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Abstract. We reconsider a classical problem, namely how the (1+1)
evolutionary algorithm optimizes the LeadingOnes function. We prove
that if a mutation probability of p is used and the problem size is n, then
the optimization time is

1
2p2 ((1 − p)−n+1 − (1 − p)).

For the standard value of p = 1/n, this is approximately 0.86n2. As our
bound shows, this mutation probability is not optimal: For p ≈ 1.59/n,
the optimization time drops by more than 16% to approximately 0.77n2.

Our method also allows to analyze mutation probabilities depending
on the current fitness (as used in artificial immune systems). Again, we
derive an exact expression. Analysing it, we find a fitness dependent mu-
tation probability that yields an expected optimization time of approx-
imately 0.68n2, another 12% improvement over the optimal mutation
rate. In particular, this is the first example where an adaptive muta-
tion rate provably speeds up the computation time. In a general context,
these results suggest that the final word on mutation probabilities in
evolutionary computation is not yet spoken.

1 Introduction

Evolutionary algorithms [1] are a class of randomized algorithms [2] that have
found many applications in different problem domains. Understanding the be-
havior of this kind of algorithms is a challenging and difficult task due to different
random components that are involved. Considering evolutionary algorithms as
randomized algorithms from a theoretical point of view allows to analyze them
with respect to their runtime behavior in a rigorous way.

Analyzing the runtime behavior of evolutionary algorithms has become a ma-
jor branch in the theoretical analysis of these algorithms. Starting with results on
simple pseudo-Boolean functions (see e. g. [3,4]), different results have been ob-
tained for classical combinatorial optimization problems such as shortest paths,
minimum spanning trees, or maximum matchings (see [5] for an overview).

Almost all results mentioned are asymptotic ones. In particular, most of the
results give little information about the leading constants, which are of high
interest when using such methods for realistic input sizes. There are only a few
results that give at least give a bound on the leading constant.
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It is folklore that the (1+1) evolutionary algorithm finds the optimum of the
most simple test function OneMax, counting the number of 1-bits in the bit-
string of length n, in time at most (1 + o(1))en ln(n). This follows immediately
from an elementary proof using coupon collector type arguments. However, the
corresponding lower bound was only recently given in [6].

For linear functions, Jägersküpper was the first to give a bound including the
constant, namely (1+o(1))2.02en ln(n). This was improved to (1+o(1))1.39en ln(n)
in [7]. There also the (1− o(1))en ln(n) lower bound for OneMax was extended
to all linear functions with non-zero coefficients.

In this paper, we present an exact analysis for the function LeadingOnes
introduced by Rudolph [8]. This function is one of the classical test problems and
has been extensively studied (see e. g. [3,9,10]). Our analysis yields an exact for-
mula for the expected number of iterations (expected optimization time) needed
to find the optimum of the LeadingOnes function. Let n be the problem size,
that is, the length of the bit-strings forming the search space, and let p be a
mutation probability. The typical choice for the mutation probability is p = 1/n
[3], but our analysis works for all possible values.

Given n and p, we show that the expected optimization time is

1
2p2 ((1 − p)−n+1 − (1 − p)).

From this formula, we see that the standard value for the mutation probability of
p = 1/n leads to an expected optimization time of less than 1

2 (e−1)n2 ≈ 0.86n2,
where the first expression is tight up to terms of order n. This improves the best
known upper bound of en2 and lower bound of n2/6 given in [3].

Our formula also allows to determine the optimal mutation probability. This in
particular shows that the standard mutation probability of 1/n is not optimal.
For p ≈ 1.59/n, the expected optimization time drops by more than 16% to
approximately 0.77n2 (for n sufficiently large).

We should add that, while p = 1/n is generally the preferred good choice for
the mutation probability, there are examples known where mutation probabilities
even having a different order of magnitude like Θ(log(n)/n) are much better
than 1/n, see [11]. However, these example functions look custom-tailored to
demonstrate this effect.

Our method also allows to analyze mutation probabilities depending on the
current fitness. Such ideas have been used under the name artificial immune
systems in [12,13]. However, contrary to the common belief that one should start
the optimization process with a larger mutation probability and then successively
reduce it, none of these works could show that varying the mutation probability
yields an improvement. This is different in our analysis. If we choose the mutation
probability to be the reciprocal of the current fitness value (that is, the number
of leading ones), then the expected optimization time again reduces to a number
T , which satisfies 1

4en2− 1
4en ≤ T ≤ 1

4en2+ 1
4en. We do have an exact expression

for T as well.
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2 Problem and Algorithms

Our aim is to study the optimization behavior of a simple randomized search
heuristic for the well-known pseudo-Boolean function f = LeadingOnes :
{0, 1}n → �0 defined by

f(x) = LeadingOnes(x) =
n∑

i=1

i∏

j=1

xj .

We investigate a simple baseline evolutionary algorithm called (1+1) EA. It
works with a population size of 1 and produces in each iteration one offspring by
mutation. If not worse, this offspring forms the new population. As mutation,
we use standard bit mutation, that is, each bit is flipped independently with
probability p. Note that many authors implicitly assume p = 1/n, whereas we
do allow all values for p.

Algorithm 1 ((1+1) EA with mutation probability p)
1. Choose x ∈ {0, 1}n uniformly at random.
2. Flip each bit of x independently with probability p to produce an offspring y.
3. If f(y) ≥ f(x) then x := y.
4. Go to 2.

For our theoretical investigations we consider the expected number of iterations
until our algorithms produces an optimal solution for the LeadingOnes problem
for the first time. This is called the expected optimization time. Note that the
mutation rate p in Algorithm 1 is constant for given n, that is, it does not vary
over time or with respect to the current fitness of the population.

It is a common belief that one can gain improvements by varying the mu-
tation probability. In particular, it is said that in the early stages of the opti-
mization process the mutation probability should be larger to faster approach
the optimum, whereas at the end, it should be smaller to avoid large jumps that
potentially lead away from the optimum.

Such a varying mutation probability could be implemented by making the mu-
tation probability depend on the time the optimization process already lasts. A
difficulty here is that one would need a good guess on the expected optimization
time.

An alternative approach is to let the mutation probability depend on the
current fitness value. Here, of course, one would need a guess on the maximum
possible fitness. Still, this seems to be easier than guessing the expected opti-
mization time.

To incorporate this concept into the (1+1) EA above, let p : {0, . . . , n} →
(0, 1) be a function. We think of pk := p(k) being the mutation probability
used when we have a LeadingOnes-value of k. This leads to the following
Algorithm 2, which we call Adaptive (1+1) EA.
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Algorithm 2 (Adaptive (1+1) EA)
1. Choose x ∈ {0, 1}n uniformly at random.
2. Flip each bit of x independently with probability pf(x) to produce an off-

spring y.
3. If f(y) ≥ f(x) then x := y.
4. Go to 2.

Algorithms such as artificial immune systems make use of such adaptive mutation
rates. For some recent asymptotic results on the runtime of these algorithms, we
refer to [12,13].

3 A Formula for the Expected Optimization Time

The key to our analysis (and the topic of this section) is noting that the expected
optimization time can be fully described by the expected times needed to improve
the fitness (conditional on a particular fitness level). The latter can easily be
expressed via the (current) mutation probability.

3.1 Combining the States

We first exploit the fact that we start with a random individual. This allows
a simplified view, namely that we do not have to regard the remaining ex-
pected optimization time for each possible individual, but only for a few random
states.

Lemma 1. Let x be a (random) individual produced by Algorithm 1 or 2 within
a fixed number t of iterations. Let f(x) denote its fitness. Then xf(x)+1 = 0 with
probability one. For all i > f(x) + 1, we have Pr[xi = 1] = Pr[xi = 0] = 1

2
independent from all other bits.

Proof. Simple induction over the time t.

3.2 Improvement Times

As discussed above, the base of our analysis is (later) noting that the expected
optimization time can be expressed in terms of the waiting times for an improve-
ment. We now use Lemma 1 to, very elementarily, determine these waiting times
relative to the current fitness.

Lemma 2. Let 0 ≤ j < n. Let x ∈ {0, 1}n be random subject to f(x) =
LeadingOnes = j. Let y be the offspring of x obtained by mutation with some
mutation probability pj. Then the probability that y is strictly fitter than x, the
improvement probability, is Pr[f(y) > f(x)] = (1 − pj)jpj.

Proof. Since f(x) = j, a mutation step increases the f -value if and only if the
first j bits do not change and the (j + 1)st bit does change. All other bits are
irrelevant.

The actions of the different bits are independent. A bit flips with probability pj

and remains unchanged with probability 1−pj. Thus the probability of improving
the f -value is Pr[f(y) > f(x)] = (1 − pj)jpj .
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Given this improvement probability, we can simply compute the waiting time
for such an improvement. Denote by Ai the expected time needed to find an
improvement given that the initial solution has a fitness of n− i (that is, we are
i levels from the optimum). We compute the Ai.

Theorem 1. Let x ∈ {0, 1}n be random with f(x) < n. Then the time An−f(x)

we need to wait for an improvement is

An−f(x) =
1

Pr[f(y) > f(x)]
.

Consequently, for all 1 ≤ i ≤ n, we have

Ai =
1

(1 − pn−i)n−ipn−i
.

Proof. Follows from elementary properties of the geometric distribution and the
previous lemma.

3.3 Expected Optimization Time

We now express the expected optimization time in terms of the improvement
times just determined. Note that since the latter depend on the (possibly vary-
ing) mutation probability, this immediately tells us how the mutation probability
influences the expected optimization time.

We denote by Tn−i the expected number of steps needed to find the optimum
starting from a random initial individual with f -value i. Obviously, at most n− i
improvements are necessary.

Lemma 3. The time needed to find the optimum given a random solution with
f -value n − i is

Ti = Ai +
i−1∑

j=0

2j−iTj ,

where Ai is the improvement time as defined in the previous subsection and
T0 = 0.

Proof. For i = 0, the time we need to finish obviously is T0 = 0. For 0 < i ≤ n,
the remaining time is given by the time for the next improvement, Ai, plus
the expected remaining time conditional on this improvement. Let x̄ denote the
individual right after the improvement to an f -value of more than n − i. Since
the bits n− i + 2, . . . , n are still random, we have Pr[f(x̄) = n− i + j] = 2−j for
j = 1, . . . , i − 1 and Pr[f(x̄) = n] = 2−(i−1). Since T0 = 0, we may write

Ti = Ai+
i−1∑

j=0

2j−iTj . ��

We now express the remaining optimization time Ti fully via the improvement
times Aj .
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Theorem 2. The time needed to find the optimum given a random solution with
f -value n − i is

Ti = Ai +
1
2

i−1∑

j=1

Aj .

Proof. By induction we show that our claim

Ti = Ai +
i−1∑

j=0

2j−iTj = Ai +
1
2

i−1∑

j=1

Aj

holds for all 0 < i ≤ n.
For i = 1 we have T1 = A1 + 1

2

∑0
j=1 Aj .

Assume that Tk = Ak + 1
2

∑k−1
j=1 Aj holds for all 0 < k ≤ i. Then

Ti+1 = Ai+1 +
i∑

j=0

2j−(i+1)Tj = Ai+1 +
1
2
Ti +

1
2

i−1∑

j=0

2j−iTj

= Ai+1 + Ti − 1
2
Ti +

1
2

i−1∑

j=0

2j−iTj = Ai+1 + Ti − 1
2
Ai

= Ai+1 + Ai +
1
2

i−1∑

j=0

Aj − 1
2
Ai

= Ai+1 +
1
2

i∑

j=1

Aj . ��

The bound of Theorem 2 matches our intuition that all improvements apart
from the current one produce a waiting time only with probability 1/2.

4 The Optimal Fixed Mutation Rate

We first investigate the optimal choice for the mutation rate when working with
a fixed mutation rate. Depending on the chosen mutation rate p, we compute
the expected optimization time of the (1+1) EA. Remember that the time for an
improvement for LeadingOnes is Ai = 1

p (1 − p)i−n and the overall expected
optimization time is T = 1

2

∑n
i=1 Ai. This leads to the following result.

Theorem 3. The expected optimization time of (1+1) EA with fixed mutation
rate p for LeadingOnes is

T =
1

2p2

[
(1 − p)1−n − (1 − p)

]
.
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Proof. Using our previous observation, we can calculate the expected optimiza-
tion time directly and get

T =
1
2

n∑

i=1

Ai =
1
2

n∑

i=1

1
p
(1 − p)i−n

=
1
2p

n−1∑

i=0

(1 − p)i−n+1 =
1
2p

(1 − p)1−n
n−1∑

i=0

(1 − p)i

=
1
2p

(1 − p)1−n · 1 − (1 − p)n

1 − (1 − p)

=
1

2p2

[
(1 − p)1−n − (1 − p)

]
. ��

Based on the previous theorem, we can determine the optimal choice of p for
(1+1) EA and LeadingOnes. To do this we compute the derivative of T with
respect to p. In particular, we solve d

dpT = 0. This leads to

− 1
p3

[
(1 − p)1−n − (1 − p)

]
+

1
2p2

[−(1 − n)(1 − p)−n + 1
]

= 0.

We cannot solve this equation in an algebraic way. Therefore, we provide a
numerical approximation. This gives that the optimal mutation rate p con-
verges to a value around 1.5936

n , which implies an expected optimization time
of ≈ 0.77201n2 for n sufficiently large. Compared to this, the expected opti-
mization time is ≈ 0.85914n2 when choosing p = 1/n. Therefore, the optimal
mutation rate leads to an improvement of 16.1% compared to the standard
choice.

5 The Optimal Adaptive Mutation Rate

After having investigated the optimal mutation rate for (1+1) EA, we want to
examine whether an adaptive mutation rate which depends on the fitness of the
currently best solution can lead to further improvements.

With our general framework we can optimize the remaining time T and ex-
amine the Adaptive (1+1) EA in the following.

As Ai is a function in pi, the overall optimization time T = 1
2

∑n
i=1 Ai is a

function in (p1, . . . , pn). Let (p∗1, . . . , p
∗
n) minimize T , thus ∂

∂pi
T (p∗1, . . . , p

∗
n) = 0.

Note that the indices are renamed for the sake of simplicity. Here, pi is the
mutation probability if the currently best solution has fitness f(x) = n − i. In
order to determine the optimal choice of the optimal adaptive mutation rates, we
compute the partial derivatives according to the overall expected optimization
time T .
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We get

∂

∂pi
T (p1, . . . , pn) =

∂

∂pi

1
2

n∑

i=1

Ai

=
1
2

n∑

i=1

∂

∂pi
Ai

In order to find the optimal value of pi, we need to solve

1
2

n∑

i=1

∂

∂pi
Ai = 0.

Remember that Ai is the waiting time for one improvement, thus Ai ≥ 0. Hence
it follows that this equation holds if and only if ∂

∂pi
Ai = 0 holds for all i. Thus

we have to compute ∂
∂pi

Ai.

Theorem 4. Let Ai = 1
pi

(1 − pi)i−n. Then the optimal mutation rate is

pi =
1

n − i + 1
.

Proof. We calculate the derivative

∂

∂pi
Ai = − 1

p2
i

(1 − pi)i−n − 1
pi

(i − n)(1 − pi)i−n−1

and get the optimal mutation rate by resolving

− 1
p2

i

(1 − pi)i−n − 1
pi

(i − n)(1 − pi)i−n−1 = 0

⇐⇒ − (1 − pi)i−n−1

[
1 − pi

p2
i

+
i − n

pi

]
= 0

⇐⇒ 1
p2

i

+
i − n − 1

pi
= 0

⇐⇒ 1 + pi(i − n − 1) = 0.

Hence, we get pi = 1
n−i+1 . ��

Thus we have shown that pi = 1
n−i+1 is an optimal mutation rate for the Adap-

tive (1+1) EA for optimizing LeadingOnes. We use this mutation rate for
determining the expected optimization time for Adaptive (1+1) EA. First, we
consider the time to reach an improvement in dependence of pi.

The expected waiting time for an improvement is given by

Ai =
1
pi

(1 − pi)i−n =
1
1

n−i+1

(
1 − 1

n − i + 1

)i−n

=
(

n − i + 1
n − i

)n−i

(n − i + 1) .
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Using this expression, we can compute almost matching upper and lower bounds
on the expected optimization time.

Theorem 5. Let pf(x) = 1
f(x)+1 , then the expected optimization time of the

Adaptive (1+1) EA is upper bounded by e
4n2 + e

4n.

Proof. Let Ai =
(

n−i+1
n−i

)n−i

(n − i + 1). Then

T =
n∑

i=0

2i−n−1Ti

=
1
2

n∑

i=1

Ai

=
1
2

n∑

i=1

(
n − i + 1

n − i

)n−i

(n − i + 1)

≤ 1
2

n∑

i=1

e(n − i + 1)

=
e

4
n2 +

e

4
n. ��

Similarly we can compute a lower bound for the expected optimization time.

Theorem 6. Let pf(x) = 1
f(x)+1 , then the expected optimization time of the

Adaptive (1+1) EA is lower bounded by e
4n2 − e

4n.

Proof. Let Ai =
(

n−i+1
n−i

)n−i

(n − i + 1). Then, as above,

T =
1
2

n∑

i=1

(
n − i + 1

n − i

)n−i

(n − i + 1)

≥ 1
2

n∑

i=1

(
n − i

n − i + 1

)
e(n − i + 1)

=
e

4
n2 − e

4
n. ��

Summarizing the results for the adaptive mutation rate, we get an improvement
of 12.0% compared to the expected optimization time using the optimal constant
mutation rate of approximately p = 1.59

n and an overall improvement of 20.9%
to the expected optimization time with standard mutation rate p = 1

n .

6 Conclusions

Most of the theoretical studies on the runtime behavior of evolutionary algo-
rithms deal with asymptotic results. We have presented an exact analysis for
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the (1+1) EA and the test function LeadingOnes. This in particular showed
that one may speed up the computation by 16% when using the optimal mu-
tation rate compared to the standard mutation rate of 1/n. Furthermore, our
investigations on the adaptive mutation rate show that a further improvement
of 12% is possible when using such an approach. We are optimistic that further
exact investigations will allow a deeper understanding of the right parameter
setting for evolutionary algorithms.
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