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Abstract. The p-ary function f(x) mapping GF(p?*) to GF(p) and
given by f(x) = Tra (amd + bwz) with a,b € GF(p**) and d = p** +
p?® — p* + 1 is studied with the respect to its exponential sum. In the
case when either a?" ®"+1) #+ " or a? = b? with b # 0, this sum is
shown to be three-valued and the values are determined. For the remain-
ing cases, the value of the exponential sum is expressed using Jacobsthal
sums of order p* + 1. Finding the values and the distribution of those
sums is a long-lasting open problem.
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1 Introduction

Niho in [T, Theorem 3-7] and Helleseth in [2] studied the cross correlation be-
tween two binary m-sequences that differ by the decimation 23% — 228 42k 4 1.
They proved that the cross-correlation function is four-valued and found the
distribution. In [3], Helleseth and Kholosha constructed a p-ary weakly regular
binomial bent function that has an exponent of this type in its first term (the
second term is a square). This gave the infinite class of nonquadratic generalized
bent functions built over the fields of an arbitrary odd characteristic. In this
paper, we take n = 4k, an odd prime p and examine p-ary functions having the
form f(x) = Tr, (aazd + bxz) with a, b,z € GF(p") and d = p3* + p?* —pF 4+ 1.
Functions of this type with a and b being nonzero belong to the class of binomi-
als. Note that d is cyclotomic equivalent to the Niho exponent (with 2 changed
to p) and that ged(d,p™ — 1) = 2 since d = (p** — 1)(p* +1) + 2.

Given a function f(x) mapping GF(p") to GF(p), the direct and inverse Walsh
transform operations on f are defined at a point by the following respective
identities:

1
z€GF(pm) p yeGF(p™)
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where Tr, () : GF(p") — GF(p) denotes the absolute trace function, w = e7 s
the complex primitive p'" root of unity and elements of GF(p) are considered as
integers modulo p.

According to [4], f(z) is called a p-ary bent function (or generalized bent
function) if all its Walsh coefficients satisfy |Sf(y)|?> = p™. A bent function f(z)
is called regular (see [4, Definition 3] and [5], p. 576]) if for every y € GF(p™) the
normalized Walsh coefficient p~"/2S +(y) is equal to a complex p*™ root of unity,
ie., p7"/28;(y) = w/™ W for some function f* mapping GF(p") into GF(p). A
bent function f(z) is called weakly regular if there exists a complex u having
unit magnitude such that up*”/zsf(y) = w/™® for all y € GF(p™). Recently,
weakly regular bent functions were shown to be useful for constructing certain
combinatorial objects such as partial difference sets, strongly regular graphs and
association schemes (see [6l7]). This justifies why the classes of (weakly) regular
bent functions are of independent interest. For a comprehensive reference on
monomial and quadratic p-ary bent functions we refer reader to [g].

Taking a = b = 1, results in a weakly regular bent function and the exact
value of its Walsh transform coefficients (and value distribution) can be found.

Theorem 1 ([3]). Let n = 4k. Then p-ary function f(z) mapping GF(p™) to
GF(p) and given by

flz) =Try (:cpsup%*pk“ + wz)

is a weakly regular bent function. Moreover, for y € GF(p™) the corresponding
Walsh transform coefficient of f(x) is equal to

Sf(y) _ _p2kwTrk(3:0)/4 ,
where xq is a unique root in GF(p*) of the polynomial
yP (7 + X)(pz’“+1)/2 4Pt @D (y° + X)pk(p2k+1)/2 .

In particular, if y> € GF(p**) then o = —Trik (yz) Also, every value —p?*w’
with i = {1,...,p — 1} occurs p** 1 (p?* + 1) times in the Walsh spectrum of
f(x) and —p* occurs (p**~1 — 1)(p** +1) + 1 times.

The general case when a,b € GF(p") is much more complicated. It seems to
be hard to find the Walsh transform coefficients of f(z) at an arbitrary point,
so here we calculate the exponential sum of f(z), i.e., Sy(0). This is equal to
the cross-correlation function between two sequences of length (p™ — 1)/2 ob-
tained by the decimation of an m-sequence by d and 2 or can be seen as a
codeword weight in the corresponding p-ary linear code. We relate this value to
the number of zeros, a particular polynomial has in a cyclic subgroup of order
p?¥ 4+ 1 of the multiplicative group of GF(p™). Moreover, we show that if either
a?" ") £ P+l or g2 = b with b # 0 then the exponential sum of f(x)
is three-valued. Some steps towards finding the distribution of these values are
made but the exact distribution remains an open problem. For the remaining
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options for choosing (a,b), we show that S;(0) can be expressed using the Ja-
cobsthal sum of order p* 4+ 1 which has the number of possible values growing
with k. In Sections 2 and Bl we calculate the cyclotomic numbers of order p* + 1
in GF(p?*)* and prove the estimate of Artin-Hasse type for the Jacobsthal sums
of order p¥ + 1. These are used to find few important properties of S +(0).

2 Cyclotomic Numbers of Order p* + 1

Let v be a primitive element of GF(p?*) and let C; (t = 0,...,p") denote the
cyclotomic classes of order p* + 1 in GF(p?*)*, ie., Cp = {p® D+t | j =
0,...,pF — 2}. The number of elements x € C; such that z + 1 € C; is called
the cyclotomic number and denoted (i,7). Since —1 € Cj in our case, we can
also take x — 1 in the definition of the cyclotomic numbers. Note that since the
cyclotomic numbers of order p* + 1 are uniform (see [9]), their values can easily
be determined. Nevertheless, in the following lemma, we give a straightforward
proof using the technique suggested for the binary case in [I0, Sec. 5].

Lemma 1. For anyi,j =0,...,p", the cyclotomic numbers of order p* 4+ 1 in
GF(p**) are
1, if i#jandij#0
(i) =4 pF—2,if i=j=0
0, otherwise .

Proof. Note that GF(p?*)* = io Cy and —1 = " =1/2 ¢ (.

p2k(i,j) _ Z Z Z wTrer(z(z—y—1))

2€GF(p2k) z€C; yeC;j

k
— (pk _ 1)2 +i: Z w—TI'Qk(Z) Z wTrgk(zx) Z w—Ter(zy)

t=0 zeCy zeC; yel;
k

P
= (pk - 1)2 + ZPtPt+iPt+j )
t=0

where indices of P; are calculated modulo p* + 1 and

Po= ) Wt = pk1+ 1 > W (=" 1)

z€Cy Z2EGF(p2k)*
) [pF—1,if t=(pF+1)/2
~ 1 -1, otherwise

for t =0,...,p" and (%) follows from [8, Lemma 2 (iii)]. Therefore, if i # j and
ij # 0 then

(i) =p " (" =1 +30" -1) - (" -2)) =1.

Similarly, it is easy to see that (0,0) = p* — 2 and in the rest of the cases,
(i,5) = 0. 0
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3 Estimate of the Jacobsthal Sums of Order p* 4 1
Following [I1], Definition 5.49], for any a € GF(q)*, define a Jacobsthal sum of

order n as
Hy(a)= Y n@* +az) ,
z€GF(q)

where 7(-) is the quadratic character of GF(q) extended by setting n(0) = 0.
Define also a companion sum

I,(a) = Z n(z" +a) .

z€GF(q)*

It is well known (see, e.g., [IT, Theorem 5.50]) that I, (a) = I,(a) + Hp(a).

In our case, ¢ = p** and we consider n = p* + 1. If a € GF(p*) then,
obviously, Ik 1(a) = Iypri1y(a) = p?* — 1 and Hyryq(a) = 0. Now take any
a € GF(p?*) \ GF(p*) and assume a~! € C;. Then i # 0 since Cy = GF(p*)*,
and we can compute

Lpsi(a) = n@) > (e */a+1)

zEGF (p2k)*
. (P*-1)/2 (p*—1)/2
= (0D DD G2 - > 2 +1)
J=0 J=0
(i)(pk—l—l) pk;1—2—pk2+1:—2, if ¢ is even
P =0, if i s odd
= —(" +D(n(a) +1) , (1)

where (x) follows from Lemma [Il Note that n(a) = (—1)1’)“*1” = (—1)! since
a € Cpr 1. Calculating Hx 4 (a) (that is equivalent to calculating Ir(r41y(a))
is not that easy. In the following theorem, we provide an estimate. Note that
this estimate is much better than the one in [I1], p. 233] which becomes trivial if
n = p*+1. Computations show that the bound found in TheoremPlis achievable.

Theorem 2. For any a € GF(p**) \ GF(p*),
[Hyp 1 ()] < 20M2(0% +1)

Proof. Since Ik 11y(a) = Lyxyq(a) + Hpryq(a) and the exact value of Ixq(a)
was found in (), we need to estimate Ip(,x1)(a). Raising elements of GF(p*)*
to the power of p¥ + 1 defines a (p* + 1)-to-1 mapping onto GF(p*)*. Thus,
denoting y = x”k“, we obtain from the definition

Iy(pr 11y (a)
CH @) = Y a? +a)=Na) - p* |
p¥+1

yeGF(p*)
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where N(a) is the number of pairs (y,t) € GF(p*) x GF(p**)* that satisfy
y? +a =t

If u is a primitive element of GF(p¥) then u/? € GF(p**)\ GF(p*) and any
element ©* € GF(p?*) has a unique representation as x = xg + 20?2, with
20,11 € GF(p*). This way, assume a = ag + 241 2%ay and t = to+ 2u'/?t;. Thus,
y? +a = t? is equivalent to y% +ag = t% —|—4,ut% with a; = 2tgt1. Note that ¢; # 0
since in the opposite case, t € GF(p*) that leads to a € GF(p*). Combining the
latter equations we obtain y2t3 + agt? = t§ + pa?. Therefore, N(a) is equal to
the number of pairs (y, z) € GF(p*) x GF(p*)* that satisfy

R+ A= O

where C' = pa? # 0 and A = ag, both in GF(p*).
Now we can calculate

op* (N(a) - p* +1) = 2 Z T (1" - Az2 +C)—1y?22)
y,2,lEGF(pk); 21#£0

_ z : Try, lz(z —Az? +C) z :w—Trk lzz y?

2l#0
2 2 2 2
+ § :wTr;C ul?(z*—Az? +C’) § :wark pwl=z%y )
2l#0 Yy
2 2 4 2 2/ 4 2
_ 2 :w—Trk(y ) 2 : wTrk(l (2% —Az +C)) _ 2 : le‘k(/tl (2*—Az +C))
Y 2#0,1 2#0,1

_ QZM—TW (v?) Z T (P(z*-422+0))
25— Az34+C2#£0,1
= 2p"s¢(— ZCZ — A2 +0)
240
= 2pF Z(l +¢(2))¢(22 — Az + C)
240

=205 Y C(2 — Az +C) = C(O) + Y ((2* — A2® + C2)

® 2p" ZC(z3 — A2+ C2)

where ((-) is the quadratic character of GF(p*) extended by setting ¢(0) = 0;
s = (=1)¥if p = 3 (mod 4) and s = 1 otherwise; and (%) follows from [LT}
Theorem 5.48] since 22 — Az + C can not have both roots in GF(p*) equal (C is
a nonsquare in GF(p*)). Also note that s¢(—1) = 1. Thus,

Iy 11)(a)
N = 2 G a0+ pads) —n(a) — 1= N =g — () — 1
z€GF(pF)
Hpk‘i’l(a/) _ N _pk

PP+ 1
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where N denotes the number of points on the elliptic curve f2 = 23 — 422 4+ Cxz
over GF(p*) excluding the point at infinity. It remains to use Hasse theorem
[12, p. 138] giving [N — p¥| < 2p*/? to obtain the claimed result (also, [IT}
Theorem 5.41] can be used). a

4 Calculating the Exponential Sum of f(x)

In this section, we consider the function f(x) with arbitrary coefficients a,b €
GF(p™). If n is even, let U denote a cyclic subgroup of order p™? + 1 of the

multiplicative group of GF(p™) (generated by f”nm_l, where £ is a primitive
element of GF(p™)).

Theorem 3. Let n = 4k. For any a,b € GF(p"), define the following p-ary
function mapping GF(p™) to GF(p)
flz) =Tr, (a:EpSkJr”%*phrl + bx2>
Then the Walsh transform coefficient of f(x) evaluated at point zero is equal to
S¢(0) = p**(2N(a,0) — 1) ,
where 2N (a,b) is the number of zeros in U of the polynomial
LX) =b" X +aX? +bX"" a7 X7 2)

Proof. Let ¢ be a primitive element of GF(p") and also denote d = p*¢ + p?* —
pF 4+ 1. If we let 2 = ijp%*l for j =0,...,p?* and y running through GF(p")*
then z will run through GF(p™)* in total p?* 4+ 1 times. Also note that d — 2 =
(p?* —1)(p* + 1) and thus, d(p?* +1) = 2(p** +1) (mod p" — 1). Therefore, the
Walsh transform coefficient of f(z) evaluated at point zero is equal to

B
z€GF(pm™)*

2k
p
LS s et g )
= w "

Jj=0 yeGF(pn)*

= pz: WTrﬂ’((a54j+b£2.j)z2)

§=0 2EGF (p2k)

2k 1y, 2k _ 1y
wTrzk (g(p I g 1)1)Z2)

I
M

o pZI(L(é(”% ) 0) (sphy (€011 €0713)) 1)

0
+ 2N(a,b)(p** - 1) ,
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where z = y?”"+1 ¢ GF(p?*)* is a (p?* + 1)-to-1 mapping of GF(p")*, (x) is
obtained by [8, Corollary 3], s = (—1)* if p = 3 (mod 4) and s = 1 otherwise,
I(-) is the indicator function, n(+) is the quadratic character of GF(p?*) and since
Ty, (at + be¥) = ae¥ + b 4 AN N
— @D (agp’“(p”fl)j 4 e P e 0T 1) bp%g(p2ul)j)

- £(P2k+1)jL(§(p2’“*1)j) )

also noting that £~ (" —1i = ¢ (™ -1)j,
Further, note that for any j =0, ..., p%;l with L(g(f’%_l)j) # 0 we have

n (5(p2’“+1)<j+(p2’“+1)/2>L(g(ka—1)<j+(p2’“+1)/2>)) -y (g(p2k+1>jL(§(p2’°—1)j))

since L(—xz) = —L(z) for any = € GF(p™) and n(—1) = n((ﬁp%“)(p '71)/2) =
1. Therefore,

S;(0) = —(p** + 1 —2N(a,b)) + 2N (a,b)(p** — 1) +1 = p**(2N(a,b) — 1) .

Obviously, the number of zeros in U of L(X) is even since —U = U and L(—z) =
—L(x) for any x € GF(p"). |

In the following corollary, we prove that it is sufficient to consider just two
inequivalent cases, when b is a square and nonsquare in GF(p™)*, for instance,
taking b = 1 and b = £, where £ is a primitive element of GF(p™).

Corollary 1. Under the conditions and using the notations of Theorem [1, for
any h € GF(p")*,
N(a,b) = N(ah?,bh?) .

Proof. Recalling definition (), 2N (ah?, bh?) is equal to the number of zeros in
U of the polynomial

(bh2)P”" X + ah?X?" + bh2XP" + (ahd)P” X7
_ hpzk_H (bpzkhpmc_lX n ahpk(p2k_1)ka
+ bh_(p%_l)szk + apzkh_pk(p%_l)Xpsk)
_ hp2k+1 (bp'zkY + (J,ka + byp'zk + apmcypsk,) ’
where Y = h?""~1X and since h*”~1 € U. By definition, the latter polynomial
has 2N (a, b) zeros in U. o

In what follows, we consider separately the cases when either aP" (P*+1) =+ b+
or a> = b? with b # 0; and when o? "+ = pP"+1 with o2 # b¢, where
d = p*F + p?* —p¥ + 1. This covers all the value space for the pairs (a, b) # (0,0).
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4.1 Case P (®"+1) £ pp"+1

In this subsection, we show that the exponential sum of f(z) takes on just three
values —p?*, p?* and 3p2* when either a? P"+1) £ pP"+1 or o2 = b4 with b # 0.

Proposition 1. Let n = 4k and take any a,b € GF(p") such that either a®> = b?
with b # 0 or a?" @+ = "1 Then polynomial L(X) defined in (@) has none,
two or four zeros in U, i.e., N(a,b) € {0,1,2}. Moreover, if aP" (P D) o pptt
then zeros of L(X) in GF(p™) are the same as of

F(X) = (ap WD —pr H)Xp +(ap%bpsk—abpk)X”k-l-(aP’“(p’“H)_bp’“H)PkX.

Proof. First, assume a? = b # 0 with a?" (P*+1) = pp"+1 Then

P PR D) — pdp® (F 1) /2 (" - 14200% 1)) /2 (" 1) /2pp 1 el (3)

if and only if b is a square in GF (p™)*. By Corollary[l} taking h = b~'/? we obtain
that N(a,b) = N(ab~%/2,1) = N (%1, 1). By definition, 2N (%1, 1) is equal to the
number of zeros in U of z & 27" + z~! £ 2~?". For any v € U we obtain

only if v2®"+D = 1 or 2"~ = 1 which leads to v2 = 1 since ged(2(p* +
1),p?* +1) = ged(2(p*F —1),p?* +1) = 2. Thus, v = £1 that gives no zeros when
a = b%? and two when a = —b%/2.

From now on assume aP’ ®*+1) £ pP"+1 Note that zeros of

a?” L( )P - L(X)=F(X)

are exactly the union of solution sets for L(X) = 0 and a”%L(X)Pk_1 = ",
Since L(x) € GF(p?*) for any € GF(p") and assuming L(x) # 0, the latter
equation can have solution only if aP’" P+ = ppt (") hat s equivalent to
a?" @*+1) = pp"+1 Thus, L(X) and F(X) have the same zeros. Also note that

F(z) degenerates if and only if a?*®"+1) = pP"+1 gince in this case,
P NI N (apk(p’“+1)bp3’“ _ (ap’“(PkJrl))pSk bp’“)

=a " (p" ) 2 (4)

Le., ab?" € GF (p?*).

Raising the elements of U to the power of p* — 1 defines a 2-to-1 mapping
onto Uy the set of squares of U since ged(p* — 1,p%* + 1) = 2. Thus, making
a substitution ¥ = X?"~! and denoting A = a?" ®"+1 — pP*+1 we obtain the
polynomial

P(Y) = AYPH1 g (0P 07" — ap?" )y 4 A"
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that has N(a,b) zeros in U,. Further, assuming Y?* =Y ~1 we obtain
AY2P(Y)P" — (a” b —a” 0P Y P(Y) — AP P(Y)
— A" (A”%Y2 — (ap%bp% —ab” +a”" b — apkbp%)Y — Apk)
Since A # 0, the latter polynomial is non-degenerate and has at most two zeros
in GF(p™) which also means that N(a,b) < 2. O
4.2 Case a?"®"+1) = pP*+1 and Jacobsthal Sums

In this subsection, we consider the case when aP" P D) = pP* L with o2 £ b
and express the exponential sum of f(z) using Jacobsthal sums of order p* + 1.
Proposition 2. Let n = 4k and take any a,b € GF(p") such that a?" ") =
W'+ and o2 # b If 2N(a,b) is the number of zeros in U of the polynomial
L(z) defined in (3) then

Na,b) = # {C € GF(p*) | (cg)® — """+ is a nonsquare in GF(P%)} ()
where g is any element in GF (p?*)* with gpk—l — ™" /a.

k
Proof. Note that in our case, a,b # 0 and g € GF(p?*)* since (bPSk /a)p .
Take any v € U with L(u) = 0. Multiplying both sides of L(u) = 0 by " and
using (@), we obtain

a (bpzku + bufl)pk +o (bp%u + bufl) =0. (6)

Denote b7 u + bu~! = g € GF(p?*). Find solutions in U of the quadratic
equation w'r 4 ba !l = g which discriminant is equal to D = g% — 4pP7 1 €
GF (p*").

First, assume D is a square in GF(p?*). Then u = (g:l:\/D)/pr% and " u €
GF (p?*)* resulting in g = 26" # 0 and D = 0. In this case, () is reduced to
auP* =1 = —pP” . We also obtain that

2k
) R s (T
that is equivalent to b = u2bP”" Then u = £b=***=1/2 and
au? P = a2 = 1
that leads to a = —b%2. Thus, no solutions in U exist if a? # b?.
If D is a nonsquare in GF(p?*) then there exists some d € GF(p") \ GF(p?*)
such that g2 — 4" = g2, Raising both sides of the latter identity to the

power of p?* we obtain g% — 4pP" 1 = @20 = @2 that leads to dP”" = —d since
d ¢ GF(p?*). Solutions of W'+ bzt = g are x12= (9% d)/2bp2k and

2Ry gk P A & g™ @™ PP EgdFgd—d* )
'Tl,2 - 4bp2k,+1 - 4bp2k,+1 - .

Thus, 212 € U.
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Summarizing the arguments presented above, we conclude that if aP" P+ =
v"+1 and a2 # b¢ then for any g € GF(p?*), the equation b*" 2 + ba~! = g has
no solutions in U if g% — 4"+ s g square in GF(p?*) and has two solutions in

U otheg}yvise.
If P u + bu~! # 0 then (@) can be written as

| N

(bp%u—i—bu*l)p =—

a
Raising elements of GF(p?*)* to the power of p* — 1 defines a (p* — 1)-to-1
mapping onto the cyclic subgroup of GF(p?*)* of order p* 4 1 and all elements
in the set {2cg | ¢ € GF(p*)*} with g?"~! = —b*"* /a map to the same element
—bpsk/a. Include ¢ = 0 to take care of the case when b*" u + bu~' = 0. The
discriminant of the quadratic equation W bl = 2cg, equal to (2¢g)? —
4()’3%“7 is a square if and only if D = (cg)? — W s a square. Only those
c € GF(p*) with D being a nonsquare contribute two solutions to 2N (a,b). O

Like in Proposition B assume a,b € GF(p")* with a? # b? and g € GF(p?*)*
with g?" =1 = —b?™ /. In this case, b?” /g2 ¢ GF(pF) since

ppE+1 Pl a2p@ "D -1 2
92 = b2p3k = bd 7& 1 (7)

which also means that (cg)? — WP+ £ 0 for any c € GF(p"). Therefore, by
Proposition [2

PP =2N(a.b) = Y n((eg)? — ")

ceGF(pk)

, 1 , ,
= (=T 2 Y )
2E€GF(p2F)*

Loy (= 07 ?)
_ P41y 2 2(pF+1)

@ Hyeir (- 071 /g?) 1
B pF+1 S

We conclude that

Hya(~ 741 /g?)

2N(a,b) = p~F —
(a,b) =p o

+1 (8)

and, by Theorem [3]

Hyp oy (— 071/ g?)
_ 2k E_ tpt+l
Sp(0) =p (p o1
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Thus, finding the value distribution of S¢(0) when a?" (P D) = "L with o2 £
b?, is related to finding the values of the Jacobsthal sum of order p* 4 1. In the
following corollary, we list some basic properties of N(a,b).

Corollary 2. Under the conditions of Proposition [2,
. [ N(a b, if b =1/2 =1
(1) N(a,b) = {pk +1—N(a"1,b7Y), otherwise ;
(ii) N(a,b) + N(—a,b) = N(a,b) + N(a,—b) = p* +1;
k _ —1 -1\ sep(p"—1)/2 _
_ P4+ 1=N(@@ b, ifdb =1
(i) N(=a,b) = {N(al,bl), otherwise ;

(iv) if b®P"=1/2 =1 (resp. b®"~1/2 = —1) then N(a,b) is an even (resp. odd)
number;

(v) |N(a, b) — pk2+1 | < p*2, in particular, N(a,b) is positive and, if k > 2 then
N(a,b) > 8;

(vi) if p= —1 (mod 4), k is odd and b*"~1/2 =1 then N(a,b) = N(—a,b) =
(p*4+1)/2 fora = y®* =1/4pd/2 here v is a primitive element of GF(p*);

(vii) for any b € GF(p")*,

> N(a,b) = (p" + 1)(p* —b®"~172) /2 . (9)

a€GF(pm): aP®@F+1)=ppF+1 g2£pd

Proof. First, note that P s a square in GF(p?*) if and only if b ~1)/2 =1,
ie., bis a square in GF(p™). Assume ¢ # 0 in (B)). Then if b is a square (resp.
nonsquare) in GF(p") then (cg)? — b*"*+1 is a nonsquare in GF (p?*) if and only

if (cg)™2 — b= (" +1) is a nonsquare (resp. square), since —1 = (1/(”%_1)/4)2. If
b is a square in GF(p™) then, by (&),

N(a,b) = # {c € GF(p")* | (cg)?® — " s a nonsquare in GF(pzk)}
=# {c e GF(p")* | (g2 — b= D) g 5 nonsquare in GF(ka)}
=Nt

since g_(pk_l) = —a/bPSk if gpk_1 = ™ /a. Similarly, If b is a nonsquare in
GF(p™) then

N(a,b) =1+ # {c e GF(p")* | (cg)? - b g a nonsquare in GF(pzk)}
=1+# {c € GF(M)* | (cg™)* - b= D) 5 a square in GF(p2k)}
=1+pF—-1- (N(a_l,b_l) — 1) .

This proves (I).
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For a pair (a,b), the corresponding g € GF(p?*)* satisfies gf"k*1 = —bpsk/a.

Then (V(Pk"’l)/zg)pk_l = 5" /a which means that v®*+1/2g corresponds both
to (—a,b) and (a, —b). Also, (cv/(® 1)/2 ) = P +12g2 and vP" 1 is a generator
of GF(p¥)*. If b +1 is a square in GF(p**) then for any ¢ € GF(p*)*, we have
cg2/bp%‘Irl € Cy; with i # 0 that follows from (7). In this case, by (&),

N(a,b) + N(—a,b) = N(a,b) + N(a,—b)
= 2# {c € GF(p")* | cg® — "1 is a nonsq. in GF(ka)}

= 24{x € Oy |  — 1 is a nonsquare in GF(p**)}
(P -1)/2

—9 Z (2,2 + 1) & pt

+1

k
since the set of nonsquares in GF(p?*) is equal to U§’;071)/2 Chj4+1 and where (x)

is obtained using Lemma [Il Similarly, if W s a nonsquare in GF(p?*) then
for any ¢ € GF(pk)*, we have cg?/b?” +1 € Cp;yq and

N(a,b) + N(%a, Fb) = 2+ 2#{x € Cy;y1 | x — 1 is a square in GF(p?*)}

(P*-1)/2
=242 Z (20 +1,25) =pF +1

since the set of squares in GF(p?*) is equal to USP: 0_1)/ 2 ;. The additive term
2 comes from ¢ = 0. This proves (i), and () follows directly by combining (i)
and ().

If »»”"+1 is a square in GF(p**) then ¢ # 0 and N(a,b) is even since ¢? is
2-to-1 on GF(p*)*. If b"**+1 is a nonsquare then ¢ = 0 contributes 1 to N(a,b)
and makes it odd.

Combining (B) with Theorem [ we immediately obtain the estimate in ().
Also note that (p* + 1)/2 — p¥/? grows both with p and k. The lowest value is
achieved when p = 3 and k = 1 giving 2 — 3'/2 > 0 (thus, N(a,b) > 0) and if
k > 2 then N(a,b) > 14 — 27'/2 > 8.

If b is square in GF(p™)* then, by Corollary I

N (@ =D py = N (@ -0/ )

Then () follows from () and () since a~! = —a if and only if a? = —1 =
p(P*=1)/2 (we also have to remember the requirement a?" "+ = pp"+1 anq
a® # b? that in our case becomes a?'*1=1and a # +1).

Take any b € GF(p™)* and fix (conditions of Proposition2lprovide that b # 0).
Note that zP" ®"+1) = pp"+1 hag p* 4+ 1 solutions in GF(p"). If b is a square in
GF(p") then both a = £b%/2 satisfy a?" " +1) = pr"+1 (see (F)). Thus, summa-
tion conditions in (@) are satisfied by p* — 1 values of a € GF(p"). On the other
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hand, if b is a nonsquare in GF(p") then a® # b%/2 whenever a?" @ +1) = pp*+1,
Therefore, ([@) immediately follows from (). O

Take any b € GF(p™)* and fix. Having in mind Theorem [ and Proposition [I]
suppose S;(0) takes on the values —p?*, p?* and 3p?* respectively r, s and ¢
times when a € GF(p") and either a?*®"+1 £ pP"+1 or a2 = b?. Actually, by
Corollary B (@), for all the remaining values of a we have that S;(0) # —p?
and, if k > 2, then S¢(0) > 15p2*.

First, assume b is a square in GF(p™)*. Then r + s+t = p™ — pF + 1 (see the
proof of Corollary 2 (vill)). Further, by Theorem [3]

Z Sp(0) = —rp? 4 sp™ 4 3tp?* + p?* Z (2N (a,b) — 1)
acGF(p™) aPF R +1) =ppF 41 g2£pd
@ pF(=r+s+3t) +p* (P —1-pF +1)

= p™(—r+ s+ 3t —pF) +p"
Similarly, if b is a nonsquare in GF(p™)* then r + s+t = p" — p¥ — 1 and

Z S¢(0 ( r+s+3t)+p2k((17 +1)? —pk—l)
a€GF(pn)

= p®(—r + 5+ 3t +p") +p" .
On the other hand, for any b € GF(p"),

p3F4p2k—pk 1, 2
> oso= 3 3 Wl -

aceGF(p a€GF(pm) zeGF(p
3k 2k kg
_ 2 : wTrn (bx ) z : wTr,,,(axp prop ) :pn ]
z€GF(p™) a€GF(p™)

Thus, if b # 0 then 7+ s+t = p" —p* +bP"~1/2 and —r + s+ 3t = " —1/2pk,

Note that finding the sum of squares of S¢(0) is easy in our case. Therefore,
knowing the values and the distribution of the Jacobsthal sum of order p* + 1
would give us the third equation allowing to find r, s and t. However, in this
way we are facing some long-lasting open problems. On the other hand, it may
be possible to extract some extra relations for the unknowns, thus, bypassing
the problem of finding the value distribution of Jacobsthal sums. This is the
first direct connection between sequences and Jacobsthal sums we are aware
of. We find it interesting and believe that this gives an important link between
sequences/codes and classical character sums.
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