—
Racah phase convention. We have shown in Sect. 10.1.3 that this potential is defined
by (10.53) as follows:

WY = VEY 4 vPr 4 vEY, (D.45)

where in the following analysis we will assume that the dipole velocity gauge is
adopted. We now consider the three terms in (D.45) successively below.
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First, VEY arises from the electron—electron and electron—nuclear potential terms
in the Hamiltonian Hy 1 defined by (5.3). Its matrix elements are given, in analogy
with (D.29), by

1 N

FiN+1 TN+l

N
Ey —1 =V LA
Vi = (ryl @7 X By piong) Y

j=1

X ryh @L (X Eve1on+1) (D.46)

where the integration in this equation is carried out over all the (N + 1)-electron
space and spin coordinates except the radial coordinate of the (N + 1)th electron.
Following our analysis in Appendix D.2, see (D.30), we obtain the following expres-
sion for this potential:

Amax

Vil ) =Y al,r T = ao, (D.47)
r=1

which is the same as the long-range potential arising in electron collisions with
atoms and atomic ions defined by (2.73) and (2.74). The potential V(r) in (10.55) is
then given in terms of VE? by

V(r) = — —2VEY (), (D.48)

Z(Z—ZI-I) n 2(Z—N)I
r

r

where the first two terms on the right-hand side of this equation are diagonal
matrices.

The VP7 and VF7 terms in (D.45) arise from the dipole velocity operator term
c’]A(t) -Pyn41, which when 1 = thr%, can be written as

N+1
P ==Y Al 1) Pi=Py+ Py, (D.49)

i=1

where Py arises from the laser interaction with the residual ion containing N elec-
trons, defined by

N
1
Py=12 AGyy) B (D.50)
1=

and Py arises from the laser interaction with the ejected or scattered electron,
defined by

1
Pyni1 = EA(t’”JF%) “PN+1 (D.51)

We now consider the contribution to the potential from Py and Py in turn.
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The matrix elements of the potential VD7 in (D.45), which corresponds to the
interaction of the laser with the residual ion, are given by

D —
V. = (FN+1¢ (XN,I‘N+1UN+1)|PN|FN+1<D Xn:tyriong1),  (D.52)

where, taking the z-axis to lie along the laser polarization direction €, we can write

i al 9 sing; @
Py = ——A(t cosfj— — —~L — D.53
N C (m-',-%)Z( Jarj rj 39j) ( )
j=1
which follows from (B.72). Hence we can write
Vil = Vi 4 Vi (D.54)
where
D
Vo = ——A(t +1)(rN+1<1> Xn; En108+1) Zcos@ o
j=1
X Iy @h Xy By piong)) (D.55)
and
i N sinf; 0
D L . )
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j=1 J J
er+1q§ Xy Evt1on+1)) (D.56)

In order to evaluate Vi?‘y, defined by (D.55), we expand the channel functions

53’ and 53// in terms of the residual atom or ion states @; and @;s using (D.3) with
I" replaced by y. Also, it follows from (B.54) and (B.64) that

47\ /2
cosf = —i (T) Y108, @), (D.57)

and we define the reduced matrix element (c; L; S; ;|| P]EII) [lajr L2 Syrrir), in analogy
with (D.34), as

(@i (Xn) Zylowj,m @y (X))

j=l1
=L, + 1)‘1/2(L,~/ML,,,10|LiML1><aiLiSini||P§1>||ai/Li/Si/ni/>. (D.58)
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In order to evaluate Vl.?zy, defined by (D.56), we again expand the channel func-

tions 53/ and 53-/, in terms of the residual atom or ion states @; and @,/ using (D.3)
with I" replaced by y. Also, it follows from (B.40) and (B.64) that

a
SiHGEYZm(Q, ¢) = —ia(l,m)Ver1m (0, @) —ib(l, m)Ve—1m (0, ¢),  (D.59)

where
_[e+m+DE—m+17"?
alt,m) = ¢ [ Q20+ D2C +3) } (D.60)
and
B € +mye—m 2

and where we have included the operation of sin6d/96 in (D.56) on the angular
function Yy, (0, ¢) in 53/,. Hence we see that the operation of sinf#d/d0 in (D.56)
modifies the orbital angular momenta of the residual ion by 1 while leaving the
magnetic quantum numbers unaltered. It follows that we can define the reduced
matrix element (a; L; Si7; || P\P |lajs L Siryr) by

sinGj d @ (X ))
ro00; N

N
(@ (Xy) |-

j=1

C(4x\'/?
= i (7) L+ 172 ) (LirM, 10|L;i ML)
L['//

2
X (o Ly S| Py etie Lin Syree) (D.62)

where, by comparing this result with (D.58), we see that there is an additional sum-
mation over L;», corresponding to the terms on the right-hand side of (D.59). Also,
we have included the factor —i(47r/3)'/2 in (D.62) which corresponds to the factor
in (D.57) used to transform (D.55). We then obtain after some angular momentum
algebra that the matrix elements of Vi?,y, defined by (D.54), (D.55) and (D.56), can
be written in terms of the reduced matrix elements, defined by (D.58) and (D.62),
as follows:
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1/2
vy L oL + 1 L 101 M)
i T\ 3 m+3 L L

1 1
x ) [W(LL,»L’LI-//; €D {o Li Syt || Py leyr Lin Sy} (= D57 81,1,
Lin»

2 i
+ WLLL L 6D LiS;mil | P e L Sty (~ D5 |

X Smy My, Smp, ., 855 8MsMy 85, Sms, M, Seit, Omy,my, Omim, - (D-63)

We see that Vi?,y is independent of the radial coordinate of the ejected or scattered
electron and connects channels where

L=L, L'+1, M;,=Myp, (D.64)

and where the spin quantum numbers are conserved. The reduced matrix elements
in (D.63) can be shown to be antisymmetric and hence VP7 is real, symmetric,
hermitian and independent of r. We also note that the potential D in (10.55) is given
in terms of VL7 by

D= —-2vPr, (D.65)

Finally, we consider the matrix elements of V7 in (D.45), corresponding to the
interaction of the laser with the ejected or scattered electron. In this case the matrix
elements are given by

P —1 =< A~ -1 = A~
Vil = b @7 X Bvgpion ) [Pt iyl @1 (Xivs By siong1). (D.66)

where Py is defined by (D.51). After taking the z-axis to lie along the laser polar-
ization direction €, we can write

9 in6 3
SRON > . (D.67)

i
Pyny1 = —-A(t,, 1) <0089N+1 -
¢ "h OrN+1 N+l 00N41

We then expand the channel functions 53’ and 53/, in (D.66) in terms of the residual
atom or ion states @; and @; using (D.3) with I" replaced by y, and we use (B.72)
and (B.73) to write

(Yem (O, @) P11 Verm (0, )

20 41
20+ 1

1 /
= —A@, )it !
¢ Almey) dryyr N

] (10€¢'m|€m)(10£'0€0) ( d f ,e))

X Bpm’ s (D.68)
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where f (£, £) is defined by (B.70) with the primed and unprimed quantities inter-
changed. Using these results we then obtain after some angular momentum algebra
that (D.66) reduces to

i /
Vil = == Al DI DR e + DL+ 11
C 2
/ 1y . d f(gi’s 61) 1
x (£;010[£;:0) (LML 10|L' M)W (LE;L'¢;; Li1) T
r r r

X 855 8msMg MMy 81,1, 0My, My, 85s;5,8Mms, Mg, (Sm,-mi/(smgimgi, .
(D.69)

We see that (D.69) has a similar form to (D.41), which arises in R-matrix—Floquet
theory in Chap. 9. Also, it follows from the Clebsch—Gordan coefficients that the

potential Vif/y connects channels where
li=4ep+1, L=L,L+1. (D.70)
By comparing V7 with the potentials in (10.55) we find that

d 1
P— + Q- = —2VvPr, (D.71)
dr r

Also both P and Q are real since the factor iti—titl jp (D.69) is real. In addition, it
can be shown from (D.69) that P is antisymmetric, and hence antihermitian and Q
is symmetric and hence hermitian so that

PP=—P and Q'=0Q. (D.72)

D.4 Atomic Photoionization Cross Section

In our final application of angular momentum algebra theory we derive an explicit
expression for the differential photoionization cross section given in Sect. 8.1.1 by
(8.43) and (8.44). In that section we obtained the following result for the differen-
tial cross section for photoionization of an unpolarized atom or ion by a polarized
photon beam, see (8.41),

do V't

ij Ay _
i i 2
a0 (2L+1)(2S+1)MZLMSMZL,MS, Zm/ (el Dul¥in) (079
j

where Ay 1 is a constant defined by (8.42) and where we write (lI/ﬁ;|D,L|lI/,' B) in

terms of the reduced matrix element (0[} L/j S}E/].L/S/||D| |a; LS), defined by (8.38)
as follows, see (8.40),
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(Wi DulWin) = ) Y (LiMy ymy |L'My)(S; My 3m|S M)
Cimy LS’
J
X (LML 1pIL' M) QL + 1)) explioy ) Ve, 6. 1)
J

x (@i LS/, L'S'|| Dl|a; LS)8558psmy (D.74)

We now substitute (D.74) into (D.73) yielding

V.L
doy;™ Ay L

d2  QL+DH@2S+1)

) Z Z Z Z Z[(ZL’+1)(2L“+1)]—1/2

MyMs M; Mg Z}ml’jl‘/ Z;.’me/j/[// m/j

A . .
x i/ exp(—ioy, + lagy)y;,mz, Ok, $)Verm,, Orcs $1)
1
X (L/]-ML}Z/J»m(; |L/ML/)(L’].ML;£/mez;g|L”ML~)(S}MS}im/j|SMS)
X (83 Mgy 3m’;| SMs) (LM 1| L' M) (LM 1| L M)

x (L', S}, L'S||Dlla; LS)* (o} L', S €/ L" S| | D||e; LS). (D.75)

In order to simplify (D.75) we first observe from (A.16), satisfied by the Clebsch—
Gordan coefficients, that

Mp =Mpr and my =my. (D.76)
J J

Also, the summation over the spin magnetic quantum numbers Mg, Mg and m’. in
(D.75) can be carried out using (A.18) yielding a factor (25 + 1). We then use the
following result satisfied by the Fano—Racah spherical harmonics:

yZimé, Ok ) Verm,, Ok $1)
4 j J

= i )" Y @m e, + nedl + 01 - my €fmyy|€0)
- |

x (€;0€01€0) Py (cos ). (D.77)

which follows from (B.33), (B.38), (B.47) and (B.64). We also use (A.45) and the
symmetry relations given by (A.21), (A.22), (A.23), (A.24), (A.25), and (A.26) to
carry out the following summations over Clebsch—Gordan coefficients in (D.75):
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S D" LMy iy | L M) (L My €mg | L M) (€ —my €my [€0)
LMty LU Mt iy, L\Ej =gt jmy,

m[/_
J
= ()Y Mr oL + L + DIYVAW My L —M i |00)
x W(L'C;L"¢}; L' 0) (D.78)
and

Z (=DM (LML M) (LM | L My ) (L' My L —M,1€0)
MM,

= (=D el + DeL” + D1V —plp|O)WAL'1L"; Le).  (D.79)
Using (D.76), (D.77) and (D.78) we find that (D.75) can be rewritten in the form

o,k A
Lo = Y A Peleos ), (D.80)
14

d2 ~ 4nQL+1)
where
L+L 4 . . ’ Y 12
Ay =Y (=DM exp(—ioy, +iop) [@€) + D@+ 1]

L’L”Z/jti’]f ’ ’

x [@L + D@L + D] (1-u1]€0)(¢;0¢70]€0)

x W(L'GL"e L yW(IL'IL"; L)

x (LS5 L'S|| D]l LS)* (o, L', S} /1" S||Dl|e; LS).  (D.81)

This result for the differential photoionization cross section was used in Sect. 8.1.1
to obtain expressions for the integrated photoionization cross section and the asym-
metry parameter.
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